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Abstract

This paper is concerned with asymptotic behavior of a variety of functionals of
increments of continuous semimartingales. Sampling times are assumed to follow a
rather general discretization scheme. If an underlying semimartingale is thought of
as a financial asset price process, a general sampling scheme like the one employed in
this paper is capable of reflecting what happens whenever the financial trading data
are recorded in a tick-by-tick fashion. A law of large numbers and a major central
limit theorem are proved after an appropriate normalization. Applications of our
results include statistical estimation and inference for high-frequency financial data
models.

Keywords: central limit theorem, continuous semimartingale, law of large numbers,
stochastic sampling times.

1 Introduction

One of the common tasks in stochastic processes theory is to estimate the parameters of
the process. As an alternative, nonparametric estimation, such as that of spot or inte-
grated quadratic volatility, may need to be performed as well. Over the past decade, the
field of volatility modeling and analysis for high-frequency financial data has developed
optimistically. A plethora of methodologies were introduced to estimate the quadratic
variation of a price process from high-frequency data. Estimation methods for univariate
volatilities include realized volatility [2, 3, 6], bi-power realized variation [7], two-time
scale realized volatility [27], multi-scale realized volatility [25], wavelet realized volatil-
ity [14], realized kernel volatility [4, 5], pre-averaging realized volatility [10, 18], and
Fourier realized volatility [12, 19]. For multiple assets, popular co-volatility estimators
are Hayashi and Yoshida (HY) estimator based on overlap intervals [16], the previous-
tick and multi-scale approach [26], refresh-time scheme and realized kernel volatility
[5], generalized synchronization scheme and quasi-maximum likelihood estimation [1],
pre-averaging approach [10], large volatility matrix estimators based on regularization



[20, 21, 22, 23]. These methods have been shown to be successful in applications; more-
over, they have significantly improved our understanding of time-varying volatility of
stochastic processes as well as the ability to predict future volatility. A comprehensive
review in this literature was given in, e.g., [24].

Most of the time, a stochastic process X; is observed at discrete times that are com-
monly non-equispaced. Moreover, in many cases, such as that of various asset price pro-
cesses in financial mathematics, the frequency of sampling is extremely high and occurs
on a tick-by-tick basis. That results, in turn, in a random high-frequency sampling. We
consider the so-called finite horizon case, where the observation window is a fixed time in-
terval [0, T for some T > 0. The sampling times are t(n,i) ,i = 1,...,n and the average
duration time between the two consecutive sampling times 7(n,i) = t(n,i) — t(n,i — 1)
goes to zero as the sample size goes to infinity. In order to conduct any nonparametric
inference, one typically needs, as a first step, the consistency of various functionals of
increments of the the process X;. Usually just consistency is not enough, and one also
need rates of convergence and an associated central limit theorem. To obtain these re-
sults, certain restrictions on the nature of sampling process have to be imposed. These
assumptions imply that both expectation and the variance of a duration time between
two successive sampling times go to zero as the sample size n — oo at rates of O(n™1!)
and O(n~?), respectively. Such an assumption is rather mild in the sense that it in-
cludes, for example, a well known Poisson model that implies exponentially distributed
duration times.

The need to take the random high-frequency sampling into account when performing
non-parametric estimation and inference has been noted earlier. Barndorff-Nielsen et al.
[4] noted, for example, that the regular realized kernel estimator of quadratic volatility
becomes inconsistent under a typical random high-frequency sampling scheme. Hayashi
et al. [15] considered irregular sampling schemes while posing conditions on the variance
of the sampling durations. The main contribution of this paper is that we obtain both a
law of large numbers and a major central limit theorem under very broad assumptions
on the nature of the sampling process. No specific distribution for the duration times
is assumed as well. Our results can be rather easily generalized to the case where the
duration times are not independent. The paper is structured as follows. Section (2) is
concerned with the detailed model set-up. Section (3) discusses the law of large numbers
while section (4) covers a major important central limit theorem.

2 Model Set-up

1. Price model:

Assume that we have a probability space (€2, P, F) and an assigned filtration {F;}+>0
containing all the price process related information up to time ¢; also, let {W;} be a
Brownian Motion defined on this space. Let X; = In(S;) be the log price process such
that dXy = bydt + oydW; with a drift process b; and the volatility process o;. We assume
that the drift process b; and the volatility process o; are adapted to F;. For brevity, we
denote the integrated volatility IV = fOT o? dt.



Throughout this paper, we will use several important assumptions on the nature of
the process X;. For convenience, we start with enumerating all of them in one location.

1. Assumption A:
Given any finite 7 > 0, we assume that the spot volatility o2, 0 <t < T can be
bounded with probability 1:

Plo? <My, 0<t<T}=1
where Mr is a random variable with finite fourth moment:

E(M}) < oo

2. Assumption B:
We also assume that the drift b;, 0 <t < T can be bounded with probability 1:

P{lby| < Ap,0<t<T}=1
for any fixed T' > 0 where A is a random variable with finite fourth moment:
E(A%) < o0

Assumption H:
Let X; be a continuous It6 semimartingale with the representation

t ¢
X = Xg +/ bsds —I—/ osdW
0 0

where W} is a standard Wiener process and b;, o; are locally bounded. Moreover,
the volatility process oy is also an It6 semimartingale of the form

¢ t
Jt:¢70+/ bsds—l—/ 5dWS+R(5)*(u—g)t—I—R'(é)*,ut
0 0 o o

where p is a Poisson random measure on (0,00) x E with intensity measure
v(dt,dz) = dt ® A\(dz), where X is a o-finite and infinite measure without atom on
an auxiliary measurable set (E,&). & is a truncation function and &'(z) = z—&(z).

d(w,t,z) is a predictable function on Q x Ry x E. Moreover, we assume that

(a) Let 7 be a (non-random) nonnegative function such that [, (5(z)?A1)A(dz) <

co. Then, the processes by(w) and sup,¢ EW are locally bounded, and

(b) All paths t — by(w), t = ¢(w), t — 0(w,t,x) are right-continuous with left
limits (cadlag).



The following assumption is fairly strong and is only used as a starting point for
the classical localization procedure. All of our results are proved under the much
more relaxed local boundedness assumption as stated in Assumption H.

Assumption SH:
In addition to the assumption (H) we have, for some constant A and all (w,?, x):

()] < A, flo(@)]] < A, [ Xe(w)] < A
1be(@)[] < A, [[oe(@)]| < A, [[0(w, t, 2)]] < A(F(z) A1)
. Trading time model: Assumption T
To study asymptotic properties, we will allow the frequency of observations in-
creases to infinity. Hence at each stage n, we have strictly increasing observation
times (t(n,i) : i > 0), and without restriction we may assume ¢(n,0) = 0. We
further denote
7(n,i) = t(n,i) — t(n,i — 1)
N{* =sup(i:t(n,i) <t)
Elr(n,i)] = An

0 N g if .
Ly izls;}}_r?NgLT(n,z), ¢ Z-:ﬁfl.,NgLT(”’Z)

We assume that with 7" the time horizon,
= 0y(n""), 0 =0,(n"") as n— o0
Remark 2.1. The Assumption T implies the following useful results:

A, =0Mn™Y, Var(r(n,i)) =0n2)

N
D (tn,i+1) = t(n,i))? = Op(n ")
=1

and
Ny
S 1= N = Oy(n)
i=1
which can be very useful in our proofs of LLN and CLT.

Remark 2.2. Note that this assumption includes, for example, the Poisson model
in which the exponential distribution is commonly used to model duration times.
Historically, the assumption of exponential distribution for duration times was quite
popular. As an example, a well known model of [11] models the trading times as a
simple Poisson process which means that the trading durations are i.i.d. exponen-
tially distributed with some parameter A. Other alternative models of trading times



may assume that the trading durations are correlated over time as in, for example,
the autoregressive conditional duration (ACD) model introduced by [13]. Moreover,
Bouchaud et al. [8] offers a comprehensive study on the empirical properties of the
whole order book. Since our main interest lies in estimation of realized volatility of
the data, we are going to start with a simple assumption of independent duration
times first. We will consider possible generalization to the ACD model as a next
step in our research.

Remark 2.3. From now on, for convenience purposes, we use t' instead of t(n, 1),
especially when it is a subscript itself. On occasion, whenever it does not cause
any confusion, the index n is omitted and t}' is simply denoted t;. All of the above
also applies to T(n,1i).

Finally, the last assumption concerns the relationship between transaction times
ti* and the price process Xj.

4. Independence Assumption C:
Let {N/"};>0 be the filtration generated by transaction times 0 < ¢7,..., np St
for some 0 <t < T. We assume that A" is independent of F;.

3 Laws of large numbers (LLNs) for increments of functions of semi-
martingales

Our first goal is to obtain a uniform law of large numbers for normalized increments of the
semimartingale process X; = Xg+ fg bsds + fg osdWs when all of the durations {7,
satisfy Assumption T. We denote AT X = X;, — Xy, , the increments of this process. For

an arbitrary function f, functions of the increments of X; are V(f); = vaj F(A'X) and,
in the normalized form, V'(f); = Ef\g f(A?X/\/7). Finally, we also define the so-called

approximate variation of the pth order for the process X; as X; as B(p); = EZN:"THA?X P
Before formulating our LLN, we need to define the idea of uniform convergence in
probability.

Definition 3.1. A sequence of jointly measurable stochastic processes &' is said to con-
verge locally uniformly in probability to a process & if lim,, oo P (supsgt & — &| > K) =
0 for any K > 0 and any finite t. This convergence is commonly denoted &' e &

Now we can state the following uniform law of large numbers.

Theorem 3.2. Assume (H) and (T). Let f be a continuous function on RF for some
k > 1, which satisfies

k
f (1, H (14 [|511")



for some p > 0 and Ko. Define

Ny
VIR =Y F(APX/ T ALy X/ Tirna) -
=1

Also, let p%(f) = E[f(X)] where X = (x1,2,--- ,x1) ~ N(0,0%I) and I is a k x k

identity matriz. Then,
S [ i

Proof. To prove this theorem, we will use the so-called localization procedure described in
detail in [17]. Essentially, we prove the statement we need under the weaker assumption
(SH) and then extend it to a more general situation through the use of a Lemma 3.14
n [17], p. 218. In what follows we only prove that the statement of the Theorem (3.2)
is true when X satisfies (SH). For convenience purposes, from now on we denote t]' the
time of the ith transaction within the interval [0,7]; the superscript n refers to the
total number of transactions in this interval. We approximate A} ;X by substituting
the value oyn | for the whole function o; on each of the intervals [t?+l—1v tﬁ_Z] for1<i<

n —i. To make the notation more precise, we also define AP ;W := th — Win L
'L

¢n
By = om AN W/\/Tigi, and ap) = \/% ft:fjlil (bsds + (05 — Ut;l_l)dW5>. Therefore,

we can now write

= Tt (@7 + Biy)-

Define £, _,(-) = ( | Fyn " \/M o 1) then, it’s easy to check that, for any g > 0,
there exists a constant K, such that

i1 ([18]l7) <
A repeated use of Doob’s and Burkholder—Daws—Gundy inequalities (see [9]) results in,
first, F (||otys — 019 F;) < K s™M9/2); this, in turn, lets us claim that B, (\xm) <
KB, (\/Tix1) — 0. Next, for any function f satisfying the assumptions in Theorem
(3.2), and any A > 0, we have Ga(€) = SUP(y, 4|z, <Al I<e If (@1 + 91, 2 +

yk) — flxy, - x| <29 0. Let us introduce an auxiliary functional V' (f k) =
1f( Tos ’Bir,bkq)- We can conclude, then, that

u.c.p.

o (VIR =V (FR)) =50
and so it is sufficient to show the uniform convergence to zero for the functional A, V" (f,k).
First, denote 1) = A, f(B, -+, B]%_1)- Then we have E* | (nf") = Anp?;’fl (f) =
’ ’ i—1
(77 4+ An =7 P55 (f) = 71055 (f) + (A —7)p5% (f). As a first step note that
i—1 i—1 i—1

N

> (Bn=)p5 (f) =0

i=1



because we have, due to Lemma 3.4 in [17], that vaz"nl E' ((An - Tf)p?t’z (f)) =0
i—1
2

and 2% 5 (18— 7003 <f>\2):z££1 (v ) vartey) < K vart) &

0. Note that we also have E ;(|n?|?) < KA2, thus by Riemann integration, we have

ucp
E t En 1 771 ZAnPUtn —> ZTlpatn / pav fﬂ

which concludes our proof. ]

4 Main central limit theorem

Now, we have to obtain the CLT for the increments of Y;. A major problem in doing
so is to be able to characterize the limit, and, more specifically, the quadratic variation
of the limiting process. As usual, we start with the necessary notation. Consider a
sequence (U;);>1 of independent A (0,1) variables. Recall that p,, defined before, is
actually the distribution law of Ui, and so p,(g9) = E(g(cU;y)). Also recall that a
function of k-dimensional argument f(z1,...,2;) : R¥ — R exhibits polynomial growth
if |f(x1,...,28)] < Ko H§:1(1 + |z;])? for a positive constant Ky and some positive p.
For such a function f on R¥ we set

k-1
Ry(f,k)= > E[f(oUk-- ,0Un-1)f(0Uipk, - 0Uryop-1)]—(2k=1)E* [f(cUy, -+ ,0Up)]
I=—k+1
k-1 2
= > E[f(oUk- ,0Un-1)f(oUipk, -+, 0Uroe-1)] — (2k — 1) [P;@k(f)]
I=—k+1

Our main result is as follows.

Theorem 4.1. Assume (H) and (T). Let f satisfy either one of the two assumptions
stated below.

e (a) f is a polynomial function on R* for some k > 1, which is globally even, that
18
f(_xla"' y —XL, a_xk;) :f('rla"' sy Ly ,37]{;)

e (b) fis a continuous and once differentiable function with all derivatives exhibiting
polynomial growth on R* for some k > 1, which is even in each argument, i.e.

f(xlu'”)_‘/L‘lu'”7$k):f(x17"'7xla"'7‘rk)7 v1§l§]€



If X 1is continuous, then the process

N (AnV’(f, o [ t p?f<f>du)

converge stably in law to a continuous process U'(f, k) defined on an extension (Q, F, 15)
of the space (2, F, P). Such a process U'(f,k) is a centered Gaussian R'-valued process
with independent increments that, conditionally on the o-field F, satisfies

E(U'(£. kU (f.F) / R (f.k)du + M / o2 (s

t
Z /E (0uUk, -+ ouUsi—1) f(0uUigr, - - - 0uUpgop—1)] du—(2k—1— M)/O [P?f(f)rdu

l=—k+1
t
/ R, (f k)du
0

where
k-1 2
R, (f.k) = Z E[f(ouUk, - ,0uUs—1) f(ouUisks -+, 0uUrgpor—1)]—(2k—1—-M) [P?f(f)] ;
[

M s a constant defined as M = Var(r] MY /A2, and E refers to the expectation defined on
an extended probability space (Q, F, P) If So(f, k) is the square root of R.(f, k), then
there exists a 1-dimensional Brownian motion B on an extension of the space (0, F, P),
independent of F, such that U'(f, k) is given by

t
U'(f, k) = /0 S0 (f.K)dD
Proof:

First, we define the following convenient notation:
G = fATX/Tiy o A1 XV Tirk—1)s

/
gin = f( zrf()v T 75’2]671)’

Gr=a -Gt
The basic idea of the proof is to replace each normalized increment A7 X/\/7; by Bgl,
and show that CLT is true for that simpler process, then justify this replacement by show-
ing that the simpler process converges to the original process we are really interested in.
Since the proof is rather long and technical, we separate it into a sequence of lemmas
are proved separately. Then, they are combined to produce a proof of the general result.



Lemma 4.2.
rz( ~ERL(EM) 2B

Lemma 4.3.

1 t s
— | A, Zpatn —/0 pSk(fdu | > Z,

TL

where Zy; is a Gaussian random variable N <0, M fg [Pk )] 2 ds) ,and M = Var(r;) /A2

Lemma 4.4. The processes
Ni'
HERINDS << = P (f)>
i=1

converge stably in law to the process U(f, k) defined on an extension (Q, F, 15) of the space
(Q, F, P), which is a centered Gaussian R'-valued process with independent increments
that, conditionally on the o-field F, satisfies

B, U k) = /0 R (f, K)du

Lemma 4.5.

fZ (G =0

Once we prove these four lemmas, then our Theorem (4.1) follows rather easily. As
long as the limiting terms in (4.3) and (4.4) are independent (and we establish that
independence as part of the proof),

N (AnV’(f, o= [ t p?fmdu) - VAV - o= | O (fdu

—rzg A [

=@i_zl(ci”+c - [

NP NP t
VALY (G A A du+fzpw Pitu=—= [ k)
i=1 i=1 n
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S Z( €+ B+ [ A pr tu= [ o3t

n
=U/'+ M+ Z,

where M represents all the terms in the above equation besides Uj* and Z;. Due to
Lemmas (4.2) and (4.5), M} converge to 0 uniformly in probability.

Proof of Lemma (4.2) In order to prove (4.2), we need to prove the following
proposition

Proposition 4.6. Assume (SH). Letk > 1 and let ¢ > 0. Let f be a continuous function
on R¥, that exhibits polynomial growth as in (3.2) for some p > 0 and Ko > 0. If we
further assume that X is continuous, then as n — oo:

q

) —0

n n
_sup 1<‘f<AX ":AH_kl >_f( 307"'7 Z,Llcfl)
i>0,weN vV Tit+k—1

The proof of (4.6) relies on Cauchy-Schwarz inequality and Lemma (3.17) in [17].
It is rather straightforward and we omit it here to make the presentation more concise.
The combination of this proposition and Lemma (3.4) from [17] results in the needed
conclusion.

Proof of Lemma (4.3)
As before, we prove this result under the assumption (SH). Recall that under (SH) ||oy|| <
A and denote by M’ the interval (0, A]. Define the function g(o) = pZ*(f) on the set

. As a first step, define n}' = F ftl ) ( (ou) — Q(UZ,J) du

M’ and introduce ¢; =

and €} F ‘ftz L9l ) (1 — —) du. Simple algebra suggests that

N

t
L Ay Zpo'tn U_A p?f an Z €

n =1

and so it is enough to show that

Z == Z ==

To prove that Z n 2P 0 we expand it first as n; = 771 + nZ , where

i=1";

, 1, ti
n = \/TTQ (UZ_I) /ti_l(a’u — (TZ__I)du

"n 1 b n n n
0= o= [ foten —ater )~ dop )~ du
n Jit;q
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Moreover, we further expand 7, as ;" = pul*+u,;" where p}? = F g (of_, ft du [, B beds
and p* = \/%g/(gt”i_l) ftiz_l du (ft?_l gsdWs + ft [0(s,2)(p — v)(ds, dﬂv)) Because g

~ 2
is C} and b is bounded, we have || < A\/T—ZA— , and so Zi:l ] < A%A—i. Based on

the Assumption T, we have E(7?) = O(A2), and so ZZV:ZLI E? (@) L5 0. Then, by
Lemma (3.4) in [17], we have Zﬁ\ﬁ 2520, Using a similar argument plus Doob’s and
Cauchy-Schwarz inequalities, we also have E? | (u;" ) =0and E ((u")?) < AE™ [ (77).

1p U.C.P. 1y U.C.P.

Thus we have, yet again, vafl pt ——= 0 and ZZ 1 n;" ——0.

As for 17;,", since X is continuous and f is assumed to have polynomial growth,
we further know that g is C,? on the compact set M. Then by Taylor expansion, we
have |g( ) g(o) — ¢'(0) (0" — 0)| < Alj¢’ — o||? for all 5,0’ € M. Therefore, n;" <

\/T ft, low—op_ [Pdu. Due to the inequality (3.73) from [17] we have

E(||osst — 0|9 F) < KystN@/2)

for a constant K, that may depend on ¢. Therefore, for some K > 0, we have
" . 2 1"
E" ((In; ”\) % < KAY? and ZEZIA"] E" 1(|n;™) — 0. Then we have shown

u.c.p.

that ZZ L ——=0.
Now we prove that

Z

First of all, we have € = \/%7 Jib glor_ )1~ C—ll)du = \/%79(02,1) (1, — Ap) and so
E(e') = 0 because E(r;) = A,. Moreover, by Assumption T we have the conditional
variance Var?™ ;(e?) = E! | (||e*]]?) = (Utgil)v%in) = Mg*(om )A, for some € > 0
where M = Var(7;)/A2 is a constant. Thus

Ny Ny Ny t
=S Vart (@) = MY P om VA= M ¢ ow V7 M / P(02)ds
i=1 i=1 i=1 0

The above implies that the Lindeberg condition is satisfied for i\fl e;', and so we have
the stable convergence to Z;:

where Z, is a Gaussian distributed random variable with mean zero and variance M fg g*(0s)ds:

Z ~N (O,M/Ot 92(03)d5>

Proof of Lemma (4.4)
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To make this proof simpler, we only consider the case k = 2. For the case of £k > 3 no
new ideas are needed but the derivations are much more involved and tedious.
Let gi(z) = [ po,(dy) f(x,y), we have
NP +1
= - e

where o = 37 + ;" and 77 = VA (F(BL100B11) = [ Py (d2) (B 01) ) and

=VA (f Posn (dx) f (B, ) — pS2 (f)> . As before, we use the localization pro-
’ i—1

cedure to establish the result we need. First, based on earlier results, we can easily

show that E7 (|ﬂfl\q) < K, for some constant K, that depends on g; this implies, in

i+1—-1
turn, that [E (]7"|) < K+/A,. For brevity, define U;" = vazt;l ni'; now, it is enough

to show that U," converges stably in law to the process U(f,2);. Note that n;' is Fip
measurable. Combining the conclusion of Theorem (3.2) and Lemma (4.3), we show
that EI" (1) = 0; moreover, due to localization and the polynomial growth of function
f, it is also easy to check that E™ |(|n**) < KAZ2, Before calculating E? |((n})?), we
first list several simple facts that can be used later:

i ( infl,o) = 51'711,0
5?71,1‘-7:25?_1 \/-/\/t’;_1 ~ N(0, 03;12) = Pat;LQ
BlolFin , \/ Niw | ~ N(0, 08 ) = Py

Our main goal at this stage is to calculate ), Ni E" [ ((n?)?) for the variance term. As
a first step, expand E" | ((77Z ) ) = A, 07 Where oy = g(t?_Qat?—lwﬁgL—l,O)a and

g(s,t,x) = /pas(dy)fQ(%y) - (//)m(cl<7J)f(w7’tJ)>2

4 / Do) (0o (d2) £ (9, 2))% — (0E2(F))? — 20E2(f) / Pos () f (1)

+2 [ pldy)p(dz) f(a,00) f(orw.002)
Clearly, if we can establish that

NP+l

ST OER (AN S50 (4.1)
=2

for any N which is a component of W (in the 1-dimensional case the W itself) or is a
bounded martingale orthogonal to W, and

N{+1

A, quﬁ/ R (f.2)d (4.2)
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then the Lemma (3.7) from [17] will yield the stable convergence in law of U," to U’(f, 2).
First, (4.1) follows from the following

Proposition 4.7. Under (SH), for any function (w,z) — g(w,z) on Q x R which is

(.7:,5;11 \/./\/};Ll ® R-measurable and even, and with polynomial growth in x, we have

i-1(A7Ng(., 7)) =0

where N can be either the process W itself or any bounded martingale orthogonal to both
W and {7;}i>1.

The proposition (4.7) is a rather standard statement and its proof is omitted for
brevity. To prove the (4.1), we just need to show that El' | (A?N~?) = 0 and EP | (A?N~,") =
0. The part involving 7;-” is a direct consequence of Proposition (4.7). Furthermore,
while N is a martingale orthogonal to W, we can derive E" ;(A’N~") = 0 following
similar arguments as in the proof of Proposition (4.7). So it only remains to prove
that while N is W itself, Y06 €0 D5 0, where & = E | (\PARN) = E™ | (y"ATW).
Since f is globally even and ps is a measure symmetric about the origin, it is not
hard to see that h(o,z,y) is globally even in (z,y), and thus [ ps(dy)h(c, z,y)y is odd
in z. Further note that oy , € Fin  and AP ;W € Fn , then it is obvious that
& = EL (0 ATW) = B (VAph(on,, AT W/\/Timt, AJW/ T AFW) = 0. Thus
we finish the proof of (4.1). In order to finish the proof of Lemma (4.4) we only need to
verify the property (4.2). Recall that E* | ((77;‘)2) = A,¢!. We have

¢:L = g(tzn—% t?—h ﬁin—l)

where function g(s, ¢, z) is as defined before. Observe that ¢} is Fin  \/ NVy» -measurable
and

Paina(60) = B (671F, \ Nip, ) = h(tia,0), Bl (071) < K

where h(s,t) = [ po,(dz)g(s,t,z).
Then by Lemma (3.4) from [17], the property (B) would follow if we can show that

Nt" t
A h(t 1) B /0 Ry (f,2)du.
=1

Since, due to Lemma (3.4) from [17], A, ZZV:;; h(t} ,t?) — Zf\gl Tih(t] . t7) 20, we

only need to verify that

N ¢
St D / Ro (f,2)du. (4.3)
i=1 0
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(4.3) follows immediately from the Taylor expansion of the function h(t]' ,,y) at the
point y = ¢! ; and the use of Riemann sum approximation.

Proof of Independence:
Before moving forward, we need to check whether or not the limiting term in Lemma
(4.3) is conditionally independent of the limiting term in Lemma (4.4). If they are not
independent, then a covariance term needs to be added into the variance of the limiting
distribution in our CLT. For simplicity, we still work on the case k = 2 since this will not

change the fact we want to prove. To do this, it is only necessary to check the correlation
NP1

between vaztnl e and ) . %" 1, because other terms converge in probability uniformly

as n — oo. In this proof, the key point is to show that 7" is conditionally independent
of f(B10: B8 11) given Fin \/ Nin , which is true since

5;'11,0’]:15?_1 \//\[t;‘_1 = Bz‘nfl,o

ﬁ?—l,l’}-ﬂll \/'/\/’t?—l ~ N(O’J%L—Q)

Thus we have
E (' = A f (B0 Bi1) = B [B (7 = A0 F(BE100 Ba ) Fi, \ Nip )| =0
Similarly we have

B (= 80) [ by (@) S5 100)) =0

It is also easy to check that

B (7= 80) [ pry (@) (30)) =0
Thus we have

B(y) = E [p?;fl (N~ A (f(ﬁho, B 1)~ / pon, ([d2)[(B7 10, @ﬂ

+8 |52, (107 = a0 ([ o (@)t = 552 (0)| =0

And it is trivial to check
E(efni) =0, if i>j

To calculate E(e}_;nj'), just conditional on Fy»  \/ Ny  and notice that e | € Fin  \/ Ni»
then
B(en?) = B | B (e Fe, \ Mo, )|

= BB (01, \/ N, )| = B[y x 0] =0
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And similarly we have
E(efni) =0, if i+1<j

Thus we have shown that for any 4,5 > 0,
E(ein) =0

Thus
NI 41

Ny
pl(Se] [ S]] -0
i=1 1=2

and this confirms the independence of the two limiting terms.
Proof of Lemma (4.5)

We start with defining, for [ = 0,--- ,k — 1, the following functional sequence:

ATX AP
g:fl(x) = /f( \;77 y T \/% Ty Ti41," " 7xk1> pat(nk = 1)(d$l+1,"' 7dxk71)

Note that, as a function of w, g (z) is Fen,  \/ Hen -measurable, while as a function
of x it is once continuously differentiable. Also, for some random variable Z;; that is
ft?+l—2 \ Ht?Jrl_Q—measurable, we easily obtain that, based on the assumptions about the
price process X; and the assumption (SH), |¢7;(2)| + | v ¢7(2)| < KZ7)(1 + |z[") where
r>0and E,(|Z}F) < K, Vp > 0. For all A > 1 there is also a positive function
G A(€) converging to 0 as € — 0, such that with Z7 as above:

lz| <A, Z] < Ayl S e= [ v gz +y) — v (z)] < Gale)

If we define

k—1

AX A? " A X A?
:E/‘f(\%?...’ +1 ,,le-i-l?"‘vﬂi,k—l)_f( O e e Sl ,ﬂzl7"'75m1>
=0 ¢

VTi \/57 ’ VTi4l-1

we can immediately verify that

LG = ZE’?—l (gu( i1 X/ Tit) — gzl( ))

u.c.p.

Now, it is enough to prove that for any [ > 0 we have /A Z Ni EY <gzl Az-le/\/ Titl) — 9;, l( )) —
0, or, defining &', = A, X/ \/Tii — B],

WZE (g (B + €1) — g(B1)) <25 0,
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Using Taylor expansion, the left side of the above can be further written as

Z (9i2(BY + &) — gi(Bi))

- VA, ZE [vanEme + (veiBh - vel(8) ) &)

_fZE (Var(Ben +\ﬁZEZ"1((vgzlﬁ 1)~ vai(Bh) &)

Thus, in order to prove the Lemma, we only needs to show

FZE (Var(B)EL) — X (4.4)

and
NP
VALY B ((warBi — w8 ) ) ~L 0 (4.5)
i=1

separately. The proof of (4.5) is a straightforward application of multivariate calculus
and is therefore omitted for brevity.

Proof of (4.4)
To prove (4.4), following the same scheme as in [17], we first further decompose £, into
two parts as below: 7

§in = (@fl + 531) /vl

where

tn
on, i+l
il = /t (bs — bt?+zf1)d8

n
i
+
tn

[/t (éuduﬂ* — G, qu) +/: 7 /E(g(u,x)g(t;@ﬂ_l,x)) (Mu)(du,dl‘)] AW

i+1—1
5%“/ AW, +/ /5<ti+117$)(M—V)(dU,dx)] dW,
t?-o—l—l t?+l—1

Then (4.4) amounts to the following two claims:

1+1—1
i+1—1

tn
- it
5“ - bt?+l17—i+l+/tn

i+l—1

\/72E |:\/7 vgzl(/gzl)le] e —0 (46)
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and

N
! = u.c.p.
Bn ) By | ==V 9ia(B)&in| — 0. 47
\/7; 1[mvg,l(5,z)f,l} )

Proof of (4.6)
Note that the restriction of y to (t;1;—1,00) x E and the increments of W after time ;4,1
are independent, then conditional on Mt?+z_ = F VoW, :t>0)Vo(r:i>0),

we get
/ qu> dWy
tn

i+1—1

n
1 i+l—1

5 Liti
B Muyy) = by T+ 0, / (
Livi—1
which is even in W. Thus for a function A which is odd with polynomial growth, we
deduce

zn-i-l—l(NZlh( znl)) =0

At this point, it is easy to see that, if function f is even in each argument, then g7 (5}";)
is even and /g7, (81) is odd. This implies immediately that (4.6) is true and we are only
left with provirig (46) in case of the globally even polynomial function f. To achieve
that, first, define

n
h(AyX,x) = gih(z) = /f (A?X7,,, 7 z‘+l—1X7x7xl+1’... 7%1) ORI (4
, 7 \/?l \/ﬁ tr
o AT
where A; | X = (Az:f’... ’%)

Clearly, the function h is globally even in (A;;X,x) since f is globally even and the
Gaussian law is symmetric. Since f is a continuous function with at most polynomial
growth, we can expand function h as h(A;; X, x) = a(A; 1 X)+b; 1 (x) +c(A; 1 X, x) where
function a only contains constant and terms with no x involved, b;; only contains terms
with z (but not any part of A;;X) involved, and function c contains the rest, i.e. those
terms with both z and part of A;; X involved. Denote the partial differential w.r.t x v/,
then obviously we have 7 a(A;;X) = 0. Since h is globally even, the terms that only
contain x must be even in z, i.e. b;;(z) is even is . Thus \/;b;;(x) is odd in x and we

have E , (\/% v b”(a:)é”l> = 0 while = g}, from the arguments above. Since f

. . . . . 1 (AL XN\Pi
is a polynomial function, we can write function ¢ as ¢(A;; X, z) = Zé.:%) ( \/1%) xl.
)

Since function ¢ should still be globally even in (A;; X, z) (because function h is globally
even), for any j, p;j + ¢; must be an even number. Thus /,¢(A;; X, x) is globally odd in
(A; 1 X, x). Let 7 represent the vector (7;,--- ,7;4;—1) and dW represent any terms that
contain an integral w.r.t the Brownian motion. Now we treat function 7.c(A;; X, 8)
as a function of dW and 7;1; so that \7zc(A; 1 X, 8)) = c1(7, dW) + c2(dW) where ¢y is
the term that depends on both 7 and dW while ¢y depends on dW onlye. Recall that

- tivi s
E(le|./\/lti+l71) = bti+1717-i+l —+ 5'151?1“71 / (/ qu> dWS
tivi—1 t

n
i+1—1

’ dxk*l)
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and so

1 ~ 1 1 ~
| —= (A X, BEY )| = B ——c1 (7, dW) + co(dW) ) &
1<me (A 5,1)5,1) 1 ((m 1( ) Ve 2( ))f,l)

Since function 7,c(A; X, le) is globally odd, then it is easy to check that ¢y is of odd

power of dW and E[ , (CQ(dW)gg’Ll) = 0. As for the term E , <\/Lcl(7' dW)EP )
after simple calculations it is easy to check that those terms are all, at least, of order

O(n_%). (since EI* (\/%Tfﬂ-) = O(n_%))

Thus we still have

Z ( s (A i,lx,ﬂ;?,f;fl) wer

Finally recall that
gin(x) = (A X, ) = a(A 1 X, 2) + biy(2) + (A1 X, v)

and so (4.6) has been established by showing that it converges to zero for each of the

functions above in the decomposition.
Proof of (4.7)
To make our notation more convenient, denote E (-|F;y;—1 VN7) = Ef ;. Tt is con-
venient to split the statement of (4.7) into two separate Lemmas that, taken together,
suffice to establish it. We state these Lemmas first.

Lemma A2A:
Assuming (SH), we have

S (|§Zz\2) < K7 (17 + o)

where
t;ﬂr

=Bt [ [ (1= b P16, P [16000) = 302 0)PAD) ) ds
i+1—1

Lemma A2B: Under the same assumptions as the previous Lemma,

Ny
VALY L\ JE(eR) =0
=1

Both Lemmas have rather simple proofs. The proof of Lemma A2B is rather elementary
and we omit it altogether. The proof of Lemma A2A relies extensively on the use of
Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities and we omit it as well in the
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interest of brevity. Now we can finally prove the statement (4.7). Combining Lemma
A2A and A2B, we can show that

K .
Z 1 7V9u zlfzz <\/72 (L 1B8T)1EN]
Ve

N{
l * 2
<V AnZE?—l ( - \/ T (L1817 Ei+ll’£31|2>
i=1
N{
< \/EZE?—l (KZZ,LI(TH-I + \/@T"ﬂ)
i=1
N
< VALY K (80 + /B () 2250
i—1

Thus we finished the proof of (4.7). Combining this with the proof of (4.6) and (4.5),
the result of Lemma (4.5) is immediately obtained.

Note that in Theorem (4.1) the function f is a 1-dimensional function on R¥. How-
ever, it is easy to check that the CLT should still be true even when f is a g-dimensional
function on R¥ as long as every assumption in Theorem (4.1) still holds true. Such a
version may be more useful in many applications since it offers us more flexibility when
constructing function f. We will state such a g-dimensional version as a Corollary here.
Since its proof is almost the same as that of (4.1) but with an added layer of technical
complexity, it will be omitted here.

Corollary 4.8. Assume (H) and (T). Let f = (f1,---, fy) be a g-dimensional function
on R¥ satisfying any one of the two cases below

e (a) a polynomial function which is globally even, that is
f<_$17"' y —Lpy 7_$k) :f(xlv"' sy Lyt 7xk)

e (b) a C' function with derivatives having polynomial growth on RF, which is even
in each argument, i.e.

f(mla'”7_‘7:[7'”7:1:k):f(x17"'7$la"'7xk)7 V1§l§k

If X is continuous, then the process

i (Anwf, o= [ et (f)dU>

converge stably in law to a continuous process U'(f, k) defined on an extension (Q, ]:', 15)
of the space (2, F, P), which conditionally on the o-field F is a centered Gaussian RY-
valued process with independent increments, satisfying

B (fi, k)0 (£, K) / REI(f.k)
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where fori,j=1,---,q we set:
N k—1
R (f, k) = Z E(fi(oUy, -+ ,0Usk-1)fi(0Uitk, -+, 0Uly2r-1))
I=—k+1

—(2k—1—-M)E (fi(cUr,--- ,0Uk)) E (fj(cU, - ,0Uy))

5 Discussion

In this paper, we obtain some general asymptotic results for normalized functionals
of increments of a continuous semimartingale process under a broad ranging random
sampling scheme. In our approach, the random duration times 7; between the two
successive trading times ¢;_1 and t; are not specified down to a specific distribution but.
Rather, we only impose a general restriction on how the largest and smallest duration
time behaves in large samples; this assumption implies, in turn, the rate at which both
the expected value and the variance of a duration time goes to zero as the sample size
n — o0o. Such a broad random discretization scheme includes, as a special case, the
classical Poisson arrival scheme. Through delicate treatment of the functionals of the
increments of the stochastic process for asset returns and duration times, we proved some
important asymptotic results for the new estimator including the law of large numbers
and the central limit theorem. This work builds the theoretical foundation for statistical
estimation and inference on continuous semimartingales under wide ranging selection of
random discretization schemes.

There is a number of possible extensions that could be considered as part of the
future research. As an example, in this paper it is assumed that the stochastic trading
times ¢; are independent of the log price process Y;. This is somewhat restrictive from
the application viewpoint; thus, another step ahead would be to obtain a similar law of
large numbers and the central limit theorem under a reasonable dependence assumption
between the two. Another interesting extension that could be considered is the possibility
of dependence between duration times in our random discretization scheme.
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