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1. Specify the exact likelihood of a Gaussian AR(2) process.

Solution: The likelihood is seen to be

f(z|φ, σ2
a) = f(z(2)|z2,φ, σ

2
a)f(z2|φ, σ

2
a),

where z2 = (z1, z2)
T and z(2) = (z3, . . . , zn)

T . One has

f(z(2)|z2,φ, σ
2
a) ∝ (σ2

a)
−(n−2)/2 exp(−

n
∑

t=3

a2t/2σ
2
a),

where at = zt − φ1zt−1 − φ2zt−2, and
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2
a) ∝ (σ2

a)
−1|M2|
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2
a),

where

M2 = (1− φ2
2)

(
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)

=

(

1− φ2
2 −φ1(1 + φ2)

−φ1(1 + φ2) 1− φ2
2

)

.

The log likelihood is thus
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1
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−
1

2σ2
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1 + z22)− 2φ1(1 + φ2)z1z2 +
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2}.

2. Specify the innovations coefficients θt,j and variance vt for an ARMA(2,1) process. To
simplify the notation, you may choose to express things also in terms of γ0, γ1, γ2, etc.
instead of exclusively in terms of φ1, φ2, θ1, and σ

2
a.

Solution: For ARMA(2,1), one has ut = ztI[t≤2] + (at − θat−1)I[t>2]. E[utus] = κt,s for
s ≤ t are given by

κt,s =



















γt−s, t ≤ 2,

(1 + θ2)σ2
a, s = t > 2,

−θσ2
a, s+ 1 = t > 2,

0, otherwise.
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The recursive algorithm yields

v0 = κ1,1 = γ0,

θ1,1 = κ2,1/v0 = γ1/γ0 = ρ1,

v1 = κ2,2 − θ21,1v0 = (1− ρ21)γ0,

θ2,2 = κ3,1/v0 = 0,

θ2,1 = κ3,2/v1 = −θσ2
a/v1 = −θ/ṽ1,

v2 = κ3,3 − θ22,1v1 = σ2
a(1 + θ2 − θ2/ṽ1) = σ2

a(1 + θ2(ṽ1 − 1)/ṽ1) = σ2
aṽ2,

θ3,3 = θ3,2 = 0,

θ3,1 = κ4,3/v2 = −θσ2
a/v2 = −θ/ṽ2,

v3 = κ4,4 − θ23,1v2 = σ2
a(1 + θ2(ṽ2 − 1)/ṽ2) = σ2

aṽ3,

. . .

θt,j = 0, j > 1,

θt,1 = κt+1,t/vt−1 = −θσ2
a/vt−1 = −θ/ṽt−1,

vt = σ2
a(1 + θ2(ṽt−1 − 1)/ṽt−1) = σ2

aṽt,

. . .

3. For an ARMA(2,1) process, specify equations one may solve to obtain γ̃0, γ̃1, γ̃2 in
terms of φ1, φ2, θ, where γ̃k = γk/σ

2
a.

Solution: One may solve from





1 −φ1 −φ2

−φ1 1− φ2 0
−φ2 −φ1 1









γ̃0
γ̃1
γ̃2



 = −





b0
b1
b2



 ,

where b0 = θ0ψ0 + θ1ψ1 = −1 + θ(φ1 − θ), b1 = θ0ψ−1 + θ1ψ0 = θ, and b2 = θ0ψ−2 +
θ1ψ−1 = 0.
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