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Abstract. Supersaturated design is a form of fractional factorial design in which
the number of columns is greater than the number of experimental runs. Con-
struction methods of supersaturated design have been mainly focused on two
levels cases. Much practical experience, however, indicates that two-level may
sometimes be inadequate. This paper proposed a construction method of
mixed-level supersaturated designs consisting of two-level and three-level col-
umns. The x? statistic is used for a measure of dependency of the design col-
umns. The dependency properties for the newly constructed designs are derived
and discussed. It is shown that these new designs have low dependencies and
thus can be useful for practical uses.
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1 Introduction

Supersaturated design is a form of fractional factorial design in which the
number of columns is greater than the number of experimental runs. In prac-
tice, it is used for screening the active factors, where the collected data are
analyzed under an assumption of effect sparsity. Supersaturated designs were
originated by Satterthwaite (1959) as a random balance design and formulated
by Booth and Cox (1962) in a systematic manner. Many papers have consid-
ered the construction of two-level supersaturated designs and their properties
(Lin (1991, 1993, 1995), Wu (1993), Iida (1994), Deng, Lin and Wang (1994,
1999), Nguyen (1996), Cheng (1997), Li and Wu (1997), Tang and Wu (1997),
and Yamada and Lin (1997)). These are mainly focused on two-level designs.

For two-level designs, the dependency is measured by the squared inner
product between two design columns because the dependency between two es-
timated effects of the design columns can be represented by a function of the
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Inner products. 10tal evaluation of e COnsIrucied aesigns IS perrormea Dy
the average squared inner product over all pairs of columns, it is Sometilries
denoted by E(s?). The maximum value of the squared inner product over all
pairs of columns is also applied in the overall evaluation of the goodness of a
design.

Three-level supersaturated designs defined by Yamada and Lin (1999) are
a natural extension of two-level supersaturated design. The measure for de-
pendency (or non-orthogonality here) between two columns is defined by x?
statistic which is applied to the hypothesis test in a two-way contingency table.
Note that y2 = 0 implies perfect independence or full orthogonality. The over-
all evaluation is performed by the average x> values and the maximum x>
values over all pairs of columns. A lower bound of y* dependency for super-
saturated design was studied by Yamada and Matsui (1998). Furthermore,
Yamada, Ikebe, Hashiguchi and Niki (1999) have shown a construction
method, which can be regarded as an extension of a construction method of
two-level supersaturated design proposed by Tang and Wu (1997). Recently,
Fang, Lin and Ma (2000) shows multi-level supersaturated design criteria and
construction method by applying uniform designs.

One of the typical situations where supersaturated design works well may
be screening the active factors out of many candidate factors. As pointed by
one referee, two-level fractional factorials are the most reasonable choice.
Many practical evidences, however, indicate that some factors may require
more than two levels. For example, when we need to examine the effect of the
three machines in a pre-production stage, the machines should be treated as a
three-level factor. In other words, some factors are able to keep as two-level,
while there are other factors which must be with higher level. This is especially
true for qualitative factors. Such problem is called a mixed-level problem. We
believe that there is a strong demand for mixed-level supersaturated design.
Such designs are, however, lacking in the literature. This paper proposes a
construction method of mixed-level supersaturated designs consisting of two-
level and three-level columns, built on our previous work.

2 Mixed-level supersaturated design

Let ¢’ be an n-dimensional column vector consisting of equal numbers of 1’s,

2’s,...,0’s and let %,’, be the set of all collections of ¢/. A column vector
¢! € 6! and an n x p matrix C, =|[c},...,c] are called an I-level column

and an level design matrix respectively. Let c,.l’ € (ﬁn’f (1 <i<p;)and C,’{ =
[c{",cg,...,cg] (1<j<gq). Annx Ejf’:lpj matrix C, = [C,’,‘,C,’,",...,C,ﬂq] is

called a mixed-level design matrix consisting of /1, b, . . ., I,-level columns. For
example, a mixed-level design consisting of two-level and three-level columns

is denoted by C =[C2,C}]=|[c},...,€},,¢},-..,¢p,), where ¢ =2, I} =2,

h=3 e¥>(1<i<p) and ¢} €6} (1 <i<ps). Yamada and Matsui
(1998) defined the degree of saturation by

, - 2=~ ey (1)

n-—1
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for any nx 37, p; design matrix C, = = [Ch,CE,...,Ck), where cl‘ 6
(1 <i<pj)and C’ [c{ ,cé’, cp;] (1<j<q). Thus a design C,, is called
a supersaturated de51gn and a saturated design when v > 1 and v = 1, respec-
tively.

Let n"( i ¢} be the number of rows whose values are [r,s] in the n x 2
matrix [¢” ’2] where ¢ € 6" and ¢ € 6%, so we have ZKK,, Yoi<s<h

n’s(c",c’z) = n. The dependency between c’l €€ and ¢" € 6" is measured
by

XZ(C" , ‘_.12) — Z Z (nrs(cl, 3 cll) - n/(lll?.))z ) (2)

1<r<h 1<s<h n/(hh)

Followmg the basic idea of the popular design criterion E(s?), the criterion
avey;, is adapted here. Let degh (1<i<p), C’ [c{,c;f,.. c,’{,]

(1<j<g)and C,=[C" C:, .. C"I] The average x> value over all pairs
of two /;-level columns is

avezlzili = X (ck7 m)/ (pl) (3)
l<k<nz<p,

and the average y> value over all pairs of an /;-level column and an J;-level
column is

aVeng, = Z Z X ("k: )/ (pipy)- (4)

I<sk<pil<smsp;

Tang and Wu (1997) and Nguyen (1996) had independently obtained a lower
bound for E(s*) of an arbltrary two-level supersaturated design. A similar
lower bound for the sum of x? values of an arbitrary mixed-level super-

saturated design is obtained by Yamada and Matsui (1998). Furthermore, the
x? efficiency is defined by

1/2Ya(n— Dv(v -1
(1/2ntn e 1) 5

where

ACy= D > D Xlehel)

I<i<j<q 1sk<pi 1<m<p;

+ Y Al (6)

1<i<q 1<k<m<p;

for any nx Y/ p; design matrix C, = [C},C}, ...,Ch), where ¢/ €%}
(1<z<p,)andC’ [c:,cé,.. c,,,] (1<j<9.
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In this index, the numerator implies the lower bound of the sum of x?
values for any mnxed-level supersaturated design given n and v and the de-
nominator implies the sum of x> values of the constructed design C,. So, the
x*-efficiency takes a value from 0 to 1 and lIldlCdtCS the degree of attainment
compared with an optlmal design in terms of x* dependency For example,
when y2-efficiency is equal to 1, the design is optimal in terms of x* depen-
dency.

Another class of design criteria is the maximum value of x> dependency:

maxx;’;,_ = max{xz(c,{f,c,’{,) [l<k<m<p;,l <m<p} (7)
7

The constructmg problem of mixed-level supersaturated design con31stmg of
li,...,llevels is an enumeration of the columns from the sets gh, ... Gk
whlle malntammg low dependency, ie. mamtammg a small value of ave x, I
ave Xz,-z,. , x* efficiency, max 7, and max Xlil,«

3 A constructing method and its results

3.1 Algorithm

We consider here construction of a two- and three-level supersaturated de-
sign which includes at least one full-dimensional orthogonal base of two-
level columns. Specifically, let ¢ =2, [ =2, b=3, C, = [C2 C‘] C~ =
[2,...,el 1,68, ¢ ], C:=lc,..., c;,] and the first 7 — 1 columns in C,:f
are mutually orthogonal. The proposed method consists of three major steps:
a construction of initial columns, selection of three-level columns and selection
of two-level columns. The maximum values of 2 dependency on constructed
designs are assured in all steps.

(1) Construction of initial columns:
Construct initial two-level columns c%, €135+ € (P > p1) and

initial three-level columns c},..., p (p3 > p2), where the first n —1

columns, ¢,...,¢2_, are mutually orthogonal such that y*(¢},¢f) =
(1 <i<j<n—1). The initial two-level and three-level columns must be
selected under a consideration of the maximum dependencies, i.e. max )(22
and max y% must be equal to threshold values. A natural choice for ¢}’s
and ¢}’s are the design columns from Yamada and Lin (1997) and Ya-
mada and Lin (1999) respectively because the maximum dependencies have
been pre-controlled in these designs.

(2) Selection of three-level columns:
A three-level column ¢ satisfying

max{x(c},c*) |1 <i<n—1} <43, (8)

where 3, is a pre-specified threshold value and ¢? is a two-level column
in the orthogonal base. Let ¢j, .. 3 , be all the selected columns which
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satisfy Equation (8). A three-level design portion is then formed by C,f =
[¢3,...,¢},]. We determine the threshold value 3, under a consideration
of the distribution of all possible y* values. For example, when n = 24, it
can be shown that 0 < y2(¢2, ¢%) < 16, for any ¢ € 6% and ¢ € 63,. In
fact, it takes only nine x2 values: 0, 1, 3, 4,7, 9, 12, 13, and 16.

(3) Selection of two-level columns:
A two-level column ¢? satisfying

max{x(c,¢}) |1 <j < p2} <03, ©)

is selected for the two-level deign matrix C,. Note that there is no need
to re-examine ¢Z,...,¢2_, since it obviously satisfies Equation (9). Let

e, ... ,cgl be all the selected columns which satisfy Equation (9). The two-

level design portion is constructed by Cy = [¢},...,¢5,], and finally, a

mixed-level design consisting of (p + p2) columns with # runs is con-
structed by C, = [Cf, cl.

n

3.2 Some properties of the constructed designs

Next we consider some properties of designs constructed here. Since the first
n — 1 columns are mutually orthogonal, we have

max{xz(c,.z,cjz)ﬂ <i<j<n-1}=0. (10)

In the selection of initial designs, if we use supersaturated designs whose maxi-
mum dependency is assured, the dependency of the constructed design is also
assured. Let 62, and 63; be the maximum x> values of the initial two-level and
three-level supersaturated design, respectively. Obviously, the maximum values
are maintained for the constructed design such that

max{z3(2, )|l <i<n-lLn<j<p} =03 (11)
max{y*(c},e}) |n <i<j<p} =05 (12)
max{xz(c?,c;’) [1<i<j<p} =6§3. (13)

Step (2) in the algorithm screens out three-level columns whose maximum de-
pendency to the two-level columns is higher than the threshold value. In the
same manner, Step (3) screens out two-level columns whose maximum de-
pendency to two-level columns is greater than the threshold value. Thus, max-
imum dependency among selected columns are assured such that

2

max{x*(c},¢}) |1 <i<pi, 1 <j<pa} =02,. (14)

As previously mentioned, a natural choice for the initial design is the com-
bination of two-level designs from Yamada and Lin (1997) and three-level de-
signs from Yamada and Lin (1999) because the dependencies among all design
columns have been pre-controlled and an orthogonal design base is included.




Table 1. Some results of constructed designs

n maximum of x?/x? number of columns
maxy3/xbhy  maxxh/xbhr  maxyl/rdhys  Twodevel  Three-level  Total
24 2.67/24.00 4.00/16.00 18.75/48.00 86 8 94
2.67/24.00 7.00/16.00 18.75/48.00 78 84 162
36 0.00/36.00 4.67/24.00 18.00/72.00 35 16 51
0.00/36.00 8.00/24.00 18.00/72.00 35 134 150
48 5.33/48.00 8.00/32.00 37.50/96.00 112 86 198
5.33/48.00 9.50/32.00 37.50/96.00 136 142 278

hp Xhps X5t x° values for fully aliased

Specifically, the construction method by Yamada and Lin (1997) generates a
two-level supersaturated design with n runs from a design with /2 runs. When
initial design with n/2 runs includes an orthogonal base, the constructed de-
sign with » runs also includes an orthogonal base. The three-level design con-
struction by Yamada and Lin (1999) is similar to the two-level construction
method, where this method generates three-level supersaturated design with »
runs from a design with n/3 runs. Since the two construction methods assure
the maximum value of the constructed designs, Equations (11) to (13) can be
casily accomplished by using these two methods. A thorough example will be
given in the next section.

Regarding determination of the threshold value (5“, we first consider y°
values when two columns are fully aliased. The y* value takes the maximum
in all possible combinations when two columns are fully aliased. It can be
shown that y*(¢7,¢}) = n for any two fully aliased two-level columns and
(et e ; ¢}) = 2n for any two fully aliased three-level columns. By an analogy

from this fact, we define the fully aliased relation for a two-level column and
a three-level column when the y? value is maximized. Furthermore, it can

2
be shown that max{y*(c?,¢®)|? € 6>, > €6, } = _f_ Thus for n = 24, the

maximum for (5,2, 63;, and 023 are 24, 48 and 16 respectlvcly In the computa-
tion of mixed-level supersaturated desxgn we determine several levels of 5,3
under consideration of all possible x> values.

Table 1 summarizes the rcsult of the constructed designs in this paper. The
values of desxgn criteria max y3,, max y3,, max x3, are very smail in comparison
with the y2 values for fully aliased two-columns.

4 An example: n = 24

In this section, we show more details on the construction of mixed-level su-
persaturated designs with n = 24 runs as an example of construction.

(1) Construction of initial columns

The following eleven two-level mutually independent columns are utilized for
constructing two-level initial columns.
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1111 211222 2]
11121221122
11211222211
12221111212
12122122111
12212211121
i eil= 1y Y s 12 211 2 (13)
21122211211
21221112121
22111212112
22111121221
2222222222 2]

Let (¢; ® ¢;) be the cross product between ¢; and ¢;. This constructing method
generates 55 columns, say €5, = (6? ® €3), ¢y = (F @ ¢3),..., ¢4 = (] @ ¢f),
¢ =(3®cd),...,c=(c}®c?), and we have totally 55+ 11 =66
columns. Note that Wu (1993) shows the above constructing method of two-
level supersaturated design with n = 12 runs.

Second, the C}, = [¢}, . .., €] generates supersaturated design with n = 24
runs by

L C,zr/z 3/2

C: =
" Ly Cpy —Cop

: (16)

where 1,,/, is the #/2 dimensional column consisting of n/2 1’s. We treat the
133 columns generated by Equation (16) as the initial two-level columns. This
is denoted by C“

Let ¢°2() be an operator which transforms the elements from 1 to @ and
from 2 to b on the matrix in the brackets( ). Consider a matrix with n rows
and p; columns constructed by

[C?,... ] [ nl’ n3>C~ ]’ (17)
where
[47(Cry3) ] ¢"(Cap) |
Co=|47(C) |, Cl= | 47(Con)
¢ (C) ¢7(C2p) | as)
1
-¢]3(C3’/3)1 ¢“’( 1/1)
C,::-s: ¢‘23(C3/3 ’ C{i‘t‘—‘ ¢12( /z)
L¢12(C‘3/3)_ ¢H( n/?)_
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Table 2. Example of constructed designs with n = 24

33, | Selected columns

4.0 | Two-level columns (total number of columns: 86)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
16 17 18 19 20 21 22 23 24 25 2 27 31 32 37
39 42 43 44 45 47 48 52 53 54 55 57 59 60 6l
62 65 67 68 71 72 73 74 76 77 78 19 8 84 85
87 88 89 92 93 9% 97 100 101 102 105 107 108 112 115
116 118 120 121 124 125 126 127 128 129 132
Three-level columns (total number of columns: 8)

11 15 76 81 8 99 123 138
7.0 | Two-level columns (total number of columns: 78)

1 2 3 4 5 6 7 8 9 16 1 12 13 14 15
16 17 18 19 20 21 22 23 24 25 29 31 32 33 36
37 39 40 43 47 48 51 53 56 57 59 60 6F 62 63
64 67 6 72 73 75 79 8 8 8 8 88 91 95 96
97 100 101 102 104 105 107 108 110 11 115 117 118 120 121

126 127 130
Three-level columns (number of columns: 84)

5 6 8 9 10 1t 12 13 14 15 16 17 18 19 ¥
38 39 40 42 43 44 45 46 47 48 49 50 51 52 53
s 73 74 76 77 78 79 8 8 8 8 84 8 86 87
88 8 91 92 93 94 9 97 98 99 101 102 104 105 107

13 114 115 116 117 118 120 121 122 123 124 125 126 127 128
129 131 132 133 134 136 137 138 139

and C,fﬂ is an n/3 x p3/4 two-level design matrix whose maximum depen-
dency is equal to the threshold value. The maximum dependency of the con-
structed design can be represented by

max x2, = max{ (n +3 3nxg)2/(sn), n/2}, (19)

where y2 is the maximum x2 value of the two-level design matrix C,; (Ya-

mada and Lin (1999)). Let C g' be a two-level supersaturated design consisting
of 35 columns and n = 8 rows, which is shown in Yamada and Lin (1997,
p. 207). In this design, the first seven columns are mutually independent.
The 35 two-level columns generate 140 three-level columns by Equation (17),
say [e},...,€l]. This is denoted by C,. We next choose columns from C =

(ct.cC).
Table 2 shows the list of selected columns of mixed-level constructed de-

signs with n = 24 rows from the initial two-level columns [cf,...,¢f3,] and
three-level columns [¢Z, .. ., ¢,). In Table 2, when max y3; = 4.0, 86 two-level
columns and 8 three-level columns are selected. Table 3 shows the properties,
such as the degree of saturation, max x3,, max x3;, and so on, for the con-
structed design. Furthermore, the construction method generates 78 two-level
columns and 84 three-level columns for yZ; = 7.0 and the selected columns are
also listed in Table 2.

Moreover, we construct mixed-level supersaturated design from two-level
saturated design consisting of mutually independent columns, say et ..., 03
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Table 3. Evaluation of the constructed design with n = 24

# of Design criteria
columns

2 2 el 2 2 .2 2 4.2 2 /2
; T <ff. aveyy aveyy aveyy; maxyn/ypF Maxyn/ypr  Maxys/xie

[ c

{i) initial: 133 two-level and 140 three-level columns
86 8 092 0.88 1.74 5.46 2.67/24.00 4.00/16.00  18.75/48.00
78 84 0.83 0.88 1.97 5.39 2.67/24.00 7.00/16.00  18.75/48.00
105 125 0.86 0.89 1.95 5.28 2.67/24.00 9.00/16.00  18.75/48.00
122 136 0.87 0.91 1.96 5.27 2.67/24.00 12.00/16.00  18.75/48.00
128 137 0.87 0.90 1.99 527 2.67/24.00 13.00/16.00  18.75/48.00
133 140 0.87 0.90 1.99 5.27 2.67/24.00 16.00/16.00  18.75/48.00
(ii) initial: 23 two-level and 28 three-level columns
23 1 054 0.00 2.09 ~ 0.00/24.00 4.00/16.00  12.00/48.00
23 12 072 0.00 2.09 3182 0.00/24.00 7.00/16.00  12.00/48.00
23 21 0.5 0.00 2.09 4.20 0.00/24.00 9.00/16.00  12.00/48.00
23 25 079 0.00 2.09 4.02 0.00/24.00 12.00/16.00  12.00/48.00
23 26 080 0.00 2.09 4.02 0.00/24.00 13.00/16.00  12.00/48.00
23 28 081 0.00 2.09 4.00 0.00/24.00 16.00/16.00  12.00/48.00

X35y X3ars X3 x° values for fully aliased

On the three-level columns, the first seven columns shown in the design C3
generate 28 three-level columns by Equation (17). The evaluations of the
mixed-level designs constructed by the two and three-level initial columns are
shown in Table 3. The extension to larger n is straightforward. Results for
n = 36 and 48 are available through the first author (shu@ms.kagu.sut.ac.jp).

5 Concluding remarks

The constructing method used in this paper consists of three steps: the selection
of initial columns, the selection of three-level columns and two-level columns.
The method has an advantage to assure the maximum value of the y> depen-
dency. Thus, the resulting designs are apparently new and shown to be useful
for the practitioners, where the essence of the constructing method can be re-
garded as an integration of our previous works with some modifications.

For the case where the number of factors is smaller than the number of
columns in the full design, a sub-design can be used. For example, one referee
considers the case when there are 30 two-level and 10 three-level factors. As a
matter of fact, we can randomly select specified number of columns from the
constructed designs, such as selection of 30 out of 78 two-level and 10 out 84
three-level columns. It is easily confirmed that this procedure guarantees the
maximum y? value of the resulting designs, while the average y? value de-
pends on the selected columns.
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