STATG611, Semester 1T 2004-2005

Chl1l. Simple Linear Regression

1 The model

The simple linear regression model for n observations can be

written as

yi =P+ bizi+e, 1=1,2,---,n. (1)

The designation simple indicates that there is only one predictor
variable x, and linear means that the model is linear in G, and
(1. The intercept 3y and the slope (3; are unknown constants, and
they are both called regression coefficients; ¢;’s are random

errors. For model (1), we have the following assumptions:

1. E(¢;) = 0 for i = 1,2,--- ,n, or, equivalently E(y;) = Gy +
Biz;.

2. var(e;) = o fori = 1,2, -+, n, or, equivalently, var(y;)) = 0.

3. cov(e;, €j) = 0 for all ¢ # 7, or, equivalently, cov(y;,y;) = 0.



2 Least squares estimation of the parameters

2.1 Estimation of 5, and

The method of least squares is to estimate 3y and (3; so that
the sum of the squares of the difference between the observations

y; and the straight line is a minimum, i.e., minimize

n

S(Bo. B1) = > (yi — Bo — Bri)*.

i=1
The least-squares estimators of 3y and (3;, say [30 and Bh must

satisfy

—22 — Gix;) = 0 (2)
—22 — Gz, = 0 (3)

Simplifying these two equations yields

nﬁAo+B1Z$z‘:Zyi

.a 0
BOZUCZ +Blzx? = Zyzxz
=1 =1 =1

Equations (4) are called the least-squares normal equations.

The solution to the normal equations is

3 — 2 iy TiYi = NTY _ > i@ —2)(yi — 9) _ Sy
Z?:l :UZQ — n? Z?zl(xi T f)Q Sxx’




The difference between the observed value y; and the corre-

sponding fitted value g; is a residual, i.e.,
€@:y2—y@:yz—(ﬁo—|‘61xl), 221727"'7”’
2.2 Properties of the least-squares estimators and the fitted regression model

If the three assumptions in section 1 hold, then the least squares
estimators BO and Bl are unbiased and have minimum variance
among all linear unbiased estimates (best linear unbiased estima-

tors, Gauss-Markov theorem).

E(3) = 6,

E(3) = B,

A 0’2
var(B) = 5

. 1z
var(5y) = 02(5 + Sm)

There are several other useful properties of the least squares fit:

1. The sum of the residuals in any regression model that contains

an intercept (3, is always zero, that is,

n

Z(yz —Ui) = Zei = 0.

1=1

2. The sum of the observed values y; equals the sum of fitted

values g;, or
n n
E Yi = E Yi-
i=1 i=1
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3. The least squares regression line always passes through the

centroid (the point (g, z)) of the data.

4. The sum of the residuals weighted by the corresponding value

of the regressor variable always equals zero, that is

n
E xX;€e;, = 0.
1=1

5. The sum of the residuals weighted by the corresponding fitted

value always equals zero, that is,

i ﬁiei - 07
1=1

orye=0.



2.3 Estimation of o2

The estimate of o2 is obtained from the residual sum of squares

(SSges) or sum of squared error (SSE),

SSRes = Z e; = Z(yz — ).
i=1 i=1
The related formulas are regression sum of squares (SSg) and total

sum of squares (S.St)

n

SSr = Z(yz —y)’ = Bleya
i—1

SSr=> (i —9)

1=1

And they satisty the following equation,
SSt =SSk + SSkes.

With a length calculation, we can show that the following esti-

mate of o2 is unbiased.

A9 SSRes
o =

n—?2

— MSRes-




2.4 The models in the centered form

Suppose we redefine the regressor variable x; as the deviation from

its own average, say x; — Z. The regression model then becomes

yi = Bo + Bi(xi — ) + 51T + ¢
= (6o + 517) + Bi(w; — T) + €
=B+ Bi(z; — T) + ¢
It is easy to show that B(’) = ¢, the estimator of the slope is unaf-

fected by the transformation, and Cov([f(’), Bl) = 0.



3 Hypothesis testing on the slope and intercept

Hypothesis testing and confidence intervals (next section) require
that we make the additional assumption that the model errors ¢;

are normally distributed. Thus, the complete assumptions are that

€; ~~ N(O, 0'2).
3.1 Use of t-test

Suppose that we wish to test the hypothesis that the slope equals
a constant, say (19. The appropriate hypotheses are

Hy: 51 = P

Hy : By # Buo
Since €; ~ N(0,0?), we have y; ~ N(By + Bi;,0°) and B ~
N(B,0°%/S,.). Therefor,

(5)

ZO 61 610 N(O, 1)

0%/ Sys
if the null hypothesis Hy : 81 = B¢ is true. If 02 were known, we
could use Zj to test the hypothesis (5).

If 0% is unknown, we can show that (1) MSg.s is an unbiased
estimator of 02; (2) (n — 2)M Sges/c? follows a x?_, distribution;
and (3) M Sges and 3 are independent. Therefore,

Bi—Buo _ Bi— B
V' MSpes/See  se(f1)

7

to =




follows a t,,_o distribution if the null hypothesis Hy : (1

true. The null hypothesis is rejected if

‘to’ > toz/?,n—Z-

To test
Hy = Bo = Boo
Hy = By # Boo,
we could use the test statistic
— Do _ Bo — Boo
\/MSRGS %) - 56(/;0) |

3.2 Testing significance of regression

A very important special case of the hypothesis in (5) is
HO . 61 =0
H1 . 61 7é O,

= (B0 18

(7)

Failing to reject the null hypothesis implies that there is no linear

relationship between x and y.



3.3 The analysis of variance

We may also use an analysis of variance approach to test signifi-
cance of regression. The analysis of variance is based on the fun-

damental analysis of variance identity for a regression model, i.e.,
SSt =SSk + SSkes.

SSt has dfr = n — 1 degrees of freedom because one degree of
freedom is lost as a result of constraint Y. (y; — 7) on the devi-
ations y; — y; SSg has dfp = 1 degree of freedom because SSp is
completely determined by one parameter, namely, Bl; S SRes has
dfres = n — 2 degrees of freedom because two constraints are im-
posed on the deviations y; — ¥; as a result of estimating Bo and 51-

Note that the degrees of freedom have an additive property:

dfr = df g + df ges

n—1=1+(n—2)
It can be shown: (1) that SSges/0* = (n — 2)M Sges/c* follows
a X2 _o distribution; (2) that if the null hypothesis Hy : 3; = 0 is
true, then SSgp/o? follows a x? distribution; and (3) that SSges

and SSpk are independent. By the definition of an F' statistic,

SSr/dfr SSr/1 MSg
 SSpes/dfres  SSpes/(n—2)  MSpes
follows the F},_o distribution. If

Fy

FO > Fa,l,n—Q
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Source of Sum of Degrees of Mean Fy

Variation Squares Freedom  Square

Regress SSg = Bl Sy 1 MSg ]\%ilzs
Residual ~ SSpes =SS — 3150,  n—2  MSpes

Total SSt n—1

Table 1: Analysis of Variance (ANOVA) for testing significance of regression

we reject the null hypothesis Hy : 31 = 0. The rejection region is
single-sided,

E(MSRGS) - 027 E<MSR) — 02 =+ ﬁ%sxm

that is, it is likely that the slope (1 # 0 if the observed value of Fj,
is large.

The analysis of variance is summarized in the following table.
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4 Interval estimation in simple linear regression

4.1 Confidence intervals on 3y, 3; and o?

The width of these confidence intervals is a measure of the overall
quality of the regression line.
If the errors are normally and independently distributed, then
the sampling distribution of both
B — b Bo = Bo
- and -
se(br) se(Bo)

is t with n — 2 degrees of freedom. Therefore, a 100(1 — «v) percent

confidence interval on the slope 3 is given by

A

B — ta/Q,n—QSG(Bl) < B < B+ ta/2,n—28€(51)

and a 100(1 — «) percent confidence interval on the intercept 3y is

A

ﬁO - ta/?,n—286(80> < 50 < BO + ta/Q,n—QSG(BO)
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Frequency interpretation: 1f we were to take repeated samples of
the same size at the sample z levels and construct, for example,
95% confidence intervals on the slope for each sample, then 95%
of those intervals will contain the true value of (3;.

If the errors are normally and independently distributed, it can

be shown that the sampling distribution of
(n — 1)M Spges/0?

is chi-square with (n — 2) degrees of freedom. Thus,

n — 2>MSRQS

(
P{X%—Q/Q,R—Z < o2 < X2/2,n—2} =1l-a

and consequently a 100(1 — ) percent confidence interval on o2 is

(n — 2>MSRQS < 0_2 < (n — Q)MSR&S
5 < .

> 7>
Xa/2,n—2 X1—a/2,n—2
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4.2 Interval estimation of the mean response

Let o be the level of the regressor variable for which we wish to
estimate the mean response, say E(y|zg). We assume that x( is
any value of the regressor variable within the range of the original

data on x used to fit the model. An unbiased point estimator of

E(y|zo) is

E(y‘ﬂj'o) — /ly|x0 - ﬁO + 51$0.
The variance of fiy|,, is

. AV
Var(jiu) = Varly + Bi(ao — )] = o2 + 222

since cov(y, 1) = 0. Thus, the sampling distribution of

lay|:130 T E(y|.fl')0)
\/MSRes(l/n + (.T() — .f)Q/Sxm)
is t with n — 2 degrees of freedom. Consequently, a 100(1 — «a)

percent confidence interval on the mean response at the point x =

o 18

ﬂy[:co - ta/Q,n—2\/MSRes<1/n -+ (370 - E)2/Sxx> < E(?j’ﬂ?o)
< ,Eby|x0 + ta/2,n—2\/MSRes(1/n + (330 - 53>2/Sxx)

(8)
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5 Prediction of new observations

An important application of the regression model is prediction of
new observations y corresponding to a specified level of the regres-
sor variable x. If x is the value of the regressor variable of interest,
then
g = o + Pizo

is the point estimate of the new value of the response 5. Now
consider obtaining an interval estimate of this future observation
yo. The confidence interval on the mean response at * = xg is
inappropriate for this problem because it is an interval estimate on
the mean of y (a parameter), not a probability statement about
future observations from the distribution.

Let v = yo—1 is normally distributed with mean 0 and variance
(20 — 7)°

Thus, the 100(1 — a)% percent prediction interval on a future

1
_ 2 -
Var(y)=o [1+n—|—

observation at g 18

@0 - ta/Z,n—Q\/MSRes(l + l/n + (560 - j)Q/Sxx> < Yo
< ?)O + toz/2,n—2\/MSRes(1 + 1/77' + (330 - jj>2/Sxx)

(9)

By comparing (8) and (9), we observe that the prediction inter-

val at x( is always wider than the confidence interval at xy because
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the prediction interval depends on both the error from the fitted
model and the error associated with future observations.

We may generalize (9) somewhat to find a 100(1 — «) percent
prediction interval on the mean of m future observations on the

response at zg. The 100(1 — «)% prediction interval on g is

Qo - ta/Q,n—2\/MSRes(1/m + 1/” + (330 - E)Z/Sxx) S y_O
< QO + ta/Q,n—Q\/MSRes(l/m + 1/” + (IO - f)Q/Sxm)
(10)
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6 Coefficient of determination

The quantity

SSgk SS
2 Res
RZ = Z2% — 1 —

SSr SSr

is called the coefficient of determination. We list some properties

of R2.

1. The range of R?is 0 < R? < 1. If all the Bj’s were zero, except
for Bo, R? would be zero. (This event has probability zero for
continuous data.) If all the y-values fell on the fitted surface,

that is, if y; = 9;, 1 = 1,2, - -+, n, then R? would be 1.

2. Adding a variable z to the model increases (cannot decrease)

the value of R
3. R? is invariant to a scale change on x and v.

4. R? does not measure the appropriateness of the linear model,
for R? will often be large even though y and z are nonlinearly

related.
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7 Some considerations in the use of regression

Regression analysis is widely used and, unfortunately, frequently
misused. There are several common abuses of regression that

should be mentioned:

1. Regression models are intended as interpolation equations over

the range of the regressor variable(s) used to fit the model.

2. The disposition of the x values plays an important role in the
least-squares fit. While all points have equal weight in de-
termining the height of the line, the slope is more strongly

influenced by the remote values of x.

3. Outliers or bad values can seriously disturb the least-squares

fit.

4. Regression analysis can only address the issues on correlation.
It cannot address the issue of necessity. Thus, our expectations
of discovering cause and effect relationships from regression

should be modest.

5. In some applications of regression the value of the regressor

variable x required to predict y is unknown.
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8 Regression through the origin

A no-intercept regression model often seems appropriate in analyz-
ing data from chemical and other manufacturing processes. The

no-intercept model is
y = (1T + €.

The least-squares estimator of the slope is

b, = iz Uil
D il T

This estimator is unbiased for 3;. The estimator of o is

62 = MSp., — 2o Wi — 97 Yy — By Y

n—1 n—1

with n — 1 degrees of freedom.
Under the normality assumption on the errors, the 100(1 — a)%

percent confidence interval on (3; is

Br = ta/2n—1 Zn—esz < G < B+ tajen—i ST 7

A 100(1 — )% confidence interval on E(y|xg), the mean response,

at £ = xg 18

Iay\xo — toz/2,n—1 W = =



The 100(1 — «)% prediction interval on a future observation at

L = X, Say Yo, 18

9
Ly

Yo — ta/Q,nl\/MSRes(l + T) <y <

ﬁO + toz/2,nl\/MSRes(1 T<=n 3

In the no-intercept case the fundamental ANOVA identity becomes

D=0+ (wi—u)
i-1 i-1 i-1

and R? would be
Z?:l %2

The statistic R3 indicates the proportion of variability around the
origin accounted for by regression. We occasionally find that R?
is larger than R? even though the residual mean square (which is a
reasonable measure of the overall quality of the fit) for the intercept
model is smaller than the residual mean square for the no-intercept
model. This arises because R3 is computed using uncorrected sums

of squares.
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9 Estimation by maximum likelihood

The method of least squares can be used to estimate the parameters
in a linear regression model regardless of the form of the distribu-
tion of the errors e. Least squares produces best linear unbiased
estimators (BLUE) of 5y and 3;. Other statistical procedures, such
as hypothesis testing and confidence interval construction, assume
that the errors are normally distributed. If the form of the distri-
bution of the errors is known, an alternative method of parameter
estimation, the method of maximum likelihood, can be used.

Consider the data (y;, x;), 7 = 1,2, - - ,n. If we assume that the
errors in the regression model are N (0, 0?), the likelihood function
is

n

% (yi — Bo — Brxi)?].
i—1

L{yi, i, o, B1,0) = (2m0?)™"? exp|—
The maximum-likelihood estimations (MLE) are:

By =9 — pz
Bl _ > i Yilzi — 1)
> i (@i _5'3)2 i
52 _ S (yi — Bo — Prxi)?

n
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