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Abstract: Supposethat an observed count X is of the form X = B + S, where
the background B and the signal S are independert Poissonrandom variables with
parameters band , bis known, but is not. The model arisesin astronomy and
high-energy physics, and some recert articles have suggestedconditioning on the
observed bound for B; that is, if X = n is observed, then the suggestionis to base
the inference on the conditional distribution of X given B n. This suggestion
is used here to derive an estimator of the signal, and the estimator is shown to be
admissible and minimax.
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1. Intro duction

In someproblems, a signal S may be combined with a badground B, leaving
an obsened court X = B + S. Here we supposethat B and S are independert
Poissonrandom variableswith meansband respectively, sothat X hasaPoisson
distribution with meanb+ . Further bis assumedknown and is unknown, as
might be appropriate if there were historical data on the badkground. Models
of this nature arise in astronomy and high energy physics. For example, the
KARMEN 2 Group has beensearding for a neutrino oscillation reported from
an earlier experiment at the Los Alamos Neutrino Detector. They had expected
to seeabout 9:3 badkground everts, Eitel (2000), and had obsened seen everts
total. This example and others have sparked interest in statistical inference
when maximum likelihood estimators are on or near a physical boundary of
the parameter space. Recent work along theselines is reviewed by Mandelkern
(2002) and discussars. Here we investigatethe Itering problem, estimating (or
Itering) S from X . This formulation, estimating S instead of , is not the usual
one. Its motivation is that S exists in the physical world, while only exists
within a mathematical model (although is usedin the estimation of S). This
is in the spirit of predictive inference (Geisser (1993)). An example in which
interest certers on signals, as opposedto their expectations, is presenred in the
next section.
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Thus, supposethat X = n is obsenedand considerthe problem of estimating
S. If wereknown, then the optimal estimator of S (for squarederror loss)is the
conditional expectation $ := E (Sjn) = n =(b+ ). Substituting the maximum
likelihood estimator “ = max(0;n b) into this expression,then leadsto

8,= "= max(O;n b):

That is, the maximum likelihood estimator subtracts the expected badkground
from the obsened count and then takes the positive part. Let us call B an
ancillary variable, since its distribution is known. It is not obsened, but a
bound is. For if X = n, then B n. In this spirit, let B(n) = E(BjB  n),
8(n) = n B(n), and obsene that B(n) is computable, sincebis known. Thus,
8(n) subtracts the conditional expected badkground, given the obsered bound
B n;and0< §(n) < nforaln 1. In the example,b= 93, X = 7,
E(BjB 7) = 580, 8 = 120, and S~ = 0. In this example, $ e ectively
estimatesB by n = 7, leaving S+ = 0. This seemsexcessie for B can be at most
7,and P[B = 7jB 7] is only 0:376.

After the example in Section 2, the main results of the paper appear in
Sections3 and 4: It is shawvn that $ is an admissible, minimax predictor of S
for squared error loss and that Sa is inadmissible. In the process,it is shavn
that § is generalizedBayes with respect to the uniform prior over 0 <1.
Con dence intervals for S are discussedin Section 5, and someimplications of
our results for estimating parametersis described brie y in Section6. Section 6
also contains someadditional references.

2. Fornax

Irwin and Hatzidimitriou (1995) report densities of star counts in elliptical
annuli for seweral dwarf spheroidalgalaxiesnearto the Milky Way, along with an
overall badckground density for ead galaxy. Selectedvaluesfor the galaxy Fornax
are listed in Table 1 and usedto illustrate the di erence betweenthe MLE and
8. Ead line of the table corresponds to the annulus in which the distance r
from the certer is between the values listed on the line and the previous one.
Each X is regardedasthe sum of a Poissonsignal with an unknown mean and
an independen badkground with mean listed under b. The counts are complete
out a given magnitude (which depends on color) and, so, constitute a census
of a well-de ned portion of the star population. Regarding the latter stars as
a nite population, there is interest in estimating the population totals within
annuli for Fornax. For over half of the annuli there is no real di erence between
the MLE and S, and most of these lines have been omitted. There are some
substartial di erences in the remaining lines, howewer. Especially, the MLE has
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many null values, even in caseswhere there are signi cant estimated counts at
larger distances. It can be seenthat the MLE and $ are almost identical when
the estimated valuesare large, sinceP (B  n) is very closeto 1 whenthe MLE
is large.

Table 1. Star counts from fornax.

r d n b mle g | r d n b mle §
1.05 29.33 71 3.2 67.8 67.80 100.72 1.43 662 620.0 42.0 44.50
2.10 30.57 222 9.7 212.3 212.30 101.77 1.32 617 626.5 0 16.37
3.15 31.31 380 16.2 363.8 363.80 102.82 1.31 619 633.0 0 15.20
4,20 28.98 492 22.7 469.3 469.30 103.87 1.32 630 639.5 0 16.57

104.92 1.37 660 646.0 14.0 26.03
71.34 1.44 471 438.2 32.8 35.38 105.97 1.29 628 652.5 0 12.98
72.39 1.30 431 444.7 0 12.13 107.01 1.35 658 652.7 5.3 22.08
73.44 154 519 451.2 67.8 67.86 108.06 1.38 685 665.5 19.5 29.28
74.49 1.45 495 457.7 37.3 39.25 109.11 1.34 672 672.0 0 20.27
75.54 151 523 464.2 58.8 59.03 110.16 1.29 653 678.5 0 13.14
76.59 1.49 523 470.7 52.3 52.80 111.21 1.42 726 685.0 41.0 44.23
77.64 1.40 499 477.2 21.8 27.97 112.26 1.32 681 691.5 0 17.07
78.69 1.43 516 483.7 32.3 35.48 113.31 1.34 698 697.9 0.1 20.70
79.74 1.37 501 490.2 10.8 21.94 114.36 1.33 699 704.4 0 18.86
80.79 1.51 560 496.7 63.3 63.47 115.41 1.39 737 710.9 26.1 33.84
81.83 1.55 576 498.4 77.6 77.63 116.46 1.37 734 717.4 16.6 28.40
82.88 1.34 510 509.6 04 17.75 117.51 1.28 692 723.9 0 12.50
83.93 1.48 570 516.1 53.9 54.47 118.56 1.32 720 730.4 0 17.67
84.98 1.46 569 522.6 46.4 47.61 119.61 1.41 775 736.9 38.1 42.45
86.03 1.29 509 529.1 0 12.05 120.65 1.33 731 736.3 0 19.36
87.08 1.50 600 535.6 64.4 64.61 121.70 1.35 755 7499 5.1 23.44
88.13 1.47 595 542.1 52,9 53.64 122.75 1.44 813 756.4 56.6 57.97
89.18 1.35 553 548.6 4.4 20.02 123.80 1.35 769 762.9 6.1 24.05
90.23 1.57 650 555.1 94.9 94.90 124.85 1.30 746 769.4 0 14.85
91.28 1.44 604 561.6 42.4 44.38 125.90 1.36 787 775.9 11.1 26.47
92.33 1.44 611 568.1 42.9 44.86 126.95 1.28 747 782.4 0 12.62
93.38 1.46 626 574.6 51.4 52.40 128.00 1.31 771 788.9 0 16.43
94.43 1.30 564 581.1 0 13.59 129.05 1.36 807 795.4 11.6 26.97
95.47 1.35 586 582.0 4.0 20.41 130.10 1.34 802 801.9 0.1 22.21
96.52 1.43 634 594.0 40.0 42.65 131.15 1.31 790 808.3 0 16.60
97.57 1.28 574 600.5 0 11.82 132.20 1.41 857 814.8 42.2 46.27
98.62 1.33 603 607.0 0 17.81 133.24 1.26 765 813.5 0 10.95
99.67 1.29 591 613.5 0 12.84 134.29 1.36 840 827.8 12.2 27.70

3. (In) Admissibilit y

It is corveniert to let f and F be the probability massfunction and dis-
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tribution function of the Poissondistribution with mean . Then

. Fp(n 1) fp(n)
B(n)=EMBjB n)=b>2=p1
(M=EEE M= em Fol)
It is also corveniert to abbreviate B(X) and $(X) by B and 8. Now let S =
S(X) be any estimator for which 0 S X. Then the risk of S is

(1)

R(S; )=ES S)’1=E[B B)? 2)

whereB = X S. Recall that S(X) is inadmissibleif there is an S°for which
R(S® ) R(S; ) for all 0 with strict inequality for some and that S is
admissibleotherwise.

Inadmissibilit y of the MLE . If isa nite measureover [0;1 ), write E for

integration with respect to the joint distribution of and X when ; and
write E (jn) for conditional expectation given X = n. Further, let
Zy

R(S; )= . R(S; ) fdg=E [(B B)?

for estimators S, whereB = X  S; andlet R( ) = infgR(S; ).
The inadmissibility of S~ will be deducedfrom Stein (1955), the applicability
of which is discussedin the Section7.

Theorem 1. If b> 0, then 8= max[0; X  b] is inadmissible.

Pro of. From Stein (1955), a necessaryand su cien t condition for S~ to be
admissibleis that, for every ¢ 2 [0;1 ) and > 0O, there exist a nite prior for
which f og 1andR(S~ ) R( ) . In particular, if Sxisto beadmissible,
then there must be a sequence ¢ of nite priors for which (flg 1 for every
k=1,2::: and

Jm RS k) R( k) =0 3)

Supposingthat this is the case,let Bx(n) = E «(Bjn) = E [nbxb+ )jn] and
Bo(n) = b~ n. Then
A SR b+ )
R(Sx &) R(w= [Bo(n) By(n) . (o )"e kfd g
n=0 ’

%
e 07 Lo+ 1)Bo(n)  Bu(nI
n=0
So,limgr  By(n) = Bo(n) = bAnforalln=0;1;2:::. Now
Z, 124

nb
Bk(n) = foe (N) «fd g b—fb+ (n) «fd g
0 0 +
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After s&mesimple algebra, this may be written as I§k(n) = nb kny1= ki, Where
kn= o (b+ )" fdg fdg=(1=C)e «fdgandCi= ;e «fdg,
sothat eah | is a probability measureand ;0= 1. So,if | exist, then

- 1 1
li M = _—_(b"n)= —
k!llm k:n nb( ) b _n
for n = 1;2;:::. This requires
. (o} ifn m,
amkn = B'nl=m!; if n> m, (4)

where m = bhc is the greatest integer that is lessthan or equalto b. In turn,
@ requiresthat the distribution functions Gy(!) = f :b+ ! g corverge
weakly to a distribution function G that is supported by [b;1 ) and hasmomerts

hn=b"orb"n!l=m! forn morn> m. See,for example, Billingsley (1995,
Chap.30). Sudc a G cannot exist, howewer, if bis positive Forif b 1,then G
must be degenerateat b, since 1 = b, and the higher momerts of the degenerate
distribution are not b™n!=m!. On the other hand if 0< b< 1, then , = n! are
the momerts of the standard exponertial distribution, which is not supported by
[b;1 ). So,the assumedexistenceof  in (3) leadsto a contradiction.

Admissbility of . The admissibility of § will be deducedfrom a Bayesian ap-

proximation. Consider the (unnormalized) priors (d) = e ; 0 for
0. Thus, is nite if > 0,and g isthe (innite) uniform distribution
over [0;1 ). Write E for integration with respectto , E (jn) for posterior

expectation (which is proper), and
Z
R(S; )=E [(S 9= R(S; )e d
0

for the integrated risk of a predictor S. This is minimized by $ (n) = E (Sjn).
The computation of 8 is straightforward. First obsene that § (n) = n
B (n), whereB (n)= E (Bjn). From P [B = k;X = n]= b " ke (® )gki(n
k)], follows, for n 0,

P[B=kX-=n]= P[X =n;B=Kle d:W;
o ob (5)
P[X=n]= . P [B=KkX=n]= WF(M yb(n);

1+ p(n 1)

B (n):=E (Bjn)= (1+ )bF( (6)
. = Fa+ p(n)
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Thus BO(n) = B(n) in [@). Let

_ fae (n) _ _ @+ )"H'=nt o
" F(1+ )b(n) o E:0(1+ )klj(:k!’

and denote o, by . Then,B (n)= b1+ )1 ., )andB(n)=bl ).
Theorem 2. If B and B are asin (B and (@), thenlim | oE [B B]?= 0.
Pro of. For O 1,

Zl
E[(B B)= E@EB B)e d
0
Z4 X n
- fb [+ o balfCr Ve e
n=0 '
Zy ® Z, n
2 e d+2 @+ ) a4 P05
0 o~ 0 ' n!
n=0
e ®Je d
*»
2b%2+2 [A+ ) n%
n=0
Clearly, b2! Oand (1+ ) n! Oas ! Ofor xed n. That the
summation approadesO then follows from the Dominated ConvergenceTheorem,
since 2n 2
i+ ) W 20+ ) aPe2 1050

for O 1, and the right sideis summableovern 0.
Corollary 1. lim | o[R(S; ) R(S: )] =0.

Proof. For >0,R(8; )= E [(S $)2+(8 $)]=R(S; )+E [B
B )2, andE[(B B )?]! 0 by the theorem.

Since0 S(n) n for any predictor S (under consideration), it is clear
from the Dominated ConvergenceTheorem that R(S; ) is continuousin  for
any predictor.

Corollary 2. $ is admissible.

Pro of. If S were inadmissible, then there would be an S for which R(S; )

R(S; ) for all 0, and R(S; o) < R(S; o) for some o 0. Let ¢ =
[R(S; o) R(S; 0)]=2. Then, thereisan > 0,suchthat R(S; ) R(S; )+ o
for all non-negative suc that | oj < ;andthen

Z +
RS ) RS:)  RE ) RS e d

0
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e 0 e(0+)|

0 o >0

as ! 0, cortradicting Corollary 1.
Corollary 3. $(n) = E%(Sjn).
Pro of. This is clear from the proof of Theorem 2.

Of course,it doesnot follow that S dominates $». The mean squarederrors
of the two predictors are showvn in Figure 1 for selectedb. The graphs showv
that the MSEs for § are lessthan the MSEs for $x for large  but greater than
the MSEs for S~ for small . S doesdominate S~ in terms of conditional risk,
howewer, for the equations

E[(S S))B n]=Var(BjB n); (8)

E[(S~ S)%B n]=Var(BjB n)+[br"n B(n)? (9)

do not dependon , and (@) is lessthan ([@). Graphs of the two conditional risks
are included in Figure 2 for selectedb.

MSE
MSE

MSE
MSE

Figure 1. The MSE for $(n) (solid) and $(n) (dotted) for selectedb.
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Conditional Risk
Conditional Risk

Conditional Risk
Conditional Risk

Figure 2. The conditional MSE for $(n) (solid) and $.(n) (dashed) for
selectedb.

4. Minimaxit y

Recall that an estimator S is minimax if it minimizessup R(S; ). In show-
ing that $ is minimax, it is necessaryto considerrandomized predictors, because
the use of a randomized predictor could reduce the minimax risk in principle.
Let IN denote the non-negative integersand B* the Borel setsof [0;1 ). Then
a randomized predictor is a function :IN B* ! [0;1] for which (n; ) isa
probability measureon B* for eat n; and the risk of a randomized predictor is

Z
r(:)=Ef [a SJ? (X:;da)g
[01)
-EfZ f X pes X Py (X:da)g
= 01) [a b+—] [ b+—] g (X;da)g:

A (non-randomized) predictor S then correspondsto (n;A) = 14[S(n)] in which
caser( ; )=R(S; ) in [@.
Recalling the optimal predictor for known , S (n) = n =(b+ ), it is clear

thatr( ;) E[(S $)%=b=b+ ) sothatsup r( ; ) bforany predictor
. So, minimaxity of 8 meansthat sup R(S; ) = b. Again recalling the optimal
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predictor for known

N nb
(b+ )z

ELS %N =nl=[Bn) [P

Then, using B(n) = b(1 ) and somesimple algebra (essetially, summation
by parts), it follows that R(S; ) = b+ hy( ), where

* 2
ho()=0  [F 2(n  ne)lfee (0); (10)
n=0
and minimaxity of § is equivalert to hy( ) O for all 0.
Lemma 1. , and p+1=, are both decreasingin n 0.

Pro of. Sinceb(1 )= E(BjB n), it isclearthat , is decreasing.So,the
issueis n+1= n; and since

n+1 — Fb(n) b .
n Fp(n+ 1)n+ 1’

it suces to shav that Fp(n  1)F,(n+ 1) > (n=(n + 1))Fu(n)2. For this,

(n+ 1)Fy(n  1)Fu(n+ 1) nFy(n)?
= Fp(n)2+ (n+ 1)fp(n + 1)Fs(n 1) (n+ 1)f p(n)Fn(n)
X0 gk g X L

n+ 2
— (n+1)= e
TR L, K

=

i =0 k=0

Let ¢ denotethe coecient ofb in[ ]. Thenclearlyc Ofor0 "< n;and
forn ~  2n,

X 1 1 n+ 1
c = +

e o KC KnICon D nlC n)

_ X 1 2n "+ 1

B TG TR TT QT
0;

since(k!IC K)) * (n!C n)) foralk=" n ;n(becausen (n 1)
k+1) (C Kk ¢ n+1)).

Lemma 2. As a function of n, ,%+ 2 h+1 2 n hasat most one sign change;
and any changeof sign is from + to

Proof. Clearly, 2+ 2 p4 2, <0i

noo21 Ly (11)

n
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By Lemma 1, the left side of (L) is decreasing,and the right side is increasing.
So,if 2+ 2p41 2, < 0for somen, then 2+ 2, 2, < Ofor all large
valuesof n, and the lemma follows.

Theorem 3. $§ is minimax.

Pro of. As noted above, it suces to show that hy( ) 0 for all 0. By
Lemma2 2+ 2,41 2, hasat most one sign changein (II0), and any change
of signis from + to . By Theorem5.1 of Karlin (1966), the sameis then true of
he( ), regardedasa function of . Clearly limy: B(n) = b. So,B B corverges
in distribution to B bas ! 1. Since0O B B B, it then follows that
limn R(S; )=1lim,; E[B B)?= band, therefore,lim ;; hp( )= 0. It
is showvn below that hy(0) < 0, and it then follows from the sign regularity of
hp( ) that hy( ) Ofor all . To seethat hy(0) < 0, simply obsene that

s
2fn)y= 2[Fp(n) Fp(n 1)]
=0

= [&  ZalFu(n)
=0

}
1l

o

o}

>

= [n+ nealln n+1 JFp(N)
-0

< 2 n[ n n+l]Fb(n)
=0

= 2[n n+1 fp(N);
n=0

sothat hy(0) < 0 by (IO and Lemma 1.

=}

=}

5. Condence and Credible Interv al for S

The con dence or credible interval [*(n); u(n)] for S can bedirectly obtained
through the con dence and the credible interval [a(n); b(n)] for B by subtracting
[a(n);b(n)] from n. The con dence interval of B can be calculated from the
conditional distribution of B on the evert B n when X = n is obsened. The
conditional massfunction of B onB  nis

P[B = k] _ fp(k)

fn(9 = Blg ] = Fo(n) 42

if0 k n,andfy,(k) = 0if k> n. Let Fy, bethe corresponding conditional
cumulativ e distribution function of B on B n. Then, the 1 con dence
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interval [a(n);b(n)] for B on B n can be computed by solving
[a(n);b(n)] = Tk :fha(k) cag;
Fn[(N)]  Fgnla(n) 1 1
for somec, 0. Therefore,the 1 con dence interval for S is
[(n);u(n]=[n bn);n a(n): (14)
P u(n)

Then we have k="(n) fo(n kK)=Fy(n) 1
Alternativ ely under the uniform prior on [0;1 ) for , the Bayesiancredible

interval for S can be computed from the posterior conditional Bayesian mass
function of S on X = n, which is

(13)

PB=n kX =n]
POIX = n] '

whereP°[B = n k;X = nJand P°[X = n] aregivenin @). It is clearthat the
Bayesian conditional massfunction of B given X = n under the uniform prior
on [0;1 ) for is exactly the sameasthe conditional massfunction of B given
in (3. Therefore, the Bayesiancredible interval and the conditional con dence
interval for S are identical if the prior is uniformly distributed on [0;1 ). Figure
3 displays the numerical results of estimated value S(n), the 90% con dence
bounds "(n) and u(n) as functions of n for selectedb.

PO[S = kjX = n]= (15)

b=1

Condence Bounds for $
Condence Bounds for $

Condence Bounds for $
Condence Bounds for $

Figure 3. The estimated values (solid) and their 90% con dence intervals
(dashed) for S asfunctions of n for selectedb.
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The frequenrtist coverage probability of the con dence interval for S is the
probability of the interval [*(n);u(n)] in (I4) to contain S, i.e.,
X %M kg g ke b
k! (n k)

P[() S wum)]= (16)

n=0 k="(n)

The numerical results of the frequertist coverage probabilities of the 90%
con dence interval for S asfunctions of for selectedb are givenin Figure 4. As
suggestedby Figure 4, the coverageprobabilities in (L8 are continuousin  but
discortinuousin b. This is an e ect of the discretenessof the Poisson,since " (n)
and u(n) depend on h.

0.96

0.94

Coverage Probabilit y
0.90 0.92

0.88

0.86

Figure 4. The coverage probabilities of the 90% con dence intervals for S
asfunctions of for selectedb.

6. Remarks and References

Viewed asestimatorsof , neither S nor 8+ is admissiblefor squarederror loss
for essenally the samereasonsin the proof of Theorem 1. Howewer, interpreting
0=0 as 0, p = 8=X is an admissible estimator of p = =(b+ ) for the loss
function L(p;p;X) = (P p)2x?2, which dependson x aswell asp and p, and S is
inadmissible. To seethis simply obsenethat R(S; )= E [(S S )?]+b =(b+ )
for any estimator S, that the secondterm on the right doesnot depend on S,
andthat E [(S S)?]= E [((S=X) p)?X3].

For large b, the prediction problem is closely related to H1e_pr06)l_em of
estimating a positive normal mean. To seehow, let Y = 2[ X b] and
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p—— P . :
= 2[ b+ b. If b;, ! 1 in such mannerthat remains xed, then
Y ) Normal[; 1] and S= b! P |, where) and! P denote corvergencein
distribution and corvergencein probability. So, the asymptotic version of the
problemis to estimate whenY = + | 0, and Normal[0; 1]. Like B,
is an ancillary variable in that its distribution is known; andif Y = y is obsened,
then y. It is known that the maximum likelihood estimator » = max[0; Y] is
inadmissible and that the formal Bayesestimator with respectto a uniform prior
is admissible(Katz (1961)). Moreover, the latter canbewritten asy E( ] y).
Shao and Strawderman (1996) provide a recert cortribution to the problem of
estimating a positive normal mean.

The derivations in Sections3 and 4 usese\eral properties of the Poissondis-
tribution: non-negativity, reproductivity, and the exponertial family structure.
An interesting potential generalization is to marked Poisson processesvhere a
mark is obsened with eat evert and the marks have di erent distributions for
badkground and signal everts.

Bayesian calculations of the nature used here have appearedin the physics
literature in Helene (1984) and Zedt (1989), for example. Conditioning on a
partially obsened ancillary variable B n was rst suggestedby Roe and
Woodroofe (1999), who derived regions of high conditional likelihood for
Cousins (2000) showed that this approac leadsto undesirable intervals when
applied to the positive normal mean problem. Other usesof conditioning appear
in Roe and Woodroofe (2000), which shaws that Bayesiancredible intervals from
at priors have nearly exact conditional frequertist coverage probabilities, and
in Woodroofe and Wang (2000) which shows that an unconditional p-value is
inadmissible but its conditional analogueis admissible.

7. More Ab out Stein's Condition

The applicability of Stein's Theorem is outlined in this appendix. In the
preseri conext, the setsA and B of Stein (1955) are, respectively, the parameter
space[0; 1 ) and the setof randomizedpredictors for which (n; [O;n]) = 1 for all
n; the function K of Stein (1955)isK (a;b) = r( ; ). Two conditions areimposed
in Stein (1955). compactnessof B in the senseof Wald, and the applicability of
the Minimax Theorem. Letting d denote the Levy metric for probability mea-
sureson [0; 1 ), asin Billingsley (1995, p.198), for exatiyple the setB is compact
in the topology generatedby the metric d [ ; ] = n 02 "dl (n;); (M)l
For if , is any sequencean B, then there are subsequenceslong which ¢(n; )
convergeweakly for ead n. By diagnolization, there is then a subsequencalong
which ¢ (n; ) corvergesweakly for all n, and this is equivalent to corvergencein
the metric d . When combined with the (easily veri ed) lower semi-corinuity of
r( ; )in for xed , compactnessimplies compactnessin the senseof Wald;
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when combined with the obvious continuity of r( ; ) in for eadr 2 B, com-
pactnessalso implies the Minimax Theorem. SeeFerguson (1965, pp.81 ), for
example.
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