
 

 

 



 

 

 



 

 

 

 

 

         

             

 

 

 



(a) (𝑋𝑋,𝑌𝑌) is jointly uniform on the circle 𝐷𝐷 with center at (0,0) and radius 2. Hence 𝑐𝑐 =
1

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐷𝐷)
= 1

𝜋𝜋(2)2
= 1

4𝜋𝜋
. 

(b) Using the fact that 𝑃𝑃 �(𝑋𝑋,𝑌𝑌)𝜖𝜖𝜖𝜖� = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴⋂𝐷𝐷)
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐷𝐷)

, we shade the region 𝐴𝐴 ∩ 𝐷𝐷 for each of the 

probabilities and calculate the probabilities as ratios of areas. 

𝑃𝑃(𝑋𝑋𝑋𝑋 > 0) =
1
2

= 0.5 

𝑃𝑃(𝑋𝑋 + 𝑌𝑌 > 0) =
1
2

= 0.5 

𝑃𝑃(−1 ≤ 𝑋𝑋 ≤ 1,−1 ≤ 𝑌𝑌 ≤ 1) =
22

4𝜋𝜋
=

1
𝜋𝜋

= 0.3183 

𝑃𝑃(𝑋𝑋𝑋𝑋 > 0,𝑋𝑋 + 𝑌𝑌 < 2) =
�4𝜋𝜋

4 � + �1
2 . 2.2�

4𝜋𝜋
=

1
4

+
1

2𝜋𝜋
= 0.4092 

Bonus Problem:



(c) Marginal supports of both 𝑋𝑋 and 𝑌𝑌 are (−2,2), i.e. 𝑆𝑆𝑋𝑋  =  𝑆𝑆𝑌𝑌  =  (2,2). 

Marginal PDF of X: 𝑓𝑓𝑋𝑋(𝑥𝑥) =  ∫ 𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑑𝑑𝑑𝑑 = ∫ 1
4𝜋𝜋
𝑑𝑑𝑑𝑑 =√4−𝑥𝑥2

−√4−𝑥𝑥2
2
−2

√4−𝑥𝑥2

2𝜋𝜋
 for 𝑥𝑥 ∈ 𝑆𝑆𝑋𝑋 . 

Similarly, by the symmetry of X and Y, 𝑓𝑓𝑌𝑌(𝑦𝑦) =  �4−𝑦𝑦
2

2𝜋𝜋
 for 𝑦𝑦 ∈ 𝑆𝑆𝑌𝑌. 

(d) The joint support 𝐷𝐷 is not rectangular, so 𝑋𝑋 and 𝑌𝑌 are not independent. 
(e) Let 𝑥𝑥 ∈ 𝑆𝑆𝑋𝑋 = (−2,2) be fixed.  

For 𝑓𝑓𝑌𝑌|𝑋𝑋(𝑦𝑦|𝑥𝑥) to be positive, (𝑥𝑥,𝑦𝑦) ∈ 𝐷𝐷 i.e. 𝑥𝑥2 + 𝑦𝑦2 ≤ 4 , i.e. 𝑦𝑦2 ≤ 4 − 𝑥𝑥2,  

i.e. −√4 − 𝑥𝑥2 ≤ 𝑦𝑦 ≤ √4 − 𝑥𝑥2. 

 𝑓𝑓𝑌𝑌|𝑋𝑋(𝑦𝑦|𝑥𝑥) = 𝑓𝑓(𝑥𝑥,𝑦𝑦)
𝑓𝑓𝑋𝑋(𝑥𝑥)

=
1
4𝜋𝜋�

√4−𝑥𝑥2
2𝜋𝜋�

= 1
2√4−𝑥𝑥2

 if (𝑥𝑥,𝑦𝑦) ∈ 𝐷𝐷 

 

Hence  𝑓𝑓𝑌𝑌|𝑋𝑋(𝑦𝑦|𝑥𝑥) = �
1

2√4−𝑥𝑥2
 , 𝑖𝑖𝑖𝑖 − √4 − 𝑥𝑥2 ≤ 𝑦𝑦 ≤ √4 − 𝑥𝑥2 

0, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 

Clearly 𝑓𝑓𝑌𝑌|𝑋𝑋(𝑦𝑦|𝑥𝑥) does not depend on y or is constant as a function of y. Hence this is a 

member of the univariate Uniform distribution family 𝑈𝑈(𝑎𝑎, 𝑏𝑏) with 𝑎𝑎 = −√4 − 𝑥𝑥2, 𝑏𝑏 =
√4 − 𝑥𝑥2 . 

(f) From the conditional distribution Y|X=x derived in part e, 

Conditional mean: 𝐸𝐸(𝑌𝑌|𝑋𝑋 = 𝑥𝑥) = 𝑎𝑎+𝑏𝑏
2

= 0 

Conditional standard deviation: 𝜎𝜎𝑌𝑌|𝑋𝑋=𝑥𝑥 = 𝑏𝑏−𝑎𝑎
√12

= 2√4−𝑥𝑥2

√12
= �4−𝑥𝑥2

3
  

Conditional third quartile: 𝜂𝜂𝑌𝑌|𝑋𝑋=𝑥𝑥(0.75) = 𝑎𝑎 + 3(𝑏𝑏−𝑎𝑎)
4

= √4−𝑥𝑥2

2
 

(g) 𝐸𝐸(𝑋𝑋𝑋𝑋) = ∬ 𝑥𝑥𝑥𝑥𝑥𝑥(𝑥𝑥,𝑦𝑦) 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =𝑥𝑥2+𝑦𝑦2≤4
1
4𝜋𝜋 ∫ ∫ 𝑥𝑥𝑥𝑥 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =√4−𝑥𝑥2

𝑦𝑦=−√4−𝑥𝑥2
2
𝑥𝑥=−2

1
4𝜋𝜋 ∫ 𝑥𝑥 ∫ 𝑦𝑦 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 = 1

4𝜋𝜋 ∫ 𝑥𝑥. 0𝑑𝑑𝑑𝑑 =2
𝑥𝑥=−2

√4−𝑥𝑥2

𝑦𝑦=−√4−𝑥𝑥2
2
𝑥𝑥=−2

1
4𝜋𝜋 ∫ 0𝑑𝑑𝑑𝑑 = 02

𝑥𝑥=−2   

by using the hint with 𝑐𝑐 = √4 − 𝑥𝑥2 for the inner integral as the function 𝑔𝑔(𝑦𝑦) = 𝑦𝑦 is odd, 
i.e. 𝑔𝑔(−𝑦𝑦) = −𝑦𝑦 = −𝑔𝑔(𝑦𝑦). 

Also, 𝐸𝐸(𝑋𝑋) = ∬ 𝑥𝑥𝑥𝑥(𝑥𝑥,𝑦𝑦)𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =𝑥𝑥2+𝑦𝑦2≤4
1
4𝜋𝜋 ∫ ∫ 𝑥𝑥 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =√4−𝑥𝑥2

𝑦𝑦=−√4−𝑥𝑥2
2
𝑥𝑥=−2

1
4𝜋𝜋 ∫ 𝑥𝑥 ∫ 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 = 1

2𝜋𝜋 ∫ 𝑥𝑥√4 − 𝑥𝑥2 𝑑𝑑𝑑𝑑 = 02
𝑥𝑥=−2

√4−𝑥𝑥2

𝑦𝑦=−√4−𝑥𝑥2
2
𝑥𝑥=−2  

by using the hint with 𝑐𝑐 = 2 for the outer integral as the function ℎ(𝑥𝑥) = 𝑥𝑥√4 − 𝑥𝑥2 is odd, 
i.e. ℎ(−𝑥𝑥) = (−𝑥𝑥)�4 − (−𝑥𝑥)2 = −𝑥𝑥√4 − 𝑥𝑥2 = −ℎ(𝑥𝑥). 
By symmetry of 𝑋𝑋 and 𝑌𝑌, 𝐸𝐸(𝑌𝑌) = 𝐸𝐸(𝑋𝑋) = 0. 
Now 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋,𝑌𝑌) = 𝐸𝐸(𝑋𝑋𝑋𝑋) − 𝐸𝐸(𝑋𝑋)𝐸𝐸(𝑌𝑌) = 0 − 0 = 0 and 𝜌𝜌𝑋𝑋,𝑌𝑌 = 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋,𝑌𝑌)

𝜎𝜎𝑋𝑋𝜎𝜎𝑌𝑌
= 0

𝜎𝜎𝑋𝑋𝜎𝜎𝑌𝑌
=

0. (𝜎𝜎𝑋𝑋 ,𝜎𝜎𝑌𝑌 > 0  as 𝑋𝑋 and 𝑌𝑌 are clearly not degenerate). 
Note: This is another example where 𝑋𝑋 and 𝑌𝑌 are uncorrelated but not independent. The 
example shown in class had discrete 𝑋𝑋 and 𝑌𝑌 whereas here 𝑋𝑋 and 𝑌𝑌 have a joint density. 
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