1. (5 points) Consider the system of 5 identical components connected as in the accompanying
picture. If components work (mutually) independently of one another and P(component
works) = 0.9, calculate P(system works).
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2. (5 points) If a fair six-sided die is rolled 10 times, what is the probability that there are
exactly 4 even numbers OR exactly 3 multiples of 5?7
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(5 points) The Reviews editor for a certain scientific journal decides whether the review for
any particular book should be short (1-2 pages), medium (3-4 pages) or Jong (5-6 pages).
Data on recent reviews indicates that 60% of them are short, 30% are medium, and the other
10% are long. Reviews are submitted in either Word or LaTeX. For short reviews, 40% are
in LaTex, whereas 30% of medium reviews are in LaTex and 70% of long reviews are in
LaTex. Suppose a recent review is randomly selected.
a. (I point) What is the probability that the selected review was submitted in Word format?
b. (1 point) If the selected review was submitted in LaTex format, what is the conditional
probability of it being short?
c. (1 point) Check if the events that the selected review is short and the selected review is
submitted in LaTex format are independent or not.
d. (1 point) Check if the events that the selected review is not short, the selected review is
not medium and the selected review is not long are mutually independent or not.
e. (1 point) Check if the events that the selected review is not short, the selected review is
not medium and the selected review is not long are conditionally (mutually) independent or
not, given that it was submitted in LaTex format.
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and 0.25 are flipped together

(15 points) A pair of coins with probabilities of heads 0.2
eads observed.

independently of each other. Let X be the number of h
a. (2 points) Find the support and PMF of X. ‘
b. (2 points) Find the expectation and variance of (2-VX).

c. (1 point) Find Fax.1(2), i.e. the CDF of 2X-1, evaluated at the point 2.

d. (2 points) You decide with your friend that you win a round if both coins show heads and
your friend wins otherwise. Each round consists of one flip of each coin. You repeat this
process independently with the same pair of coins. What is the probability that out of 25 -
total rounds of this game, you win exactly 4 rounds? What is the probability that your friend
wins more than 20 rounds out of 25 such rounds?

e. (3 points) Find the (approximate) probability that out of 60 such rounds, the number of
rounds your friend wins is within 1.5 standard deviations of its mean value?

f. (1 point) How many rounds are you expected to wait for your first win (including that
round)?

g. (2 points) Suppose that your friend pays you $20 if you win a round and you pay her $1 if
she wins a round. What are the expectation and variance of your net profit after 60 rounds of
the game (assuming that both of you have enough money at the beginning of the game)?

h. (1 point) If you have lost $2 after 60 rounds of the game, should you continue playing or
quit (assuming that you have enough money to keep playing forever)? Briefly explain the
reason behind your decision.

i. (1 point) How much should you pay your friend if she wins a round for the game to be
fair, i.e. not favoring either of you, especially in the long run (assuming she still pays you
$20 when you win a round)?
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5. (10 points) Suppose that a continuous random variable X has CDF

0 if x<0
752 ]
= fos<x<1

_ 78
FGO=3 ¢ if1<x<7
dx  if7<x<8
1 ifx>8

a. (1 point) Find the constants ¢ and d.

b. (1 point) Find P(X <7.5[ X >10.3).

¢. (2 points) Find the PDF f{x) of X.

d. (1 point) What is the support of X?

e. (2 points) Find the 20" percentile of (5-X).

f. (3 points) Find E[X-5, i.e. the mean of the absolute value of (X-3).
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