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The projection properties of the 2?7 fractional factorials are well known and have been used
effectively in a number of published examples of experimental investigations. The Plackett
and Burman designs also have interesting projective properties, knowledge of which allows
the experimenter to follow up an initial Plackett and Burman design with runs that increase
the initial resolution for the factors that appear to matter and thus permit efficient separation
of effects of interest. Projections of designs into 2-5 dimensions are discussed, and the
12-run case is given in detail. A numerical example illustrates the practical uses of these

projections.
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Two-level designs.

Plackett and Burman (1946, pp. 323-324) pro-
vided a series of two-level fractional factorial designs
for examining (n — 1) factors in n runs, where # is
a multiple of four and n = 100. They omitted the
case n = 92, which was later provided by Baumert,
Golomb, and Hall (1962). When only main effects
exist, these “PB designs” estimate all of them. PB
designs are thus extremely useful in screening situ-
ations in which we examine many factors (e.g., 11)
but believe only a few of these (e.g., 3 or 4 or 5) are
of any consequence. We hope that the PB analysis
will reveal those “‘real” effects, which we associate
with the larger estimates. The (n — 1) estimates
available are the contrasts obtained by taking each
column of signs of the PB design, multiplying them
by the corresponding response values, and dividing
the resulting sum by the divisor in.

If main effects and two-factor iterations (2fi’s) ex-
ist, the estimation is blurred because the alias struc-
ture connects every main effect with a long linear
combination of 2fi’s (see Lin and Draper 1991a). One
possibility to eliminate such blurring is to fold over
the PB design (Box, Hunter, and Hunter 1978, pp.
340, 399)—that is, to repeat the PB design with all
signs reversed. (Sometimes an extra factor is inserted
using the I column of the PB design.) Foldover al-
ways converts a resolution III design into a resolution
IV design (see Box et al. 1978, p. 398), but it doubles
the run size—a major disadvantage in some con-
texts. In folding over a PB design, we must reset all
(n — 1) factors, whether they are “real” or not, for
the second folded half of the design. That might not
be judged necessary. In many 2477 examples, the
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projection properties of the initial design are used.
For example, a 23! design or a 2§ * design can be
collapsed to a replicated 2* design if only three (any
three) of the factors seem to be real. There are many
such examples, such as those of Box et al. (1978, pp.
416-417) or Hare (1988). Not much effort has gone
into examining the projection properties of the PB
designs, however, both because of their irregular
structure and because the existing numbers and types
of the different projection designs have not been
known. We examine some of these properties in this
article, building on our recent work (Draper 1985;
Draper and Lin 1990).

1. PROJECTIONS OF THE 12-RUN PLACKETT
AND BURMAN DESIGNS

To see what the projection of the 12-run design is
in any k of the 11 factor dimensions, we select k
columns and examine the design that results by ig-
noring the other 11 — k columns. For example, sup-
pose that k = 3; the reduced 12-point design consists
of a 2% design plus a 23~ design with I = + ABC,
where A, B, and C represent the three selected col-
umns no matter which three factors are designated as
the survivors. This is a very desirable arrangement,
because it provides complete coverage of all of the
factorial effects plus additional pure-error informa-
tion obtained at four different locations well spread
out over the experimental region.

Table 1 summarizes the situation for n = 12 runs
and k = 5. An important aspect of this table is that,
for k = 4, only one projected design type is obtained
apart from variations caused by changes of signs in
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Table 1. Projection of a 12-Run Plackett and Burman
Design Into k Dimensions

Table 2. Regrouping of 12 Plackett and Burman Runs
Basedon!| = 12 = +134

Design

k  number Description

2 2.1 22 x 3 (22 design with 3 replicates)

3 3.1 23 + } x 23 (23 design plus 23" design)

4 4.1 Add one more run to obtain a 2" design
Add five more runs to obtain a 2* design

5 5.1 Add two more runs to obtain a 22 design

Add six more runs to obtain a 25" design
5.2 Add two more runs to obtain a 252 design

Add eight more runs to obtain a 2%;" design

Add ten more runs to obtain a 25" design

the columns. See also Box and Bisgaard (in press).

For k = 4, one run can be added in the four
selected design factors only, ignoring the other seven
for the moment, to complete a 2{,; ' design; there are
five additional runs as well. The added point is always
the foldover complement of the duplicate point that
arises and is uniquely determined. The other six runs
of the 2*~! design consist of three mirror-image (fold-
over) pairs. If a full 2* design is wanted, only five
runs need be added. A minor difficulty arises over
the question of which of the original duplicate points
should be used in the analysis of the 2{y ' design or
whether the average should be used. The latter has
half the variance of the individual observations and
should be weighted accordingly. If the assumptions
that the ignored effects are negligible are correct, the
duplicate observations should be almost the same
anyway.

What about the levels of the other seven variables
that (it would have been decided at this stage) are
not active ones? If the assumption made about the
identity of the inactive factors is true, the choice of
their levels should not be crucial. One possibility is
to set quantitative variables at their central value 0,
halfway between the minus and plus levels; or they
could be set to either of their plus or minus values,
perhaps their levels in the original design. Choices
vary with circumstances.

Another possibility is to link into the 3 replicate
designs of John (1961, 1962). Consider columns 1-4
of Table 2, obtained from a particular projection of
a 12-run PB design. The 12 runs can be categorized
into the four groups shown.

If we identify our 1, 2, 3, 4 with John’s (1961, p-
319) x,, x4, x3, x;, wWe see that we are two runs short
of a 1 replicate of a 2* design using the first three
segments of a 2*. The additional runs needed are
obviously (+ + + +) in the first segment, and
(= — + +) in the third. This two-run addition
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Group Run no. 1 2 3 4

/=12 =134 5 - - + -

(= 234) 6 - - - +

8 + + -

/= -12 =134 2 - + + _

(= —234) 1 =3 + - + +

4 - + - +

7 + - - -

/=12= -134 1 + + - +

(= —234) 9 + + + -
12 - - -

/= -12=-134 10 - + + +

(= 234)

provides a compromise between adding one run and
five runs. Adding these runs permits estimation of
all main effects and two-factor interactions, provid-
ing we can assume that three- and four-factor inter-
actions can be ignored. To analyze 7 replicates of a
24, we can follow John (1961), using only one of the
duplicate runs in the analysis. The extra runs (e.g.,
runs 3 or 11 and 10 in Table 2), can be used to check
predictions from the model implicitly fitted. It would
also be possible to analyze all of the data available
if this were felt to be preferable. Typically this would
be done by the least squares fitting of a suitable linear
model—for example, the one appropriate to the de-
sign completed by the added runs.

For k = 5, two types of designs are possible, one
with a repeat-run pair and one with a mirror-image
pair; see Draper (1985, table 2). Several possibilities
exist for supplementing these designs. If we write the
two distinct 12-run, k = 5, reduced designs in the
standard forms shown in Table 3, the results specified
in our Table 1 are obtained by adding the additional
runs listed in Table 3. This principle always works,
but the actual runs to be added depend on the specific
12-point projection one has, and that depends on the
choice of columns. All 462 possibilities correspond
exactly to one or the other of the designs in Table
3, but sign changes in columns will occur. To deter-
mine which of the two design types has been obtained
via projection, one must see if the specific design has
arepeat run pair, or a mirror-image run pair, an easy
thing to do, and then mentally convert it, via column
sign changes and perhaps by rearranging the rows
and columns appropriately, to one of the design types
of Table 3.

In all such cases, the model appropriate to the
completed 2%~ design could be fitted by least squares,
and the runs already made in addition to the 2477
runs will provide some residual degrees of freedom
in an analysis of variance table.
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Table 3. Additional Runs Needed to Convert Five Plackett and Burman Columns to the
Designs Indicated

Type Design 5.1 Type Design 5.2
T - - = = = L
2 - - - - - 2+ o+ + o+ o+
3 - - + + + 3 - - + + +
4 - + - + + 4 - + + - +
5 - + + - + 5 + - - + +
6 - + + + - 6 + + - + -
7 + - - + + 7 + + + - -
8 + e + 8 + - + - -
9 + - + + - 9 + - - - +
10 + + - - + 10 - + + -
11 + + - + - 1 - + - - +
12+ + + - - 12 - + + -
25 13 - + - - + 252 13 - - + -
(l=-134 14 + - - + - (/=124 14 - + + - -
= 1235) = 1235)
257 13 + - - - - 257 13 - - + + +
(/ =12345) 14 - + . - - (I = 12345) 14 - + + - +
15 - - + - - 15 + - - + +
16 - - - + - 16 + + - + -
17 - - - - + 17 + + + - -
18 + + + + + 18 + - - - -
19 - + - - -
20 - - + - -
21 - - - + -
2 - - .
25 Add the 21 runs of a 25 that 25 Add the 20 runs of a 25 that
are other than rows 2-12 are other than runs 1-12
above. above.

Notes on Table 3.

1. A 23y! with I = 1235 can be obtained by
adding eight runs to design 5.2. Runs of design 5.2
such that I = 1235 already are numbers 1, 2, 3, 5,
6, 8,9, and 11 in Table 3. The eight runs to be added
will thus be (+ + = = =), (= - + — +),
(= ++ = )+ ++ =+ (== =+ ),
(—+ -+ +),(+ -+ + =)and(— + + + —).
As we have seen, however, a resolution V design
can be produced by adding 10 runs, just two more.

2. A more general question, not investigated, is
whether any five orthogonal, zero-sum columns with
*+1 entries can be augmented by 14 more mutually
orthogonal zero-sum columns with + 1 entries. Even
if it is possible, the answer will not necessarily be
unique because there are three different types of 20-
by-20 Hadamard matrices (Hall 1965). Vijayan (1976,
theorem 3) noted that, although recovery of one,
two, or three missing columns of a Hadamard matrix
can be uniquely made, recovery of four missing col-
umns (and therefore of more than four) is not unique
(subject, as usual, to sign changes in the columns and
rearrangement of runs).

3. Point 2 raises other interesting questions. If we
add more runs, we have, of course, to decide on the

levels to be used for the variables (let us call them
6-11) judged not to be of interest after the first-
stage analysis has indicated the five variables (1-5,
say) requiring further experimentation. Considera-
tions similar to those discussed for the k = 4 case
arise once more. When we have design 5.2 as our
chosen projected design, however, we can add 20
points forming five columns of a 20-run PB design
to complete a 2° factorial in variables 1-5. This per-
mits choice of six additional columns from the 20-
run PB design to determine levels for factors 6-11
and to complete a 32-run, 11-variable, two-level de-
sign. Analysis of the 20-run portion alone allows the
initial conjectures about variables 6—11 to be con-
firmed or denied separately, while permitting a full
2° analysis of factors 1-5 if the initial conjectures are
confirmed. What is the best choice of 6 columns from
the 14 available? What sorts of designs do the various
choices give when considered as a 32-run design in
11 factors?

2. PROJECTIONS OF PLACKETT AND
BURMAN DESIGNS WITH n > 12

A full investigation of all projections of the n =
20, 24, 28, 36, . . . run cases to lower dimensions is
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an enormous task and remains uncompleted. We
content ourselves here principally with some remarks
concerning kK = 2, 3, 4, and 5, where k& is the number
of dimensions into which the n-run design is pro-
jected, for n = 20 and 24. For k = 2, the projection
is always a 22 design, n/4 times over.

For k = 3 and n = 20, two types of projections
can occur.

1. A 2:3 type. (This means two full 2* factorials
and an additional 2°~!. At the corners of the cube
there are either two or three points.)

2. A 1:4 type. (This means a 23 factorial and three
identical 23! designs. At each corner of the cube
there is either one point or there are four points.)

These and other possibilities for k = 3 appear in
Table 4. In some cases, we can proceed from a three-
column n-runs projection to a three-column (n + 4)-
runs projection by simply adding a 23~! design. For
n = 20, a (2:3) can be converted into either a (3:3)
ora(2:4) withn + 4 = 24, depending on which 23!
is added. Similarly, a (1:4) can become a (2:4) or a
(1:5); however, the latter is not a three-column pro-
jection of a 24-run PB design.

For details on all the projection possibilities into
k = 4 dimensions for the 20- and 24-run cases, see
Lin and Draper (1991b, table 7). For n = 20, only
three types of projections exist (apart from sign
changes in the columns, permutations of the col-
umns, and rearrangements of 'the rows). These re-
quire the addition of 1, 4, and 4 more runs to provide
a complete 2¢. Which projection is actually attained
depends on the specific four factors retained after
analysis. For n = 24, two types of projections pro-
vide a full 2* design plus a 23!, where R = III or
IV. Two other types of projection require two ad-
ditional runs to complete a full 2* design.

For cases k = 5, n = 20, 24, see Lin and Draper
(1991b, tables 8 and 9). There are nine possible pro-
jections for each n. An additional tenth projection
for n = 20 arises from a Hadamard matrix not
equivalent to a PB design. For a discussion of non-

Table 4. Projections of n-Run Plackett and Burman designs
into k = 3 Dimensions

n Types of projections*
12 1:2

16 2:2; 0:4

20 2:3;1:4

24 3:3; 2:4

28 3:4; 2:5

32 4:4; 0:8

36 4:5; 3:6

*The notation “r : s” means r points lie at four of the 231 locations”” and s
points lie at the other four. 231 |ocations are always defined by / = + the rele-
vant three-factor interaction.
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equivalent Hadamard matrices for n = 16 and 20,
see Hall (1961, 1965) and Lin and Draper (1991b,
sec. 6).

3. ILLUSTRATIVE EXAMPLE

PB-type projection analyses of the dimensions dis-
cussed in this article are new, and no published ex-
amples exist. Therefore, we provide a constructed
example.

Suppose that an experiment is to be conducted on
10 factors, not more than half of which, it is antici-
pated, will have an effect on the response. A possible
design that uses columns 1-10 of the (11-column)
12-run PB design is shown as runs 1-12 of Table 5,
together with corresponding response values. (Ig-
nore runs 13-18 for the moment.) Choice of any 10
of the original 11 columns would give a design that
is essentially equivalent apart from sign changes in
the columns and the reordering of column headings
and run order (Draper and Lin 1990). In practice,
runs would be performed in a randomized order.

From runs 1-12, estimates are obtained by taking
the crossproduct of columns of signs times the y; and
dividing the results by 6. The corresponding 10 ef-
fects are, in order, 16.3, 1.1, 14.3, 2.6, 4.5, .7, 32.7,
23.0, .7, 42.7, and the unused eleventh column pro-
vides an estimate of 2.4, which can be tentatively
called error. A first assessment indicates that col-
umns 1, 3, 7, 8, and 10 may be connected with real
effects. To explore this further, runs 13-18 are per-
formed in factors 1, 3, 7, 8, and 10 only. (Although
the levels of the other factors have been left blank
in Table 4, some specific choice would have to be
made for them, as previously explained.) Apart from
runs 5 and 10, we now have a 23! design defined
by I = —137810. Runs 5 and 10 can now be consid-
ered as pseudorepeats. They are not repeats in all
factors, merely in factors 1, 3, 7, 8, and 10. We have
design 5.1 in fact.

A standard (e.g., Yates) analysis on all runs except
5 and 10 now gives the following estimates for main
effects and two-factor interactions involving the five
selected factors:

72.2 — mean 22.6 > 8
-18.6 —> 1 -26— 18
-13.4 - 3 -1.7— 38
-13-—> 13 1.6—= —-710

33.4 — 7 56> 78

1.6 > 17 3= =310
11— 37 3= —-110
TJ— =810 —-444— —-10

Only the 78 interaction seems to be a candidate
for significance (in addition to the five main effects).
A9 df estimate of the standard error of an effect can
be made by taking the square root of the average
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Table 5. A 10-Factor 12-Run Plackett and Burman Design With Six Added Runs

Run
no. 7 2 3 4 5 6 7 8 9 10 iz
1 + + - + + + - - - 70.19
2 - + + - + + + - - - 57.12
3 + - + + - + + + - - 63.17
4 - + - + + - + + + - 99.43
5 - - + - + + - + + + 90.72
6 - - - + - + + - + + 110.37
7 + - - - + - + + - + 120.36
8 + + - - + - + + - 40.15
9 + + + - - - + - + + 81.38
10 - + + + - - - + - + 88.89
1 + - + + - - - + - 9.63
12 - - - - - - - - - - 36.25
13 - - — + + 104.18
14 + - + - - 50.28
15 - + - - + 71.74
16 - + - + - 43.66
17 + + - + + 67.76
18 — + + + + 129.10

sum of squares of the small effects (Box et al. 1978,
p. 327) to give {(1.6> + (—1.6)> + ... + .3%)/9}}?
= 1.43, by which standard we would judge the 78
interaction (value 5.6) to be significant. Now 1.43 =
(46%/16)'2, so ¢* = 8, approximately. From runs 5
and 10, we can also obtain a 1-df pseudo pure-error
estimate of s2 = (90.72 — 88.89)%2 = 1.7, lower
but not significantly so. Thus the analysis seems to
be satisfactory.

In examples like this, specific details are, of course,
open to question; for example, why were runs 5 and
10 not used in the analysis? If they were included,
would not biases be introduced? In general, in ex-
perimental work done with limited resources, no
“perfect” analysis is possible. All analyses and con-
clusions are compromises based on one’s combina-
tion of prior knowledge of the experimental situation
and current examination of the data. Future exper-
imental work planned to investigate that plausibility
will provide information to confirm or deny the cur-
rent opinion. The work we have given in this article
exhibits the relative simplicity of the projection prop-
erties of PB designs and provides the experimenter
with new ways to obtain and add information in a
relatively few runs in somewhat complex experimen-
tal screening situations.

4. ADDITIONAL NOTES

In this article we focus on augmenting projected
PB designs by adding a few more factorial runs. It
is also often possible to study a few interactions in
these types of designs without adding any runs; see
Hamada and Wu (1991). If additional runs were
needed, they could be added based on the optimiza-

tion of some chosen variance criterion. Possible cri-
teria include a ‘‘determinant of X'X criterion’ or a
“rotatability criterion.” For the former, see Hamada
and Wu (1991); for the latter, see Draper and Pu-
kelsheim (1990).
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