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This paper proposes a class of optimal design criteria for prediction in linear regression
models with r responses based on the volume of the rectangular confidence region,
termed Rr

L-optimality. A general equivalence theorem and a geometrical characterization
of the RL

r
-optimal design are established, which are used to obtain or verify the RL

r
-

optimality. Several examples are given for illustration.
& 2013 Elsevier B.V. All rights reserved.
1. Introduction

Consider the design problem for prediction in multiresponse linear regression models of the form

YðxÞ ¼ FðxÞθ þ ε; ð1Þ

where YðxÞ ¼ ðy1ðxÞ;…; yrðxÞÞT is the vector of r responses, x¼ ðx1;…; xqÞ is a setting of q control variables, FðxÞ ¼
ðf 1ðxÞ;…; f rðxÞÞT is an r�p matrix of regression functions, θ is a vector of p unknown parameters, and ε is a vector of
random errors with mean 0 and (known or unknown) variance–covariance matrix Σ. The experimental design region is X ,
which is a compact subset in the q-dimensional Euclidean space.

Multiresponse experiments are frequently encountered in applications, such as chemical engineering, food science,
manufacturing, biological and medical studies, etc. The optimal design problem for multiresponse models has been
discussed by many authors. For example, Draper and Hunter (1966) developed a criterion for parameter estimation of a
multiresponse model. Fedorov (1972, Chapter 5) established a theoretical foundation for multiresponse experiments and
also developed a recursive algorithm for generating multiresponse approximate D-optimal designs. Chang (1994) studied
the properties of D-optimal designs for multiresponse models. Khuri and Cornell (1996) devoted a chapter of their book to
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multiresponse experiments. Gueorguieva et al. (2006) considered the optimal design problem for multivariate response
pharmacokinetic models. Jin and Yue (2008) studied the D- and A-optimal designs for mixture multiresponse experiments.
Wang and Yue (2008) developed an equivalent theorem of Bayesian optimal design for multiresponse linear regression
models. Atashgah and Seifi (2009) proposed a unified formulation for the multiresponse optimal design problem using
semi-definite programming and generated D-, A- and E-optimal designs. Zhu et al. (2010) considered robust designs against
outliers for multiresponse models. Sagnol (2011) computed the multiresponse optimal design problem by second-order
cone programming. Liu et al. (2011) proposed a new class of optimum design criteria for the linear regression model with r
responses based on the volume of the predictive ellipsoid for the vector of responses on a predetermined interval Z. The IL

r
-

optimality criterion reduces to IL-optimality proposed by Dette and O'Brien (1999) in a single response situation.
In this paper, an alternative criterion for prediction is proposed in the multiresponse linear regression model (1) based on

the Bonferroni confidence rectangle. This optimality is a generalization of R-optimality proposed by Dette (1997) to the case
of multiresponse experiments.

The paper is organized as follows. Section 2 introduces the optimality criteria for linear regression models with r
responses, termed RL

r
-optimality. An equivalence theorem and a new geometric characterization of Elfving (1952) type for

the RL
r
-optimal design problem are derived in Section 3. Several illustrative examples are given in Section 4 and some

concluding remarks are given in Section 5. All proofs are presented in the Appendix.

2. Development of RL
r
-optimality

Throughout the paper we consider approximate designs of the form

ξ¼
x1 ⋯ xs
w1 ⋯ ws

( )
;

or ξ¼ fxv;wvgsv ¼ 1 for short, where the support points x1;…; xs are distinct elements of the design region X⊂Rq, and
corresponding weights w1;…;ws are nonnegative real numbers which sum to unity. Denote the set of all approximate
designs with positive semi-definite information matrix on X by Ξ. The information matrix of ξ for model (1) is

MðξÞ ¼
Z
X
FT ðxÞΣ�1FðxÞ dξðxÞ;

and it is assumed that Range fFT ðxÞg⊂ Range fMðξÞg ð∀x∈X Þ, which implies that the r responses are estimable by the design ξ.
We assume the matrix F(x) to be defined on a set Z that may be larger than the design region X . It is assumed that X and

Z are bounded, and μ denotes a probability measure on Z. For a point z∈Z the variance–covariance matrix of the r predicted
responses at z under the design ξ is

Vðz; ξÞ ¼ FðzÞM�1ðξÞFT ðzÞ: ð2Þ
Throughout the paper by Vijðz; ξÞ we denote the (i,j)th entry of the r� r matrix Vðz; ξÞ, i.e.,

Vijðz; ξÞ ¼ eTi Vðz; ξÞej; i; j∈f1;2;…; rg;

where ei is the ith unit vector in Rr . When there is no possibility of confusion we omit the dependence of MðξÞ, Vðz; ξÞ and F
(z) on ξ and z.

Definition 1. For L∈½1;1Þ a design ξnL is called RL
r
-optimal in Ξ if it minimizes

ψLðξÞ ¼
Z
Z

∏
r

i ¼ 1
Viiðz; ξÞ

 !L

dμðzÞ
8<
:

9=
;

1=L

ð3Þ

over Ξ.

Remark 1. This definition can be extended to allow the case L¼1 by taking ψ1ðξÞ ¼ supz∈Z∏r
i ¼ 1Viiðz; ξÞ. It can be shown

that ψ1ðξÞ ¼ limL-1ψLðξÞ if suppðμÞ ¼Z and each element of the r� p matrix F(z) of regression functions is continuous on Z,
where suppðμÞ denotes the set of support points of μ. Obviously, the Rr

1-optimality criterion minimizes the maximum
volume of the prediction rectangle. It is clear that the RL

r
-optimality is coincided with the IrL-optimality when r¼1, and can

be viewed as a generalization of G-optimality to multiresponse situations.

Remark 2. Yue and Liu (2010) show that IrL-optimal designs for hierarchically ordered system of regression models do not
depend on the variance–covariance matrix of the responses. However, as will be shown in Section 4, the RL

r
-optimal designs

may depend on the correlation of the responses.

Remark 3. Comparing with Kiefer's Φk class, a good property of RL
r
-optimality is that it is invariant with respect to model

reparameterization. Thus the matrix F(x) can be replaced by GðxÞ≔FðxÞA for any nonsingular p�p matrix A and θ replaced by
β≔A�1θ. This is also noted for IL-optimality by Dette and O'Brien (1999, Theorem 1).
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3. An equivalence theorem and Elfving's theorem for RL
r
-optimality

The general equivalence theorem plays an important role in verifying optimality of a design. Here we present an
equivalence theorem for RL

r
-optimality to characterize RL

r
-optimal designs.

Lemma 1. Let Ps denote the set of all n� n positive definite matrices and A be a fixed m�n ðn≥mÞ matrix. Then
gðBÞ≔∏m

i ¼ 1ðAB�1AT Þii ¼∏m
i ¼ 1e

T
i AB

�1ATei is convex on Ps.

This lemma is a special case of results in Gaffke and Heiligers (1996, p. 1153). From this lemma and (3), we have the
following.

Lemma 2. For the criterion function ψL defined by (3) we have
(i)
 ψL is convex on Ξ;

(ii)
 the directional derivative of ψL at ξ in the direction of ξ, denoted ΔψL

ðξ; ξÞ, is
ΔψL

ðξ; ξÞ ¼ rψLðξÞ�ψ1�L
L ðξÞ trfM�1ðξÞMðξÞM�1ðξÞQLðξÞg;

where

QL ξð Þ ¼
Z
Z

∏
r

i ¼ 1
VL
iiðz; ξÞ

 !
∑
r

i ¼ 1

FT ðzÞeieTi FðzÞ
Viiðz; ξÞ

dμ zð Þ; ð4Þ
(iii)
 for any fixed ξ with nonsingular information matrix, the directional derivative

ΔψL
ðξ; ξÞ ¼

Z
X
ΔψL

ðξ; δxÞ dξðxÞ; ðξ; ξÞ∈Ξ � Ξ

is linear in ξ, where δx∈Ξ denotes the Dirac measure at x.
Note that ξnL is RL
r
-optimal in Ξ if and only if infx∈XΔψL

ðξnL ; δxÞ ¼ 0 (see Whittle, 1973). The following theorem can thus be
established.

Theorem 1. For all L∈½1;1Þ, a design ξnL∈Ξ is RL
r
-optimal in Ξ if and only if

sup
x∈X

trfM�1ðξnL ÞFT ðxÞΣ�1FðxÞM�1ðξnL ÞQLðξnL Þg ¼ r
Z
Z

∏
r

i ¼ 1
VL
iiðz; ξnL Þ dμðzÞ: ð5Þ

Moreover, the supremum is achieved at the support points of ξnL .

To compare RL
r
-optimal design to other designs, e.g., Ir1- and Ir1-optimal designs obtained in Liu et al. (2011), we define the

RL
r
-efficiency of a design ξ with respect to a RL

r
-optimal design ξnL as

Rr
L�Eff ξð Þ ¼ ψLðξnL Þ

ψLðξÞ
: ð6Þ

It is clear that 0≤Rr
L�EffðξÞ≤1 for all ξ∈Ξ. The following corollary provides a lower bound for Rr

L�EffðξÞ that follows
immediately from Theorem 1.

Corollary 1. For L∈½1;1Þ, let

ϕL x; ξð Þ ¼ trfM�1ðξÞFT ðxÞΣ�1FðxÞM�1ðξÞQLðξÞgR
Z∏

r
i ¼ 1V

L
iiðz; ξÞ dμðzÞ

: ð7Þ

Then Rr
L�EffðξÞ≥1þ r�supx∈XϕLðx; ξÞ.

In terms of the function ϕLðx; ξÞ at (7), we can restate Theorem 1 as follows.

Theorem 1′. For L∈½1;1Þ, a design ξnL∈Ξ is RL
r
-optimal in Ξ if and only if

sup
x∈X

ϕLðx; ξnL Þ ¼ r:

Moreover, the supremum is achieved at the support points of ξnL .
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The equivalence theorem can also be extended to the case L¼1 (see, Dette and O'Brien, 1999). For any ξ∈Ξ we define the
answering set (Danskin, 1967, p. 21)

AðξÞ ¼ z∈Z
�����∏

r

i ¼ 1
Viiðz; ξÞ ¼ sup

z′∈Z
∏
r

i ¼ 1
Viiðz′; ξÞ

)
:

(

Let μn be a probability measure on AðξÞ and define

ϕ1 x; ξð Þ ¼ tr M�1 ξð ÞFT xð ÞΣ�1F xð ÞM�1 ξð Þ
Z
AðξÞ

∑
r

i ¼ 1

FT ðzÞeieTi FðzÞ
Viiðz; ξÞ

dμn zð Þ
( )

: ð8Þ

Theorem 2. A design ξn1∈Ξ is Rr
1-optimal in Ξ if and only if there exists a probability measure μn on Aðξn1Þ such that

sup
x∈X

ϕ1ðx; ξn1Þ ¼ r:

Moreover, the supremum is achieved at the support points of ξn1.

Other useful methods for the determination of the optimal design are geometric characterizations. Elfving (1952)
characterizes the c-optimal designs in single response experiments, and shows that the optimal design can be found at the
intersection of a vectorial straight-line. This result was generalized by Studden (1971) to optimal designs for parameter
systems ATθ. Sagnol (2011) gave a generalization to the case of multiresponse experiments. It is worth mentioning that
Elfving-type characterizations are also available for other optimality criteria, and we refer the reader to, e.g., Dette (1993a,b,
c, 1996), and Holland-Letz et al. (2009). We now present a geometric structure which can be used for the characterization of
optimal designs with respect to the RL

r
-optimality criteria for multiresponse experiments.

Define an Elfving set by

Rp ¼ convfFT ðxÞΣ�1=2Kjx∈X ;K∈Rr�p; ∥K∥¼ 1gDRp�p; ð9Þ

where conv(B) denotes the convex hull of matrices BDRp�p, and ∥K∥ is the Frobenius norm of the matrix K, i.e.,
‖K‖2 ¼ trðKTKÞ. Rp is a compact, symmetric and convex subset of Rp�p and contains the point 0. Let AðξÞ be an p� p matrix
satisfying

A ξð ÞAðξÞT ¼

1
r
QL ξð Þ for L∈½1;þ1Þ;

1
r
R
AðξÞ ∑

r

i ¼ 1

FT ðzÞeieTi FðzÞ
Viiðz; ξÞ

dμn zð Þ for L¼ þ1:

8>>><
>>>:

A geometric characterization of the RL
r
-optimal designs can be established.

Theorem 3. For a given L∈½1;1�, a design ξ¼ fxv;wvgsv ¼ 1∈Ξ is RL
r
-optimal in Ξ if and only if there exist a positive number γ and

matrices K1;K2;…;Ks such that
(i)
 γAðξÞ ¼∑s
v ¼ 1wvF

T ðxvÞΣ�1=2Kv;

(ii)
 γAðξÞ is a boundary point of the set Rp with a supporting hyperplane D∈Rp�p;

(iii)
 ∥Kv∥¼ 1; v¼ 1;…; s:
4. Illustrative examples

In this section, we present three examples of Rr
1- and Rr

1-optimal designs for bivariate (r¼2) response models. Example 1
considers a linear and a quadratic regression model, and both Rr

1- and Rr
1-optimal designs are constructed. In Example 2,

optimal design for a multi-factor polynomial model is constructed and its optimality is proved by means of the equivalence
theorem. Example 3 considers a parallel linear model with two responses, and shows that the D-optimal design is also Rr

1-
and Rr

1-optimal by Theorem 3. To simplify the notation in three examples, we replace RL
r
and IL

r
by RL and IL, respectively.

Example 1 (Linear and quadratic regression). Consider two responses and one controllable variable. The experimental
region and the prediction region coincide, i.e., X ¼Z ¼ ½�1;1�, and the assumed regression model is

y1ðxÞ ¼ θ10 þ θ11xþ ε1;

y2ðxÞ ¼ θ20 þ θ21xþ θ22x2 þ ε2:

(
ð10Þ
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Denote Σ as the variance–covariance matrix of the random vector ε¼ ðε1; ε2ÞT . Let Σ and its inverse Σ�1 be of the following
forms:

Σ ¼
s11 s12
s21 s22

 !
; Σ�1 ¼ s11 s12

s21 s22

 !
;

where s12 ¼ s21 ¼ ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s11s22

p
. Further, let μ be the uniform measure on Z, i.e., dμ zð Þ ¼ 1

2 dz.

For this model, the matrix F(x) becomes

FðxÞ ¼ 1 x 0 0 0
0 0 1 x x2

� �
;

and the vector of parameters is θ¼ ðθ10; θ11; θ20; θ21; θ22ÞT . For a design ξ, the information matrix is then

MðξÞ ¼

s11s0 s11s1 s12s0 s12s1 s12s2
s11s1 s11s2 s12s1 s12s2 s12s3
s12s0 s12s1 s22s0 s22s1 s22s2
s12s1 s12s2 s22s1 s22s2 s22s3
s12s2 s12s3 s22s2 s22s3 s22s4

0
BBBBBB@

1
CCCCCCA
;

where sk is the kth moment of ξ, i.e., sk ¼
R
Xx

k dξ. Obviously we have 0≤s2 ≤1 and s22≤s4≤s2. Note that if ~ξ denotes the
reflection of ξ at the origin, then ξ and ~ξ have the identical even moments, while a reversed sign for the odd moments. It
follows that Mð~ξÞ ¼ TMðξÞT , with T ¼ Diagð1;�1;1;�1;1Þ. This implies that M�1ð~ξÞ ¼ TM�1ðξÞT and ψLð~ξÞ ¼ ψLðξÞ. Thus, if ξ is
RL-optimal, then ~ξ is RL-optimal. This implies that the symmetrized design ξn ¼ ðξþ ~ξÞ=2 is alsoRL-optimal due to the
convexity of the RL-criterion. It is thus sufficient to search for RL-optimal designs among the symmetric designs on X . For a
symmetric design ξ we have s1 ¼ s3 ¼ 0 and

h x; ξð Þ≔ ∏
2

i ¼ 1
Vii x; ξð Þ ¼ s11s22ðx2 þ s2Þ½ð1�ρ2Þs2x4 þ ðs4 þ 2ρ2s22�3s22Þx2 þ s2s4�ρ2s32�

s22ðs4�s22Þ
: ð11Þ

Noting that ψL ξð Þ ¼ 1
2ð
R 1
�1 h

Lðx; ξÞ dzÞ1=L depends on ξ only through the moments s2 and s4, we denote ψLðξÞ ¼ ηLðs2; s4Þ. Only
the cases L¼1 and L¼1 will be considered.

1(a). For L¼1, it is straightforward to show that

η1 s2; s4ð Þ ¼ s11s22½ð105s22 þ 70s2 þ 21Þs4�105ρ2s42 þ 35ðρ2�3Þs32 þ 21ðρ2�2Þs22 þ 15ð1�ρ2Þs2�
105s22ðs4�s22Þ

and

dη1ðs2; s4Þ
ds4

¼ s11s22ð1�ρ2Þð�105s32 þ 35s22 þ 21s2�15Þ
105s2ðs4�s22Þ2

o0:

It follows that for a fixed s2 and s22≤s4≤s2, η1ðs2; s4Þ decreases in s4. Consequently,

η1 s2; s4ð Þ≥η1 s2; s2ð Þ ¼ s11s22½�105ρ2s32 þ 35ρ2s22 þ ð21ρ2 þ 28Þs2 þ 36�15ρ2�
105s22ð1�s2Þ

with equality holds if and only if s4 ¼ s2. Therefore, for the optimal moments, we have sn4 ¼ sn2 and s1 ¼ s3 ¼ 0. However
s4 ¼ s2 is only possible when the support points suppðξÞ⊂f�1;0;1g and since s1 vanishes, �1 and 1 must appear equally
often in ξ. Hence let sn2 be a minimizer of η1ðs2; s2Þ on ½0;1� then the following design

ξn1 ¼
�1 0 1
sn2
2 1�sn2

sn2
2

( )
ð12Þ

is R1-optimal. Note that the optimal moment sn2 depends only on the correlation coefficient ρ, but not on s11 and s22. In
particular, if ρ¼ 0 then sn2 ¼ ð2

ffiffiffiffiffiffi
22

p
�5Þ=7. For 0o jρjo1, the value of sn2 can be found numerically. Table 1 shows the values of

sn2 for various ρ in ð�1;1Þ.
1(b). For L¼1, it is not difficult to find that

ψ1ðξÞ ¼max fhð0; ξÞ;hð1; ξÞg ¼
hð1; ξÞ ðs4≥cðs2ÞÞ;
hð0; ξÞ otherwise;

(

Table 1
Values of sn2 in (12) for various ρ in ð�1;1Þ.

jρj 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99
sn2 0.626 0.627 0.629 0.634 0.640 0.650 0.663 0.693 0.713 0.767 0.906
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where hð�; ξÞ is given in (11), and

c s2ð Þ ¼ s2½ðρ2�1Þ þ ð2�ρ2Þs2 þ ð3�ρ2Þs22�
1þ 2s2

:

Note that the minimum of ψ1ðξÞ is attained when hð0; ξÞ ¼ hð1; ξÞ, which simplifies to s4 ¼ cðs2Þ. Therefore, we have

η1 s2; s4ð Þ≥η1 s2; c s2ð Þð Þ ¼ 1þ ð1�ρ2Þs22
cðs2Þ�s22

¼ 3s22 þ 2s2�1
s22 þ s2�1

;

and

dη1ðs2; cðs2ÞÞ
ds2

¼ s22�4s2�1

ðs22 þ s2�1Þ2
o0:

It follows that η1ðs2; cðs2ÞÞ decreases in s2 on [0, 1], and thus

ρ2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ρ4�20ρ2 þ 24

p
6�2ρ2

≤s2≤
ρ2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ρ4�20ρ2 þ 24

p
6�2ρ2

due to the restriction s22≤s4 ≤s2. Thus, ψ1ðξÞ ¼ η1ðs2; s4Þ attains its minimumwhen s2 ¼ ðρ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ρ4�20ρ2 þ 24

p
Þ=ð6�2ρ2Þ and

s4 ¼ cðs2Þ ¼ s2. Therefore, R1-optimal design ξn1 is as follows:

ξn1 ¼
�1 0 1
sn2
2 1�sn2

sn2
2

( )
where sn2 ¼

ρ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ρ4�20ρ2 þ 24

p
6�2ρ2

: ð13Þ

Fig. 1 shows the optimal weights wn at 71 versus jρj corresponding to the RL-optimal design ξnL for L¼1 (solid line) and
L¼1 (dashed line), respectively.

It is worthwhile to compare the R1- and R1-optimal designs with D-, I1- and I1-optimal designs. The D-optimal design
for model (10) on X ¼ ½�1;1� is (see Krafft and Schaefer, 1992)

ξnD ¼
�1 0 1
3
8

1
4

3
8

( )
:

0 0.2 0.4 0.6 0.8 1

0.35

0.4

0.45

0.5

|ρ|

w
*

Fig. 1. The optimal weights wn at 71 versus jρj corresponding to the RL-optimal design ξnL for L¼1 (solid) and L¼1 (dash), respectively, for model (10).
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Fig. 2. (a) The R1-efficiencies of ξnD (solid), ξn1 (dash), ζn1 (dash–dot) and ζn1 (dot) with respect to ξn1; (b) the R1-efficiencies of ξnD (solid), ξn1 (dash), ζn1 (dash–
dot) and ζn1 (dot) with respect to ξn1 .
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The I1- and I1-optimal designs for model (10) on X ¼Z ¼ ½�1;1�, denoted by ζn1 and ζn1, respectively, are as follows (see Liu
et al., 2011):

ζn1 ¼
�1 0 1

2
ffiffiffiffi
22

p
�5

14
12�2

ffiffiffiffi
22

p
7

2
ffiffiffiffi
22

p
�5

14

( )
; ζn1 ¼

�1 0 1ffiffi
6

p
6 1�

ffiffi
6

p
3

ffiffi
6

p
6

( )
:

Note that the D-, I1- and I1-optimal designs have the same structure as the R1- and R1-optimal designs but do not depend
on Σ. In addition, in the case ρ¼ 0, the R1- and R1-optimal designs coincide with the I1- and I1-optimal designs,
respectively. Compared with the D-optimal design, the R1-optimal design is always concentrated at the endpoints 71 since
sn2=2≥3=8; while the R1-optimal design puts more concentration at the origin when jρj≤4

ffiffiffiffiffiffiffiffiffiffiffiffi
3523

p
=271≈0:8761.

Fig. 2 shows the R1-efficiencies and R1-efficiencies of the D-, R1-, R1-, I1- and I1-optimal designs. These are calculated
according to (6). Fig. 3 shows the I1-efficiencies and I1-efficiencies of the D-, R1-, R1-, I1- and I1-optimal designs. The IL-
efficiency of a design ξ is the relative efficiency of ξ with respect to a IL-optimal design under the IL-optimality defined in Liu
et al. (2011).

The following factors are observed for the multiresponse model (10):
(i)
 the RL-optimal design for the multiresponse model depends on the covariance matrix Σ of the two responses only
through the correlation coefficient ρ;
(ii)
 the loss of efficiency might be moderate or substantial, if a rectangular confidence region is constructed on the basis of a
IL
r
-optimal design and a D-optimal design, or a confidence ellipsoid is constructed on the basis of a RL

r
-optimal design

and a D-optimal design;

(iii)
 the performance of the I1-optimal design is worse than the D-, R1- and I1-optimal designs for constructing rectangular

confidence region based on R1-optimality;

(iv)
 the performance of the I1-optimal design is worse than the D-, R1- and I1-optimal designs for constructing rectangular

confidence region based on R1-optimality.
Example 2 (Multi-factor polynomial). Consider an experiment involving two responses with m controllable variables, and
X ¼Z ¼ ½�1;1�m. The assumed regression model is

y1ðxÞ ¼ θ11 þ ∑
m

i ¼ 1
θ1ixi þ ε1;

y2ðxÞ ¼ θ21 þ ∑
m

i ¼ 1
θ2ixi þ ∑

1 ≤io j ≤m
θ2ijxixj þ ε2:

8>>>><
>>>>:

ð14Þ

Let the variance–covariance matrix of the two responses be Σ and its inverse be as in Example 1. The uniform factorial2m-
design ξU assigns equal weight 2�m to each of the 2m extreme points ð71; 71;…; 71Þ. It can be shown that ξU is RL-optimal
design for L¼1 and L¼1. We next verify its optimality by Theorem 1′ and Theorem 2.

Denote g1ðxÞ ¼ ð1; x1;…; xmÞT and g2ðxÞ ¼ ðx1x2;…; xm�1xmÞT . Then

FðxÞ ¼
gT1ðxÞ 0 0
0 gT1ðxÞ gT2ðxÞ

 !
:
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The information matrix of ξU and its inverse are given by

M ξUð Þ ¼
Σ�1⊗Imþ1 0

0 s22Iðm2�mÞ=2

 !
; M�1 ξUð Þ ¼

Σ⊗Imþ1 0
0 1

s22 Iðm2�mÞ=2

 !
;

where Ik denotes the k� k identity matrix. It follows that

V z; ξUð Þ ¼ F zð ÞM�1 ξUð ÞFT zð Þ ¼
s11gT1ðzÞg1ðzÞ s12gT1ðzÞg1ðzÞ
s12gT1ðzÞg1ðzÞ s22gT1 zð Þg1 zð Þ þ 1

s22 g
T
2 zð Þg2 zð Þ

 !
:

This gives

h z; ξUð Þ ¼ ∏
2

i ¼ 1
Vii z; ξUð Þ ¼ s11 1þ ∑

m

i ¼ 1
z2i

 !
s22 1þ ∑

m

i ¼ 1
z2i

 !
þ 1

s22
∑

1≤io j ≤m
z2i z

2
j

" #
:

Thus, for L¼1 we have

ψ1 ξUð Þ ¼
Z
Z
h z; ξn
� �

dμ zð Þ ¼ s11s22
45þ 34mþ 5m2

45
þ s11
s22

m2�m
� � 11

90
þm�2

54

� �
;

and

∏
2

i ¼ 1
Viiðz; ξU Þ

 !
∑
2

i ¼ 1

FT ðzÞeieTi FðzÞ
Viiðz; ξU Þ

¼
V22g1ðzÞgT1ðzÞ 0 0

0 V11g1ðzÞgT1ðzÞ V11g1ðzÞgT2ðzÞ
0 V11g2ðzÞgT1ðzÞ V11g2ðzÞgT2ðzÞ

0
B@

1
CA:

Therefore,

Q1 ξUð Þ ¼
Z
Z

∏
2

i ¼ 1
Viiðz; ξU Þ

 !
∑
2

i ¼ 1

FT ðzÞeieTi FðzÞ
Viiðz; ξU Þ

dμ zð Þ ¼
B1 0 0
0 B2 0
0 0 B3

0
B@

1
CA;

where

B1 ¼
ðmþ3Þs22

3 þ m2�m
18s22 0

0 ð5mþ9Þs22
45 þ 5m2þ3m�8Þ

270s22

� 	
Im

0
@

1
A;

and

B2 ¼
ðmþ3Þs11

3 0

0 ð5mþ9Þs22
45 Im

0
@

1
A; B3 ¼

ð5mþ 23Þs11
135

Iðm2�mÞ=2:

It follows that

F xð ÞM�1 ξUð ÞQ1 ξUð ÞM�1 ξUð ÞFT xð Þ

¼
gT1ðxÞðs211B1 þ s212B2Þg1ðxÞ gT1ðxÞðs11s12B1 þ s12s22B2Þg1ðxÞ

gT1ðxÞðs11s12B1 þ s12s22B2Þg1ðxÞ gT1 xð Þ s212B1 þ s222B2
� �

g1 xð Þ þ 1
s22

� 	2
gT2 xð ÞB3g2 xð Þ

0
B@

1
CA;

and thus

tr M�1 ξUð ÞFT xð ÞΣ�1F xð ÞM�1 ξUð ÞQ1 ξUð Þ
n o

¼ s11gT1 xð Þ s211B1 þ s212B2
� �

g1 xð Þ þ 2s12gT1 xð Þ s11s12B1 þ s12s22B2ð Þg1 xð Þ

þ s22gT1 xð Þ s212B1 þ s222B2
� �

g1 xð Þ þ 1
s22

gT2 xð ÞB3g2 xð Þ

¼ gT1 xð Þ s11B1 þ s22B2ð Þg1 xð Þ þ 1
s22

gT2 xð ÞB3g2 xð Þ

¼ 2ð5mþ 9Þs11s22
45

þ ð5m2 þ 3m�8Þs11
270s22

� �
∑
m

i ¼ 1
x2i

þ ð5mþ 23Þs11
135s22

∑
1 ≤io j ≤m

x2i x
2
j þ

2ðmþ 3Þs11s22
3

þ ðm2�mÞs11
18s22

≤
2ð5mþ 9Þs11s22

45
þ ð5m2 þ 3m�8Þs11

270s22

� �
m

þ ð5mþ 23Þs11
135s22

m2�m
2

þ 2ðmþ 3Þs11s22
3

þ ðm2�mÞs11
18s22
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¼ 2
s11s22ð45þ 34mþ 5m2Þ

45
þ ðm2�mÞð5mþ 23Þs11

270s22

� �
¼ 2ψ1ðξU Þ:

From the above, it is clear that ϕ1ðx; ξUÞ is nonnegative for any x∈½�1;1�m, and attains its maximum r¼2 at
x∈fð71; 71;…; 71Þg, the support points of ξU . It follows from Theorem 1′ that the design ξU is R1-optimal over the class
Ξ.

For the case L¼1, the answering set corresponding to ξU is

AðξUÞ ¼ z∈Z
�����∏

r

i ¼ 1
Viiðz; ξUÞ ¼ sup

z′∈Z
∏
r

i ¼ 1
Viiðz′; ξUÞ

)
¼ ð71; 71;…; 71Þ
 �

:

(

Take the probability measure μn ¼ ξU , we have that both V11ðz; ξUÞ ¼ eT1Vðz; ξUÞe1 and V22ðz; ξUÞ ¼ eT2Vðz; ξUÞe2 are constants on
AðξUÞ, i.e.,

V11 z; ξUð Þ ¼ s11 mþ 1ð Þ; V22 z; ξUð Þ ¼ s22 mþ 1ð Þ þm2�m
2s22

:

Straightforward calculation gives

Z
AðξU Þ

FT ðzÞeieTi FðzÞ
Viiðz; ξU Þ

dμn zð Þ ¼
C1 0 0
0 C2 0
0 0 C3

0
B@

1
CA;

where

C1 ¼ V�1
11 Iðmþ1Þ; C2 ¼ V�1

22 Iðmþ1Þ; C3 ¼ V�1
22 Iðm2�mÞ=2:

It follows that

ϕ1 x; ξUð Þ ¼ tr Σ�1F xð ÞM�1 ξUð Þ
Z
Z

∑
2

i ¼ 1

FT ðzÞeieTi FðzÞ
Viiðz; ξUÞ

dμn zð Þ
 !

M�1 ξUð ÞFT xð Þ
( )

¼ gT1 xð Þ s11C1 þ s22C2ð Þg1 xð Þ þ 1
s22

gT2 xð ÞC3g2 xð Þ

¼ s11V
�1
11 þ s22V

�1
22

� 	
∑
m

i ¼ 1
x2i þ 1

 !
þ 1
s22

V�1
22 ∑

1 ≤io j ≤m
x2i x

2
j

≤ s11V
�1
11 þ s22V

�1
22

� 	
mþ 1ð Þ þ V�1

22
m2�m
2s22

¼ 2;

where the equality occurs at any support points x¼ ð71; 71;…; 71Þ. Therefore, the design ξU is R1-optimal over the class
Ξ by Theorem 2.

Example 3. Parallel linear model with two responses. In this example we determine the R1- and R1-optimal designs for the
following parallel linear model:

y1ðxÞ ¼ θ01 þ θ1x1 þ ε1;

y2ðxÞ ¼ θ02 þ θ1x2 þ ε2;

(
ð15Þ

where x¼ ðx1; x2Þ∈X ¼Z ¼ ½�1;1�2. The variance–covariance matrix Σ of the two responses is assumed to be
Σ ¼ ð1�ρÞI2 þ ρJ2, where I2 is the 2�2 identity matrix and J2 is the 2�2 matrix of one's.

In this model, r¼2, p¼3 and

FðxÞ ¼
1 0 x1
0 1 x2

 !
; θ¼ ðθ01; θ02; θ1ÞT :

The D-optimal design for estimating θ in this model obtained by Huang et al. (2006) is

ξnD ¼
ð�1;1Þ ð1;�1Þ
1=2 1=2

( )
if ρ40; ð16Þ

and

ξnD ¼
ð�1;�1Þ ð1;1Þ

1=2 1=2

( )
if ρo0: ð17Þ

Now by Theorem 3, we can verify that this D-optimal design is also R1- and R1-optimal for model (15). Only the case ρ40 is
shown below. The case ρo0 can be treated in the similar way.



X. Liu et al. / Journal of Statistical Planning and Inference 143 (2013) 1954–1967 1963
First, find the setR3 defined in (9). Let HðxÞ ¼ ðHijÞ3�3 ¼ FT ðxÞΣ�1=2K for x¼ ðx1; x2Þ∈X ¼ ½�1;1�2 and K∈R2�3 with ∥K∥¼ 1.
Letting

a¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p þ 1
2

ffiffiffiffiffiffiffiffiffi
1�ρ

p ; b¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p � 1
2

ffiffiffiffiffiffiffiffiffi
1�ρ

p ;

and a straightforward calculation gives

HðxÞ ¼
aK11 þ bK21 aK12 þ bK22 aK13 þ bK23

bK11 þ aK21 bK12 þ aK22 bK13 þ aK23

H31ðxÞ H32ðxÞ H33ðxÞ

0
B@

1
CA;

where

H31ðxÞ ¼ ðax1 þ bx2ÞK11 þ ðbx1 þ ax2ÞK21 ¼ x1H11 þ x2H21;

H32ðxÞ ¼ ðax1 þ bx2ÞK12 þ ðbx1 þ ax2ÞK22 ¼ x1H12 þ x2H22;

H33ðxÞ ¼ ðax1 þ bx2ÞK13 þ ðbx1 þ ax2ÞK23 ¼ x1H13 þ x2H23:

Note from

H11 H12 H13

H21 H22 H23

 !
¼ Σ�1=2K

and ‖K‖2 ¼ trðKTKÞ ¼ 1, we have

∑
2

i ¼ 1
∑
3

j ¼ 1
H2

ij þ 2ρ ∑
3

j ¼ 1
H1jH2j ¼ 1:

For ρ40, it is not difficult to obtain

R3 ¼ ðHijÞ3�3

����� ∑
2

i ¼ 1
∑
3

j ¼ 1
H2

ij þ 2ρ ∑
3

j ¼ 1
H1jH2j ≤1; jH3jj≤jH1j�H2jj; j¼ 1;2;3

)
;

(

and the boundary of R3 is obtained from the points x¼ ð�1;1Þ and x¼ ð1;�1Þ. Therefore, the support points ð�1;1Þ and
ð1;�1Þ of ξnD are also the support points of the R1-optimal design in the case ρ40. We take

γ ¼
Z
Z

∏
2

i ¼ 1
Viiðz; ξnDÞ dμðzÞ

( )�1=2

¼ 6
7�ρ

;

A ξnD
� �¼

ffiffiffiffiffiffiffiffiffi
7�ρ

3

r
diag

1
2
;
1
2
;

ffiffiffi
6

p

6

 !
;

and

D¼ γM�1 ξnD
� �

A ξnD
� �¼ 1

2
ffiffiffiffiffiffiffiffiffi
7�ρ

p 2
ffiffiffi
3

p
2ρ

ffiffiffi
3

p
0

2ρ
ffiffiffi
3

p
2
ffiffiffi
3

p
0

0 0
ffiffiffi
2

p
ð1�ρÞ

0
B@

1
CA:

Corresponding to the two support points (1,�1) and (�1,1), we take

K1 ¼ Σ�1=2F 1;�1ð ÞD

¼ 1
2

ffiffiffiffiffiffiffiffiffi
7�ρ

p
ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ

ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ

ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
ρþ 1

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ �

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
 !

;

and

K2 ¼ Σ�1=2F �1;1ð ÞD

¼ 1
2

ffiffiffiffiffiffiffiffiffi
7�ρ

p
ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ

ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ �

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ

ffiffiffi
3

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffi
ρþ 1

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p
Þ

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
 !

:

It can be verified that conditions (i), (ii) and (iii) of Theorem 3 are satisfied. Therefore, the design ξnD for ρ40 is also R1-
optimal for model (15).

Similarly, for L¼1, it is easy to verify that ξnD for ρ40 satisfies the conditions in Theorem 3 by taking

μn ¼
ð1;�1Þ ð�1;1Þ ð1;1Þ ð�1;�1Þ
1=4 1=4 1=4 1=4

( )
;
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and γ ¼ 1,

A ξn1
� �¼ 1ffiffiffiffiffiffiffiffiffi

3�ρ
p

1 0 0
0 1 0
0 0

ffiffiffi
2

p

0
B@

1
CA; D¼ 1ffiffiffiffiffiffiffiffiffi

3�ρ
p

1 ρ 0
ρ 1 0

0 0
ffiffi
2

p
ð1�ρÞ
2

0
BB@

1
CCA;

K1 ¼
1

2
ffiffiffiffiffiffiffiffiffi
3�ρ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p
�

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
 !

;

K2 ¼
1

2
ffiffiffiffiffiffiffiffiffi
3�ρ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p
�

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
�

ffiffiffiffiffiffiffiffiffi
1�ρ

p ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
þ

ffiffiffiffiffiffiffiffiffi
1�ρ

p ffiffiffi
2

p ffiffiffiffiffiffiffiffiffi
1�ρ

p
 !

:

Therefore, the design ξnD for ρ40 is also R1-optimal for model (15).
5. Concluding remarks

The new optimality for designing multiresponse experiments are studied in this paper. The RL
r
-optimal design minimizes

the volume of the r-dimensional rectangular confidence region for predicting the r responses in the multiresponse linear
regression model. We established a general equivalence theorem and a geometrical characterization of the RL

r
-optimal

design, which are useful for obtaining or verifying the RL
r
-optimality of designs. The analytic solutions in three examples are

provided which are found by the general equivalence theorem and the geometrical characterization of the RL
r
-optimal

designs. It is to be noted that the RL
r
-optimal design must be calculated numerically in most cases. In general, the RL

r
-optimal

design may highly depend on the covariance matrix of the responses.
Note also that the D-optimal design minimizes the volume of the ellipsoid of concentration for the vector of unknown

parameters, and the IL
r
-optimal design minimizes the volume of the confidence ellipsoid of the r-dimensional response

vector. The loss of efficiency might be moderate or substantial, if a rectangular prediction confidence region is constructed
on the basis of a D-optimal design or an IL

r
-optimal design, or a prediction confidence ellipsoid is constructed on the basis of

a D-optimal design or an RL
r
-optimal design. However, in some particular multiresponse models, some of the D-, RL

r
- and IL

r
-

optimal designs coincide.
Appendix A

A.1. Proof of Lemma 2
(i)
 The convexity of ψL follows immediately from Lemma 1 and Minkowski's inequality.

(ii)
 Let ξ; ξ∈Ξ; α∈ð0;1Þ and ξα ¼ ð1�αÞξþ αξ. We have

d
dα

∏
r

i ¼ 1
Vii z; ξαð Þ ¼ ∑

r

i ¼ 1
∏
r

j ¼ 1
j≠i

V jj z; ξαð Þ
0
@

1
AeTi F zð ÞM�1 ξαð Þ MðξÞ�MðξÞ� �

M�1 ξαð ÞFT zð Þei:

For all L∈½1;1Þ,

ΔψL
ξ; ξ
� �¼ lim

α-0þ

dψLðξαÞ
dα

¼ ψ1�L
L ξð Þ

Z
Z

∏
r

i ¼ 1
VL�1
ii

 !
∑
r

i ¼ 1
∏
r

j ¼ 1
j≠i

V jj

0
@

1
AeTi FM

�1 ξð Þ MðξÞ�MðξÞ� �
M�1 ξð ÞFTei

8<
:

9=
;dμ

¼ rψL ξð Þ�ψ1�L
L ξð Þ

Z
Z

∏
r

i ¼ 1
VL
ii

 !
∑
r

i ¼ 1

eTi FM
�1ðξÞMðξÞM�1ðξÞFTei

Vii
dμ

¼ rψLðξÞ�ψ1�L
L ðξÞ trfM�1ðξÞMðξÞM�1ðξÞQLðξÞg:
(iii)
 The linearity of Δψ L
ðξ; ξÞ in ξ can be obtained by noting that MðξÞ ¼ RXMðδxÞ dξðxÞ, and the proof is complete.
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A.2. Proof of Theorem 3

We present the proof for the case of L∈½1;1Þ, while the case of L¼1 can be treated similarly. For L∈½1;1Þ let
ξ¼ ½xv;wv�sv ¼ 1∈Ξ denote an RL

r
-optimal design. By Theorem 1′ we have

ϕLðx; ξÞ ¼
trfM�1ðξÞFT ðxÞΣ�1FðxÞM�1ðξÞQLðξÞgR

Z∏
r
i ¼ 1V

L
iiðz; ξÞ dμðzÞ

≤r ð18Þ

for all x∈X , and

ϕLðxv; ξÞ ¼
trfM�1ðξÞFT ðxvÞΣ�1FðxvÞM�1ðξÞQLðξÞgR

Z∏
r
i ¼ 1V

L
iiðz; ξÞ dμðzÞ

¼ r ð19Þ

for all v¼ 1;…; s. Let

γ ¼
Z
Z

∏
r

i ¼ 1
VL
iiðz; ξÞ dμðzÞ

 !�1=2

and D¼ γM�1ðξÞAðξÞ:

It follows that

γAðξÞ ¼MðξÞD¼ ∑
s

v ¼ 1
wvF

T ðxvÞΣ�1=2Kv;

where Kv ¼ Σ�1=2FðxvÞD, v¼ 1;…; s. This proves the representation given in (i).
Eq. (19) and the representation of γAðξÞ yield

‖Kv‖2 ¼ tr KT
vKv

n o
¼ tr DTFT xvð ÞΣ�1F xvð ÞD

n o
¼ tr γ2AðξÞTM�1 ξð ÞFT xvð ÞΣ�1F xvð ÞM�1 ξð ÞA ξð Þ

n o
¼ tr γ2M�1 ξð ÞFT xvð ÞΣ�1F xvð ÞM�1 ξð ÞA ξð ÞAðξÞT

n o

¼ ϕLðxv; ξÞ
r

¼ 1;

and shows condition (iii).
From the inequality (18) and the Cauchy–Schwarz inequality we get

ðtrfDTFT ðxÞΣ�1=2KgÞ2 ≤trfKTKgtrfDTFT ðxÞΣ�1=2Σ�1=2FðxÞDg≤1
for all x∈X , whenever the matrix K satisfies the equation ∥K∥¼ 1. Moreover,

tr DTγA ξð Þ
n o

¼ tr DT ∑
s

v ¼ 1
wvF

T ðxvÞΣ�1FðxvÞD
� 

¼ ∑
s

v ¼ 1
wv tr DTFT xvð ÞΣ�1F xvð ÞD

n o

¼ ∑
s

v ¼ 1
wv tr γ2AðξÞTM�1 ξð ÞFT xvð ÞΣ�1F xvð ÞM�1 ξð ÞA ξð Þ

n o

¼ ∑
s

v ¼ 1
wv tr γ2M�1 ξð ÞFT xvð ÞΣ�1F xvð ÞM�1 ξð ÞA ξð ÞAðξÞT

n o

¼ ∑
s

v ¼ 1
wv

ϕLðxv; ξÞ
r

¼ ∑
s

v ¼ 1
wv ¼ 1:

Therefore, γAðξÞ is a boundary point of Rp with supporting hyperplane D which proves (ii).
To prove sufficiency let D denote a supporting hyperplane to the convex hull Rp at the boundary point γAðξÞ. Thus we

have for all x∈X and K satisfying ∥K∥¼ 1

jtrfDTFT ðxÞΣ�1=2Kgj≤1: ð20Þ
Especially, by taking K ¼ Σ�1=2FðxÞD=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trfDTFT ðxÞΣ�1FðxÞDg

q
, (20) implies

trfDTFT ðxÞΣ�1FðxÞDg≤1 for all x∈X : ð21Þ
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Because D is a supporting hyperplane to Rp at the boundary point γAðξÞ we obtain from (20) (used at x¼ xvÞ and the
representation (i) that

1¼ trfDTγAðξÞg ¼ tr DT ∑
s

v ¼ 1
wvF

T ðxvÞΣ�1=2Kv

� 
¼ ∑

s

v ¼ 1
wv trfDTFT ðxvÞΣ�1=2Kvg≤1

and this implies trfDTFT ðxvÞΣ�1=2Kvg ¼ 1, v¼ 1;…; s. By an application of the Cauchy–Schwarz inequality we now get for
v¼ 1;…; s

1¼ ðtrfDTFT ðxvÞΣ�1=2KvgÞ2≤trfKT
vKvgtrfDTFT ðxvÞΣ�1FðxvÞDg≤1; ð22Þ

where the last inequality results from (21) and condition (iii). Therefore we have Kv ¼ λvΣ�1=2FðxvÞD for some λv∈R,
v¼ 1;…; s: From the normalizing conditions on the Kv in (iii) we thus obtain

1¼ trfKT
vKvg ¼ λ2v trfDTFT ðxvÞΣ�1FðxvÞDg ¼ λ2v ; v¼ 1;…; s: ð23Þ

On the other hand, we have from the property that γAðξÞ is a boundary point of Rp with supporting hyperplane D

1¼ trfDTγAðξÞg ¼ ∑
s

v ¼ 1
wv trfDTFT ðxvÞΣ�1=2Kvg

¼ ∑
s

v ¼ 1
wvλv trfDTFT ðxvÞΣ�1Kvg ¼ ∑

s

v ¼ 1
wvλv:

Eq. (23) and wv40 with ∑s
v ¼ 1wv ¼ 1 now show that λv ¼ 1, which implies Kv ¼ Σ�1=2FðxvÞD, v¼ 1;…; s: From this

representation we finally obtain

γAðξÞ ¼ ∑
s

v ¼ 1
wvF

T ðxvÞΣ�1=2Kv ¼ ∑
s

v ¼ 1
wvF

T ðxvÞΣ�1FðxvÞD¼MðξÞD:

It follows that

1¼ tr DTγA ξð Þ
n o

¼ γ2 tr M�1 ξð ÞA ξð ÞAðξÞT
n o

¼ γ2

r
tr M�1 ξð ÞQL ξð Þ
n o

¼ γ2

r

Z
Z

∏
r

i ¼ 1
VL
iiðz; ξÞ

 !
∑
r

i ¼ 1

eTi FðzÞM�1ðξÞFT ðzÞei
Viiðz; ξÞ

dμ zð Þ

¼ γ2

r

Z
Z

∏
r

i ¼ 1
VL
iiðz; ξÞ

 !
∑
r

i ¼ 1

eTi Vðz; ξÞei
Viiðz; ξÞ

dμ zð Þ

¼ γ2
Z
Z

∏
r

i ¼ 1
VL
iiðz; ξÞ

 !
dμðzÞ;

and the inequality (21) yields

ϕL x; ξð Þ ¼ trfM�1ðξÞFT ðxÞΣ�1FðxÞM�1ðξÞQLðξÞgR
Z∏

r
i ¼ 1V

L
iiðz; ξÞ dμðzÞ

¼ r trfM�1ðξÞFT ðxÞΣ�1FðxÞM�1ðξÞAðξÞAðξÞT gR
Z∏

r
i ¼ 1V

L
iiðz; ξÞ dμðzÞ

¼ r trfAðξÞTM�1ðξÞFT ðxÞΣ�1FðxÞM�1ðξÞAðξÞgR
Z∏

r
i ¼ 1V

L
iiðz; ξÞ dμðzÞ

¼ r trfDTFT ðxÞΣ�1FðxÞDg≤r

for all x∈X . By an application of Theorem 1′ it now follows that the design ξ is RrL-optimal, which completes the proof of
Theorem 3.
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