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Abstract

Distributional forests are an ensemble tree learning method for estimating the conditional distribu-
tion of the response given covariates. The method allows analysts to examine various distributional
features, such as dispersion, skewness, and tail behavior of the response distribution, beyond con-
ditional mean. These distributional features often play an important role in risk assessment and
decision-making. Despite the ease of implementation and nonparametric flexibility, distributional
forests inherit the limited interpretability of general ensemble tree methods, as the estimated dis-
tribution function is expressed as implicit aggregations of joint covariate effects. To address this
limitation, we propose an additive distributional regression framework that explicitly decomposes
the conditional distribution function of the response into a linear aggregation of single-covariate-
specific component functions. When the component functions are modeled using distributional
forests, we further develop an expectation—smoothing iterative algorithm to estimate the model.
Real data are used to demonstrate the practical usefulness of the proposed additive distributional

forest method.
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1 Introduction

Mean regression has long been adopted by actuaries to identify key risk drivers of actuarial outcomes
(e.g., claim frequency, claim severity, aggregate losses, and healthcare expenditures) and to examine
their impacts on the average level of the response variable. To conduct mean regression, relevant
paradigms range from classical linear regression and generalized linear models (De Jong and Heller,
2008; Frees, 2009; McCullagh and Nelder, 1989), to more flexible nonparametric methods such as
spline-based regression (Hastie and Tibshirani, 1990), Bayesian nonparametric approaches (Huang
and Meng, 2020; Richardson and Hartman, 2018), clustering-based segmentation methods (Gan and
Valdez, 2020; Jamotton et al., 2024), and tree-based methods (James et al., 2023). Among these,
ensemble tree methods have shown superior statistical performance, comparable to or sometimes even
exceeding that of more complex deep learning methods. Combined with their conceptual simplicity
and ease of implementation, ensemble tree methods have gained increasing popularity among actuarial
risk analysts.

Despite the widespread use of mean regression, many actuarial and risk management problems
require consideration beyond the conditional mean of the response. For instance, in claim management,
it is often necessary to assess how a policyholder’s profile influences not only the central tendency of
future claims but also the variability and tail behavior of the claim distribution. These additional
distributional characteristics can have direct implications for operational and financial decisions, such
as underwriting, claim triage, fraud detection, and reserve adequacy assessment. Similar considerations
arise in several other contexts. In ratemaking, risk loading is inherently linked to dispersion and
tail risk, so two policies with similar expected loss may warrant different premiums when their loss
volatility or upper-tail exposure differs substantially. In reinsurance pricing, the study of tail behavior
is of central importance because contract structures such as excess-of-loss are explicitly triggered
by extreme outcomes. In healthcare analytics, a key objective is to identify risk drivers of high-
cost claimants, where the upper tail of the cost distribution carries the most immediate managerial
relevance for early intervention and resource allocation. For related discussions from the practitioners’

perspective, we refer to Reed (2015).



To understand how covariates affect the shape of the response distribution, ensemble tree methods,
which have been successfully used in mean regression problems, can be naturally extended to model
the conditional distribution of the response. In particular, distributional forests, which are also known
as quantile regression forests (Meinshausen, 2006), estimate the conditional cumulative distribution
function (CDF) of the response by adopting the same splitting strategy as random forests to partition
the feature space, while replacing the local empirical mean estimator within each terminal node by an
empirical CDF estimator. Owing to this conceptual and algorithmic similarity to random forests, dis-
tributional forests can be adopted for distributional regression with minimal additional modeling and
implementation effort. Further, it is known that under mild regularity conditions, the distributional
forest estimator is consistent (Meinshausen, 2006). Therefore, in principle, with sufficiently large data
sets, distributional forests can accurately recover the target conditional CDF of the response.

That said, the aforementioned ease of implementation and nonparametric flexibility come at the
cost of interpretability, a trade-off encountered in many machine learning methods. Specifically, the
conditional CDF estimated by a distributional forest is constructed through an implicit aggregation of
joint covariate effects across a large collection of tree-based partitions. As a result, it is typically unclear
how to disentangle and interpret the marginal distributional impact of an individual covariate. This
lack of structural interpretability may undermine the usefulness of distributional forests in applications
where assessing risk driver impact, communicating model behavior, or supporting decision-making is
as important as predictive performance. From a regulatory and model risk governance perspective, we
refer to Henckaerts et al. (2021); Wiithrich and Merz (2019), which emphasize that machine learning
models for insurance usage should remain transparent and possess a reasonable level of interpretability.

This paper aims to address the limited interpretability inherent in distributional forests. Motivated
by the success of additive mean regression models in balancing interpretability and modeling flexibility
in capturing nonlinear covariate effects, we extend the underlying additive decomposition principle to
distributional forests. Specifically, we propose to decompose the conditional CDF of the response into
a linear aggregation of component functions, each depending on a single covariate. We show that
each component function is equivalent to a valid marginal conditional CDF, and we estimate these

component functions using distributional forests. The resulting additive distributional forests can



provide tractable interpretations of covariate-specific marginal distributional effects while retaining
the flexibility of tree-based learners in capturing nonlinear relationships.

We note that imposing an additive structure on distributional forests may reduce their statistical
fidelity, as interactions among covariates cannot be captured explicitly. The same limitation is also
recognized in the context of additive mean regression models. When the primary objective of a
modeling task is solely predictive accuracy, users should be cautious in applying the proposed additive
framework and may instead favor more general nonparametric approaches that capture the joint
covariate effects without imposing structural constraints.

Several alternative approaches to distributional regression are available (Kneib et al., 2023). For
instance, generalized linear models can be viewed as a classical parametric framework for distributional
regression, though the regression structure is typically imposed on parameters that govern the mean
of a specified family of distributions. Quantile regression embodies another route to distributional
regression via estimating the conditional quantile function of the response, which can be implemented
nonparametrically (Koenker, 2005); see Baione and Biancalana (2019); Heras et al. (2018); Kudryavt-
sev (2009); Li et al. (2021) for its applications in insurance. However, standard quantile regression is
typically fitted at one probability level at a time. As a result, quantile estimates obtained separately
across different probability levels may exhibit crossing unless additional non-crossing constraints or
post-processing strategies are imposed; see (Dai et al., 2023) for a comprehensive discussion. From
this perspective, distributional forests represent a more convenient approach that directly returns a
valid conditional CDF by construction, and thus multiple levels of quantiles can be computed simul-
taneously.

The rest of this paper is organized as follows. In Section 2, we provide a concise review of distribu-
tional forests. In Section 3, we present the proposed interpretable distributional regression framework,
which decomposes the conditional CDF of the response as a linear aggregation of single-covariate-
dependent component functions. In Section 4, we propose to estimate these component functions
using distributional forests and develop an iterative algorithm for estimating the resulting additive
distributional forests. The performance of the proposed estimation procedure is evaluated in Section 5

through simulation studies. In Section 6, we illustrate the practical usefulness of the proposed additive



distributional forest framework using real data. Finally, Section 7 concludes the paper.

2 Background on distributional forests

Consider a set of n € N training samples {(x;,y;)}7;, where y; € R denotes a scalar response variable
and x; € Q C RP is a vector of p € N explanatory variables associated with the i-th sample, ¢ = 1,...,n.
Here and throughout, €2 denotes the feature space containing all plausible values that the explanatory
variable vector & can take.

Distributional forests can be viewed as a natural extension of regression forests. We therefore
begin by reviewing the regression tree framework and its ensemble generalization via random forests
to establish the necessary background and notation, and then proceed to discussing distributional

forests.

2.1 Random forests

To construct a regression tree, the algorithm recursively partitions the feature space €2 into a finite
collection of disjoint regions by repeatedly splitting either ) itself or one of its previously formed
subregions along a single explanatory variable. At each internal node, the splitting variable and
split point are selected to optimize a local impurity criterion. One commonly used criterion is to
minimize the within-node sum of squared errors, or equivalently, to maximize the reduction in the
conditional variance of the response variable. Based on the selected impurity criterion, the optimal
split is identified via a discrete, greedy search over candidate splits. This recursive binary splitting

strategy keeps splitting the feature space €2 into a partition:
L
o=JR,
I=1

where {Rl}lL: , denote the terminal regions, or leaves, of the tree, and L € N denotes the total number
of leaves determined by the user-specified stopping parameters such as minimum node size, maximum
tree depth, maximum number of leaves, and so forth.

After a regression tree is fitted to the training data, it predicts the conditional mean of the response



variable Y given a query point & € ) by averaging the observed responses within the terminal region

that contains . More formally, the tree-based estimator can be written as

1{z; € R(z)}
i1 Yz € R(z)}

Y | ) ZO‘Z x) yi, with  «4(x) =

where 1{-} denotes the indicator function, and R(x) represents the leaf to which « is assigned.
Random forests are an extension of regression trees designed for improving their stability and
predictive performance by aggregating a large number of decorrelated trees through ensemble learning
(Breiman, 2001). A random forest consists of K € N regression trees, each trained on a bootstrap
sample of the original data and/or grown using randomized feature selection, techniques known as
bootstrap aggregating (Breiman, 1996) and feature bagging (Ho, 1998), respectively. For k =1,..., K,
the k-th tree partitions the feature space €2 into Ly > 0 disjoint terminal regions, denoted by {Rk,l}lL:"'l.
Given a query point & € (2, the k-th tree assigns x to a unique terminal region, denoted by Ry (x),
and predicts the response using the sample average of the training observations falling in that region.
Accordingly, the random forest predictor is obtained by averaging the predictions from all k£ trees.
The random forest estimator can be expressed in a form analogous to the regression tree estimator in
Equation (1) as a locally weighted regression estimator, but with a different set of weights given by

x wi wxfiKa,x ) i € Ri(@)}
Y’ Z i() i i(T) = KkZ:l z,k( ), z,k( ) = 2?21 ]l{a:j ERk(x)}’ (2)

where a; i, (x) denotes the contribution weight assigned to the i-th training observation by the k-th tree
in the forest, and w;(x) averages these weights across all trees and reflects the overall forest-induced
similarity between x and x; based on how frequently «; falls into the same terminal region as . By

construction, for any x € €2, the weights {w;(x)}?_, are nonnegative and sum to one.



2.2 Distributional forests

The conditional mean E(Y | x) only captures one aspect of the conditional distribution of Y given .
In contrast, the conditional CDF

Fly|z) =PY <y|=),

provides a complete characterization of the conditional distribution of the response, from which the
conditional mean and other distributional properties can be derived. Distributional forests extend
random forests from conditional mean estimation to conditional CDF estimation (Meinshausen, 2006).

Specifically, a distributional forest predicts the conditional CDF F(y|x) via
Fylz) = wi(@) Ly <y}, (3)
i=1

where the weights {w;(x)}!" ; are defined in exactly the same manner as those used in the random
forest estimator in Equation (2).

Algorithmically, the formulation in Equation (3) implies that distributional forests adopt exactly
the same partitioning scheme as random forests. The distinction between the two methods lies solely
in the leaf-level aggregation. Namely, random forests compute the sample mean of responses within
each terminal region, whereas distributional forests compute the corresponding empirical CDF. At the
forest level, both estimators in Equations (2) and (3) aggregate the leaf-level estimates in the same
way, and therefore share the same set of locally adaptive weights {w;(«)}?" ;. This shared splitting and
weighting structure makes the implementation of distributional forests particularly convenient, since
efficient algorithms and software packages for constructing random forests are already widely available.
To implement distributional forests, the user only needs to extract the tree-induced partitions and
forest weights from a fitted random forest model and replace the empirical mean estimator at each

leaf with the corresponding empirical CDF estimator.



3 Additive distributional regression

The distributional forest framework reviewed in Section 2 enables flexible nonparametric modeling
of the entire distribution of Y conditional on . However, because the resulting conditional CDF
is driven by joint covariate effects, the marginal distributional contribution of each covariate is not
explicitly identifiable. To address this limitation, in this section, we introduce an additive structure
for distributional regression. This framework forms the methodological foundation, upon which the
interpretable distributional forests are built.

For ease of presentation, we begin with the two-covariate case and examine its structural prop-
erties. Extending to a multi-covariate setting is conceptually straightforward, but the corresponding
theoretical analyses become notationally cumbersome. Thereby, we confine the rigorous technical

analysis to the two-covariate setting.

3.1 The two-covariate case

Throughout this subsection, we focus on the two-covariate setting with & = (x1,22)" € Q. Recall
that to enhance interpretability, the additive mean regression method models the conditional mean of

Y given x via

E(Y |z) = Pi(z1) + Vao(x2), (4)

where each component function W; represents the marginal contribution of the covariate x; to the
conditional mean of Y. In practice, the component functions are typically modeled using flexible
smoothers, such as splines, to accommodate nonlinear effects.

Borrowing this idea, to enable a similarly interpretable characterization of how each covariate
impacts the entire conditional distribution of the response, we impose an additive structure on the

conditional CDF:

F(y|z) = Yi(y,71) + Ya(y, 72). (5)



The additive specification in Equation (5) is not intended as a universal approximation to arbitrary
conditional distributions, but rather as a deliberately structured modeling choice that prioritizes in-
terpretability of marginal distributional effects, in direct analogy to additive mean regression models.
The component functions ¥; and ¥s may be viewed as main effects on the conditional distribution of
Y, describing how each covariate individually shapes the response distribution while holding the other
covariate fixed.

It is noteworthy that a key distinction between additive mean regression and additive distributional
regression lies in the nature of the modeling target, which naturally leads to several implications. First,
unlike the additive mean regression model in Equation (4), where for a given x, the modeling target
is a scalar quantity, the object we aim to model in Equation (5) is the conditional CDF, which is
a function of y. Consequently, each component function ¥; depends not only on the corresponding
covariate x;, but also on the response level y, which reflects how x; influences the distribution of Y
across different quantiles or regions of the support.

Moreover, imposing an additive structure at the distributional level raises a pivotal yet nontrivial
question regarding the admissible behavior of the component functions. Clearly, not any form of
component functions can accommodate the additive structure in Equation (5). For example, if both
component functions ¥, and Wy are decreasing in gy, then their sum is also decreasing, which would
yield an invalid conditional CDF. The following assertion characterizes conditions under which the
additive decomposition in Equation (5) leads to a legitimate conditional CDF. In particular, we show
that there always exists an additive decomposition such that the component functions can be chosen

to be scaled CDFs.

Proposition 1. If the functional additive structure in (5) holds for a conditional CDF F(y|x), then
there exist a pair of component functions Wi(y,x1) and Va(y,z2) which are non-decreasing, right-

continuous in y, and satisfy Uq(—oo,x1) = Va(—00,22) = 0 for all x1 and x2, such that (5) holds.

Proof. See Appendix A. O

Henceforth, we shall assume that the component functions Wy and W4 satisfy the conditions outlined

in Proposition 1, which ensures the validity of the additive decomposition in (5). Since F(co | x1,x2) =



1 for all pairs (z1,x2), it is elementary to see that o := ¥; (0o, 1) does not depend on x1, nor does
ag = Wy(00,x2) depend on xy. Moreover, it must hold that a; + ay = 1. Consequently, these

component functions can be represented as

Uy (y,z1) = oq Fi(y| 1), Ua(y, z2) = ag Fa(y | x2),

where F} and F are valid conditional CDFs. Thereby, the additive decomposition (5) can be equiva-

lently written as

F(y|zi,x2) = o1 Fi(y|z1) + a2 Fa(y | z2), a; +ag = 1.

This representation corresponds to a mixture model. Specifically, conditional on (z1, z2), the response
variable Y is generated in a way such that, with probability a1, (Y |z1,22) follows the distribution
Fi(-|x1), and with probability ag, it follows Fy(-|z2).

This mixture representation leads to several complementary interpretations. From a causal per-
spective, the representation suggests a latent regime mechanism. Namely, with probability «;, the
outcome Y is driven primarily by covariate x1, while x5 plays no role; with probability «s, the re-
verse holds. The representation can also be viewed through a population heterogeneity lens, where
the population consists of two latent sub-populations, each governed by a different data-generating
mechanism. In one sub-population, the conditional distribution of Y depends mainly on x1, whereas
in the other it depends mainly on x2. The mixing weights a1 and asg represent the relative prevalence
of these sub-populations. Further, from a risk-decomposition perspective, the mixture representation
reflects the idea that, for any given realization, one of two competing risk drivers, either x; or xs,
dominates the outcome, while the other is effectively inactive. Collectively, these complementary inter-
pretive perspectives support the practical usefulness of the proposed additive distributional regression
framework for deriving analytical insights into the marginal impact of individual covariates on the
distributional behavior of the response variable.

We openly acknowledge that the additive decomposition in (5) deliberately abstracts away from

interaction effects among covariates in exchange for enhanced interpretability and analytical trans-

10



parency. Similar compromises are routinely adopted in linear models and other additive modeling
frameworks, where the primary objective is to obtain interpretable marginal effects rather than to

exhaustively capture all possible dependencies.

3.2 The multi-covariate case

In this subsection, we deal with a p-dimensional covariate vector * = (x1, ..., xp)T € Q. In direct

analogy with the two-covariate formulation in (5), we consider the additive structure

P
Fly|z) =) Wiy a)), (6)
j=1
where each component function W,;(y,z;) captures the marginal contribution of covariate z; to the
conditional CDF of the response variable Y.

As in the two-covariate case, imposing an additive structure at the distributional level raises similar
questions regarding the admissible behavior of the component functions in (6). To ensure that the
additive decomposition defines a valid conditional CDF, the main ideas underlying Proposition 1 can
be extended to the multi-covariate setting via a series of two-block decomposition iterations. To
sketch out the iterative process, fix an arbitrary ordering of the covariates and write @ = (z1, :B_l)T,
where ¢_1 = (z9,..., xp)T. Using the same argument as in Proposition 1, one can show that there

exist non-decreasing and right-continuous component functions ¥ (y,z;) and ¥_(y,¢_,) satisfying

Wy (—00,21) = U_i(—00,x_1) = 0, such that the decomposition
Fly|@) = Wi(y,21) + V_i(y, 21)

yields a valid conditional CDF of Y given (z1,x_1).

Next, treat \Tl_l(y,cc_l) as another scaled conditional CDF to be decomposed, and further split
x_ 1 = (x9,2_9)" with x_o = (23,... ,xp)T. A repeated application of the same argument as in
Proposition 1 implies that there exist component functions ¥s(y, z2) and \Tf,g(y, _2) that are non-

decreasing and right-continuous in y and satisfy Wo(—o00,23) = ¥_o(—00,x_2) = 0, such that the

11



decomposition

U_1(y,x—1) = Va(y, x2) + \TJ—Q(y;w—Q)

yields a valid scaled conditional CDF for \T/_l(y, x_1). Repeating the above argument to sequentially
isolate the marginal effects of all covariates leads to an analogous conclusion to Proposition 1 for
the multi-covariate case. Accordingly, throughout the multi-covariate setting we assume that the
component functions ¥;(y, z;) are non-decreasing and right-continuous in y and satisfy ¥;(—o0, z;) =
Oforallz;,j=1,...,p

Moreover, under these conditions, each component function ¥;(y,z;) can be treated as a scaled

conditional CDF:

where o > 0, Z?Zl a; =1, and Fj(- | z;) is a valid conditional CDF. Consequently, the multi-covariate

additive distributional regression model admits the following representation:
F(y|x) Z o Fj(y|xj), (7)

which may be interpreted as a finite mixture of single-covariate-specific distributional components.

4 Additive distributional forests and their estimation

In practice, the component conditional CDF's Fj(y | ;) involved in Equation (7) may be modeled using
nonparametric tools that accommodate the distributional relationship between x; and y. In particular,
when each component CDF is estimated using distributional forests, we refer to the resulting model
as an additive distributional forest (ADF). This construction combines the interpretability of additive
distributional regression with the flexibility of tree-based distributional learners.

To implement ADF to estimate the component CDFs F;, the mixture representation in Equa-

tion (7) motivates us to develop an iterative algorithm analogous to the classical expectation—-maximization

(EM) algorithm, which has been widely adopted for estimating parametric mixture models. Following

the terminology discussed in Li et al. (2021), we term the iterative algorithm for fitting ADF the

12



expectation—smoothing (ES) algorithm, reflecting the nonparametric nature of the learner involved.
To describe the ES algorithm, it is convenient to introduce a latent indicator Z; € {1,...,p} for
each training observation (x;1, ..., Zip, ¥;), where x;; denotes the value of the j-th covariate in the i-th

sample. Then the mixture representation in Equation (7) admits the following representation:
P(Zi:j):aj, (YHZZ:], .CCil,...,J}z‘p)NFj(-‘CCij), izl,...,n.

We emphasize that the latent indicator Z; is introduced primarily as an algorithmic device for con-
structing observation-specific weights that guide the iterative fitting procedure, and should not be
over-interpreted as representing a literal subpopulation membership. Throughout, let us define pos-

terior responsibilities:

TZJ_P( _j|mlayz) izl)"'vna ]Zlaap

Suppose that at the t-th iteration of the ES algorithm, we have obtained the additive weight

5), and the posterior responsibility estimates ?g),

estimates « i=1,...,n, 7 =1,...,p. To update
the estimates in the (¢ 4+ 1)-th iteration, the S-step refits each component’s conditional CDF Fj(- | z;)
using a weighted distributional forest. Specifically, we apply the tree-based procedure described in

)

Section 2 to the weighted sample {(x;;,y;)}i—;, where observation i is assigned posterior weight 7; e

70

In this way, observations with larger posterior weights Ty play a more significant role in determining
the splitting of the forests for the j-th covariate. Based on the refitted forest, for any query point x;,
the ensemble induces weights {w(t+ )(xj) »_, satisfying w( +1)(mj) >0and >, wgfﬂ)(xj) =1, and

yields the forest-based conditional CDF estimator
~ t+1 t+1
E Dy ay) Zw () Ly < y).

In the E-step, we define a local scoring quantity S( 1 that measures how well the j-th component
distribution explains the observed response y; at covariate value z;;. Since the distributional forests

grown in the S-step already yield weighted local CDF estimates, we naturally adopt the same weighting

13



(t+1)

schemes to construct s, ; using a kernel-smoothed local density estimator. To be specific, we define

85;""1) = J/l‘;(t-l-l) yl | xl] Zw(t-l-l) xlj Kh( yk)7 Kh(u) — h—l K(U/h),

where K(-) is a kernel function (e.g., Gaussian) and h > 0 is a bandwidth parameter. Using these

local scores, the posterior responsibilities are updated according to

~(t) _(t+1)
A _ Y S _ o
j P /\(t) (t+1)7 Z_la 7n7 ]_17 7p
k=1 %% Sik

Moreover, the additivity weights are updated as

~(t+1) 4t+1) :
; - T j=1,....p.

=1

The ES algorithm proceeds by iterating between the E-step and the S-step described above until
convergence. In practice, convergence can be monitored using either the stabilization of the responsi-

bilities or the mixture weights. For instance, a simple stopping criterion can be

A1) ()

e Y[ -7 <
7j=1
or alternatively,
t+1)
max’(+) (-)‘Sa,
1<5<p J

for a prescribed tolerance level ¢ > 0. To avoid unnecessary iterations, we also impose a maximum
number of iterations Ty,.x. After convergence, the final output of the ES algorithm consists of the
fitted component conditional CDFs {ﬁ]( \ -)}?:1 as well as the estimated additive weights {a]-}fj:l

Together, they yield the ADF estimator evaluated at a query point (z1,...,x)):
o~ p ~
F(y|zy,...,zp Z&Fy|x]

The ES algorithm discussed in this section is summarized in Algorithm 1.

14



Algorithm 1: Expectation-Smoothing algorithm for additive distributional forests

Input: Data {(z;,y;)}, with &; = (z;1, ... ,a;ip)T; distributional-forest hyperparameters;
kernel K and bandwidth A ; max epochs T},.x; tolerance €.
Output: Estimated component forests {1@}?21 and additive weights (a1, ...,ap).
1 Init. Set &5-0) +—1/pforj=1,...,p; set ?(i;-]) + 1/p for all 4, j.
2 fort=0,1,...,Tm.x — 1 do
// S-step: weighted refit of component distributional forests
3 for j=1to pdo
4 L Fit ]?’j(tﬂ) on {(xi;,yi)}1_, using posterior responsibilities {?’\S)}?Zl

// E-step: local scoring and posterior update

5 for:=1ton do
6 for j =1to pdo
(t+1) (t+ ) : .
7 Compute forest weights {w (xij)}p_, induced by F at the query point x;;.
8 i Compute local score s(j > w(tﬂ)(a:ij) Ky (yi — yr)-
9 for j =1 to pdo
A+ o t+1) t+1)
10 | Ty 0 /z :

// Update additive weights

11 for j =1to pdo
t+1 1 /{t-i—l)
12 L Zz 1 'Lj :

// Stopping criterion
t+1) At
13 if max;<j<n, Z] 1 "( +) _ .j) ‘ < ¢ then

14 L break

15 for j =1 to p do

16 Refit F on {(xij, i)}, using final weights {A(Oo) 2.

()

17 Set & + ;

15



5 Simulation analysis

This section evaluates the finite-sample performance of the proposed ADF method through controlled
simulation studies. We first consider an idealized setting in which the data-generating process satisfies
the assumed additive structure, and then examine the robustness of the method when this structure

is violated.

5.1 Estimation performance

Consider two features & = (z1,22)" € [0,1] x [0, 1], and assume that the conditional CDF of Y given

x is given by
Fly|z) =ax Fi(y|z) + (1 —a) x Fy(y|z2), (8)

where Fj(y|z;) = ®(y; j(z;),0(x;)), j = 1,2, are the Gaussian CDF with means p;(-) € R and

standard deviations o(-) € Ry. Furthermore, we set a = 0.3, and for = € [0, 1],
o pi(z) =2+ 422 + 22 + 8;
o po(x) = 3sin(rx) + 5;
e 0(x)=0.2540.5(1 — cos(m x)).

Figure 1 illustrates the mean and standard deviation functions used in the data-generating mecha-
nism, along with a simulated dataset of size n = 3000. The generated data reveal clear nonlinear
dependencies of both covariates x1 and x2 on Y, as well as pronounced heteroskedasticity, reflecting
how the conditional variance of Y varies with the input features.

Throughout this analysis, we assume that the data-generating process is unknown and apply the
ES algorithm proposed in Section 4 to estimate the two components’ conditional CDFs F} and F5. To
this end, we train the model using a simulated dataset of size n = 3000 generated from Equation (8),
and evaluate its statistical performance on an independent testing set of size m = 1000.

To assess the model’s ability to recover the conditional distribution of Y given (z1, x2), we compare

the estimated CDF values F(yfest | ziest 2test) with the true CDF values F(yfest |zt 25t) over the

16
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Figure 1: Illustration of the data-generating process. The top-left panel shows the conditional mean
functions of the two additive components, with the solid and dotted curves corresponding to x1 +—
w1(z1) and zo — po(x2), respectively. The top-right panel displays the conditional standard deviation
function = +— o(z). The bottom-left panel presents the scatter plot of the simulated data. The
bottom-right panel visualizes the simulated data projected onto the (z,y) plane, where red solid dots
represent the F} component (varying z; while fixing z9), and blue hollow circles represent the Fb
component (varying o while fixing x1).

testing dataset {(:Etfft, x%‘ft, yrest)}m | If the proposed ES algorithm accurately recovers the underlying

model, the comparison points should lie close to the 45-degree diagonal line, which is indeed what we
observe in Figure 2.

Additionally, we compare our proposed ADF with the general distributional forest, which does not
contain an additive structure. This comparison is also shown in Figure 2. We find that both methods
satisfactorily capture the conditional distribution of Y. However, under the current scenario where the

data-generating process adheres to an additive structure, the ADF exhibits smaller dispersion around
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the diagonal. This behavior is consistent with the imposed additive structure, which constrains the

estimation space and thereby reduces variability in the fitted model.
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Figure 2: Comparison between the estimated and true conditional CDF values on the testing set.
Each point represents an estimated probability F(y;** | #{%", 25%") plotted against the corresponding

true value F(y;*" | 21%", #5%"). The blue dots correspond to the proposed ADF model, while the gray

asterisks represent the general (non-additive) distributional forest.

Next, we examine how the proposed ES algorithm recovers the marginal conditional CDFs Fj
and Fy. Figure 3 displays heat maps of the estimated conditional CDFs Fi(-|z1) and Fy(-|z2)
across different values of y and the corresponding covariate. The overlaid red curves represent the
true conditional mean functions for reference. As shown, the estimated conditional CDFs closely
reflect both the nonlinear relationships and the heteroskedastic variance structure imposed by the
data-generating process. Unlike traditional mean regression, which can only recover the conditional
expectation of Y given (x1,x2), the distributional forest approach simultaneously captures the full
distributional behavior of Y, and how it may change as covariates vary. The estimated conditional
CDF can be inverted to obtain the corresponding conditional quantile function, as illustrated in Figure

4. This transformation offers an alternative visualization of the estimated component conditional

CDFs.
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Figure 3: Heat maps of the estimated component conditional CDFs Fi(y|z1) (left) and Fa(y|z2)
(right) under the proposed ADF model. The red curves overlaid on each panel represent the true
conditional mean functions for reference.

Quantile level Quantile level

12 75% 75%

> >
50% 6 50%
25% 25%
10
0.25 0.50 0.75 0.25 0.50 0.75 1.00

Figure 4: Estimated marginal conditional quantile functions derived from the fitted ADF model. The
left panel shows conditional quantiles of Y at a certain quantile level as a function of x1, and the right
panel shows the corresponding quantiles as a function of xs.

5.2 Robustness check

The simulation study in the previous section was conducted under an idealized setting where the
data-generating process precisely adheres to the additive structure assumed by the proposed ADF
model. In that case, the result demonstrates that the method is capable of accurately recovering the
conditional distribution of the response variable Y.

In this subsection, we investigate how the proposed ADF performs when the true data-generating

process deviates from the assumed additive structure. Specifically, we consider the following more
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general model:
F(ylz)=(1-p8) x [aFi(y|z1) + (1 - a) Ba(y|z2)] + B F3(y| =1, 22), (9)

where 8 € [0, 1], and F3(y|x) = ®(y; us3(x), 1) with ps(x) = 5z 22 + 5, 21,22 € (0,1). Compared to
the data distribution in Equation (8), the augmented model in Equation (9) introduces an interaction
term F3 that cannot be decomposed into additive components. The parameter 5 governs the extent of
non-additivity. Namely, when 8 = 0, the model reduces to the fully additive case, and as 8 increases,
the data-generating process becomes increasingly non-additive.

We continue to fit the proposed ADF to data simulated from this more general model, although
fully aware that the assumed structure is now misspecified. To assess estimation performance, similar
to the setting in the previous subsection, we simulate a training dataset of size n = 3000 and evaluate
the estimation on an independently simulated test set of size m = 1 000.

To account for variability in the simulation process, we repeat each experiment 100 times for
fixed values of 5 € {0, 10%, 20%, 30%, 40%}. As a benchmark, we compare the ADF with the
general (non-additive) distributional forest. Performance is evaluated using two metrics: (a) the
Pearson correlation and (b) the mean absolute difference (MAD) between the true conditional CDF

test test test

values F'(y ,755°) and their estimates Fly 1ot, x5%5Y). Higher correlation and lower MAD

o |
indicate better approximation of the conditional distribution.

Figure 5 summarizes the comparison between the two methods across different levels of non-
additivity. As expected, when S is small and the data-generating process is nearly additive, the ADF
noticeably outperforms the general forest in both accuracy and stability. However, as [ increases,
the performance gap narrows. Once [ exceeds 30%, the general forest begins to outperform ADF,
though the two methods remain roughly comparable around this range. These findings underscore
a fundamental trade-off that the additive structure introduces a modeling bias when violated, but
provides gains in estimation efficiency and interpretability when valid. The performance degradation

under moderate misspecification is relatively mild, suggesting that the ADF is perhaps an acceptable

interpretable alternative in practical settings.
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Figure 5: Comparison of estimation performance between the proposed ADF (solid, red) and general
distributional forests (empty, white) across varying degrees of non-additivity in the data-generating
process. The left panel shows the distribution of Pearson correlation values between the estimated
and true conditional CDF’s across 100 simulation replicates. The right panel displays the distribution
of the corresponding MAD of the estimated and true conditional CDF’s.

6 Real data illustration

We demonstrate the practical usefulness of the proposed ADF by applying it to examine the distri-
butional relationship between the body mass index (BMI) and medical expenditure. Understanding
this relationship is of particular interest to insurers, as it can provide insights for practical purposes,
including interpreting predictive model results, identifying key drivers of high-cost claimants, and
supporting underwriting decisions.

According to the U.S. Centers for Disease Control and Prevention (CDC), for adults aged 20 and
older, a BMI below 18.5 is underweight, between 18.5-24.9 is healthy, and a BMI > 25 is above the

healthy range.! Naturally, the following conjecture may be proposed:

Conjecture C1. Individuals whose BMI falls within the healthy weight range generally
exhibit more favorable health outcomes, which in turn correspond to lower overall medi-
cal expenditures. In contrast, both underweight and overweight individuals face elevated
health risks that can lead to higher healthcare costs. However, the nature of these risks
differs between groups. Underweight status may arise from diverse underlying conditions,

ranging from chronic illness to temporary nutritional or metabolic issues, resulting in a

1Source: https://www.cdc.gov/bmi/adult-calculator/bmi-categories.html
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population with highly heterogeneous health profiles. As a consequence, medical expendi-
tures among underweight individuals tend to display greater volatility compared to those
in the overweight group, where the associated health burdens are more consistently linked

to excess body mass and related chronic diseases.

To examine the conjecture made above, we consider healthcare outcome data extracted from the
2023 wave of the Medical Expenditure Panel Survey (MEPS).? MEPS is a nationally representative
survey conducted by the U.S. Agency for Healthcare Research and Quality, which provides detailed
information on individuals’ health status, healthcare utilization, and medical expenditures. The MEPS
dataset has been widely employed in the actuarial literature as a comprehensive source for illustrating
the practical applications of newly developed methodologies and for conducting health- and economics-
related research (Akakpo et al., 2019; Frees et al., 2013; Li et al., 2021; Xia et al., 2018).

We extract the person-level total medical expenditure from the MEPS data and use its shifted-
logarithmic transformation (i.e., log(1 + Expenditure) for accommodating zero expenditures) as the
response variable, denoted by y in our analysis. The associated BMI is denoted by xz;. Figure 6
presents the scatter plot between x1 and y. As shown, without controlling for other relevant variables,
no clear relationship between BMI and medical expenditures can be directly observed from the scatter
plot. Conjecture C1, although intuitive, is not apparent when ignoring the influence of confounding
factors. The reason may be that medical spending is jointly determined by a broad set of demographic,
socioeconomic, and clinical characteristics, many of which are simultaneously correlated with BMI.
For instance, age and gender both exert significant influences on medical spending while also driving
the distribution of BMI across the population. When these key drivers are not accounted for, their
effects may mask the conditional expenditure patterns associated with different BMI levels, preventing
the intuitive relationship noted in conjecture C1 from being observed in an unconditional analysis.

Next, we examine whether the relationship described in conjecture C1 may emerge after controlling
for some key confounding factors. Note that conjecture C1 concerns not only potential nonlinear effects
of BMI on the conditional mean of medical expenditures, but also changes in the dispersion and overall

shape of the conditional distribution as BMI varies. This probabilistic perspective naturally motivates

2Source: https://meps.ahrq.gov/mepsweb/
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Figure 6: Scatter plot of log medical expenditure versus BMI, extracted from the MEPS dataset.

the use of distributional forests. However, a general distributional forest does not readily yield an
interpretable marginal distributional relationship with respect to BMI when additional covariates are
present. In this setting, the proposed ADF becomes particularly useful.

In the following analysis, we still focus on the marginal distributional relationship between medical
expenditure y and BMI x1, while incorporating age and gender, denoted by x2 and x3, respectively, as
additional covariates. It is not our intention to claim that these are the only significant confounding
factors in the relationship between medical expenditure and BMI. However, controlling for age and
gender is sufficient to allow the relationship described in conjecture C1 to emerge. Therefore, we
intentionally keep this illustrative example simple and include only these two additional covariates.
The objective of this empirical illustration is not to optimize predictive performance, but to isolate an
interpretable BMI-specific distributional component of medical expenditure while flexibly controlling
for key confounding variables.

We adopt the following ADF:

F(y|z) = a1 Fi(y|z1) + a2 Fa(y | 22) + a3 F3(y | x3), x = (1,22, 23), (10)

where the additive coefficients a1, ag, a3 € (0, 1) satisfy ag + a4+ a3 = 1. The ES algorithm discussed

in Section 4 is used to estimate the additive weights as well as the component conditional CDFs F7,
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F5, and F3. Figure 7 presents the estimated conditional quantile curves associated with the BMI
component F(-|z;) in Equation (10), across a range of probability levels. In real-data applications,
estimated conditional quantile functions may exhibit spiked behavior due to data noise and the inherent
instability of nonparametric estimators in regions with sparse data. For improved visualization, we
apply cubic smoothing splines to smooth the estimated quantile functions.

As shown in Figure 7, once age and gender are accounted for through ADF, the relationship between
medical expenditure and BMI becomes considerably more intuitive and meaningful. Specifically, the
central tendency of log medical expenditure exhibits a clear “V”-shaped pattern, with its minimum
occurring when BMI is approximately between 20 and 25. The estimated conditional quantile curves
are uniformly higher for both excessively low and excessively high BMI values. Compared with the
low-BMI region, high BMI is associated with substantially higher medical expenditures across all
quantile levels, especially among the higher quantiles. Moreover, the spread between quantile curves
is noticeably larger in the low-BMI region. In contrast, expenditures in the high-BMI region exhibit a
generally increasing trend with BMI, which suggests a more systematic relationship driven by obesity-
related health conditions. We note that there is a local dip observed in the two lowest quantile curves
around BMI values slightly above 40. This is likely due to data noise, as there is no clear clinical
rationale for unusually low medical expenditures at that specific BMI level. Taken together, the
distributional relationship between medical expenditure and BMI discussed above aligns with that
conjectured in C1, thus lending support to the conjecture.

So far, in order to isolate an interpretable BMI-specific distributional component while incorporat-
ing age and gender, the model in Equation (10) imposes an additive structure on the conditional CDF
F(y|x). In what follows, we examine the impact of this additive structure by assessing the degree
of agreement between distributional forests with and without the additive specification in estimating
the conditional CDF F(y|x). To evaluate out-of-sample agreement, we randomly hold out 20% of
the observations from the training process and treat them as a testing dataset. Since the true condi-
tional distribution is unknown, we treat the general non-additive distributional forest as the reference
benchmark for comparison.

Figure 8 summarizes the comparison discussed above. As can be seen, most comparison points
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Figure 7: The estimated marginal conditional quantile functions of log medical expenditure y given
BMI x, evaluated across a range of probability levels after accounting for age and gender through the
ADF model in Equation (10).

are concentrated around the diagonal reference line. The extent of deviation of these comparison
points from the reference line is comparable to that observed in the analogous comparison plot in
Figure 2 from the simulation study in Section 5, where the underlying data-generating process truly
admits an additive structure. This suggests that the estimated conditional CDF F(y|«) obtained
from the ADF model in Equation (10) closely tracks the estimates produced by the unconstrained
general distributional forests. Therefore, we conclude that in this application, imposing the additive
structure yields a substantial gain in interpretability with only a modest loss in estimation fidelity
relative to the unconstrained model.

It is worth emphasizing that we do not compare the predictive performance of the proposed ADF
with other predictive modeling approaches, such as generalized linear models, gradient boosting, or
neural networks, because predictive accuracy is not the primary motivation for the proposed additive
framework. Instead, the motivation for adopting the proposed ADF is to obtain distributional insights
into the shape of the relationship between an actuarial outcome (e.g., medical expenditure) and a key
covariate (e.g., BMI), while flexibly accounting for the nonlinear effects of additional confounding
factors. Such insights are valuable for deepening the understanding of the presence and nature of
important risk drivers and, in turn, for supporting a wide range of business decisions from an integrated
quantitative and qualitative perspective. When the sole objective is to achieve an “optimal” prediction

performance, users are instead advised to employ unconstrained general distributional forests or other
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Figure 8: Comparison of the estimated conditional probabilities F (y | ) obtained from the uncon-
strained general distributional forest and the proposed ADF model.

state-of-the-art nonparametric predictive methods.

7 Conclusions

This paper proposes an additive distributional forest (ADF) framework for modeling the conditional
distribution of the response variable given covariates. Motivated by the need for interpretable distri-
butional learning in insurance applications, ADF combines the flexibility of distributional forests with
an additive structure that enables tractable explanations of marginal distributional effects of covari-
ates. To estimate the proposed model, we develop an Expectation-Smoothing (ES) algorithm that
alternates between weighted distributional-forest refits and posterior updates based on local scoring.
Simulation studies demonstrate that the ES algorithm can effectively recover the additive distributional
structure and provide satisfactory conditional distribution estimates under a range of data-generating
scenarios. The real-data application further illustrates the practical usefulness of ADF in supporting
interpretable assessment of risk drivers.

Beyond the setting considered in this paper, the proposed framework admits several natural ex-
tensions, including incorporating structured interaction terms, grouping covariates into interpretable

blocks, or tailoring additive decompositions to policy- or decision-relevant risk drivers. Exploring these

26



directions may further broaden the applicability of additive distributional forests while preserving their

interpretability advantages.
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Appendix A Technical proofs

Proof of Proposition 1. Suppose that the functional additive structure in (5) holds. Without loss of
generality, assume that the feature space contains a set of anchor points, namely (z1,0), (0, x2), and
(0,0), for all z; and z3. Let us define the following shorthand notation ¥?(y) = ¥;(y,0) for i = 1, 2.

On the one hand, by construction, we have

F(y|0,0) = ¥i(y) + ¥5(y). (11)

On the other hand, we know F(y|z1,0) = U1(y, z1)+ V5(y). Collectively, the two relationships noted

above yield

Uiy, z1) = F(y|21,0) = F(y0,0) + ¥3(y). (12)

By a repeated application of the same argument to Wy, we can also get

Wa(y, 22) = F(y]0,72) — F(y|0,0) + ¥3(y). (13)

Thereby, to establish the assertion in this proposition, it is sufficient for us to construct U7 and W5
such that the following criteria are satisfied: (i) ¥{(—o0) = ¥§(—o00) = 0, and (ii) the resulting ¥, (y, -)

in (12) and Wa(y,-) in (13) are non-decreasing and right-continuous in y.
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Now, suppose that the conditional CDF F(-|x) is absolutely continuous, and its corresponding
probability density function (PDF) is given by f(-|x). Choose ¥{ and ¥$§ such that they are differ-

entiable and satisfy

\Il;?(y):/y Cgeuydu, i=1,2 (14)

e
oo du

In addition, specify the derivative of ¥§ to be

d
ay V1) = f(y]0,0) —min f(y[21,0). (15)

Based on the above specification of d¥$(y)/dy, by (11), we have

9 )
gy L2W) = fy]0,0) = 5 ¥i(y) = min f(y |21, 0). (16)

By such a construction, for i = 1,2, we have d¥?(y)/dy > 0, so U9 (y) is non-decreasing in y. Moreover,
defining W7 (y) via (14) ensures W7 (—o0) = 0 for ¢ = 1,2, which ensures (i).
To verify that the above construction also ensures criterion (ii), we note that the following rela-

tionships hold:

F(y|z1,0) 4+ F(y[0,z2) — F(y|0,0)
=[U1(y, 1) + Va(y,0)] + [¥1(y,0) + Va(y, z2)] — [Y1(y,0) + ¥a(y,0)]
=V1(y,z1) + Va(y, z2)

:F(y|$1,$2)~

Consequently, we have f(y|z1,22) = f(y|21,0)+f(y]0,22)—f(y]0,0) > 0, or equivalently f(y|x1,0) >

f(y]0,0) — f(y|0,x2) for any pairs of 21 and z and a given y. This further implies that

min f(y|21,0) = f(y|0,0) — min f(y|z2,0). (17)
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Recall the construction of derivatives in (15) and (16). Together with the relationship in (15), we can

conclude that

d

@‘I’S(y) > f(y]0,0) — H;gnf(yIO,xz)-

Combining (12)—(13) with the derivative bounds above, we obtain

L) = f(y]21,0) — f(y10.0)+ L-¥0)

= f(y|$170) —H%ilnf(y|$1,0) > 0.
and

S ¥alnaz) = £(y10.22) = 410,00+ {-¥50)

2 f(y]0,22) — min f(y[0,22) 2 0.

Collectively, we obtain that both ¥y (y,-) and ¥y(y, -) are non-decreasing. We also know that ¥4 (y, z1)
and Wy (y, x2) are right-continuous in y, because they are defined through differences of conditional
distribution functions, as specified in (12) and (13). Together, this verifies (ii), completing the proof
for the absolutely continuous case.

Next, we proceed to studying the discrete case where F'(y|x) is a right-continuous step function.
For a given function g, define its jump at y by Ag(y) = g(y) — g(y—). In this case, we can similarly
construct discrete counterparts of ¥§ and W3, analogous to those in the previous absolutely continuous

case. Specifically, we can set
AW (y) = AF(y|21,0) — min AF(y| 21,0)
and
A3(y) = min AF(y|21,0).

31



Note that the above construction can indeed yield valid A¥S and AW¥S in the sense that they define
a pair of legitimate (sub-)distributional jump measures. To see this, by construction, it is elementary
to check that A¥? > 0, ¢ = 1,2. Further, note that AW¥5 has at most countably many nonzero jump

points, and its total mass satisfies

° = 1 < = ].
Zy:A\II2(y) Zy:néllnAF(y]xl,O) < Zy:AF(y]0,0) 1

Thereby, AW, is valid, and so is AW due to their inherent relationships induced by the additive
decomposition of interest. Using the discrete analogue of the argument employed in the previous
absolutely continuous case yields the same set of inequalities needed to guarantee criteria (i) and (ii).

If the conditional CDF F(-|x) has both continuous and discrete components, then one can apply
the above constructions separately to the absolutely continuous part and to the jump part. This

completes the proof of this proposition. O
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