Statistics 514: Design and Analysis of Experiments

Lecture 5: Comparing Treatment Means
Montgomery: Sections 3.3-5
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Linear Combinations of Treatment Means

e ANOVA Model:

Yij = MK + T; + € (75 treatment effect)
= i + € (u;: treatment mean)
e Linear combination with given coefficients c1, co, ..., C4:

a

L =cipuy+cops+ ...+ cofia = Zc’ilui’
=1

e Wanttotest: Hy : L = ) c;u; = Lo
e Examples:

1. Pairwise comparison: p1; — p; = 0 for all possible ¢ and j.

2. Compare treatment vs control: 11; — 1 = 0 when treatment 1 is a control
and 1 = 2, ..., a are new treatments.

3. General cases such as (11 — 2o + 3 = 0, g + 3o — 6z = 0, etc.
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e Estimate of L:

L= Z Cifl; = Z CiYi.
) 0 o C2 o° 2
Var(L) = Zcz- Var(;.) = o Z o (: ’ Zcz)

e Standard Error of f}

2
C;
S‘E‘IZ = \/MSE E —ni

L-L
to = (S.E.EO) ~ t(N — a) under Hy

e Test statistic
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Example: Lambs Diet Experiment

e Recall there are three diets and their treatment means are denoted by (41, fto

and 3. Suppose one wants to consider
L = p1 +2p + 3pus3 = 640+ 71 + 272 + 373

and test Hy : L = 60.

data lambs;
input diet wtgain@@;
cards;
1 81 161 92 9 2 16 2 21
2 11 2 18 3 15 3 10 3 17 3 6
proc glm;
class diet;
model wtgain=diet;
means diet;
estimate ’'11’ intercept 6 diet 1 2 3;

run;
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Example: Lambs Diet Experiment

e SAS output

Level of = @ ——mm———————— wtgain-———————————
diet N Mean Std Dev
11.0000000 4,.35889894
15.0000000 4.,94974747
12.0000000 4.90655481

Dependent Variable: wtgain

Standard
Parameter Estimate Error t Value Pr > |t|
11 77.0000000 8.88506862 8.067 <.0001

o to = (77.0 — 60)/8.89 = 1.91

P —value = P(t < —191ort > 1.91]t(12 — 3)) = .088
e Fail to reject Hy : p1 + 29 + 3us = 60 at = 5%.
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Contrasts
o I'=>""  ciu;isacontrastif Y ., ¢; = 0.
Equivalently, ' = Y7 | ¢;7;.
e Examples

1. Iy = p1 — po = pa — p2 + Opig + Opag,
61:1,622—1,6320,6420

Comparing (1 and .

2. I'o = 1 — 0.5u2 — 0.5u3 = 1 — 0.5us — 0.5u3 + Oy
cp =1,c0 = —0.9,c3 =—0.5,¢c4, =0
Comparing (1 and the average of o and us.

e Estimate of I

C =3¢l
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e Test: Hy : I' =0

C
to = ~t(N —
0= 5Eg, ~ V9
o oey)”  (Ca)?/dcl/ni _ 8So/l
" owsEy & MSE MSE

Under Hy, t% ~ F1 N—a.

e Contrast Sum of Squares

ssc = (Yem.) /(@ /)

SS represents the amount of variation attributable I".
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SAS Code (cont.sas)
Tensile Strength Example

options 1s=80;
titlel ’"Contrast Comparisons’;

data one;

infile ’'c:\saswork\data\tensile.dat’;

input percent strength time;

proc glm data=one;
class percent;
model strength=percent;
contrast "Cl’ percent 0 O 0 1 -1;
1 01 -1 -1;
contrast "C3’ percent 1 0 -1 0 Oy
1 -4 11 1;

contrast ’"C2’ percent

contrast ’"C4’ percent

Page 8
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Dependent Variable:

Source

Model

Error

Corrected Total

Source
PERCENT

Contrast
Cl
C2
C3
Cc4

DF

4
20
24

DF

DF

e

STRENGTH

Squares
475.76000
161.20000
636.96000

Type I SS
4775.76000

Contrast SS
291.60000
31.25000
152.10000
0.81000

Sum of

Square

118.
3.

94000
06000

Mean Square

118.

94000

Mean Square

291.
31.
152.
0.

60000
25000
10000
81000

Mean

F Value

14.

76

F Value

14.

76

F Value

36.
3.
18.

0.

18
83
87
10

Pr > F
0.0001

Pr > F
0.0001

Pr > F
0.0001
.0630
.0003
. 7545

o O O
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Orthogonal Contrasts

e Two contrasts {c; } and {d;} are Orthogonal if

a

a

c.d.
Z ;'Z =0 (Z c;d; = 0 for balanced experiments)
i=1 " i=1

e Example
I'y = W1 + po — p3 — 4, SO C1 = 1762 — 1763 — _1764 = —L
FQ = M1 —,u2—|—,u3 — 4. SOdl — 1,d2 = —1,d3 = 1,d4 =—1
It is easy to verify that both I’y and I’y are contrasts. Furthermore,

c1d1 + codo + c3ds + c4dy =
Ix14+1x(=1)4+(—=1)x1+(—=1) x(—1) =0. Hence, I'; and I'5
are orthogonal to each other.

e A complete set of orthogonal contrasts C = {I'1, "o, ..., T'y_1} if
contrasts are mutually orthogonal and there does not exist a contrast
orthogonal outside of C to all the contrasts in C.
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e If there are a treatments, C must contain @ — 1 contrasts.

e Complete set is not unique. For example, in the tensile strength example

Cq : includes :

Co : includes :

0,

[

Y

1,

(
(
(
(

—_

1
1
0

)
)
)
1)

=N DN
~— ~— ~— —
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Orthogonal Contrasts
e Orthogonal contrasts (estimates) are independent with each other.

e Suppose C7,C5,...,C,_1 are the estimates of the contrasts in a complete
set of contrasts {I'1, s, ..., "y _1}, then

SSTreatment = SSc¢; +SS¢, + - +3SS¢,_,

MS
e Recallin ANOVA, [, = —liealment,

B SSc, /MSE + - - -+ SS¢, _, /MSE B Fio+ Foo+ -+ Fla—1)0
B a—1 B a—1

Fo

where F) is the test statistic used to test contrast I';.

e Example on Slide 9
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Tensile Example

Try to model mean response as a function of treatments

Plot of Strength vs Percent Blend
strength

25
24
23
22 ]
21
20
19 4
18 -
17
16
15
14
13
12
1
10

10 20 30 40
percent
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Orthogonal contrasts and orthogonal polynomial model

e Treatments are quantitative (assume a = 4)

e One can use general polynomial model to fit the trend (¢: level or treatment).
f(t) = Qo —|— alt —|— a2t2 —|— a3t3

Regression can be used to get the estimates for a1, a2 and as.

e We will use orthogonal polynomial model

f(t) = Bo+ B1Pi(t) + B2 Pa(t) + B3 Ps(t)

where Py (t), P»>(t) and P3(t) are pre-specified polynomials of order 1, 2
and 3, respectively. P;(t) is linear, P»(t) is quadratic and P3(t) is cubic.

Let 4, to, ..., , are the treatments (equally spaced), then the polynomials
correspond to the following contrasts:
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t 11 to
Pi(t) Pi(t)) Pi(ts)
Po(t) Po(t) Pu(ta)
Ps(t) Ps(t))  Ps(to)

where

e

ta Contrasts D

ta) Iy D,
ta) I'y Dy
ta) I's Ds

D; = Pi(t1)” + Pi(t2)” + - - + Pi(ta)’

It I'1, I's and '3 are orthogonal to each other, then we say P (t), P»(t) and

P;(t) are orthogonal polynomials.

e Coefficients 3; can be estimated and tested by the contrasts I'1, I's and I's.

e Predict f(t) whent is not a treatment used in the experiment.
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tensile strength example: orthogonal polynomial effects
e Treatment levels {1 15, 20, 25, 30, 35; Median: 25; Pace: 5

e Orthogonal polynomials: let z = (t — 25) /5.

Pi(t) ==

Po(t) = 2* — 2

Ps(t) = 5/6[x° — 17x/5]

Py(t) = 35/12[z* — 31z /7 + 72/35]

e Polynomial Contrasts and Effects

t 15 20 25 30 35 Contrast D Effect (Trend)
P(t) =2 -1 o0 1 2 Iy D, =10 linear
P(t) 2 -1 2 1 2 ['s Dy, = 14 quadratic
Ps(t) 1 2 0o -2 { I's Ds =10 cubic
Py(t) 1 -4 6 -4 A Iy Dy, =170 4th order

e The contrasts can be directly derived from Table IX or Table X.
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e Want to fit the model
f(t) = Bo+ B1Pi(t) + B2Pa(t) + B3 Ps(t) + BaPa(t)

e Estimation and Testing

- 512 use Fl,

Bl _ C11Y1. + - + C15Ys.
D1
SS.-.
Test: Hy : B1 = 0, Fig = WCEZ ~ Fl,N—5-

- 522 use FQ,
s~ Ca1Y1. -+ CasYs.
P2 =

Do

SS..
Test: Hg : 52 =0, Fy = WCEZ ~ Fl,N—5

— Similar for 83 and B4

e Question: what is the estimate for 39 ?
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General formulas for orthogonal polynomial of degrees 1-4
One factor of a levels 1, lo, ..., l,, equally spaced. Let m be the median, d be the

difference between two consecutive levels:

Pi(t) = M ()
Pa(t) = dal(:=5Ty? -
Pat) = Ml — (5T (BT
Pt = Ml — (B8 BT Dl 2 9),

(Az) are constants to make the polynomials have integer values at the treatment levels,
they are available from Table IX or Table X.

Tensile Strength Example: m=25, § = 5, (\;)=(1, 1, 5/6, 35/12)
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SAS
tensile strength example

data one;
infile ’'c:\saswork\dataltensile.dat’;

input percent strength time;

proc glm data=one;
class percent;
model strength=percent;
estimate ’'Cl’ percent -2 -1 0 1 2;
estimate ’'C2’ percent 2 -1 -2 -1 2;
estimate ’'C3’ percent -1 2 0 -2 1;
estimate ’'C4’ percent 1 -4 6 -4 1;
contrast 'Cl’ percent -2 -1 0 1 2,
contrast ’"C2’ percent 2 -1 -2 -1 2;
contrast 'C3’" percent -1 2 0 -2 1;
contrast "C4’ percent 1 -4 6 -4 1;

run;
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Output
Dependent Variable: strength
Sum of

source DF Squares Mean Square F Value Pr > F
Model 4 475.7600000 118.9400000 14.76 <.0001
Error 20 161.2000000 8.0600000

Corrected Total 24 636.9600000
Parameter Estimate Error t Value Pr > |t|

Cl 8.2000000 4.0149720 2.04 0.0545

C2 -31.0000000 4.7505789 -6.53 <.0001

C3 -11.4000000 4.0149720 —2.84 0.0101

c4 -21.8000000 10.6226174 -2.05 0.0535
Contrast DF Contrast SS Mean Square F Value Pr > F
Cl 1 33.6200000 33.6200000 4.17 0.0545
C2 1 343.21428577 343.21428577 42.58 <.0001
C3 1 64.9800000 64.9800000 8.06 0.0101
c4 1 33.9457143 33.9457143 4.21 0.0535
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Estimates

Hence,
By =8.20/10 = .82; B = —31/14 = —2.214

By =—11.4/10 = —1.14; B4 = —21.8/70 = —0.311

So the fitted functional relationship between tensile strength y and cotton percent
(1) is

y = By + .82P; (t) — 2.214P5(t) — 1.14P5(t) — 0.311P4(2),

where Py (%), ..., P4(t) are defined on Slide 16.
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Testing Multiple Contrasts (Multiple Comparisons) Using Confidence
Intervals

e One contrast:
H()IF:ZCZ'/L@:FO vs H; :F#Foatoz

100(1-«) Confidence Interval (Cl) for I':

CI: Zcz@i, =+ ta/z,Na\/MSE Z 2_22

P(Cl not contain T'y| Hy) = a(= type I error)

e Decision Rule: Reject H) if Cl does not contain I'.
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e Multiple contrasts
Hy:T'=Tgy,...I"™ =T§" vs H; : atleast one does not hold
If we construct Clq, Cls,..., Cl,,,, each with 100(1-«) level, then for each Cl;,
P(Cl; notcontainl}y | Hy) = o, fori = 1,...,m

e But the overall error rate (probability of type | error for H vs H7) is inflated
and much larger than «, that is,

P(at least one Cl; not contain I}y | Hy) >> «

e One way to achieve small overall error rate, we require much smaller error

rate (&) of each individual Cl;.
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Bonferroni Method for Testing Multiple Contrasts

e Bonferroni Inequality

P( at least one Cl; not contain T'f, | Ho)

= P(Cly not contain..or ....or Cl,,, not contain | Hy)

/

< P(Clinot | Hy) + -4 P(Clynot | Hy) = ma
e In order to control overall error rate (or, overall confidence level), let

/ /
ma = a,we have,a’ = a/m

e Bonferroni Cls:

(32

Cl; : Zcijgj_ + ta/gm(N — CL)\/MSE i

T

e When m is large, Bonferroni Cls are too conservative ( overall type Il error too large).
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Scheffe’s Method for Testing All Contrasts

e Consider all possible contrasts: I' = Z Ci i

Estimate: C' = > ¢;¥;., St. Error: S.E.c = \/MSE > i

ng

e Critical value: \/(a — 1) F.a—1 N—a

e Scheffe’s simultaneous Cl: C' + \/(a — 1) Faa-1.N-a S-E.c

e QOverall confidence level and error rate for 1 contrasts

P(Cls contain true parameter for any contrast) > 1 — «

P(at least one Cl does not contain true parameter) < «

Remark: Scheffe’s method is also conservative, too conservative when m is

small
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Methods for Pairwise Comparisons

e There are a(a — 1)/2 possible pairs: 11; — j1; (contrast for comparing f4;

and 11;). We may be interested in m pairs or all pairs.

e Standard Procedure:
1. Estimation: y; — gj.
2. Compute a Critical Difference (CD) (based on the method employed)
3. If

| 9. — y;. |> CD
or equivalently if the interval

(9. — ;. — CD, #;. — y;. + CD)

does not contain zero, declare (; — (45 significant.

Page 26



Statistics 514: Design and Analysis of Experiments

Methods for Calculating CD.

e Least significant difference (LSD):

CD = ta/2.5-ay/MSg(1/n; +1/n;)

not control overall error rate

e Bonferroni method (for m pairs)

CD = ta/Zm,N—a\/MSE(l/ni + l/nj)

control overall error rate for the m comparisons.

e Tukey’'s method (for all possible pairs)

o Qa(afa N
V2

CD _a)\/MSE(l/ni—l—l/nj)

do(a, N — a) from studentized range distribution (Table VII or Table VIII).

Control overall error rate (exact for balanced experiments). (Example 3.7).

Page 27



Statistics 514: Design and Analysis of Experiments

Comparing treatments with control (Dunnett’s method)
1. Assume 1 is a control, and uo, .. ., 4, are (new) treatments
2. Only interested in a — 1 pairs: o — 1, ..., g — M1

3. Compare | 4;. — 1. | to

CD =dy(a—1,N —a)/MSg(1/n; +1/n;)

where d, (p, f) from Table IX or Table VIII: critical values for Dunnett’s test.

4. Remark: control overall error rate. Read Example 3-9 (or 3-10)

For pairwise comparison, which method should be preferred? LSD,
Bonferroni, Tukey, Dunnett or others?
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SAS Code

data one;

infile

input percent strength time;

proc glm data=one;

class percent;

model strength=precent;

c:\saswork\data\tensile.dat’;

/* Construct CI for Treatment Meansx/

means percent /alpha=.05 1lsd clm;

means percent / alpha=.05 bon clm;

/* Pairwise Comparisonx/

means
means
means
means
means

run;

percent
percent
percent
percent

percent

/alpha=.05
/alpha=.05
/alpha=.05
/alpha=.05
/dunnett;

lines
lines
lines

lines

1sd;
bon;
scheffe;

tukey;
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The GLM Procedure

t Confidence Intervals for y

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 8.06
Critical Value of t 2.08596

Half Width of Confidence Interval 2.648434

95% Confidence

trt N Mean Limits

30 5 21.600 18.952 24.248
25 5 17.600 14.952 20.248
20 5 15.400 12.752 18.048
35 5 10.800 8.152 13.448
15 5 9.800 7.152 12.448

Page 30



Statistics 514: Design and Analysis of Experiments

The GLM Procedure

Bonferroni t Confidence Intervals for y

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 8.06
Critical Value of t 2.84534

Half Width of Confidence Interval 3.612573

Simultaneous 95%

trt N Mean Confidence Limits
30 5 21.600 17.987 25.213
25 5 17.600 13.987 21.213
20 5 15.400 11.787 19.013
35 5 10.800 7.187 14.413
15 5 9.800 6.187 13.413
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t Tests (LSD) for y
NOTE: This test controls the Type I comparisonwise error rate, not the

experimentwlise error rate.

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 8.06
Critical Value of t 2.08596

Least Significant Difference 3.7455

Means with the same letter are not significantly different.

t Grouping Mean N trt
A 21.600 5 30
B 17.600 5 25
B 15.400 5 20
C 10.800 5 35
C 9.800 5 15
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Bonferroni (Dunn) t Tests for y
This test controls the Type I experimentwise error rate, but it generall

has a higher Type II error rate than REGWQ.

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 8.06
Critical Value of t 3.15340
Minimum Significant Difference 5.6621

Means with the same letter are not significantly different.

Bon Grouping Mean N trt
A 21.600 5 30

B A 17.600 5 25

B C 15.400 5 20

C 10.800 5 35

C 9.800 5 15
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Scheffe’s Test for vy

NOTE: This test controls the Type I experimentwlise error rate.

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 8.06
Critical Value of F 2.860608
Minimum Significant Difference 6.0796

Means with the same letter are not significantly different.

Scheffe Grouping Mean N trt

A 21.600 5 30
A

B A 17.600 5 25

B

B C 15.400 5 2.0
C
C 10.800 5 35
C
C 9.800 5 15

Page 34



Statistics 514: Design and Analysis of Experiments

Tukey’s Studentized Range

This test controls the Type I experimentwise error rate,

(HSD)

Test for y

but 1t general

has a higher Type II error rate than REGWQ.

Alpha

Error Degrees of Freedom
Error Mean Square

Critical Value of Studentized Range

Minimum Significant Difference

0.05
20
8.06

4.23186
5.373

Means with the same letter are not significantly different.

Tukey Grouping

A
A
B A
B
B C
C
D C
D
D

Mean
21.0600

17.600

15.400

10.800

9.800

N
5

trt
30

25

20

35

15
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Dunnett’s t Tests for y
This test controls the Type I experimentwise error for comparisons of a

treatments against a control.

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 8.06
Critical Value of Dunnett’s t 2.65112
Minimum Significant Difference 4.7602

Comparisons significant at the 0.05 level are indicated by xx*x.

Difference
trt Between Simultaneous 95%
Comparison Means Confidence Limits
30 - 15 11.800 7.040 16.560 x*x
25 - 15 7.800 3.040 12.560 *xx%
20 - 15 5.600 0.840 10.360 x*=%
35 - 15 1.000 -3.760 5.760
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Determining Sample Size
e More replicates required to detect small treatment effects
e Operating Characteristic Curves for F’ tests

e Probability of type Il error
B = P(accept Hy | Ho is false)

= P(Fo < Fo,a—1,N—a | Hi is correct )

e Under H1, Fj follows a noncentral F’ distribution with noncentrality A and degrees

of freedom, a — 1 and N — a, where

_ n 2?21 7_22

ao?

A=ax d> &

e OC curves of 8 vs n and ® are included in Chart V for various « and a.
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Example 3-10: Experiment Involving 4 Treatments

e Suppose want to detect (at « = 0.01) u1 = 575, ue = 600, usz = 650,

pa = 675, and can assume o = 25.
e How many replicates per treatment is needed such that 5 < 0.107?
e We have 11 = —H0, 790 = —25, 73 = 25, 74 = 50, and

o>t TP 6250n

2
N ao? 4(25)2

= 2.5n,

ey =a—-1=3,1n=N—-a=4(n—1),and B = f(a,v1,v2,n,a* ®*):

o P 2 I5; Power

n
3 7.5 2.74 8 0.25 0.75
4
3

10.0 3.16 12 0.04 0.04
125 354 16 <0.01 >0.99
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SAS Code
Determining Sample Size

data new;
alpha=.01;

a=4;

do n=3 to 5;

df = ax(n—-1);

Phi2 = 2.5 % n;

fcut = finv(l-alpha,a-1,df);

beta = probf (fcut,a-1,df,axPhi2);
power = l-beta;

output;

end;

proc print;

var n Phi2 df beta power; run;

Obs n
1 3
2 4
3 5

Phi?2
7.5

10.0
12.5

df beta power
8 0.25 0.75
12 0.04 0.96
16 0.003 0.996
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Another Approach

e Suppose want to guarantee 5 < 0.10 when there is at least one pair of treatments
that differ by D(e.g. u1 — p2 > D).

e The smallest ®2 is

(1)2 o TLD2
~ 2a02

e In Example 3.10, consider D = 75 and assume o° = 25,

n(75)?

¥ = e

= 1.125n

evi=a—1=31ro=N—-a=4(n—1),and 8 = f(o,v1,v2,n,ad?):

d* ) Vo I} Power

n
4 4.5 212 12 0.39 0.61
5
6

5625 237 16 0.20 0.80
6.75 260 20 <0.10 >0.90
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