STAT 520 HW 5 SPRING 2024

1. Specify the exact likelihood of a Gaussian AR(2) process.
Solution: The likelihood is seen to be

f(Z|¢,0'g) = f(Z(2)|Z2, ,02)f(z2|¢,03),

where 2y = (21, 29)" and z) = (23,..., 2,)". One has

f(z@)|2a, p,00) o (02) "2/ exp(— Z a; [205),
=3

where a; = z; — ¢p12i_1 — P22;_9, and
f(2a] @, 02) o (02) 7 [Mo|"/? extp(—2z5 Mz /207),

where

M, = (1 — ¢3) (_(bl/(i — 6o) _¢1/<i B ¢2)) B (—gzi(z fgqﬁz) _(bi(i ;Z%@)) .

The log likelihood is thus
n 2 1 2 2 2
~3 log o, + 5 log{(1 + ¢2)"((1 — ¢2)” — ¢7)}

! {(1=03) (21 + 23) — 201 (1 + o) 2120 + 2y (2 — dr211 — P2z-2)°}.

T 9.2
20%

2. Specify the innovations coeflicients 6, ; and variance v, for an ARMA(2,1) process. To
simplify the notation, you may choose to express things also in terms of vy, 71, V2, etc.
instead of exclusively in terms of ¢, ¢o, 01, and o2.

Solution: For ARMA(2,1), one has uy = zdy<o) + (ar — Oay—1)I>9. Elusu,| = ks for
s <t are given by

Vi—s) t <2,
)@ +6¥)e2,  s=t>2,
s = —0o2, s+1=1t>2,
0, otherwise.
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The recursive algorithm yields

Vo = K1,1 = 70,
61,1 = 52,1/7)0 = ’71/70 = pP1,
vy = kg — 03 100 = (1 — p} )70,

92,2 = f€3,1/U0 =0,

021 = K3a/v1 = —002 Jv; = —0/y,

vy = kzg — 05,00 = 0. (1+ 6% — 07 /01) = 02(1 4 6%(01 — 1) /01) = 00,
63,3 = 03,2 = 07
051 = Kas/vy = —902/”02 = —0/0s,

V3 = Rq4q — 9;1’02 = O'Z(l + ‘92<1~}2 — 1)/’172) = 0'2@3,

6r; =0, j>1,
9t,1 = Fét+1,t/vt71 = —902/%71 = —9/@71,
vy = 02 (1 4+ 0*(Dy_y — 1)/04_1) = 020y,

3. For an ARMA(2,1) process, specify equations one may solve to obtain 4y, 71, 92 in
terms of ¢y, ¢o, 0, where Y, = y/02.

Solution: One may solve from

1 _¢1 _¢2 ;5/0 bO
-1 1—¢2 0 Nnl=—1b],
—ps  — 1 gb) by
where b[) = 90¢0 + elwl =—-1+4 9(¢1 - 6), b1 = (901#71 + 91% = 9, and b2 = eowfz +

O = 0.
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