Journal of Statistical Planning and Inference 143 (2013) 1575-1582

Contents lists available at SciVerse ScienceDirect L | ‘ J

journal of .
statistical planning

and inference

Journal of Statistical Planning and Inference E

journal homepage: www.elsevier.com/locate/jspi

Balanced incomplete Latin square designs @ CrossMark

Mingyao Ai®* Kang Li?, Senmao Liu®, Dennis K. Lin €

2 LMAM, School of Mathematical Sciences and Center for Statistical Science, Peking University, Beijing 100871, China

b Department of Statistics, Texas A&M University, College Station, TX 77843, United States

€ Department of Statistics, Penn State University, University Park, PA 16802, United States

ARTICLE INFO ABSTRACT

Article history: Latin squares have been widely used to design an experiment where the blocking factors

Received 10 September 2012 and treatment factors have the same number of levels. For some experiments, the size of

g;ci“"?flzlglge“sed form blocks may be less than the number of treatments. Since not all the treatments can be
pri

compared within each block, a new class of designs called balanced incomplete Latin
squares (BILS) is proposed. A general method for constructing BILS is proposed by an
intelligent selection of certain cells from a complete Latin square via orthogonal Latin
Keywords: squares. The optimality of the proposed BILS designs is investigated. It is shown that the
Balanced ) proposed transversal BILS designs are asymptotically optimal for all the row, column and
ig;gﬁ?g;iﬁ;?;}?uare treatment effects. The relative efficiencies of a delete-one-transversal BILS design with

respect to the optimal designs for both cases are also derived; it is shown to be close to

Optimality
Orthogonal Latin square 100%, as the order becomes large.

Accepted 1 May 2013
Available online 9 May 2013

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

A Latin square of order k, denoted by LS(k), is a k x k square matrix of k symbols, say 1,2,...,k, such that each symbol
appears only once in each row and each column. Two Latin squares of the same order are said to be orthogonal, if these two
squares when superimposed have the property that each pair of symbols appears exactly once. For detailed constructions of
Latin squares and orthogonal Latin squares (OLS) refer to Denés and Keedwell (1974, 1991).

Latin squares of order k have been widely applied to design an experiment in which three factors each at k levels are
investigated by randomly assigning the k levels of the three factors to the rows, columns and the symbols of the squares,
respectively. When both row and column factors are treated as two blocking factors, then one treatment factor
corresponding to the symbols of the square can effectively be studied by removing the inter-row and inter-column
variations. For detailed discussion refer to, for example, Wu and Hamada (2000). It should be noted that such a design
supposes that each block’s size is exactly equal to the number of treatments, i.e., a complete block design is adopted for each
blocking factor.

For some experiments, however, the size of blocks may be less than the number of treatments. Since not all the
treatments can be compared within each block, a new class of incomplete Latin square (ILS) has to be adopted. An
incomplete Latin square of order k and block size r (r < k), denoted by ILS(k, 1), is an incomplete Latin square of order k in
which each row and each column has r non-empty cells. If an ILS(k,r) satisfies the condition that each symbol appears
exactly r times in the whole square, then the ILS(k,r) is called a balanced incomplete Latin square, denoted by BILS(k,1).
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For example, Table 1 presents an example of Latin square of order six, LS(6). If the six cells in boldface are removed, then the
rest of the cells form a BILS(6, 5).

The rest of the paper is organized as follows. Section 2 introduces a general method for constructing all kinds of BILS by
an intelligent selection of certain cells from a complete Latin square via orthogonal Latin squares. Section 3 gives the
application of a BILS design on a practical experiment, which works as nearly equally well as the complete Latin square
design. Section 4 reviews the optimality criteria based on the information matrices for the effects of interest in a linear
model, and then investigates the optimality of a BILS(k,k—1) design among all designs corresponding to any discrete
distribution on a complete Latin square. It is shown that for a given LS(k), the uniform design on the k? cells is optimal for all
the row, column and treatment effects. The relative efficiencies of a BILS(k, k—1) design with respect to the foregoing optimal
design for both cases are derived to be close to 100% as the order k becomes large. Section 5 concludes this paper with some
remarks.

2. Construction of BILS

A natural way of constructing a BILS is to select certain cells from a complete Latin square such that the remaining cells
satisfy the condition of balanced occurrence of symbols. It can be done by removing one or more “transversal”. For a given LS
(k), a transversal is a set of k cells such that only one cell is allowed in each row and in each column, and furthermore, each
symbol appears in each cell exactly once. It is known that for two orthogonal Latin squares of the same order k, any k cells of
one square corresponding to the same symbol of the other square form a transversal. Bose et al. (1960) showed that there
always exist at least two orthogonal Latin squares for any order k>4 except for k=6. Thus the following conclusion can be
obtained.

Construction method. For any order k>4 (except for k=6), a BILS(k, 1) can be constructed by removing k—r disjoint transversals
from a LS(k) via a pair of orthogonal Latin squares for any 3<r<k-1.

Note that if r < 3, the BILS(k,r) design does not offer enough degrees of freedom for data analysis, so we will focus on the
cases r>3.

Example 1. For k=4, the two orthogonal LS(4) are given in Table 2(a), denoted by L; and L, respectively. There are four
disjoint transversals in L; corresponding to symbols 1, 2, 3, and 4 in L,, respectively. If we remove the transversal
corresponding to 1, i.e., the cells with symbols in boldface, a BILS(4, 3) is obtained, as displayed in Table 2(b).

For the BILS(4, 3) in Example 1, each pair of symbols occurs two times in the same row or the same column. Actually, the
following result can be verified.

Proposition 1. For every BILS(k, k—1), the number of times each pair of symbols occur in the same row (or the same column) is
k-2.

Table 1
LS(6) and BILS(6,5).

1 2 3 4 5 6 1 3 4 5 6
2 3 6 1 4 5 3 4 5
3 6 2 5 1 4 6 2 1 4
4 5 1 2 6 3 = 5 1 6 3
5 1 4 6 3 2 1 4 2
6 4 5 3 2 1 4 5 3 2
LS(6) BILS(6,5)
Table 2
Two orthogonal LS(4) and a BILS(4,3).
3 4 2 1 1 2 3 4 4 1
1 2 4 3 2 1 4 3
4 3 1 2 3 4 1 2 | 4 3
2 1 3 4 4 3 2 1 1 3
(a) Two orthogonal LS(4) (b) BILS(4,3)
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3. Example

Consider the wear experiment (Wu and Hamada, 2000, p. 70) for testing the abrasion resistance of rubber-covered fabric
in a Martindale wear tester. The original design is the complete Latin square L; in Table 2(a), where symbols 1, 2, 3, 4
represent the four types of material A, B, C and D, respectively. The response is the loss in weight in 0.1 milligrams (mgm)
over a standard period of time. Two blocking variables “application” and “position” are assigned to the rows and columns,
respectively. The weight loss data is given in Table 3. Now we consider the BILS(4, 3) design obtained in Example 1, i.e., the
data along the diagonal in Table 3(a) are removed, as shown in Table 3(b).

The underlying linear model for a BILS(k, 1) design is

Yig=n+ai+ B + 7 + €, M

where i,j take values in {1, 2, ..., k} and [ is the symbol in the (ij)-th cell of the BILS(k, r), u is the overall mean, ¢; is the ith row
effect, g; is the jth column effect, 7, is the effect of the Ith treatment, and the errors ¢;; are independent N(O, o2). Note that the
triplet (i,j, ) takes on only the kr values dictated by the particular BILS(k, r) chosen for the experiment. For the estimability of
all effects, three zero-sum constraints are as usual imposed on the row, column and treatment effects, i.e.,, «’1, =0, /1, =0,
71, =0, where 1 is the k-dimensional vector of ones, a« = (a1, ..., )", = (B1,.... ) and == (rq,...,71)".

Test first the null hypothesis of no treatment effect difference, i.e., Hg : 71 = -- = 7. The linear model under the null
hypothesis Hy is reduced to

Yiji =p + ai + fj + €. (2)

By using the extra sum of squares principle, the ANOVA table for the BILS(4, 3) wear experiment is obtained, as shown in Table 4.
Therefore, we conclude that at the a = 5% level the treatment factor (material) has the most significance as indicated by a
p-value of 0.02179. This is consistent with the result of the complete LS(4) design in Section 2.6 of Wu and Hamada (2000).

When such an Hjy is rejected, multiple comparisons of the k treatments should be performed. For a BILS(k, k—1) design
based on a given LS(k), denote by S the set of k(k—1) triplets (i,j,)'s dictated by the BILS(k, k—1) design. Note that I is the
symbol in the (i,j)-th cell of LS(k). Let S be the set of the remaining k triplets which are deleted from the LS(k). For [ =1, ..., k,
let (i;,j;) be the cell containing symbol [ in S. Under model (1), it is known that the overall sum of squares of errors is
> J)l)es(y,-ﬂ—u—a,-—ﬂj—rl)z. Differentiating it with respect to 4, a;, f;, and 7;, and equating to zero, we obtain

k(k=1)p =y..(k=D)p + (k=Dyaj—pj,—71 = ¥j, .o
(k=D + (k=1)pj —aiy—7 =y j, (k= Dp + (k= D71~y —pj, = ¥ .1,

where y.. is the sum of all the k(k—1) y-values, y; . is the sum of the k-1 y-values in the ijth row, y, is the sum of the k-1
y-values in the jith column, and y ; is the sum of the k—1 y-values for the Ith treatment. These equations lead to the least
squares estimation of z;, that is

2 =[k(k=3)] " [(k=2)y.; + Y. + V. —V..]

Table 3
Weight loss data for LS(4) and BILS(4,3).

235 236 218 268 236 218 268
251 241 227 229 251 227 229
234 273 274 226 234 273 226
195 270 230 225 195 270 230
(a) Data of LS(4) (b) Data of BILS(4,3)
Table 4

ANOVA table for the BILS(4,3) wear experiment.

Source Degrees of freedom Sum of squares Mean squares F value P value ( >F)
Application 3 278.2 92.75 3.66 0.22192
Position 3 22435 747.83 29.52 0.03294
Material 3 3424.5 1141.50 45.06 0.02179
Residual 2 50.7 25.33
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For any two different treatments |y and L, (I, =1, ..., k), since #;,—#;, is a linear combination of responses y;;’s, it follows
normal distribution with mean z;, —7;, and variance 2(k-2)[k(k—3)]"'2. Thus the t statistics for testing 7, = 7, has the form

7,—1y,

1/ 2(k=2)k(k=3)]"

where 62 is the residual mean square. It is known that (k*—4k + 2)(6 /o)? follows a x? distribution with k?—4k + 2 degrees of
freedom and is independent of z,,—%;,. So under Hy : 71 = --- =7, each t;,;, has a t distribution with k*—4k + 2 degrees of

freedom. The Tukey multiple comparison method identifies treatments I/, and , as different if |t;,;,| > q, 2 /~/2, where

is the upper « quantile of the Studentized range distribution with parameters k and k*—4k + 2. The simultaneous

by, =

—4k+2,a
i tks2.a

confidence intervals for z;,—z;, are given by #,,—%), +q, ;2_g,, a&\/(k—2)[k(k—3)]’1 for all (l, ) pairs.
Returning to our experiment, the regression analysis leads to the estimates

71=32.25, ©,=-2325 13=2.25, 1©4=-1125,

and 62 = 25.33. The corresponding multiple comparison t statistics are given in Table 5. By comparing with the 0.05 critical
value g4 00s/v/2 =6.93 for the Tukey method, we conclude that at the 0.05 level material A wears more than B and D. If
comparing with the 0.1 critical value ¢4, ¢,/+v2 =4.79, we can identify that material A wears more than B, C and D, and C

wears more than B, which is fully consistent with the result of the complete LS(4) design in Section 2.6 of Wu and Hamada
(2000), even though only 12 out of 16 experiments were conducted.

4. Optimality of BILS(k, k—1) designs

Consider the linear model (1) for a given complete Latin square LS(k), denoted by L, where the triplet (i, j, [) takes on the
k? values dictated by L. Let X = (x4, X, ...,X;2)" be the model matrix of order K x Bk+1).

An experimental design D with the weight matrix W = (wj), is a discrete distribution of the numbers of experimental
replications on the k? cells of L, where wy; is the design weight on the (i,j)-th cell of L, 0<w;<1and Zf‘J _1W;; = 1. Denote by 2
the space of all such designs. The moment matrix of a design D is defined as follows (Pukelsheim, 1993):

1 r s v
MD k , r Ar w w; 3
(D)= ijzz:lWijx(i—l)k+jx(i—1)lc+j =ls w A w,| 3)
t Wy, W, A

where W is a k x k matrix whose (i,j)-th entry is the weight on the cell of L which lies in the ith row and contains symbol j,
W, is a k x k matrix whose (ij)-th entry is the weight on the cell of L which lies in the ith column and contains symbol j,
r=W1i,=Wi1, s=W1,=W,1,, t=W'11,=W",1,, and A, As and A, are diagonal matrices with the elements of the
vectors r, s and t, respectively, as the diagonal entries. Here, our interest is in the optimal estimation of the treatment effects
7 and that of all row, column and treatment effects @ = (a’, ', '), respectively.

Let C(D) be the information matrix of a design D under model (1) and ¢(C(D)) be a real-valued function of C(D). A design
D, is said to be ¢p—optimal in a design space D if ¢(C(D;1)) = maxpepp(C(D)). Let C; and C, be two information matrices
corresponding to any two designs. Throughout we only consider the optimality functions ¢(-) which satisfy the following
four conditions:

(i) isotonic to the Loewner ordering: if C;>C;, then ¢(C1)>¢(C>);

(ii) concavity: ¢((1—y)Cq + yC2)>(1-y)¢(Cy) + y¢(C2) for any scalar y€(0, 1);
(iii) positive homogeneity: ¢(5C1) = 6¢(C¢) for any scalar §>0;

(iv) permutation invariant: ¢(P'C;P) = ¢(C;) for any permutation matrix P.

A design D is said to be universally optimal in a design space D if it is ¢—optimal in the space D for all functions ¢(-) which
satisfy the above four conditions (Kiefer, 1975).

Table 5
Multiple comparison ¢t statistics for the BILS(4,3) wear experiment.

Avs.B Avs. C Avs.D Bvs.C Bvs.D Cvs.D

-11.03 —-5.96 -8.64 5.07 2.38 —2.68
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4.1. Optimality of BILS(k, k—1) designs for the effects ©

Consider the optimality of a BILS(k, k—1) design in & for the estimation of the effects z. Following Bailey and Druilhet
(2004) and Ai et al. (2009), for any design Deg, the information matrix for z is derived from the moment matrix (3) as
follows:

1 r s\ [/t
C.D)=A—t, W, Wy)| T A W w; |. )
s W Ag W,

Here for any matrix A, denote A~ as a generalized inverse of A such that AA”A = A. It can be checked that C,(D) in (4) does
not depend on the choice of the generalized inverse.

Without loss of generality, suppose that r=(ry,...,1,0,...,0)’, where rq,...,r; are | positive elements of r (I<k).
Let A =diag(ry, ..., ;). Note that A, =diag(A4,0,...,0) and

A7l A
Ay=|"" 2,
A3 Ay
where A, A; and A4 may be any three matrices with appropriate orders. It can be checked that WA r =s, A, A; W = W and

WA A, =W'. Let Q =As—W’'A;W and 0, be the k-dimensional vector of zeros. It can be verified that the matrix given
below

0 0 0
0, A +A,WQ WA, -AWQ™ (5)
0 QWA Q

is indeed a generalized inverse in (4). By choosing the specific generalized inverse in (5), C,(D) can be simplified as
C.D) =AW AW —(W—W'" AL W)Q™ (W, -W'ATW)). (6)

For a given LS(k), denote by D* the design with the weight matrix W=k‘21k1’k. Note that for the design D*,
W=W,;=W, and A,=Ag=A;=k'I,, where I, is the identity matrix of order k. It can easily be verified that
C.(D*) = k" 'Hy, where H, = I,—k™'1,1";. It should be mentioned that the information matrix of design D* is independent
of the choice of the original LS(k). Thus the following result, whose proof is given in the Appendix, is obtained.

Theorem 1. For any design D based on a given LS(k), ¢(C.(D)<k™' ¢(Hy).

Theorem 1 shows that design D* is universally optimal in £ for the effects z. Note that a BILS(k, k—1) design based on a
given LS(k) is typically a design on the LS(k) with the weight 0 on each of the k deleted cells and the weight [k(k—1)]"! on
each of the remaining k(k—1) cells. The following lemma gives the information matrix of a BILS(k, k—1) design. Its proof is
given in the Appendix.

Lemma 1. For any ILS(k, k—1) design D based on a given LS(k), the entries of C.(D) have the following forms

koo 2[(k=1)t; + (k=1)t;—1]
k=2 (k=1)(k—2)

=2 for i,

k t2 k_4t- otherwise ?
k2l Tt :

C.(D)i,j)=

where t; is the ith element of t. In particular, the information matrix for a BILS(k, k—1) design has the form (k—3)/[(k—1)(k—2)]H.

The asymptotic optimality of a BILS(k, k—1) design can be revealed by its relative efficiency with respect to the optimal
design D* under the optimality function ¢(.),

#(C.(D))
Eff (D, )= — . 8)
D= 4.0
Based on Lemma 1, the following result is obtained.
Theorem 2. For any BILS(k,k—1) design D based on a given LS(k) and for any optimality function ¢(-), we have
2
Eff.(D, $) = 1— I )

Theorem 2 shows that for any BILS(k, k—1) design D, its relative efficiency Eff.(D, ¢) quickly approaches 100% as k becomes
large. Thus, a BILS(k,k—1) design is asymptotically universally optimal for estimating the effects z in the space Q.
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4.2. Optimality of BILS(k,k—1) designs for the effects 6

We next consider the optimality of a BILS(k, k—1) design in £2 for the estimation of all the row, column and treatment
effects 6. For any design D based on a given LS(k), the information matrix for # under model (1) can be similarly derived as

Ar W W] r
CD)=| W A Wy |5 |@,s.1) (10)
W Wy A t

For the discrete uniform design D* based on a given LS(k) introduced in the previous subsection, we can easily obtain that
Cyo(D*) = k"' I;®H,, where ® denotes the Kronecker product. Similar to Theorem 1, the following result can also be obtained
and its proof is given in the Appendix.

Theorem 3. For any design D based on a given LS(k), $(Co(D))<k™' p(I3@Hy).

For any BILS(k,k—1) design D based on a given LS(k), since the function ¢(Ce(D)) is invariant under any permutation
operation of Cy(D); without loss of generality, we can assume that the (i,i)-th cell of the LS(k) contains symbol i for i=1,...,k,
and the deleted k cells of the BILS(k, k—1) design D are exactly the k main diagonal cells. Then Cy(D) has the form

Co(D) = (k=1)"'I3@H,—[k(k—1)] 11513 @H,. (11)

Unlike the case of optimality for the effects z, the relative efficiency of a BILS(k, k—1) design D with respect to the optimal
design D* is dependent on the choice of optimality function ¢(-). Some specific classes of optimality functions ¢(-) have to be
defined in order to calculate the relative efficiency of a design D.

For any design D based on a given LS(k), it is easy to see that Cy¢(D)(1'y,0',0;)’ =0, Co(D)(0',1';,0';) =0, and
Co(D)(0';,0';,1;) = 0. Hence the first three eigenvalues of Cy(D) are zero. Let 14<---</3; be the other eigenvalues of Cy(D).
Then the function ¢,(-) on the rank deficient matrix Cy(D) can be defined as follow (see, Pukelsheim, 1993):

Ai fi =

‘{ggg(k J Or p= o0,
42}1;131’(/11 for p=—oo,

1/(3k=3)

(/)p(CB(D)) = H A for p=0, 12)
4<j<3k
1/p
{(3]{—3)‘1 3> ,1‘.’} otherwise.
o 7
4<j<3k

It is known that ¢,(-) cover the commonly used optimality functions as special cases. For example, ¢o—, ¢_;—, ¢_,— and
¢1—optimality are simply the D-, A-, E- and T-optimality. The universal optimality in Kiefer's (1975) sense must be
¢p—optimality for p<0, but may not for p > 0 (Ai and Hickernell, 2009). Since the function ¢,(-) can be used as an optimality
function only when p<1, we need to only consider the p<1 cases. As for the relative efficiency of a BILS(k, k—1) design based
on a given LS(k) under the above optimality functions ¢,(-), we can obtain the following. The proof of the following theorem
is also given in the Appendix.

Theorem 4. For any BILS(k, k—1) design D based on a given LS(k), its relative efficiency in (8) under the optimality functions ¢,(-)
(p<1) has the following forms:

k=3
k-1

=3\ k\*
Effo(D. 4,) = <k—l> <k—1> forp=0.

N 1/p
k [2 +] (k 3> } otherwise.

Jor p=—oo,

k-11(3 "3\ k

Theorem 4 shows that for any BILS(k, k—1) design D based on a given LS(k), its relative efficiency Effy(D, ¢,) quickly goes to
100% as k becomes large. Thus a BILS(k, k—1) design is asymptotically ¢,—optimal for estimating the effects ¢ in the space <.

5. Concluding remarks
In this paper we introduce a new class of designs, called balanced incomplete Latin square (BILS) designs, to deal with the

experiments with two blocking and one treatment variables where the size of both blocks may be less than the number of
treatments. A general construction method of BILS designs is proposed via orthogonal Latin squares. An application shows
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Table 6
BILS(6,3) and BILS(6,4).

5 2 6 2 3 4 | 5
2 4 1 4 | 6 | 3
6 4 | 3 2
3 1 2 1
5 5
4 1 5 1 4 | 6
BILS(6,3) BILS(6,4)

that BILS designs work well on practical experiments. Furthermore, the asymptotic optimality of BILS designs of block size k
—1 is derived. The optimality issue of the BILS designs with other block sizes becomes much more complicated and is under
investigation.

Note that when k=6, where there do not exist two orthogonal Latin squares, the foregoing construction method cannot
be used. Table 1 presents a Latin square with one transversal consisting of the six symbols in boldface and a BILS(6, 5) can be
obtained by removing the transversal from the complete Latin square. For the block size r=3 and 4, computer searching
gives BILS(6,3) and BILS(6,4) with good balance property, shown in Table 6.

It should be mentioned that the concept of “balance” in the BILS simply requires equal times of occurrence of each
treatment. But the “balance” in a balanced incomplete block design (BIBD) further demands the balance condition that each
pair of treatments is compared in the same number of blocks. The BILS(k, k—1) designs constructed in this paper satisfy all
the balance conditions such that the designs reduce to a BIBD when only one of the two blocking factors is considered. If we
redefine all BILS designs in this strict sense, the construction of this new kind of BILS designs becomes an issue of great
sparsity, since in this strict sense of balance, BILS designs do not exist for most parameters except for block size k—1.
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Appendix A. Proofs of all theorems and a lemma

Proof of Theorem 1. For any design D based on a given LS(k), WA r=W'1,=s and W'1A;r=W';1;, =t, whether or not
the r has zero entries. Hence C,(D)1, =0.
Denote by P the set of all possible k x k permutation matrices. Let

C.D)=(k)™" ¥ P'C(D)P.
PePy
Because P'1C,(D)P; = (k))™' ¥ pep,P'1P'C.(D)PP; = C,(D) for any permutation matrix Py, C,(D) is completely symmetric, i.e.,
C.(D) = al, + b1;1',, where a and b are two scalars. Furthermore, since 1',C,(D)1; = 1',C.(D)1; = 0 and tr(C,(D)) = tr(C,(D)),
we can obtain that a = (k=1)"'tr(C.(D)), b = —[k(k—1)]"! tr(C.(D)), and so C,(D) = (k—1)"'tr(C,(D))H,.

Now we are ready to prove that tr(C.(D)<1-k™'. By Lemma 3.12 of Pukelsheim (1993), it is known that
(WL,-W'1A;W)Q ™ (W,-W'A;W,) is nonnegative definite and hence its trace is not less than zero. Then we obtain that
tr(C(D)<1-tr (W A; W) = 1-3F_, 17" Bk w2<1-k™", where r; is the ith element of r.

Thus, by applying the properties of the function ¢(-), we further have that k'lqs(Hk)qu(W)z(k!)*lZpepkqb(P’C,(D)P)
= ¢(C,(D)). The proof of Theorem 1 is complete. ©

Proof of Lemma 1. For an ILS(k, k—1) design D based on a given LS(k), the weight on each of the remaining k(k—1) cells is
[k(k=1)]"'. Hence A,=Ags=k 'I,, WA;W = [k(k—1)*]""[I; + (k=2)1, 1], and Q = (k-2)/(k—1)’H}. Then the information
matrix C,(D) in (6) is given by

C.(D) = A —kW' W1 —(k=1)*(k=2)"1 (W', W,
W WW W, —kW' WW,—kW, W' W), (13)

For any matrix A, let A(i, j) denote the (i,j)-th entry of A. Note that for both W; and W, there is only one entry equal to 0 in
each row, and there are k(k—1)t; entries equal to [k(k-1)]"! and k—k(k—1)t; entries equal to 0 in the jth column. Hence, the



1582 M. Ai et al. / Journal of Statistical Planning and Inference 143 (2013) 1575-1582

(ij)-entries of W1 W, W,;W, and W’;W have the following expressions:
W'y Wi (i, j) = W Wa(i ) = k' (k=1)"2{(k=1)t; + [(k=1)t;= 11T iz},
W' Wi, j) = k™ (k=1)"2[k(k=1)ti=Lw, o)),
where I, is equal to 1 when the condition {-} holds, and O otherwise. Furthermore, the entries of W{WW, and
W' WW'W; can be derived as
k
W i WW,(,j) = 12 W W3, l) - Wil j)
-1
=k (k=1)""tit;—k 2 (k=1) 3 ((k=1)t; + [(k=1)tj=11L;i,)
k
W WWW,(3i,j)= 12 W Wa,h - Wwi(j)
=1
= k2 (k=1)2(k=2)tit; + k> (k=1)"*{(k=1)t; + [(k=1)t;= 1]l 15 }-

Applying the above expressions in (13), the formula (7) is obtained. For a BILS(k, k—1) design, the conclusion follows just by
letting t; = -~ =t, =k~ in (7). o

Proof of Theorem 3. Denote by Pﬁ the set of all permutation matrices of the form P = diag(P;, P, P3), where Py, P, and P3
are any three k x k permutation matrices. Let

Cy(D) = (k)3 Y. P'Cy(D)P.

PeP}
For any design D based on a given LS(k), following the proof of Theorem 1, we get
Cy(D) = (k-1)"'diag(1-r'r,1-s's, 1-t't)@H,.
Because r'r, s's and t't are all not less than k™!, we have that Co(D)<k™'I;®@H,. Then k™' ¢(I3®@H)=¢$(Co(D))=h(Co(D)). ©

Proof of Theorem 4. Since H, has (k—1) eigenvalues equal to 1 and one equal to 0, Is®H|, has (3k—-3) positive eigenvalues
equal to 1 and 151'3®H), has (k—1) positive eigenvalues equal to 3. Note that (I3®H;)(13,.3®H) = (13,3®H;)(I3®H,). Since
those two matrices can be diagonalized simultaneously, it can easily be verified that the information matrix Cy(D) in (11) has
three eigenvalues equal to zero, (k—1) eigenvalues equal to (k—3)[k(k—1)]"" and (2k—2) eigenvalues equal to (k—1)"'. Then the
expression of Effy(D, ¢,) follows directly for different values of p<1. ©
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