36.

42,

43,

44,

46.

a. P(67<X<75)—P[

P(X < 1500) = P(Z <3) = ®(3) = 9987; P(X> 1000) = P(Z>-33) =1 -d(-33)=  1-3707=
.6293.

b. P(1000 <X < 1500) = P(-33 < Z < 3) = ®(3) — D(-.33) = .9987 — .3707 = .6280

From the table, ®(z) = .02 = z =-2.05 = x = 1050 — 2.05(150) = 742.5 pm. The smallest 2% of
droplets are those smaller than 742.5 um in size.

d. P(at least one droplet in 5 that exceeds 1500 um) = 1 — P(all 5 are less than 1500 pm) = 1 —(.9987)° =

1-.9935 =.0065.

The probability X is within .1 of its mean is given by P(u—.1 < X< u+.1)=

p (u—=D-pu <7< (u+.D)—p zm[i]fm(_i):zq{i}-] . If we require this to equal 95%, we
o o o o o

| 1
find 2 —'1 -1=95=d —l] =975= L 1.96 from the standard normal table. Thus, o = ——=.0510.
T/ o, ez 1.96
Alternatively, use the empirical rule: 95% of all values lie within 2 standard deviations of the mean, so we

want 20 = .1, or o = .05. (This is not quite as precise as the first answer.)

Since 1.28 is the 90" z-percentile (z; = 1.28) and —1.645 is the 5™ z-percentile (zos = 1.645), the given

information implies that p + 1.28¢ = 10.256 and p— 1.6450 = 9.671.
Solve: By subtracting the equations, 2.925¢ = .585, so ¢ = .2, and then p = 10.

a. P(u—150 <X<p+150)=P(1.5<2<1.5)=d(1.50) - B(-1.50) = .8664.

b, PX<p-25c0orX>p+250)=1-Pu-250<X<pu+250)

-1 P(-2.527Z<25)=1-.9876=.0124.

¢. P(p-20 <X<p-ocorpu+oc <X<p+20)=P(within2sd’s) - P(within 1 sd) =
P(p-20<X<pu+20)-Pu—o<X<p+o)=.9544-.6826 = .2718.

67-70 X -70 75-70
< <
3 3 3

]= P(-1<Z <1.67) = ®(1.67)— D(~1) = 9525 -
1587 = .7938.

b. By the Empirical Rule, ¢ should equal 2 standard deviations. Since o = 3, ¢ = 2(3) = 6.

We can be a little more precise, as in Exercise 42, and use ¢ = 1.96(3) = 5.88.

c. Let Y = the number of acceptable specimens out of 10, so ¥ ~ Bin(10, p), where p = 7938 from part a.

Then E(Y) = np = 10(.7938) = 7.938 specimens.

d. Now let Y= the number of specimens out of 10 that have a hardness of less than 73.84, so

Y~ Bin(10, p), where
p=P(X <73.84)= P(Z < 2-8‘;—70J = P(Z <1.28)=d(1.28) = .8997. Then
(10 J 10—y
P(Y<8)=Y|  |(.8997)'(.1003)"" = 265I.
v=0 y

You can also compute 1 — P(¥'=9, 10) and use the binomial formula, or round slightly to p = .9 and
use the binomial table: P(Y < 8) = B(8; 10, .9) = .265.



63.

69.

79.

If a customer’s calls are typically short, the first calling plan makes more sense. If a cus.tomer’s c'al Is
are somewhat longer, then the second plan makes more sense, viz. 99¢ is less than 20min(10¢/min) =
$2 for the first 20 minutes under the first (flat-rate) plan.

hi(X) = 10X, while hy(X) =99 for X <20 and 99 + 10(X — 20) for X > 20. With x4 = 1/A for the
exponential distribution, it’s obvious that E[#,(X)] = 10E[.X] = 10x. On the other hand,

. 10 _ )
Elha(X)] = 99 + 1og(x-20),1e'%zx:99 +—e ™ =99+ 10pe ™,

When u = 10, E[h,(X)] = 100¢ = $1.00 while E[A;(X)] =99 + 100¢™ = $1.13.

When u = 15, E[h(X)] = 150¢ = $1.50 while E[h,(X)] = 99 + 150¢™° =~ $1.39. _

As predicted, the first plan is better when expected call length is lower, and the second plan is better
when expected call length is somewhat higher.

{X'2 1} = {the lifetime of the system is at least ¢}. Since the components are connected in series, this
equals {all 5 lifetimes are at least t} = A4, N 4, N Ay M Ay O As.

Since the events 4, are assumed to be independent, P(X > £) = P(4, N Ay N A3 A Ay A As)=P(4,) -
P(4;) - P(43) - P(A,) - P(45). Using the exponential cdf, for any i we have

P(4;) = P(component lifetime is >£) =1 - F() =1 - [I =] = ™"

Therefore, P(X > 1)= (e ") = (e ") =& ™ ,and F{(f) = PX < 1) = | —& ™.

Taking the derivative, the pdf of X is fi(¢) = .05¢ ® for ¢ = 0. Thus X also has an exponential
distribution, but with parameter A = .05.

By the same reasoning, P(X < )= 1 —e™", so X has an exponential distribution with parameter n.

Notice that y1x and oy are the mean and standard deviation of the lognormal variable X in this example; they
are not the parameters x4 and ¢ which usually refer to the mean and standard deviation of In(X). We’re given
tx=10,281 and ay/uy = .40, from which gy = 40uy=4112.4.

a.

To find the mean and standard deviation of In(X), set the lognormal mean and variance equal to the
appropriate quantities: 10,281 = E(X) = ¢*'"'* and (4112.4)* = V(X) = %7 (" — 1) . Square the first
equation: (10,281)> = ¢***° . Now divide the variance by this amount:
2 2p+n’1 o’ _ 5
UI2A) _eT7 € =D, o 1= (40) =162 o =/In(L.16) = 38525
(10,281) hT
That’s the standard deviation of In(X). Use this in the formula for E(X) to solve for u:
10,281 = g+ (#2972 _ pu+ 01021 ;= 9 164. That’s E(In(X)).

. In(15,000)-9.164

P(X<15,000) = P[Z
38525

J =P(Z<1.17) = @(1.17) = .8790.

In(10,281)—9.164
38525

though the normal distribution is symmetric, the lognormal distribution is not a symmetric distribution.
(See the lognormal graphs in the textbook.) So, the mean and the median of X aren’t the same and, in
particular, the probability X exceeds its own mean doesn’t equal .5.

P(X > uy) = P(X>10,281) = P[Z > )=P(ZZ 19)=1—d(0.19) = 4247. Even

One way to check is to determine whether P(X < 17,000) = .95; this would mean 17,000 is indeed the
In(17,000) -9.164
.38525

17,000 is not the 95™ percentile of this distribution (it’s the 93.32%ile).

95" percentile. However, we find that P(X<17,000) = tll[ )= ®(1.50) =.9332, so



81.

+0°
a. /(0 = ({?,0)-] )‘32}1

_ (2o'pb——l )_&:xz.nf-r 0.0b
= 2962
Hene. Jvio=J39p2 =197

_ cear e o n12) —2.08 _
b. P(x>2) = |- P(xs12)= |- P(Z s —-ﬁ——): I—P(25/.73)§o.oa7f

—
—ee

c. Ex= ettt T/ . g 20 To0bs = §.00l.

PCEW =Jv € X< Bt ) = P(3.00 - 19 < X € §wyp+1.59)
= Ploolysxs 7.778)

(b.016)205 L (9-77¢) =208
= F%b—‘szg )

0.06

= P- 1oy s 2 <1.03) = 0. Q48T — 0092 = 0. 6993

d. In Bxercke §o, Tt was Shown Hhat F:a“, Here ,:,‘,(:22-"5: 7.73.

e. W wa shown Tn Exercise §o 2hat the PO th guantite 75 oMtOE,
We'ol Like Lo find the Fith perceatite, sox=o.0) aad Z,, =333, Thorafore
+he 99-th Pe,n,an'h& sf The de% vime olistribution T< Qk‘ﬂffﬂé.z‘gég‘?%

—

f' PX>8) = |- Pxs8)= (- plzs 2n(3) =208

= -05478 =0, 432>
Too )
The namber 9f products  yhose deloy #ime exceeds 8  mopths follows

A binemial  distribution WA N =10 and p=0.4522, s0 The expectest
pumber of Tteas s MP= (0% 04522 = kT2



108.

a.  Since X is exponential, E(X) = % =1.075 and J:% =1.075.

b. PX>3.0)=1-PX<3.0)=1-F3.0)=1-[1- e 0 = 0614.
P(1.0 < X< 3.0) = F(3.0)— F(1.0) = [l =& *CI] - [1 - &M = 333,

c. The 90" percentile is requested; denoting it by ¢, we have .9 = F(¢) = 1 - ¢ 9 Solving for ¢, we get ¢

G
= I0CD _ 5 476um.
o3~ ZA7owm

Bonus Problem:

X Exp(?)
@ P(x>D= g
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