Lecture Notes of Stat 417, Chapter 6, Likelihood Inference

Section 6.2 Maximum Likelihood
Estimation

Tonglin Zhang
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6.2 Maximum Likelihood Estimation

Definition

The MLE, which attempts to maximize L(8) to estimate 6, is the
most important approach in statistics. The maximum likelihood
estimator (MLE) 0 is the maximum of L(6), i.e,

6 = argmax L(6).
6
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6.2 Maximum Likelihood Estimation

Properties

» The MLE & is a function of data. Thus, it is random.

> For any continuous function g(8), the MLE of g(8) is g(6),
which means it is transformation invariant.

» The choice of distributions is important in maximum
likelihood estimation.
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6.2 Maximum Likelihood Estimation

As estimator # of 6 is unbiased if
E(d) = 6.

An unbiased estimator is not invariant under transformations. For
example, Suppose that @ is an unbiased estimator of . In general,
62 is not an unbiased estimator of 62:

E(6?) # 6.
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6.2 Maximum Likelihood Estimation

Computation
Let £(6) = log L(0) is the loglikelihood function, where
0= (01,...,00)".

Then, 0 is one of the solutions to

o0e)  0U(6)
00, ' 00,

vI(8) = ( )' =0.

We need to make sure the solution is a global maximum (this is a
hard topic in research). If the solution is unique, then we
guarantee it is the global maximum.
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6.2 Maximum Likelihood Estimation

Example for SS, MSS, MLE, and Unbiasedness
Example: Let X1, -, X, be iid Bernoulli(f). The PMF is
P(X=1)=6, P(X=0)=1-6.

Solution: The joint PMF is
fG(Xla ... ’Xn) — HHX,'(]_ _ 9)1—Xi
i=1
== Xi(1 — )i (1-X)
:9’7)_((1 . 9)’7(1_)_().

Be factorization theorem, we have that SS = {X}. Because @ is
one-dimensional, it is also the MSS.
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6.2 Maximum Likelihood Estimation

As a function of 6, the likelihood functions is
L(6) = 6"X(1 — )"(1-X),
The loglikelihood function is

£(0) = log L(8) = nX log® + n(1 — X) log(1 — 6).
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6.2 The Likelihood Function

Taking derivative, we have

ooy 1X (1 —X)
which is called the score function. Solving ¢/(6) = 0, we obtain the
MLE ]
0=X.
Because
E(0) =9,

we conclude that it is also an unbiased estimator. Moreover, X2 is
the MLE but not an unbiased estimator of 62.
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6.2 Maximum Likelihood Estimation

Example: Let X1, -, X, be iid Poisson(0).
Solution: The joint PMF is

—0

f@(XL"' 7Xn): €

11 X!

i=1

927:1 Xi
_H7=1 Xil )

- <1j1 x,-1> h (H"Xe*"9> .

Note that onI_y the second term contains both 8 and data. We
have SS = {X}. It is also the MSS because the size is 1.

—né

Tonglin Zhang, Department of Statistics, Purdue University 6.2 Maximum Likelihood Estimation



6.2 Maximum Likelihood Estimation

Treating it as a function of 6, we obtain the likelihood function as

0) = <Iljl X,-!> h (9")_(efn9>

The log-likelihood function is

0(6) = log L(6) = — log <Hx I) + nX log 6 — nb.

Then,
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6.2 Maximum Likelihood Estimation

Example: Example 6.2.3: Let Xi,---, X, be iid Exp(f). The PDF
is f(x) = fe 0.
Solution: The joint PDF is

fo( X1, , Xn) =H9e_(’x"
i=1

:ene—nXG

We have SS = {X} and it is also the MSS because the size is 1.
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6.2 Maximum Likelihood Estimation

Treating it as a function of 6, we obtain the likelihood function as
L(0) = 6" "X?.
The log-likelihood function is
£(0) = log L(0) = nlogf — nX6.

Then, .
/ n v N
0(O)=5-nX=0=d=

It is not unbiased (omitted).
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6.2 Maximum Likelihood Estimation

Example: Example 6.2.4: Let X3, -+, X, be iid from PMF
pr=P(X=1)=6, pp = P(X =2)=6? and

p3 = P(X =3) = 1—60—6% Check only the SS and MSS problem.
Solution: We express the PMF of

f@(Xi) _ 9/(X,':1)921(X,:2)(1 _0— (92)I(X’:3),
Thus, the likelihood function is
L(0) = H{QI(X:'=1)92I(X;=2)(1 _6— 92)/(Xf=3)}

i=1
:gn102n2(1 —9— 6)2)n7n1—n27

where ni is the total number of 1 and n» is the total number of 2
in the data. We have SS = {n1, my}. Further, we can show it is
MSS. Note that the size of 6 is 1. The proof (omitted) is not easy.
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6.2 Maximum Likelihood Estimation

Example: Example 6.2.5: Let Xi,---, X, be iid Uniform(6).
Solution: Let X(;) = min(X;) and X(,) = max(X;). We express
the PDF as

ﬂ@:%ﬂogxngémognﬂxgm.

The likelihood function is
0 - - 6"

i=1

(Xay = 0)/(X(n) < 0).

Thus, §§ = {X(n)} = {max(X;)}, which is also an MSS. Observe
the above, we have the MLE
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6.2 Maximum Likelihood Estimation

Next, we want to compute the PDF of X(,,y. For any x € [0, 0],

P(X(n) < X) =P(X1 < X, X2 < X, ..., Xp < X)

= f[ P(X,‘ < X)
i=1

Xn

Thus, the PDF of X(,,) is
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6.2 Maximum Likelihood Estimation

Further, we have

0 n %, nf
E(X(n) —/0 xfp(x)dx = 9n/0 x"dx = P
By 0 0 2
2y _ 2 _n w1, N0
E(X(n)) = A X fn(X)dX = 0’7/(; X dx = m,
we have

n6? ng o, n6?
n+2 _((n—i—l)) (n+1)2(n+2)

Thus, the MLE is not unbiased. The bias is

V(X(n)) =

0
n+1

Bias(X(,,)) = E(X(n)) —0=-
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6.2 Maximum Likelihood Estimation

Example: Example 6.2.2: Let Xi, -+, X, be iid N(u,03) with
known 08.
Solution: Let @& = p. The joint PDF is

_ 1 x._)?
1 e 208(X' K)

V2mog

:(27'(')_%0'6"6
N {(2w)595"e‘2i§ 27—1<Xf—>'<)2} {e‘z%(*—mz}

Note that only the second term contains both x and data. We
have SS = {X}. It is also an MSS.

fo(Xa, - Xa) =] ]
i=1

_% Z?:l(xi_M)Z
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6.2 Maximum Likelihood Estimation

The log-likelihood function is

n n 1 < _ n -
= ——log(2n) — = logo? — = > (X; — X)? — —(X — p)°.
€(p) 5 log(2m) — 7 log 7 207 ;( ) 203( 1)
Then, i
()= 5X-—p)=p=X
90

Clearly, it is unbiased.
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6.2 Maximum Likelihood Estimation

Example: Example 6.2.6: Let Xi,---, X, be iid N(u,o?).
Solution: Let 8 = (61,60,)" = (u,02)". The joint PDF is

z 1 — 1 (X— )2
fo(Xa,+ , Xn) = [ [ = 22
piey V2ro

—(2m)" 39, 2 e T (Xim01)’

(27.‘.)—%92_% e_ﬁ[zl",:l(xi_x)z"‘”()?—el)z]

Note that onI_y the second term contains both 0 and data. We
have SS = {X, Y7, (X; — X)?}. Using

1 < _
52 = n—1 Z(Xl _X)27
i=1

we also have SS = {X, 5%} (SS is not unique). It is also the MSS
because the size is 2, equal to the size of 6.
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6.2 Maximum Likelihood Estimation

Treating it as a function of 6, we obtain the likelihood function as

L(9) = (2m) 56, 2 =D (X=X n(X =017,

The log-likelihood function is

£(6) = 3 log(2) — 7 log b — 2;2[2(&- _ X+ n(X - 0,)7)
i=1
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6.2 Maximum Likelihood Estimation

Then,
a0(6) .
= (X —
a0, 02( 1)
dL(0) n 1« o2 5 2
= —+ D X-X X —01)3.
o 20, 26 [’;( J X =6
Thus, we have ) _
f=6; =X
A 1< _
A2 _ L 2
6% =0, = nZ(X, X)2.

Clearly fi is unbiased. Using E(S?) = 02, we conclude that 2 is
not unbiased. It is biased. The bias is

E(6%) — 02 = E(
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