Chapter 4

Multiple Random Variables

4.1 Joint and Marginal Distributions

Definition 4.1.1 An n-dimensional random vector is a function

from a sample space S into R"™, n-dimensional Fuclidean space.

Suppose, for example, that with each point in a sample space we
associate an ordered pair of numbers, that is, a point (z,y) € R?
where R? denotes the plane. Then we have defined a two -dimensional

(or bivariate) random vector (X, Y).

Example 4.1.1 (Sample space for dice) Consider the experiment
of tossing two fair dice. The sample space for this experiment has

36 equally likely points. Let
X =sum of the two dice and Y =|difference of two dice|.

In this way we have defined then bivariate random vector (X,Y).
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The random vector (X, Y') defined above is called a discrete random
vector because it has only a countable (in this case, finite) number of
possible values. The probabilities of events defined in terms of X and
Y are just defined in terms of the probabilities of the corresponding

events in the sample space S. For example,

P(X =5Y =3) = P({4,1},{1,4}) — 32—6 _ %
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Definition 4.1.2 Let (X,Y) be a discrete bivariate random vec-
tor. Then the function f(z,y) from R? into R defined by f(z,y) =
P(X = x,Y =y) is called the joint probability mass function or
joint pmf of (X,Y). If it is necessary to stress the fact that f is
the joint pmf of the vector (X,Y) rather than some other vector,

the notation fxy(x,y) will be used.

The joint pmf can be used to compute the probability of any event
defined in terms of (X,Y’). Let A be any subset of R?. Then

P((X,Y)e A) = Z flxz,y).

Expectations of functions of random vectors are computed just as
with univariate random variables. Let g(z, y) be a real-valued function
defined for all possible values (z,¥y) of the discrete random vector
(X,Y). Then ¢g(X,Y) is itself a random variable and its expected
value Eg(X,Y) is given by

Eg(X,Y)= > glzy)f(zy).

(z,y)€R?
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Example 4.1.2 (Continuation of Example 4.1.1) For the (X,Y)

whose joint pmf is giwen in the following table

X
2 38 4 5 6 7 § 9 10 11 12
o)L 1 1 1 1 1
36 36 36 36 36 36
P S S 1
8 8 8 8 8
1 1 1 1
L s 1’ 18 18
1 1 1
5 TR I
1 1
4 IER
1
5 i3
Letting g(x,y) = xy, we have
1 1 11
EXY =2)0)—4+---+(7)(5)— = 13—.
2O0) + -+ (7(E) 5 = 130+
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The expectation operator continues to have the properties listed in
Theorem 2.2.5 (textbook). For example, if ¢1(x,y) and go(z,y) are

two functions and a, b and ¢ are constants, then
E(agl(Xa Y) + bQQ(Xa Y) + C) — aEgl(X7 Y) + bE’gQ(X7 Y) +C

For any (z,y), f(x,y) > 0 since f(x,y) is a probability. Also,

since (X,Y) is certain to be in R?

> fla P((X,Y)eR?}) =1.

(z,y)ER?
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Theorem 4.1.1 Let (X, Y) be a discrete bivariate random vector

with joint pmf fxy(x,y). Then the marginal pmfs of X and Y,

fx(z)=P(X =2x) and fy(y) = P(Y =vy), are given by

= fo,y(ilf,y) and  fy(y ZfXY z,Y).

yeR reR

PROOF: For any x € R, let A, = {(x,y) : —00 <y < oo}. That is,
A, is the line in the plane with first coordinate equal to x. Then, for
any ¢ € R,
fx(x) = P(X = x)

=P(X =2,—00<Y <) (P(—oo <Y < o00)=1)

= P((X,Y) e A,) (definition of A,)

The proof for fy(y) is similar. ]
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Example 4.1.3 (Marginal pmf for dice) Using the table given in
FExample 4.1.2, compute the marginal pmf of Y. Using Theorem
4.1.1, we have

Fr(0) = Fxy(2,0) 4 - + fry(12,0) = é

Simalarly, we obtain

D 2

fr(1) = T fr(2) = 3

Notice that Z?:o fr(i) =1.

fr(3) = fr(4) =

1 1
6’ 9’

The marginal distributions of X and Y do not completely describe
the joint distribution of X and Y. Indeed, there are many different
joint distributions that have the same marginal distribution. Thus, it

is hopeless to try to determine the joint pmf from the knowledge of

only the marginal pmfs. The next example illustrates the point.
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Example 4.1.4 (Same marginals, different joint pmf) Consider-
ing the following two joint pmfs,

0.0 = FLO=2 fO)= 0= fly)=0ore
and
£(0,0) = £(0, 1):%, f(1,0)=f<1,1)=§, F@y) =0 for all othe

It 1s easy to verify that they have the same marginal distributions.

The marginal of X is

fx(0) = %7 fx(1) = §
The marginal of Y 1s
fyr(0) = %, fr(1) = %
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In the following we consider random vectors whose components are

continuous random variables.

Definition 4.1.3 A function f(x,y) from R? into R is called a
jgoint probability density function or joint pdf of the continuous

bivariate random vector (X,Y) if, for every A C R?,

P((X,Y) € A) = / /A F(,y)dady.

If g(x,y) is a real-valued function, then the expected value of

g9(X,Y) is defined to be

Egx.Y) = [~ [ gt.u) (o v)dody

The marginal probability density functions of X and Y are defined

as

fx(z) = /OO flz,y)dy, —oo <z < o0,

_/ flz,y)dz, —o0 <y < 0.

Any function f(z,y) satisfying f(x,y) > 0 for all (z,y) € R* and

1_/ / F(,y)dady

is the joint pdf of some continuous bivariate random vector (X, Y).
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Example 4.1.5 (Calculating joint probabilities-1) Define a joint
pdf by (
6zy° O<z<land)<y<1
fl@,y) =4

0 otherwise

\
Now, consider calculating a probability such as P(X +Y > 1).

Let A={(x,y):x+y > 1}, we can re-express A as
A=A{(z,y):z+y>1,0<z<1,0<y <1} ={(r,y): 1—y <x < 1,0 <
Thus, we have

1,1
9
PX+Y >1)= / /f(a:,y)da;dy = / / 6y dedy = —.
A 0 1—y 10
The joint cdf is the function F'(z,y) defined by

F(z,y)=P(X <z,Y <y) = /_ /_ f(s,t)dtds.
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4.2 Conditional Distributions and Independence

Definition 4.2.1 Let (X,Y) be a discrete bivariate random vec-
tor with joint pmf f(x,y) and marginal pmfs fx(x) and fy(y).
For any © such that P(X = x) = fx(x) > 0, the conditional pmf
of Y given that X = x is the function of y denoted by f(y|x) and
defined by

v v oy @)
For any y such that P(Y =vy) = fy(y) > 0, the conditional pmf

of X given that'Y =y is the function of x denoted by f(x|y) and
defined by

f(z,y)
fr(y)

It is easy to verify that f(y|r) and f(z|y) are indeed distributions.

flzly) = P(X = 2Y =y) =

First, f(y|lx) > 0 for every y since f(z,y) > 0 and fx(x) > 0.

Second,

ny\x Zf( y) fX(:r;):l.
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Example 4.2.1 (Calculating conditional probabilities) Define the
joint pmf of (X,Y) by

£(0,10) = F(0,20) = = £(1,10) = f(1,30) =

4 4
1,20) = — 2,30
The conditional probability

f(0,10)  f(0,10) 1
P00 = =206y = F0,10) + f(0,20) 2

Definition 4.2.2 Let (X,Y) be a continuous bivariate random

3
18’

vector with joint pdf f(x,y) and marginal pdfs fx(x) and fy(y).
For any x such that fx(x) > 0, the conditional pdf of Y given
that X = x is the function of y denoted by f(y|r) and defined by

_ fl,y)

For any y such that fy(y) > 0, the conditional pdf of X given

that Y =y is the function of x denoted by f(x|y) and defined by

_ flzy)

If g(Y) is a function of Y, then the conditional expected value of

g(Y) given that X = x is denoted by E(g(Y)|x) and is given by

(0. 9]

Zg flylz) and E(g(Y)IfE)—/ 9(y) f (ylz)dy

©¢)

in the discrete and continuous cases, respectively.
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Example 4.2.2 (Calculating conditional pdfs) Let the continu-

ous random vector (X,Y) have joint pdf
flx,y) =€, O<zx<y<oo.
The marginal of X is

/ flz,y)dy = / Ydy = eb—u.

Thus, marginally, X has an exponential distribution. The condi-

tional distribution of Y 1is

el — ) gf
o =e , ify >z,
o) =22
* e% =0, ify<x
\

The mean of the conditional distribution s
EY|X =x) = / ye W dy =1+ x.

The variance of the conditional distribution s

Var(Y |z) = E(Y?|z) — (E(Y |2))?

_ / e~y _ ( / ye—))?
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In all the previous examples, the conditional distribution of Y given
X = z was different for different values of x. In some situations, the
knowledge that X = x does not give us any more information about
Y than we already had. This important relationship between X and

Y is called independence.

Definition 4.2.3 Let (X,Y) be a bivariate random vector with
joint pdf or pmf f(x,y) and marginal pdfs or pmfs fx(x) and
fr(y). Then X and Y are called independent random variables
if, for EVERY =z € R and y € mR,

fzy) = fx(@)fr(y).

[f X and Y are independent, the conditional pdf of Y given X = z is

flz,y) _ fx(@)fy(y)
fx(z) fx(z)

regardless of the value of z.

flylz) = = fy(y)
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Lemma 4.2.1 Let (X,Y) be a bivariate random vector with joint
pdf or pmf f(x,y). Then X andY are independent random vari-
ables if and only if there exist functions g(x) and h(y) such that,

for every x € R and y € R,

f(z,y) = g(x)h(y).

PROOF: The “only if” part is proved by defining g(z) = fx(z) and
h(y) = fy(y). To proved the “if” part for continuous random vari-

ables, suppose that f(z,y) = g(x)h(y). Define

/_ h g(z)dz = ¢ and /_ h h(y)dy = d,

o0 o0

where the constants ¢ and d satisfy

cd = ([ gwye)( [ by

—00

— / f’ / Z g(x)h(y)dzdy

_[Z[Zf(xay)dxdy—l

Furthermore, the marginal pdfs are given by

fx(z) = /_OO g(x)h(y)dy = g(x)d

and
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Thus, we have

f(z,y) = g(x)h(y) = g(z)h(y)cd = fx(z)fy(y),

showing that X and Y are independent. Replacing integrals with

sums proves the lemma for discrete random vectors. [

Example 4.2.3 (Checking independence) Consider the joint pdf
flz,y) = 3843; ye V=2 x>0 and y > 0. If we define

.

22e %2 2 >0

0 z <0

and
4

yte /384 y >0

0 y <0
\
then f(x,y) = g(x)h(y) for all x € R and all y € R. By Lemma
4.2.1, we conclude that X and Y are independent random vari-

ables.
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Theorem 4.2.1 Let X and Y be independent random variables.

(a) For any A C R and B C R, P(X € A)Y € B) = P(X €
A)P(Y € B); that is, the events {X € A} and {Y € B} are

independent events.

(b) Let g(x) be a function only of v and h(y) be a function only
of y. Then

E(g(X)MY)) = (Eg(X))(EA(Y)).

PROOF: For continuous random variables, part (b) is proved by not-

ing that

zmmmmynzfm/mg@mwvwwMMy
= [ [ stamt fela)frt)dady

/w<»&«>x/mmwﬁ@mw
— (Eg(X))(ER(Y)).
The result for discrete random variables is proved bt replacing integrals
by sums.
Part (a) can be proved similarly. Let g(x) be the indicator function
of the set A. let h(y) be the indicator function of the set B. Note
that g(z)h(y) is the indicator function of the set C' € R? defined by
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C ={(z,y) :x € A,y € B}. Also note that for an indicator function
such as g(z), Fg(X) = P(X € A). Thus,

P(X € A,Y € B) = P(X,Y) € C) = E(g(X)h(Y))

— (Eg(X))(ER(Y)) = P(X € A)P(Y € B).
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Example 4.2.4 (Ezxpectations of independent variables) Let X

and Y be independent exponential(1) random variables. So
P(X>4Y <3)=P(X>4P(Y <3)=e 1 —e%)/
Letting g(x) = x* and h(y) =y, we have
E(X*Y)=EX*)EY)=(2)(1) =2.

Theorem 4.2.2 Let X and Y be independent random variables
with moment generating functions Mx(t) and My (t). Then the
moment generating function of the random variable Z = X +Y
18 given by

My(t) = Mx(t)My(t).
PROOF:

My(t) = Ee!'™HY) — (Ee!)(Ee!) = Mx(t) My (t).
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Theorem 4.2.3 Let X ~ N(u,0?) and Y ~ N(v,7%) be inde-
pendent normal random wvariables. Then the random wvariable

Z=X+Y has a N(u+,0% +7%) distribution.
PROOF: Using Theorem 4.2.2, we have
My(t) = My (t)My(t) = exp{(p + )t + (6% + 79)t*/2}.

Hence, Z ~ N(p+v,0% +7%). O
4.3 Bivariate Transformations

Let (X,Y) be a bivariate random vector with a known probability
distribution. Let U = ¢1(X,Y) and V = ¢o(X,Y), where gi(x,y)
and go(x,y) are some specified functions. If B is any subset of R?,
then (U,V) € B if and only if (X,Y) € A, where A = {(x,y) :
(91(z,9), 92(x,y)) € B}. Thus P((U,V) € B) = P((X,Y) € A),
and the probability of (U, V') is completely determined by the proba-
bility distribution of (X, Y).
If (X,Y) is a discrete bivariate random vector, then

fov(u,v) =PU=uV =v)=P(X,Y)€A,)= >  fxy(zy)

(:E,y)GAuU

where Ay, = {(z,y) : g1(z,y) = u, go(,y) = v}.
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Example 4.3.1 (Distribution of the sum of Poisson variables)
Let X and Y be independent Poisson random vartables with pa-
rameters 6 and A, respectively. Thus, the joint pmf of (X,Y)
18

G7e=0 \ve=A

x oy

Now define U = X +Y and V =Y, thus,

eu—ve—G /\ve—)\
fuv(u,v) = fxv(u—v,v) = (

fxy(z,y) = , r=0,1,2,..., y=0,1,2,...

, v=0,1,2,..., u=wv,v-
u—v) vl

The marginal of U is

u 9u—v€—9 )\ve—)\ B u Qu—v )\
fulu) = =Ny

— (u—wv)! v — (u—v)l vl
—(6+X) _U —(6+N)
- : U' Z (,Z) )\Ueu_v - : U' (9+>\)u7 U 2071727“'
S !

Thas 1s the pmf of a Poisson random vartable with parameter 0+ .
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Theorem 4.3.1 If X ~ Poisson(0) and Y ~ Poisson(\) and X
and Y are independent, then X +Y ~ Poisson(6 + ).

If (X,Y) is a continuous random vector with joint pdf fxy(x,y),
then the joint pdf of (U, V') can be expressed in terms of Fxy(x,y) in
a similar way. As before, let A = {(z,vy) : fxy(z,y) >0} and B =
{(u,v) : u=gi1(x,y) and v = go(x,y) for some (x,y) € A}. For the
simplest version of this result, we assume the transformation u =
gi(z,y) and v = go(x,y) defines a one-to-one transformation of A
to B. For such a one-to-one, onto transformation, we can solve the
equations u = g1(x,y) and v = go(x, y) for x and y in terms of v and
v. We will denote this inverse transformation by x = hi(u,v) and
y = hs(u,v). The role played by a derivative in the univariate case is

now played by a quantity called the Jacobian of the transformation.

It is defined by

oz Oz
J — 8u (‘31} ,
Oy %y
ou Ov
@ _ ahl(uav) a_l' _ 8h1(u,v) @ _ ah?(“?”) @ _ 8h2(u,v)
where ou ou ' ov ov 7 Oou ou and ov ov -

We assume that J is not identically 0 on B. Then the joint pdf of
(U, V) is 0 outside the set B and on the set B is given by

fuv(u,v) = fxy(hi(u,v), ho(u,v))|J],
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where |J| is the absolute value of J.

Example 4.3.2 (Sum and difference of normal variables) Let X

and Y be independent, standard normal variables. Consider the
transformation U = X +Y and V = X =Y. The joint pdf of X

and Y 1s, of course,

fxy(x,y) = (2m) " exp(—a?/2) exp(—y?/2), —o00 <z < 00,—00 <Y <
so the set A = R?. Solving the following equations

u=xz+y and v=x—Yy

for x and y, we have

gy ) = B

r = hl(ajvy) —

Since the solution is unique, we can see that the transformation

is one-to-one, onto transformation from A to B = R2.

Or O 11
J — ou Ov _ |12 2 _ _l
oy oyl |1 _1 2
ou Ov 2 2
So the joint pdf of (U, V) is
1 1
Fuar(u, 0) = Fry (s ), ol 0))|J] = o (022 2= (22

21 2
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for —oo < u < 00 and —o0 < v < 00. After some simplification

and rearrangement we obtain

1 1
Ner RN

The joint pdf has factored into a function of u and a function of

—u2/4)( 6_02/4).

fov(u,v) = (

v. That implies U and V' are independent.
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Theorem 4.3.2 Let X and Y be independent random variables.
Let g(x) be a function only of x and h(y) be a function only of
y. Then the random wvariables U = ¢g(X) and V = h(Y) are

independent.

PRrROOF: We will prove the theorem assuming U and V" are continuous

random variables. For any v € mR and v € R, define
A, ={z:g(xr) <u} and B,={y:h(y) <v}.
Then the joint cdf of (U, V) is
Foy(u,v) =PU <u,V <)
=P(Xe€eA,Y eB,)
P(X € A,)P(Y € B,).

The joint pdf of (U, V) is

0* d

SRy v) = (2 P(X € AP

dv

va(u U) (Y € B ))

where the first factor is a function only of u and the second factor is

a function only of v. Hence, U and V' are independent. [
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In many situations, the transformation of interest is not one-to-one.
Just as Theorem 2.1.8 (textbook) generalized the univariate method
to many-to-one functions, the same can be done here. As before,
A = {(z,y) : fxv(z,y) > 0}. Suppose Aoy, Ai,...,A; form a
partition of A with these properties. The set Aj, which may be empty,
satisfies P((X,Y) € Ag) = 0. The transformation U = ¢;(X,Y’) and
V = ¢2(X,Y) is a one-to-one transformation from A; onto B for each
1 =1,2,..., k. Then for each 7, the inverse function from B to A; can
be found. Denote the ith inverse by x = hy;(u,v) and y = ho;(u, v).
Let J; denote the Jacobian computed from the ith inverse. Then
assuming that these Jacobians do not vanish identically on B, we

have
k

Fo(,0) = 37 Frex (i, v), hoi(u, )|,

1=1
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Example 4.3.3 (Distribution of the ratio of normal variables)
Let X and Y be independent N(0,1) random variable. Consider
the transformation U = X/Y and V = |Y|. (U and V can be
defined to be any value, say (1,1), if Y =0 since P(Y =0) =0.)
This transformation is not one-to-one, since the points (x,y) and

(—x, —y) are both mapped into the same (u,v) point. Let

Ar=A{(z,y):y >0}, As={(z,y):y <0}, Ag={(z,y):y=0}

Ay, Ay and Ay form a partition of A = R* and P(Ag) = 0. The

inverse transformations from B to Ay and B to Ay are given by
r = hp(u,v) =uv, y=ho(u,v)=u,

and

r = hp(u,v) = —uv, y = hyp(u,v)=—0v.

The Jacobians from the two inverses are J; = Jo = v. Using

1 a2 2

fX,Y(l‘» y) = o

)

we have

1 1
fov(u,v) = ge_(uvﬂ/ 2/2]0\ + — 5 (—UU)Q/%—(—U)Q/?’U‘
= e (HUER oo cu<oo, 0<v< oo
T
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From this the marginal pdf of U can be computed to be
fulu) = /OO Do+t i2 gy,
0

T
1
=3 /.
1
m(u? + 1)

> o (WH1)z/2 7, (2 = 7)2)

So we see that the ratio of two independent standard normal ran-

dom variable 1s a Cauchy random variable.
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4.4 Hierarchical Models and Mixture Distributions

Example 4.4.1 (Binomial-Poisson hierarchy) Perhaps the most
classic hierarchical model is the following. An insect lays a large
number of eqgs, each surviving with probability p. On the average,
how many eqgs will survive?

The large number of eqgs laid is a random variable, often taken
to be Poisson(\). Furthermore, if we assume that each eqg’s sur-
vival 1s independent, then we have Bernoulli trials. Therefore,,
iof we let X =number of survivors and Y =number of eqgs laid, we

have

XY binomial(Y, p), Y ~ Poisson(\),
a hierarchical model.
The advantage of the hierarchy is that complicated process may

be modeled by a sequence of relatively simple models placed in a

hierarchy.
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Example 4.4.2 (Continuation of Example 4.4.1) The random

variable X has the distribution given by

P(X=x)=) PX=zY=y) =) PX=zY =y)PY =y)

=~ [y e YN . G
— [( >p$(1 — )] | (conditional probability is 0
x

|
y=x s
_ (e f: (1=pA)
x! — (y — x)!
_ (Ap)"e™ 1
x!
()\p)x —Ap

so X ~ Poisson(\). Thus, any marginal inference on X is with
respect to a Poisson(Ap) distribution, with Y playing no part at
all. Introducing Y in the hierarchy was mainly to aid our under-

standing of the model. On the average,
EX =\p

eggs will survive.
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Sometimes, calculations can be greatly simplified be using the fol-

lowing theorem.

Theorem 4.4.1 If X and Y are any two random variables, then
EX = B(B(X|Y)),

provided that the expectations exist.

PROOF: Let f(z,y) denote the joint pdf of X and Y. By definition,

we have

BX = [t afle,ydsdy = [1 [ sl oy

/E@@ﬁ@@:Ewww»

Replacing integrals by sums to prove the discrete case. [
Using Theorem 4.4.1, we have
EX = FE(E(X|Y))=E(®Y)=pA

for Example 4.4.2.
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Definition 4.4.1 A random variable X 1s said to have a mizture
distribution if the distribution of X depends on a quantity that

also has a distribution.

Thus, in Example 4.4.1 the Poisson(Ap) distribution is a mixture

distribution since it is the result of combining a binomial(Y, p) with

Y ~ Poisson(\).
Theorem 4.4.2 (Conditional variance identity) For any two ran-
dom wvariables X and Y,
VarX = E(Var(X|Y)) + Var(E(X|Y)),
provided that the expectations exist.

PROOF: By definition, we have
VarX = F([X — EX]?) = E([X — E(X|Y) + E(X|Y) — EX]?)
= B([X - B(X|Y)]") + BE([B(X]Y) — EX]) + 2B([X - E(X]Y)]

The last term in this expression is equal to 0, however, which can

easily be seen by iterating the expectation:
E(X-EXY)[EX]Y)-EX]) = B(E{[X-EX|Y)|[EX]Y)-EX]]Y
In the conditional distribution X|Y, X is the random variable. Con-

ditional on Y, E(X—Y) and EX are constants. Thus,

E{[X-EX|Y)[[EX|Y)-EX]|]Y} = (E(X|Y)-E(X|Y))(E(X]Y)-E
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Since
E(IX — E(X|Y)P) = B(B{[X — B(X|Y)Y}) = E(X]Y)).

and

E([E(X|Y) - EX]?) = Var(E(X[Y)),

Theorem 4.4.2 is proved. [
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Example 4.4.3 (Beta-binomial hierarchy) One generalization of
the binomaal distribution 1s to allow the success probability to vary
according to a distribution. A standard model for this situation
18

X|P ~ binomial(P), i=1,...,n,

P ~ beta(a, ).
The mean of X 1s then

EX = E[E(X|p)] = E[nP] = Offﬁ-
Since P ~ beta(a, 3),
af

Var(E(X|P)) = Var(np) = n’ et it

Also, since X|P is binomial(n, P), Var(X|P) = nP(1 — P). We

then have
B{Var(X|P)] = nE(P(1 = P =np S [ ol = 0= 0
Na+8)T(a+ 1)I(G+1) nao3

T'TTB) Ta+8+2)  (a+B)a+pf+1)
Adding together the two pieces, we get

naf(a+ 5 +n)

VarX = (a+B2a+B+1)
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4.5 Covariance and Correlation

In earlier sections, we have discussed the absence or presence of a
relationship between two random variables, Independence or nonin-
dependence. But if there is a relationship, the relationship may be
strong or weak. In this section, we discuss two numerical measures
of the strength of a relationship between two random variables, the
covariance and correlation.

Throughout this section, we will use the notation X = ux, BY =

Wy, VarX = 03(, and VarY = 032/.

Definition 4.5.1 The covariance of X and Y is the number de-
fined by
Cou(X,Y) = E((X — px)(Y — uy)).

Definition 4.5.2 The correlation of X and Y 1s the number de-
fined by

The value pxy 1S also called the correlation coefficient.

Theorem 4.5.1 For any random variables X and Y,

CO’U(X, Y) = FEXY — HUx Ly .
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Theorem 4.5.2 If X and Y are independent random variables,

then Cov(X,Y) =0 and pxy = 0.

Theorem 4.5.3 If X and Y are any two random variables and

a and b are any two constants, then
Var(aX + bY) = a*VarX + b*VarY + 2abCou(X,Y).
If X and Y are independent random variables, then

Var(AX 4+ bY) = a* VarX + b* VarY.

Theorem 4.5.4 For any random variables X and Y,
a. —1 <pxy <1.

b. |pxy| =1 if and only if there exist numbers a # 0 and b such
that P(Y = aX +b) = 1. If pxy = 1, then a > 0, and if

pxy = —1, then a < 0.

PROOF: Consider the function h(t) defined by
h(t) = B(X — px)t + (Y — )
= t?0% + 2tCov(X,Y) + 0%

Since h(t) > 0 and it is quadratic function,

(2Cov(X,Y))? — 4ok 0% < 0.
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This is equivalent to
—oxoy < Cov(X,Y) < oxoy.

That is,

—1 < pxy <1

Also, |pxy| = 1 if and only if the discriminant is equal to 0, that is, if
and only if h(t) has a single root. But since (X —pux )t+(Y —py))? >

0, h(t) = 0 if and only if
PX — )t + (Y — ) = 0) = 1.

This P(Y = aX 4+ b) = 1 with a = —t and b = uxt + py, where
t is the root of h(t). Using the quadratic formula, we see that this
root is t = —Cov(X,Y)/03%. Thus a = —t has the same sign as pyy,

proving the final assertion. J
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Example 4.5.1 (Correlation-1) Let X have a uniform(0,1) dis-
tribution and Z have a uniform(0,0.1) distribution. Suppose X
and Z are independent. Let Y = X + Z and consider the random
vector (X,Y). The joint pdf of (X,Y) is

flz,y)=10, O0<zx<l1l, xz<y<z+0.1

Note f(x,y) can be obtained from the relationship f(x,y) = f(y|x)f(x).
Then
Cou(X,Y) = EXY = —(EX)(EY)

EX(X+2Z)— (EX)E(X+2))

1
O'g(zﬁ

The variance of Y is 03 = VarX + VarZ = Thus

1 1
12 + 1200

1/12 /100
PXY = =\ =
V1/124/1/12 +1/1200 101

The next example illustrates that there may be a strong relationship

between X and Y, but if the relationship is not linear, the correlation

may be small.
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Example 4.5.2 (Correlation-11) Let X ~ Unif(—1,1), Z ~ Unif(0,0
and X and Z be independent. Let Y = X? 4+ Z and consider the
random vector (X,Y). Since given X = x,Y ~ Unif(z* z*+0.1).

The joint pdf of X and Y is

1
flz,y) =5, —-l<uz<l, x2<y<x2+ﬁ.

Cou(X,Y)=E(X(X*+2)) — (EX)(E(X*+ Z))
= EX°+ EXZ - 0BE(X*+ 2)
=
Thus, pxy = Cov(X,Y)/(oxoy) = 0.

Definition 4.5.3 Let —00 < ux < 00, —00 < puy < o0, 0 < oy,
0 < oy, and —1 < p < 1 be five real numbers. The bivariate
normal pdf with means py and py, variances o5 and o3, and

correlation p is the bivariate pdf given by

1 1 T — HUX\9 r— pUx Y=
exp 1 — —2p

for —oo < x < 00 and —oo < y < 00.

f(ajay) =

The many nice properties of this distribution include these:
a. The marginal distribution of X is N(uy, o%).

b. The marginal distribution of Y is N(uy, o3-).
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c. The correlation between X and Y is pxy = p.

d. For any constants a and b, the distribution of a X 4+bY is N (apx +

buy, a’ UX + b?o? v + 2abpoxoy).

Assuming (a) and (b) are true, we will prove (c). Let

L — ptx,\ Y— py L — X
d t= :
() and b= ()

S =

Then = = oxt + px, y = (oys/t) + py, and the Jacobian of the
transformation is J = oxoy/t. With this change of variables, we

obtain

o [ oyS o
pXYz/ / Sf(OXt—I—,ux,%—l—,uy)‘ X Y|d dt

/ / s(2roxoy\/1 — p?) Lexp (— ﬁ(# —2ps + (;)2)3

12 20 s (5 — pt2)?
/oo V2m Py /oo V21 /(1 = p?)t? e (= 2(1 — pZ)tz)dS

The inner integral is &S, where S is a normal random variable with

ES = pt* and VarS = (1 — p?)t*. Thus,

> pt? 2
— exp{ —t°/2\dt =
PXY /Oom p{ /} P
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4.6 Multivariate Distributions

The random vector X = (Xi,...,X,) has a sample space that is

a subset of R". If X is discrete random vector, then the joint pmf

of @ is the function defined by f(x) = f(x1,...,2,) = P(X; =

xy,..., X, — o) for each (x1,...,2,) € R". Then for any A C R",
P(Xe€A) =) fl=

IrcA

If X is a continuous random vector, the joint pdf of X is a function

f(xy,...,x,) that satisfies
P(X € A) = / /f da:—/ /f:cl,... n)dxy - da,.
Let g(x) = g(x1,...,x,) be a real-valued function defined on the

sample space of X. Then g(X) is a random variable and the expected

- [ [ @@

= > g@)f(=)

T ecR"

value of g(X) is

and

in the continuous and discrete cases, respectively.

The marginal distribution of (Xi,...,X,,) , the first k coordinates
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of (X1,...,Xy), is given by the pdf or pmf

f(xl,...,m:/ / F(rse s an) gy - - day

or

flzy, ..., z) = Z flxy, ..., x,)

for every (w1, ..., ;) € R,
If f(x1,...,x) > 0, the conditional pdf or pmf of (Xyy1,...,X,)
given Xy = xy,..., Xy = xy is the function of (xy41, ..., z,) defined

by
flxy, ..., x,)

flxy, ... xp)

f(xkzlj---yxnxl,...,xk>:
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Example 4.6.1 (Multivariate pdfs) Let n = 4 and
(

@i+ as+a3+a]) 0<z<1,i=1,234
f(x1, 29, 3, 24) = {

0 otherwise

\
The joint pdf can be used to compute probabilities such as

3 1
PX1< X2< X4>2)

151
/ / / / (23 + 25 + 23 + 23)d2 drodrsdr, = 004

The marginal pdf of (X1, X3) is

1
3 3 1
f(:z:l,:cg):/ / Z(m%+az%+x§+xi)d:c2dx4:Z(sc%+x§)+§
0o Jo
forO<zi <1 and 0 < xy < 1.

Definition 4.6.1 Letn and m be positive integers and let pq, . .., p,
be numbers satisfying 0 < p; < 1,i=1,...,n, and > . p; = 1.
Then the random vector (X1, ..., X,) has a multinomial distribu-
tion with m trials and cell proabilities p1, ..., p, if the joint pmf
of (X1,...,X,) is

m!

- T
f(a:l,...,:z:n)——xl!”-xn!p1 D

xz

on the set of (x1,...,x,) such that each x; is a nonnegatwe integer

and Y !, x; =m.
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Example 4.6.2 (Multivariate pmf) Consider tossing a siz-sided
die 10 times. Suppose the die is unbalanced so that the probability
of observing an i is i/21. Now consider the vector (Xi, ..., Xg),
where X; counts the number of times i comes up in the 10 tosses.
Then (X1,...,Xs) has a multinomial distribution with m = 10
and cell probabilities p; = %, e, Pe = %. For example, the prob-
ability of the vector (0,0,1,2,3,4) is

10! Lvor 20,3 v 42,9364
—) (=) (z5) () ()" = 0.0059.
0!0!1!2!3!4!(21) (21) (21) (21) (21) (21)

£(0,0,1,2,3,4) =

The factor - T s called a multinomial coefficient. It is the num-
ber of ways that m ObJGCtS can be divided into n groups with z; in

the first group, xo in the second group, ..., and x,, in the nth group.

Theorem 4.6.1 (Multinomial Theorem) Let m and n be positive
integers. Let A be the set of vectors = (x1,...,x,) such that
each ; is a nonnegative integer and Y . x; = m. Then, for any
real numbers pi1, ..., pn,

m m!
P+ )" =) mpafl,..pgn.
TcA
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Definition 4.6.2 Let X4, ..., X, be random vectors with joint pdf
or pmf f(x1,...,x,). Let fXZ(sUZ) denote the marginal pdf or pmf
of X;. Then Xq,...,X, are called mutually independent random

vectors if, for every (x1,...,x,),

flxy, ... x,) = le(wl) e an(wn) = HfXZ(wz)

If the X;’s are all one dimensional, then Xi,...,X, are called

mutually independent random variables.

Mutually independent random variables have many nice properties.
The proofs of the following theorems are analogous to the proofs of

their counterparts in Sections 4.2 and 4.3.

Theorem 4.6.2 (Generalization of Theorem 4.2.1) Let X+, ..., X,
be mutually independent random variables. Let g1, ..., g, be real-
valued functions such that g;(x;) is a function only of x;, i =

1,...,n. Then

E(g1(X1) - g(Xy)) = (Egi(X1)) - (Egn(X,))-
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Theorem 4.6.3 (Generalization of Theorem 4.2.2) Let X+, ..., X,

be mutually independent random variables with mgfs Mx,(t), ..., Mx, (t).
Let Z = X;+---+ X,,. Then the mgf of Z is

My(t) = Mx, (1) - - Mx,(1).

In particular, if X4,...,X, all have the same distribution with
mgf Mx(t), then
My(t) = (Mx(1))".

Example 4.6.3 (Mgf of a sum of gamma variables) Suppose X1, ..., X,
are mutually independent random variables, and the distribution

of X; is gamma(c;, 3). Thus, if Z = X1+ ...+ X,,, the mgf of Z

18

My (t) = Mx,(t) - - My, (t) = (1=0t) " - - (1= )" = (1—pt)~(1+te

This is the mgf of a gamma(ay + - - - + au,, 8) distribution. Thus,
the sum of a independent gamma random variables that have a

common scale parameter (3 also has a gamma distribution.
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Example 4.6.4 Let X4,..., X, be mutually independent random
variables with X; ~ N(u;,0?). Let ay,...,a, and by,..., b, be

l

fixed constants. Then

S

Z = Z(CLZXZ + bz) ~ N(Z(az,uz + bz), CLZQO'ZQ)

1=1 =1 i=1

Theorem 4.6.4 (Generalization of Lemma 4.2.1) Let X+, ..., X,
be random vectors. Then Xq,..., X, are mutually independent
random vectors if and only if there exist functions g;(x;), i =
1,...,n, such that the joint pdf or pmf of (X1,...,X,) can be
written as

fl®y, .. ) = gi(®1) - guln).
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Theorem 4.6.5 (Generalization of Theorem 4.3.2) Let X+, ..., X,
be random wvectors. Let g;(x;) be a function only of x;, i =
I,...,n. Then the random vectors U; = ¢;(X;), i = 1,...,n,

are mutually independent.

Let (X1, ..., X,) be arandom vector with pdf fy(xy,...,z,). Let
A=A{x: fx(x) > 0}. Consider a new random vector (Uy, ..., U,),
defined by Uy = ¢1( X1, ..., X,), -, Uy = gu( X1, ..., X,). Suppose
that Ao, A1, ..., A form a partition of A with these properties. The
set Ap, which may be empty, satisfies P((Xy,...,X,) € Ag) = 0.
The transformation (Uy,...,U,) = (g1(X), ..., g,(X)) is a one-to-
one transformation from A; onto B for each ¢ = 1,2, ..., k. Then for
cach 7, the inverse functions from B to A; can be found. Denote the
ith inverse by oy = hyj(u—1,. .. uy)y o, Tp = hpi(ug, . .., uy). Let

J; denote the Jacobian computed from the ¢th inverse. That is,

Ohy;(W)  Ohy; (W) ohy;(U)

ouq Oug e ouq
Ohoi(W)  Ohg; (W) Ohg;(U)

Jz’ _ ouy Oug ouy
ahm' (’U,) 8hm' ('U;) 6hm’ (’U;)

ouy Oug e ouy

the determinant of an n x n matrix. Assuming that these Jacobians

do not vanish identically on B, we have the following representation
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of the joint pdf, fy(uy,...,u,), for u € B:

fu Ury ...y ZfX hlz ul,..., ) ,hm(ul,,un))u@]



