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Motivation and Contributions

Private mechanisms output noisy statistics with complex sampling distributions and

intractable likelihood functions. However, the privacy mechanism and data generating

model are often easy to sample from, enabling simulation-based, indirect inference.

We expand the repro sample method (Xie and Wang, 2022) for finite-sample inference:

We ensure that the coverage/type I errors account for Monte Carlo errors;

We give efficient algorithms to numerically compute confidence intervals and p-values;

We apply it to many private inference problems and compare it to other methods.

Differential Privacy (DP)

M maps a dataset D ∈ X n to a random variable. d(·, ·): Hamming distance.
M is ε-DP if P(M(D) ∈ S) ≤ eεP(M(D′) ∈ S) for all measurable sets S and d(D, D′) ≤ 1.
M is µ-Gaussian DP (µ-GDP) if the hypothesis test H0 : Z ∼ M(D), H1 : Z ∼ M(D′) is
never easier than H0 : Z ∼ N(0, 1), H1 : Z ∼ N(µ, 1) for d(D, D′) ≤ 1.
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M(D) = g(D) + (supd(D,D′)≤1 ‖g(D) − g(D′)‖) · ξ satisfies ε-DP if ξ ∼ Laplace(0, 1/ε)
(Laplace Mechanism, `1 norm), µ-GDP if ξ ∼ N(0, 1/µ2) (Gaussian Mechanism, `2 norm).

(Objective perturbation) θ̃ = argminθ(1
n

∑n
i=1 f (xi, θ) + c‖θ‖2

2 + ξᵀθ
n ) is ε-DP for ξ ∼ Ff,c,ε.

DP statistics have a very different sampling distribution from non-private statistics.

Example: location-scale normal

Observe X = (x1, . . . , xn) iid∼ N(µ∗, σ∗2) and use it to build a confidence set for (µ∗, σ∗).
Non-private statistic: (X̄ =

∑n
i=1 xi

n , s2
X =

∑n
i=1(xi−X̄)2

n−1 ),
Data clamping Xc = ([x1]UL , . . . , [xn]UL), [xi]UL = max(min(xi, U), L).
Private statistic: ( ˜̄X = X̄c + U−L

nε N1, s̃2
X = s2

Xc
+ (U−L)2

nε N2) is (
√

2ε)-GDP, N1, N2
iid∼ N(0, 1).

Compare the distributions of ( ˜̄X, s̃2
X) and (X̄, s2

X). (µ∗, σ∗, n, U, L, ε) = (1, 1, 100, 3, 0, 1).
Very different sampling distributions ⇒ difficult to build a confidence set from ( ˜̄X, s̃2

X).

Simulation-based confidence sets and p-values

Observe s∗ d= G(θ∗, u). G: generating equation, θ∗: true parameter, u ∼ P : random seed.

Generate more seeds ui
iid∼ P, i = 1, . . . , R. Then for each θ, simulate si(θ) = G(θ, ui).

Use {si}R
i=1 to build Bα to cover s∗, since {si(θ)}R

i=1 is close to s∗ ⇒ θ is close to θ∗.

If Bα(θ; {ui}R
i=1) is a prediction set for s ∼ Fθ, Γα := {θ|s∗ ∈ Bα} is a confidence set for θ∗.

Formally, if Ps∼Fθ
(s ∈ Bα(θ)) ≥ 1 − α for all θ, then Γα is a (1 − α)-confidence set for θ∗.

Each θ in the confidence set generates a prediction set covering the observed statistic.

Theorem 1: Confidence set from simulated (repro) samples

s = (s∗, {si(θ)}R
i=1). {T θ

(i)}
R+1
i=1 : order statistics of T

(
s∗; s

)
, . . . , T

(
sR(θ); s

)
. T is permutation-

invariant in s. Γα(s∗, u) := {θ | T
(
s∗; s

)
∈ [T θ

(bα(R+1)c+1), T θ
(R+1)]} is a (1 − α)-confidence set.

If Γα(s∗, u) is an interval, find it using binary search and θ̂init := argmaxθ∈Θ#{T θ
(i) ≤ T

(
s∗; s

)
}.

Key insights: 1) include s in s to ensure exchangeability from permutation-invariance, and 2)

get a prediction set from order statistics, similar to conformal prediction (Vovk et al., 2005).

Most statistical depths are permutation-invariant: unusual points have lower depth. E.g.,

Mahalanobis depth: T (x; X) = [1 + (x − µX)ᵀΣ−1
X (x − µX)]−1, (µX , ΣX) is sample (mean,cov).

Below is a comparison among different depths when s = ( ˜̄X = 1, s̃2
X = 0.75).
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Theorem 2: Hypothesis testing p-value

T is a depth function. p = 1
R+1 supθ∈Θ0 #{i|T θ

(i) ≤ T
(
s∗; s

)
} is a p-value for H0 : θ∗ ∈ Θ0.

For easier optimization, replace #{i|T θ
(i) ≤ T

(
s∗; s

)
}with a continuous objective function, i.e.,

p = min
{

1, 1
R+1

⌊
supθ∈Θ0

[
#{i|T θ

(i) ≤ T
(
s∗; s

)
} + T

(
s∗; s

)]⌋}
.

Simulations: location-scale normal, linear and logistic regression

Repro compared to parametric bootstrap (PB) in two tasks:

1) constructing CI for location-scale normal µ∗ and σ∗ (PB by Du et al., 2020);

2) hypothesis testing for linear regression coefficient β∗
1 (PB by Alabi and Vadhan, 2022).

PB does not have good coverage or type I error due to the bias from data clamping, i.e., [xi]UL .

µ∗ σ∗

Repro
Sample

Coverage 0.989 0.998

Width 0.599 0.758

Parametric
Bootstrap

Coverage 0.688 0.003

Width 0.311 0.291

Table 1. 95% CIs for location-scale normal

using the same settings in the Example.
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Figure 1. The rejection probability for hypothesis testing on

H0 : β∗
1 = 0 and H1 : β∗

1 6= 0 in Y = β∗
0 + Xβ∗

1 + ε where α = 0.05.

Repro compared to DP-CI-ERM (Wang et al., 2019) in logistic regression (for coefficient β∗
1 ).

1. Repro allows for arbitrary privacy mechanisms; DP-CI-ERM requires to use a specific mechanism,

2. Repro gives finite sample coverage guarantees; DP-CI-ERM gives an asymptotic guarantee,

3. Repro CI is for the true parameter; DP-CI-ERM CI is for the regularized population risk minimizer.

Repro Sample DP−CI−ERM
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Figure 2. For logistic regression, the model is yi|xi ∼ Bern(1/(1 + e−(β∗
0+β∗

1xi))), and we assume xi ∈ [−1, 1] modeled
by xi

iid∼ 2 ∗ Beta(a∗, b∗) − 1. We build the 95% CIs for β∗
1 under (β∗

0 , β∗
1 , a∗, b∗) = (0.5, 2, 0.5, 0.5).

Repro has larger width but better (valid) coverage compared to existing methods.

Discussions and References

A limitation of repro is that the resulting confidence set may not be an interval.

The ideal test statistic for use in repro would be a pivot not depending on the nuisance

parameters η, which can avoid the over-coverage issue and save the optimization in η.
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