Statistics 511 Final Exam
Summer 2017

Name: \717{\6 CHakRABORTY

Purdue ID:

You may have two sheets of paper with notes handwritten

in your own handwriting to take this test. Please show all
your work to receive full credit. You may use the attached
tables but please mention that whenever you do so. Report
all numerical answers to at least three correct decimal
places. You need to complete problems 1 and 4, any one
out of problems 2 and 3 and any two out of problems 5, 6
and 7. When you finish your exam, turn it in and show
your Purdue ID. You are expected to uphold the Honor
Code of Purdue University.

1. (12 points) X and Y are jointly Uniformly distributed on the triangular region
D enclosed by the three straight lines Y=0, X+Y=1 and Y=X+1 as shown
below.
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(a) (1) Write down the marginal supports of X and Y.
(b) (1) Write down the joint probability density function f(x,y).
(c) (1) Are X and Y independent? Justify your answer.
(d) (1) Calculate P(XY<0).
(e) (2) Calculate P(Y<X).
(f) (2) Compute the marginal density of Y.
2) (1) Calculate P(Y>0.5).
(h) (3) Calculate P(X>0.2]Y=0.3), E(X|Y=0.3) and the
conditional median of X given Y= O 3.
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2. (10 points) Let X and Y have a joint probability density
function: f(x.y)=k/(e*y?) for x>0, y>2.

(a) (1) Find out the constant k.

(b) (1) Are X and Y independent? Justify your answer.

(¢) (3) Find out V(3X-2Y).

(d) (1) Find out P(Y>3|X>1).

(e) (1) Find out P(X>3|X>1).

(f) (2) Find out the conditional median of X given Y>3 and the
unconditional median of X.

(g) (1) Compare the median of X with its mean. What does that say about
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3. (10 points) Consider a simple random sample X, X,,....X of size n =
45 from the Poisson distribution with parameter 2>0.
The sample mean (X +X,+...+X,5)/45 turned out to be 5.75.

(a) (1) Find out the method of moments estimate of A based on this sample.
(b) (2) What are the bias and standard error of the above estimator (in
terms of A)?

(c) (1) Find out an estimate of the above standard error.

(d) (1) What is the approximate distribution of the above estimator of A?
(€) (4) Perform an approximate test at level a=0.01 for the null hypothesis
Ho: 2. = 5 against the two-sided alternative based on the sample. State
the test statistic, the rejection region and your conclusion. Would your
conclusion change if o was 0.057

(f) (1)Without doing any calculation, what can you say about the
approximate 99% confidence interval of A based on the sample?
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4. (8 points) A simple random sample of 30 automobiles was obtained and the
CO» emissions from each was measured (in g/mi). The sample mean of these
measurements was 325.65 g/mi. Assume that CO2 emissions follow a normal
distribution with population standard deviation 65.

(a) (2) Calculate a 90% confidence interval for the mean COz emissions of all
automobiles.

(b) (2) How will the interval change (in terms of its width) if you make the
confidence level 95%? How would it change if you sampled 40 automobiles?
(c) (4) The mean CO, emissions of all automobiles was reported last year as 335
g/mi by the U.S. Environmental Protection Agency. Is there any evidence in
your data that the mean CO» emissions has decreased this year? State the
hypotheses, the test statistic, the rejection region and a conclusion. Use a=0.05.

5-‘?;' % 7

X =32545 , N=30, 0 =65 .
) 90). CT ‘go’c.fc: C?’b.%;% 5

(& :-0-19

=(3%256 45 .65 | 22565
(rsres - “‘?D 1645 T;
30
= (206122, 349-1?&?—) (anuﬂ

() Width = 251_&, 3
If leved in 9. 5 X goes down 7 5.4 874 wp
| (048°%%) 5 Ly abh goes -
= do
H nmA0y migees ub o Wakbiggas 2awn.
€D Hp: [« =335 ve. Ry #4335
To: 2= %o _ 22565325 _
G‘/ﬁ 65 /2o
RR: §Z - = - 7= v atd
Z bj—o&§_ 324 3a-?io‘25 EZLCF’W:}‘DEU)
Since, 2y -1645 = Dow't meja;t H®,
Conchusion . Thesre 1L 2no envidenet in the

A_dutaz Ao 5“7‘5‘\07('- Hhe mean CO» emisscons
5 dessetaied Hhis Year .

—0-78%8

5. (5 points) Assume the same setup as problem 4.

(a) (1) How large a sample size is necessary if the width of the 90%
confidence interval in 4(a) is to be at most 307

(b) (1) What is the probability of type-II error B(330) for the test in 4(c) at the
alternative value of 330 for the true mean CO: emissions?

(c) (3) Perform a test similar to the one in 4(c) when the population standard
deviation is unknown and the sample of 30 automobiles had a standard
deviation 65. State the hypotheses, the test statistic, the rejection region and a

conclusion. Use 6=0.05.
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6. (5 points) A simple random sample from a Binomial distribution with
parameters n and p is: {5,6,7}. You don’t know n and p and want to estimate
both of them. Find out the method of moments estimates of n and p. It’s okay if
vou have don’t have an integer estimate for n.
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7. (5 points) Suppose that the number of pages in an issue of a journal is
Uniformly distributed between 256 and 384. During 40 years of publication,
the journal publishes a total of 160 issues. Give an estimate for the probability
that between 51.000 and 52,000 pages (inclusive) were used for these 160
issues. [Hint: Write the number of pages in the i issue as X and use the CLT.]
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