Statistics 514: Latin Square and Related Designs Spring 2013

Lecture 8: Latin Squares and Related Designs
Montgomery: Section 4.2 and 4.3
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Automobile Emission Experiment

Four cars and four drivers are employed in a study of four gasoline additives (A, B, C,

D). Even though cars can be identical models, systematic differences are likely to occur in

their performance, and even though each driver may do his best to drive the car in the

manner required by the test, systematic differences can occur from driver to driver. It would

be desirable to eliminate both the car-to-car and driver-to-driver variations when comparing

the additives.

cars
drivers 1 2 3 4
1 A=24 B=26 D=20 C=25
2 D=23 C=26 A=20 B=27
3 B=15 D=13 C=16 A=16
4 C=17 A=15 B=20 D=20
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Design Matrix and Orthogonality

drivers cars additives

1 1 A
1 2 B
1 3 D
1 4 C
2 1 D
2 2 C
2 3 A
2 4 B
3 1 B
3 2 D
3 3 C
3 4 A
4 1 C
4 2 A
4 3 B
4 4 D
Orthogonality: for any two columns, all possible combinati ons appear and appear only once.
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Latin Square Design

e Design is represented in p X p grid, rows and columns are blocks and Latin

letters are treatments.

— Every row contains all the Latin letters and every column contains all the

Latin letters.

e Standard Latin Square: letters in first row and first column are in alphabetic

order.
e Examples
C B A B A C
B A C A C B
A C B C B A
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PROC PLAN SEED=5140514;
FACTORS drivers=4 ORDERED cars=4 ORDERED
TREATMENTS addi ti ves=4 CYCLI C,
QUTPUT QUT=Il s4additives
drivers NVALS=(1 2 3 4) RANDQM
cars NVALS=(1 2 3 4) RANDOM
additives CVALS=("A 'B 'C 'D ) RANDOM
QU T;

PROC SORT DATA=Il s4addi tives OUT=nydesi gn;
BY drivers cars;
PROC TRANSPOSE DATA=nydesi gn( RENAME=(cars=_NAME ))
QUT=t nydesi gn(drop=_NAME ) ;
BY drivers; VAR additives;
PRCC PRI NT DATA=t nydesi gn NOOBS;

RUN;
drivers 1 2 3 4
1 A B D C
2 D A C B
3 C D B A
4 B C A D
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Latin Square Design

e Properties:
— Block on two nuisance factors

— Two restrictions on randomization

e Model and Assumptions
ijk:/’L+&Z+Tj+6k+€ij7 iajakzlaza"'ap

W - grand mean

au; - ith block 1 effect (ith row effect); S ja; =0.
7; - jth treatment effect; b1 =0
Bk - kth block 2 effect (kth column effect); P Br=0

€ijk ~ N(0,0?); (Normality, Independence, Constant Variance).

Completely additive model (no interaction)
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Estimation and Basic Hypotheses Testing

e Rewrite observation y; . as:

Yijk = Y.+ Wi..—9.)F+ @5 —9.)+W .k —9.)+ Wijk —Yi.. — Y. — Y.k +27...)

= b +4 + 7 + B + &ijk
e Partition SST = > > (yijx — ¥...)? into
P @i —5.)% Y Gy 0.0 G -0+ DD
= SSRow +SSTreatment + SScol + SSg
df : (p—1) (p—1) (p—1) (p—1)(p—2)
— Dividing SS by df gives MS: MStreatment: MSRow, MScol and MSg
e Basic hypotheses: Hy : 71 = 72 = --- = 7, = O vs H;: atleast one is not

e Test Statistic: Fp = MStveatment/MSE ~ Fp_1 (p—1)(p—2) under Hy.

e Caution testing row effects (ov; = 0) and column effects (8, = 0).

7 Lecture 7 — Page 7



Statistics 514: Latin Square and Related Designs

Spring 2013

Analysis of Variance Table

Source of Sum of Degrees of Mean Fo
Variation Squares Freedom Square
Rows SSRow p—1 MSRow
Treatment  SSTreatment p—1 MSTreatment  £0
Column SSColumn p—1 MScolumn
Error SSE (p—2)(p—1) MSE
Total SST p® —1

SST = ZZnygk - y?../pQ; SSRow = %ny - y.z../p2

1

1
SSTreatment = » Z yQJ — y?,,/p2 SSColumn = D Z ka — y.2../p2

SSError =SST—SSRow —SSTreatment —SSCol

e Decision Rule:

If Fo > Fo p—1,(p—2)(p—1) then reject Hy.
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SAS Code

Consider an experiment to investigate the effect of 4 diets on milk production.

There are 4 cows. Each lactation period the cows receive a different diet. Assume

there is a washout period so previous diet does not affect future results. Will block

on lactation period and cow. A 4 by 4 Latin square is used.

Cows
Periods 1 2 3 4
1 A=38 B=39 C=45 D=41
2 B=32 C=37 D=38 A=30
3 C=35 D=36 A=37 B=32
4 D=33 A=30 B=35 (=33

opti ons nocenter |s=75;goptions col ors=(none);

dat a new,

| nput cow period trt resp @@

dat al i nes;
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1381223213335144 33
2392233723436 24130
3453 2 4383313734235
4 41 4 213043 2 32 44 3 33

proc gl m

class cow trt peri od;

nodel resp=trt period cow,
means trt/ lines tukey;

means period cow,

out put out =newl r=res p=pred,

synbol 1 v=circle;
proc gplot; plot res*pred,

proc univariate noprint nornal;

hi stogramres / normal (L=1 nu=0 signa=est) kernel (L=2);
ggpl ot res/normal (L=1 nmu=0 si gnma=est);

run;
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Output
Dependent Vari able: resp

Sum of

Sour ce DF Squar es Mean Square F Value Pr > F
Model 9 242. 5625000 26. 9513889 33.17 0.0002
Error 6 4. 8750000 0. 8125000
Corrected Tot al 15 247. 4375000
Sour ce DF Type | SS Mean Square F Value Pr > F
trt 3 40. 6875000 13. 5625000 16.69 0.0026
peri od 3 147. 1875000 49. 0625000 60. 38 <.0001
cow 3 54. 6875000 18. 2291667 22.44 0.0012
Sour ce DF Type 111 SS Mean Square F Value Pr > F
trt 3 40. 6875000 13. 5625000 16.69 0.0026
peri od 3 147. 1875000 49. 0625000 60. 38 <.0001
cow 3 54. 6875000 18. 2291667 22.44 0.0012

11
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Output (continued)

Tukey’' s Studentized Range (HSD) Test for

Al pha

Error Degrees of Freedom

Error Mean Square

0. 05
6
0. 8125

Critical Value of Studentized Range 4.89559

M ni mum Si gni ficant D fference 2.2064
Mean N trt

A 37.5000 4 3

A 37.0000 4 4

B 34. 5000 4 2

B 33. 7500 4 1

12

resp
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Latin Square Design

-0.27

-0.37

-0.47

-0.57

-0.67

70'77\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ Trr|yrrrryrrrryrrrrprrrrrrr [ r 111117
30 31 32 33 34 33 36 37 38 39 40 41 42 43 44 45 46

pred
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Replicating Latin Squares

e Latin Squares result in small degree of freedom for SSg:
df = (p—1)(p—2).
— If 3 treatments: dfg = 2
— If 4 treatments dfg = 6

— If 5 treatments df g = 12
Use replication to increase df g

e Different ways for replicating Latin squares:
1. Same rows and same columns
2. New rows and same columns
3. Same rows and new columns

4. New rows and new columns
Degree of freedom for SSi depends on which method is used;

Often need to include an additional blocking factor for "replicate” effect.
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Method 1: same rows and same columns in additional squares

Exanpl e:

1 2 3 dat a replication
1A B C 7.0 8.0 9.0
2B C A 4.0 5.0 6.0 1
3C A B 6.0 3.0 4.0

1 2 3 dat a
1 C B A 8.0 4.0 7.0
2B A C 6.0 3.0 6.0 2
3A C B 5.0 8.0 7.0

1 2 3 dat a
1B A C 9.0 6.0 8.0
2 A C B 5.0 7.0 6.0 3
3C B A 9.0 3.0 7.0

15
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Model and ANOVA Table for Method 1

Usually includes replicate (e.g., time) effects (31, . .., 0n)

1=1,2,...,p
17=1,2,...,p
Yijkt = 0+ & + 75 + B + 01 + €501 9
k=1,2,...,p
[=1,2,...,n
Source of Sum of Degrees of Mean F
Variation Squares Freedom Square
Rows SSRow p—1
Columns SScolumn p—1
Replicate SSReplicate n—1
Treatment  SSTreatment p—1 MSTreatment  F0
Error SSk (p—1D(n(p+1)—3) MSg
Total SST np? — 1
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data input and SAS code for Method 1

dat a new

| nput rep row col

dat al i nes;
1 1

P PR R R RBRREPR
W WWNNNRE R
WNEFE WNE®WN PR
N P WEFE WNWN
HwWo ok oooN
O O OO O o o o o

N N DN DNDNDDN
N NN P -
W NDERE WDN B
W FEL NDPFEP DN W
O wo NN
O O O O O O

trt

resp;

17
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231150

23238.0

23327.0

3112290

31216.0

31338.0

32115.0

32237.0 proc gl m dat a=new,
32326.0 class rep row col trt;
331329.0 nodel resp=rep row col trt;
33223.0 run;

33317.0 quit;
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SAS Output for Method 1

Dependent Vari abl e:

Sum of
Sour ce
Model
Error

DF
8
18

Corrected Total 26

Sour ce
rep
row
col
trt

R- Squar e
0. 651934

DF

N N DNDN

resp

Squar es
61. 18518519
32. 66666667
93. 85185185

Coeff Var
22.17870

Type I SS
5.62962963
23. 40740741
9. 85185185
22. 29629630

19

Mean Squar e
7.64814815
1.81481481

Root MSE
1.347151

Mean Squar e

2.81481481
11. 70370370
4.92592593
11. 14814815

F Val ue
4.21

resp Mean
6. 074074

F Val ue
1.55
6. 45
2.71
6. 14

Pr > F
0. 005

Pr > F
0. 2391
0. 0077
0. 0933
0. 0093
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Method 2: New (different) rows and same columns

Exanpl e:

1 2 3 dat a replication
1A B C 7.0 8.0 9.0
2B C A 4.0 5.0 6.0 1
3C A B 6.0 3.0 4.0

1 2 3 dat a
4 C B A 8.04.07.0
5B A C 6.0 3.0 6.0 2
6 A C B 5.0 8.0 7.0

1 2 3 dat a
7B A C 9.0 6.0 8.0
8 A C B 5.0 7.0 6.0 3
9C B A 9.0 3.0 7.0

20
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Model and ANOVA Table for Method 2
® Row effects are nested within square

e «; can be different for different squares, so they are denoted c;(;) fore =1, ..., p

andl = 1,...,n, and satisfy by Zle a1y = 0 for any fixed [.

2

i=1.2,....p
J=L12,...,p

Yijkl = b+ o5y + 75 + Bre + 01 + €5kt S
Ek=1,2,...,p
L I=1,2,...,n
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Source of Sum of Degrees of Mean F
Variation Squares Freedom Square
Rows SSRow n(p—1)
Columns SSColumn p—1
Replicate SSReplicate n—1
Treatment  SSTreatment p—1 MSTreatment  FO
Error SSE (p—1)(np—2) MSg
Total SSt np® — 1
22
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data input and SAS code for Method 2

dat a new

| nput rep row col

dat al i nes;
1 1

P PR R R RBRREPR
W WWNNNRE R
WNEFE WNE®WN PR
N P WEFE WNWN
HwWo ok oooN
O O OO O o o o o

N N DN DNDNDDN
oo o1 o1 b b p
W NDERE WDN B
W FEL NDPFEP DN W
O wo NN
O O O O O O

trt

resp;

23
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261150

262380

26327.0

3712290

37216.0

373380

38115.0

38237.0 proc gl m dat a=new,
38326.0 class rep row col trt;
391329.0 nodel resp=rep rowrep) col trt;
39223.0 run;

39317.0 quit;
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SAS ouput
Sum of

Sour ce DF Squar es Mean Squar e F Val ue Pr > F
Model 12 74.00000000 6. 16666667 4. 35 0. 0054
Error 14 19. 85185185 1.41798942
C. Tot al 26 93.85185185

R- Squar e Coeff Var Root INBE resp Mean

0. 788477 19. 60453 1.190794 6. 074074
Sour ce DF Type | SS Mean Squar e F Val ue Pr > F
rep 2 5.62962963 2.81481481 1.99 0.1742
row rep) 6 36.22222222 6. 03703704 4. 26 0.0120
col 2 9. 85185185 4.92592593 3. 47 0. 0596
trt 2 22.29629630 11.14814815 7.86 0. 0051

e Q: Should we reanalyze the data without “replicate effects”? How?
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Latin Rectangle

e If there is no specific interest on “replicate effects”, we can pool the replicate-grouped rows, so
the replicated Latin squares form a Latin Rectangle with np separate rows.

e Row effects are a1, @2, . .., upp Satisfying Z?jl a; = 0.
e Model:

2

1=1,2,...,np
j:1727"'7p
| k=1,2,...,p

Yijk = b+ ai + 75 + B + €5k S

e ANOVA Table

Source of Sum of Degrees of Mean F
Variation Squares Freedom Square
Rows SSRow np — 1
Columns SScolumn p—1
Treatment  SSTreatment p—1 MSTreatment  FO
Error SSk (p—1)(np — 2) MSg
Total SST np? — 1
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Method 3: Same rows and new (different) columns, is similar to Method 2. Details
are omitted

Method 4: New (different) rows and new columns in additional

Exanpl e:

o
O > @ N

1 2 3

A

O

> O+

B

O > @ O > 0O

@™ O > ©

@O > o @ > 0

> W O ©

dat a
7.0 8.0
4.0 5.0
6.0 3.0

dat a
8.0 4.0
6.0 3.0
5.0 8.0

dat a
9.0 6.0
5.0 7.0
9.0 3.0

o
o

o
o

replication

27

squares
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Model and ANOVA Table for Method 4

e® Usually both row effects (ai(l)) and column effects (Bk:(l)) are nested with squares.

p

1=1,2,...,p
Yijkl = b+ o) + 75 + Bray + 01 + €ijrt S 7= L2p
k=1,2,...,p
[=1,2,...,n
Source of Sum of Degrees of Mean F
Variation Squares Freedom Square
Rows SSRow n(p—1)
Columns SSColumn n(p—1)
Replicate SSReplicate n—1
Treatment  SSTreatment p—1 MSTreatment  FO
Error SSk (p—1(np—1)—1) MSg
Total SST np? — 1
28
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Data input and SAS code

| nput rep row col

data new;
dat al i nes;
11117.
112 2 8.
113 309.
1212 4.
1 22 3 5.
12 31 4.
1 313 6.
1321 3.
1 33 2 4.
2 4 4 3 8.
2 45 2 4.
24617,
25 4 2 6.
2551 3.
256 3 6.

©O O O OO O o O o

OO O O O o O

trt

resp;

29
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264150

265380

266270

3772090

37816.0

37938.0

387 15.0

38837.0 proc gl m dat a=new,
38926.0 class rep row col trt;
397 329.0 nodel resp=rep rowrep) col(rep) trt;
398230 run;

39917.0 quit;
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SAS output

Sour ce
Model
Error
C. Tot al

R- Squar e
0. 827940

Sour ce
rep
row r ep)
col (rep)
trt

DF

N OO N

16
10
26

Sum of
Squar es
77.70370370
16. 14814815
93. 85185185
Coeff Var
20. 92094

Type | SS
5. 62962963
36. 22222222
13. 55555556
22. 29629630

31

Mean Squar e
4.85648148
1.61481481

Root MNMSE
1. 270754

Mean Squar e
2.81481481
6. 03703704
2. 25925926

11. 14814815

F Val ue
3.01

resp Mean
6. 074074

F Val ue
1.74
3.74
1.40
6. 90

Pr > F
0. 0411

Pr > F
0. 2242
0. 0324
0. 3042
0.0131
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Crossover (Changeover) Design  Consider an experiment for investigating the
effects of 3 diets (A, B, C') on milk production. Suppose the experiment involves 3

lactation periods. Cows take different diets in different periods, that is, a cow will not take

the same diet more than once (crossover).

e Case 1: 3 cows are used.

cow 1l cow 2 cow 3

period 1 A B C
period 2 B C A
period 3 C A B

e Case 2: 6 cows are employed:
cowl <cow2 cow3 cow4d cowdS cowb
pd 1 A B C A B C
pd 2 B C A C A B
pd 3 C A B B C A
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Crossover (Changeover) Design

® In general, there are p treatments, np experimental units, and p periods. n Latin

squares (p X p) are needed to form a rectangle (p X np). So that
|. Each unit has each treatment for one period

Il. In each period, each treatment is used on 7 units.

Source of Variation DF

units np—1
periods p—1
treatment p — 1
error  np” — (n+2)p + 2

total np® —1

e Residual effects and washout periods

e Balanced for residual effects:

lll. Each treatment follows every other treatment 7 times.

33
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Graeco-Latin Square: An Example

An experiment is conducted to compare four gasoline additives by testing them on

four cars with four drivers over four days. Only four runs can be conducted in each

day. The response is the amount of automobile emission.

Treatment factor: gasoline additive, denoted by A, B, C' and D.
Block factor 1: driver, denoted by 1, 2, 3, 4.
Block factor 2: day, denoted by 1, 2, 3, 4.
Block factor 3: car, denoted by «, 3, 7, 0.

days
drivers 1 2 3 4
1 Aa=32 Bp=25 C(Cy=31 Do=27
2 Bé=24 Ay=36 DB=20 Ca=25
3 CB=28 Da=30 Aé=23 By=31
4 Dy=34 (C0=35 DBa=29 AB=33

34
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Graeco-Latin Square Design Matrix:

driver day additive car

1 1 A Q
1 2 B B
1 3 C y
1 4 D 0
4 1 D 7y
4 2 C 0
4 3 B o
4 4 A 5
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e Two p X p Latin squares are said to be orthogonal if the two squares when

superimposed have the property that each pair of letters appears once.
e the superimposed square is called Graeco-Latin square.
e tables available for p < 8 in Wu&Hamada.

e PROC FACTEXin SAS

® 6 X6 Graeco-Latin square does not exist
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TI TLE ' G aeco-Latin Square Design’;
[+ NLEV: nust be a prinme power nunber for fractional/blocked design */
PROC FACTEX;
FACTORS drivers days additives cars / NLEV=4;
S| ZE DESI G\=16;
MODEL RESOLUTI ON=MAX;
QUTPUT QUT=gl s4addi ti ves
drivers NVALS=(1 2 3 4)
days NVALS=(1l 2 3 4)
additives CVALS=("A 'B 'C 'D)
cars CVALS=('a’ 'b’ "¢ 'd);

PROC PRI NT DATA=gl s4addi ti ves NOOBS;
RUN, QUI T,
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drivers days additives cars
1 1 A a
1 2 D d
1 3 B b
1 4 C C
2 1 D C
2 2 A b
2 3 C d
2 4 B a
3 1 B d
3 2 C a
3 3 A C
3 4 D b
4 1 C b
4 2 B C
4 3 D a
4 4 A d
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Model and Assumptions

([ i=1,2,....p
Vit =p+ o+ 7+ 0+ G+em § 7=1,2,...,p
L k=1,2,...,p
W - grand mean
ay; - ith block 1 effect (row effect) > a; =0
T; - Jth treatment effect Y1, =0
Bk - kth block 2 effect (column effect) > B =0
(1 - [th block 3 effect (Greek letter effect) > G =0

€ijr ~ N(0,0?) (independent)

e Completely additive model (no interaction)
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Estimation and ANOVA

e Rewrite observation as:
Yijkt =Y.+ (Y. — 3§
Y 0= ) Wise — Vi — Y. — Y.
= [+ Gy + 75 + By, +Q+eijr

e Partition SST into:

P> (.. —7 )2+p2(§] —7. )P (T =T )%+
P> W, — ) Zzezgkz

— SSROW + SSTreatment + SSCOI + SSGreek + SSE
with degree of freedomp — 1, p—1,p—1,p—1and (p — 3)(p — 1),

respectively.
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Analysis of Variance Table

Source of  Sum of Degrees of Mean Fy
Variation  Squares Freedom Square
Rows  SSRow p—1 MSRow
Treatment  SSTreatment p—1 MSTreatment L0
Column  SScolumn p—1 MSColumn
Greek  SS(@reek p—1 MSGreek
Error  SSg (p—3)(p—1) MsSg
Total SSt p?—1
SST = 3303 Y — VoL /P SSRow = 3 2. Y7, — Y2../p%
SSTreatment = 5 2. Y. — Y2 /P’ SSColumn = 3 2. ¥y, — ¥ /%
SSGreek = % S y?, —vy? /p* SSError = Use subtraction;

Decision Rule : If o > I, ,,_1 (p—3)(p—1) thenreject Ho
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Sas Code and Output

dat a new,

1111 32
1 33331
21 2 4 24
2 342 20
3132 28
3314 23
4 1 4 3 34
4 3 21 29

1

A AW WOWDNDNDPRP
AN BADNDBSEDN DS

| nput

2

R W NP WL BA~DN
N WO, R WA

2

proc gl m dat a=new,

cl ass row col

nodel
run;

resp=r ow col

row col

25
27
36
25
30
31
35
33

trt greek;
trt greek;

trt greek resp @@ datalines;

42
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Output
Sum of

Sour ce DF Squar es Mean Square F Value Pr > F
Model 12 296. 7500000 24. 7291667 2.83 0.2122
Error 3 26. 1875000 8. 7291667
CoTot al 15 322. 9375000

R- Squar e Coeff Var Root INBE resp Mean

0. 918908 10. 20999 2.954516 28. 93750
Sour ce DF Type | SS Mean Square F Value Pr >F
r ow 3 90. 6875000 30. 2291667 3. 46 0.1674
col 3 68. 1875000 22. 729166 2. 60 0. 2263
trt 3 36. 6875000 12. 2291667 1. 40 0. 3942
gr eek 3 101. 1875000 33. 7291667 3. 86 0. 1481

Multiple comparison can be carried out using similar methods

43
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