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Two-way ANOVA: an additive model

» There are two factors A and B with levels a and b, respectively

» The response is X; ~ N(u;,0?) where i =1,...,a and
j=1,...,b

» The total sample size is n = ab

» The additive model is

i = i+ (fi. — ) + (i = i)
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Two-way ANOVA model

> In the above, denote o; = fi;. — i, Bj = fij — fi, b = [i
» The resulting form of the model is

pij = 4 i + f;

where 7 ;o = 0 and ZJI?:1 B =0
» This is a two-way ANOVA model with constraints
» For each j, plots of pj; vs j are called mean profile plots

» They are always parallel for all additive models
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Hypotheses of interest

The first one is

v

Hop a1 =+ =a3=0vs. Hia: «a; # 0 for some i

The second one is

v

Hogiﬁlz-":ﬂbzovs. ng:BJ-;éOforsomej

v

If Hoa is true, the mean of the (i, )th cell does not depend on
the level of A

v

These are main effect hypotheses
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One-way equality of means test: a reminder

> Recall the equality of means test...the important quadratic
forms were @, Q3 and Q4

» We had Q = Q3 + Q4 or

a

b
(o 1)5 = 33X, - P+ 3 30 - X

j=1i=1 j=1i=1

» Here Qq is the sum of squares among the column means Qs is
within the column means

» @3/ab is the 65 - MLE of &2 under Q

» 62 = (ab—1)S?%/ab is the MLE of o2 under w

» Thus, the likelihood ratio is the monotone function of statistic

F_ Qu/(b—1)
Qs/[b(a—1)]
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A two-way equality of means test for columns

» A similar expansion is @ = @ + Q4 + Qs or

b a
(ab—1)S% = ZZX —X P+ D (Xi-X)?

Jj=1i=1 j=1 i=1

+ZZ = Xi.— X

Jj=1j=1

><|

> o is the sum of squares among rows, (4 among columns,
and Qs is the remainder

> &é = Qs/ab is the MLE of o2 under Q
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A two-way equality of means test for columns

a

Q4+ Q5

Q>

b
i=1 j=1
is the MLE of ¢2 under w

» A good monotone function of the likelihood ratio
A = (03/82)?/2 is the F-statistic

Q4/(b—1)

F =%/l (b 1))

~ Fp_1(a—1)(b-1)

under Hy
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Power of the two-way ANOVA column mean test

» Under the alternative H;p, due to Hogg-Craig's Theorem,
Qu4/0? and Qs/0? are independent

» Check that E(XU) = U+ —{—ﬁj, E()_(j) = ,U,—i—ﬁj, E()_() =
» Substitute means for real random variables in the quadratic
form Q4 to find the non-centrality parameter

b b
SO+ Bi—n =58
j=1 j=1
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Power of the two-way ANOVA column mean test

» Do the same for 5 to obtain

b a
1
=2 D (mtaitB—p—ai—p—f+p)?’=0

j=1 i=1

» Thus, under H;g, we have

F~Fp 1 G1)b-1) 225,
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Two-way ANOVA row mean test

> A very similar argument leads to the row mean test
» The test statistic is

_ Q/(a—1)
- Qs/l(a—1)(b—1)] Fat1,(a-1)(6-1)

under Hpp
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Two-way classification with multiple replicates

» The ANOVA problem just considered is called two-way
classification with one observation per cell

» Sometimes, more than 1 observation is available for each of
ab cells

» For simplicity, assume that each cell has the same number ¢
replicates

» Notation: Xji, i=1,...,a,j=1,...,b, k=1,...,c; the
sample size is n = abc

> All of Xjjx ~ N(pjj,o
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Interaction parameters

» Now, we can make a mean fully cell-specific
Define

v

Vi = pig — {p+ (i — p) + (g — )t = pyg — i, — fij+ p

> 7jj is an interaction parameter

The cell means model is then

v

pij = b+ i+ B + i

v

The constraints are > 2_; a; =0, ZJI?:1 Bi=0,%717i=0,
b
2j-17 =0
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» Note that it is only due to the presence of replicates that we
can estimate interaction parameters

» The additive constraints are not the only possible...another
option is to assume that e.g. oz = B = Va1 = 715 =0
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Hypothesis of interest

» Hoag :vjj =0 forall i,j vs. Hiag : 7jj = 0 for at least one
pair (i, j)
> The general form of the test statistic is
(S (K~ X = X+ X /la = 1)(b - 1))
[>2 5232 (Xik — X;:.)?] /lab(c — 1)]

» Under HOAB: we have F ~ F(a—l)(b—l),ab(c—l)
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