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Abstract:

A multivariate semiparametric partial linear model for both fixed
and random design cases is considered. Earlier, in Brown, Levine and
Wang (2014), the model has been analyzed using a difference sequence
approach. In particular, the functional component has been estimated
using a multivariate Nadaraya-Watson kernel smoother of the resid-
uals of the linear fit. Moreover, this functional component estimator
has been shown to be rate optimal if the Lipschitz smoothness index
exceeds half the dimensionality of the functional component domain.
In the current manuscript, we take this research further and show that,
for both fixed and random designs, the rate achieved is the minimax
rate under both risk at a point and the Lo risk. The result is achieved
by proving lower bounds on both pointwise risk and the Lo risk of

possible estimators of the functional component.
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1. Introduction

Semiparametric models have a long history in statistics and have received
considerable attention in the last several decades. The main reason they are of
considerable interest is that, quite often, the relationships between the response
and predictors are very heterogeneous in the same model. Some of the relation-

ships are clearly linear whereas the detailed information about others is hard to
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come by. In many situations, a small subset of variables is presumed to have an
unknown relationship with the response that is modeled nonparametrically while
the rest are assumed to have a linear relationship with it. As an example, Engle,
Granger, Rice and Weiss (1986) studied the nonlinear relationship between tem-
perature and electricity usage where other related factors, such as income and

price, are parameterized linearly.

The model we consider in this paper is a semiparametric partial linear mul-
tivariate model

Yi=a+ X;8+ f(U:) +e (1.1)

where X; € RP and U; € RY, 8 is an unknown p x 1 vector of parameters, a is
an unknown intercept term, f(-) is an unknown function and ¢; are independent
and identically distributed random variables with mean 0 and constant variance
o2. We consider two cases with respect to U: a random design case whereby
U; is a g-dimensional random variable and a fixed design case with U; being
a g-dimensional vector where each coordinate is defined on an equispaced grid
on [0,1]. In the fixed design case the errors are independent of X; while in
the random design case they are independent of (XZ{, Ui). To obtain meaningful
results, the function f is assumed to belong in the Lipschitz ball A, (M) where «
is the Lipschitz exponent. Of particular interest is the fact that, to be coherent,
in the fixed design case when ¢ > 1 the model (1.1) must have multivariate
indices. The version with ¢ = 1 was earlier considered in Wang, Brown and Cai
(2011) while Brown, Levine and Wang (2014) considered the case of ¢ > 1 in
detail. The latter defined two conceptually similar difference based estimators of
the parametric component for fixed and random design cases, respectively, and
showed y/n asymptotic normality of both of these estimators. Moreover, it was
also established that, in order for the estimator of the parametric component
to be efficient, the order of the difference sequence must go to infinity. Brown,
Levine and Wang (2014) also obtained a uniform over a Lipschitz ball A%(M)
convergence result for an estimator of the functional component, establishing the

rate of convergence n—2/(2a+q),
To the best of our knowledge, the optimal in the minimax sense rate of con-

vergence for estimators of the nonparametric component of multivariate partial

linear model (1.1) has not been established. Since results of Brown, Levine and
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Wang (2014) amount to establishing the upper bound of that rate, the remain-
ing task is to establish the lower bound. In this manuscript, we are doing just
that for both fixed and random designs as well as for the two different functional
distances. The first distance considered is the difference at a given fixed point
and the second is that L0, 1]¢ distance. A number of different techniques are
used to obtain these results. The next two sections present detailed results for

the fixed and random design cases, respectively.
2. Optimal rates of convergence for the deterministic design case

We consider the following semiparametric model
Yi=a+ X;B+ f(Us) + & (2.1)

where X; € RP, U; € S = [0,1]7 C RY, ¢; are iid zero mean random variables
with variance o2 and finite absolute moment of the order & + 2 for some small
§ > 0, that is, F|g;|°*? < oo. As noticed earlier in Brown, Levine and Wang
(2014), the model (2.1) must have multidimensional indices i = (iy, ... ,4,) to be
coherent. Throughout this work, we will use bold font i to refer to multivariate
indices and regular font to refer to coordinates of a multivariate index. For some
positive integer m, we can take i = 0,1,...,m for k = 1,...,q; thus, the total
sample size is n = m?. Note that this assumption implies that m = o(n) as
n — o00. Due to the use of multivariate indices, one can also say that e; form

an independent random field with the marginal density function h(z) where x

is a generic argument. We will say that two indices il = (i},...,il) < iy =
(i3, ... ,ig) if it < i2 for any k = 1,...,q; the relationship between i' and i

is that of partial ordering. Also, for a multivariate index i, we denote |i| =
li1] + ...+ |ig]. In this section, we assume that U; follows a fixed equispaced
design: U; = (usy, . - ,uiq)’ € R? where each coordinate is u;, = % In the model
(2.1), B is an unknown p-dimensional vector of parameters and a is an unknown
intercept term. We assume that Xj’s are independent random vectors that are
also independent of &;; moreover, we denote the non-singular covariance matrix
of X Y x. For convenience, we also denote N = {1,...,m}?. This model requires
an identifiability condition to be satisfied; more specifically, f[oyl]q fw)du = 0.
The version of (2.1) with ¢ = 1 has been considered earlier in Wang, Brown and

Cai (2010). The case of ¢ = 1 is quite different in that it only requires univariate
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indices for the model to be coherent.

As a reminder, we consider functions f belonging to the Lipschitz ball A% (M)
for some positive constant M that is defined as follows. For a ¢-dimensional
index j = (j1,...,Jq), we define j(I) = {j : |4 = j1 + ... + jq = l}. Then,
% is defined for all j such that |j| = L.
Then, the Lipschitz ball A“(M) consists of all functions f(u) : [0,1]? — R such
that |DIO f(u)] < M for I = 0,1,...,|a] and |DIeD f(v) — DIlleD f(w)| <

/

M|jv — w||* with o = a — |a]. Here and in the future, || - || stands for the

for any function f : R? — R,

regular /o norm in RY.

In Brown, Levine and Wang (2014), the estimator of the nonparametric
component f was constructed in two stages. First, the vector coefficient 5 and
the intercept a were estimated using the difference approach. Then, averaged
residuals from that fit were smoothed using the multivariate Nadaraya-Watson
kernel smoother to obtain an estimator of the unknown function f. For that
estimator, Brown, Levine and Wang (2014) established a uniform upper bound
on the risk at a point as well as for the Ls[0,1]? risk. More specifically, they
proved that, for any Lipschitz indicator o > 0 and any Uy € [0, 1]9, the estimator
f satisfies

sup  E[(f(Uo) — f(Up))?] < Cn~20/20ta)
fEA™(M)

and

sup E
feAx(M)

/ (f(U) = f(U)?dU | < Cn~2e/(eta)
[0,1)9

for a generic constant C' > 0 that does not depend on n. The following result
establishes the respective lower bounds on the risk of that estimator, therefore
proving that n~®/(20+4) ig the minimax rate of convergence for both distances.
Compared to Theorem (2.3) of Brown, Levine and Wang (2014), some extra

assumptions are needed.

Theorem 2.1. Let €; be independent identically distributed random variables

with zero mean and finite variance o>

; moreover, we assume that, for some small
4 >0, Esiz'HS < 00. Also, we assume that the marginal density function of obser-

vations Y; p(Y;) = [ pe(Yi — X{ﬁ)pX(Xi) dX; satisfies the following assumption:
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there exists p. > 0, vg > 0 such that

/p(U) log p(g(—(i)V) dU < pv? for all ||V|| < vo (2.2)

Then, the convergence rate n~%'(29+9) s optimal

1. on (Ao (M), dy) where dy is the distance at a fized point Uy € [0,1]7 and
2. on (Ao(M),|| - ||2) where || - ||2 is an Lo distance on [0, 1]9.

Remark 2.2. Note that the condition (2.2) is fairly general; in particular, a
standard Gaussian density satisfies this condition. For more information on this
condition, see Tsybakov (2009).

Proof. 1. To obtain the minimax convergence rate for the first case, we will use
a two-point argument going all the way back to Ibragimov and Has’minskii
(1977) and Has'minskii (1978). First, we need to define an appropriate
"test” function. We will use the optimal bandwidth h,, = n_Tlﬂ in each
dimension j = 1,...,¢ and a bandwidth matrix H, = diag{h,} = hnljxq
for the estimator of function f(U). Next, consider a non-negative function
K € A% (%) such that K(U) > 0 if and only if ||U|| < 3. As an exam-
ple of such function, we can select K(U) = aexp (—W) I(|U]l<3)
for a sufficiently small a > 0. Note that this function reaches its maxi-
mum when ||U|| = 0 and that this maximum is exp (—1). A pair of func-
tions that we will need for our problem are fy,(U) = 0 and f1,(U) =
MRhOK (H, Y (U - Up)) = MhK (h;;'(U — Uy)). The following three condi-
tions must be checked for us to conclude that the lower bound is achieved

_ (7
at the convergence rate n 2a+a.

e The first condition is that f;, € A*(M) for j = 1,2 and sufficiently
large n. For fo, = 0 it is clearly satisfied immediately. Next, for any
1=0,1,...,|lal, |IDOf,(U) = MRS DIOK(h;Y (U - Up))| < M
for sufficiently large n since the function K € A“ (%) Finally, since
DU f  (V)—DUeD) 1y (W) < hoe~ | pUaD) K (-1 (V—Up)) -
DU K (b1 (W — Up))| < M|V — WHC“/ for all sufficiently large n,
we can say that fi, € A%(M)
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e Next, we need to check that, for sufficiently large n, the distance be-
tween the two ”test” functions d(fi, n(Uo) fon(Up)) > n=/(ata) In.
deed, |f1,(Uy)| = |hGK(0)] > 2An" %td for e.g. A = exp( 1).
Therefore, the distance between the two ”points” in the Llpschltz ball
A%(M) that we selected is, indeed, of the right order n”Zata,

e Finally, let us define two product densities mg, and mi, that are
densities of observations generated by (2.1) when the functional com-
ponent is equal to fo, and fi ., respectively. Using assumption (2.2),
the Kullback distance between the two is

K (o, min) / /1ogH v f1n< gy Lp0) avi

1<n i i<n

B p(Y) .
Z/ ) log oV — i) dy < Zp f12,n(U1)

i<n i<n

= Mp,h>* exp ( ZI <HU Upl| < h) < poh2® exp (—2) max((M/2)nh, 1)

i<n

< (M/2)p.hi exp (=2)nhf, = (M/2)p. exp (=2)nh;* 1 < C

for sufficiently large n where C' = (M /2)p. exp (—2). This establishes the

optimality of the rate n—/(2ata),

. Next, we establish the minimax rate of convergence for the L0, 1]? risk.

First, recall the earlier result that, for any a > 0 ,

sup E/ (f(U) = f(U))?dU | < Cn~20/(eta)
[0,1)a

feAx(M)

We will argue that the rate n=®/(2¢+9) ig also the minimax rate under the
L5[0,1]9 loss. In what follows, we denote [z]| the smallest integer that is
larger than x € R. First, let us define m = (con%éqjﬂ where cg > 0 is some
real number. As a second step, we choose the bandwidth h, = m~%%. Our
next purpose is to define a partition of [0, 1]¢ into a set of disjoint subsets
and define a sequence of functions that take non-zero values on just one of

these subsets. Such a multivariate partition with R%-valued partltlon points

(vectors) Uy, = (ug,.. uk)/ can be defined by selecting uk =
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1,...,m. Now, denote A}, = {[%, %), A [%, %)}l € R?; note that the
entire [0,1]? = Uy Ay, and that AyNA,, = Qif k # k', that is Ags are disjoint.
The next step consists of selecting hypotheses based on a function K(U) :
0,1]7 — R such that K(U) € A*(3) and K(U) > 0 if and only if ||U]| <
1. As before, we select the function K (U) = exp (—W) I(|U]l < 3).
Also, denote ||K||2 the L2]0,1]? norm of the function K. To simplify the
notation, let the diagonal bandwidth matrix be H = diag h, = hplgxq-

Now, we can define a set of m functions ®,(U) = MhSK(H-Y(U — Uy)),

for K =1,...,m. Finally, denote the set of all binary sequences of length m
Q={w=(wi,...,wm),w;i € (0,1)} ={0,1}™. Then, the "test functions”
fin, 7 =0,...,J will be selected from the set of functions
m
E={fo(u) =) wplp(u),we Q} (2.3)
k=1

The following three conditions now must be verified to ensure that n—¢/(2¢+9)

is, indeed, the minimax rate.

(a) First, we need to show that the L]0, 1]¢ distance between any two of
the ”test functions” is bounded below by the multiple of n~¢/(2e+4a),
For any two functions f,, f € E, the L»[0, 1]%-distance between them

is

. 2
_ —f, U = Wy — W,
d(fu, fr) = \//[0,1}4 [fu(U) = (U)]" dU /[0,1]q LZ:l( k—w,)®R(U)| dU
= Z(wk—w;ﬁ)Q/A P(U) dU:th—F%HKHg\/p(w,w/)
k=1 k

where p(w,w’) = Sk Iwy # w;c) is the Hamming distance between
w and w'. Our next step requires the use of the so-called Varshamov-
Gilbert Lemma that has been known for a long time in information
theory (see, e.g. Gilbert (1952) as well as Ibragimov and Hasminskii
(1977) for pioneering examples of the use of Varshamov-Gilbert Lemma

in statistical context)). The Varshamov-Gilbert Lemma states that,
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for any m > 8, there exists a subset {w(®, ... w()} of Q such that
w® = (0,...,0), and p((wP,w®) > g forany 0 < j < k < J;
moreover, J > 2™/3_ Note that it suffices to choose the w and w’ such
that /p(w,w’) =< hy 9% \which is equivalent to p(w,w’) =< m. In other
words, to show that the rate n=®/(22+4) ig indeed, the minimax rate of
convergence, we need to use an infinite number of ”testing hypotheses”

J. It is now easy to verify that, for a sufficiently large n,

a+i m M o M __a
Ao £ > 03 o/ = 1k ohg = 2L on 55

(2.4)
and so the rate is correct
(b) Clearly, each ®4(U) € A*(M); since each wy < 1 and the functions
@4 (U) have disjoint supports for different k, f, € A*(M).

(c) Finally, we also need to verify that the average Kullback-Leibler dis-
tance between the null hypothesis and others is bounded from above as
follows: %E}le K(fon, fin) < alogJ. Indeed, proceeding as before

in the case of pointwise risk, one can find that

K (fon fin) SPe Y FiaU) <pe > > Q4T
i<n k=14+U;EAK

< P MPEZ B2 {1 Ui € Ap} < p MPK2, nh2® < p M2K2, 20 m
k=1

for a sufficiently large n. Since Varshamov-Gilbert result suggests

that m < 8log M/log2, the claim is, indeed, true if we select ¢y =

; =
8p« L2K2,. \ 20+q
alog?2 :

3. Optimal rates of convergence for the random design case

In the same way as in Wang, Brown and Cai (2011), our next step is to
obtain minimax convergence rates in the case of random design. For convenience

purposes, we restate the assumptions of that case. Our model is again

Yi=a+ X8+ f(Ui) +e (3.1)
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for i = 1,...,n; we also assume that U; are random variables on [0,1]? and
that (X;,U;) € R? x R? are independent with an unknown joint density g(z,u).
The random errors g; are independent identically distributed with mean zero,
variance o2 and are independent of (X;,U;). Moreover, we assume that the
conditional covariance matrix ¥, = E[(X] — E(X1|U1))(X1 — E(X1|U1))'] is non-
singular. As in any linear regression model, S € RP is a vector of coefficients.
For any U with the marginal distribution g(u), we also need to assume that
E(f(U)) = [ f(u)g(u) du = 0 to ensure identifiability of the model (3.1). Finally,
an individual coordinate of the vector X; is denoted Xf, fori=1,...,p and an
individual coordinate of the random vector U is denoted U", for r = 1,...,q.

Note that, unlike the fixed design case, the indices i here are univariate.

As a first step, we obtain least squares estimates of the coefficient vector B
and the intercept a. The asymptotic normality and efficiency of the estimator
3 in the random case were established in the Theorem 3.4 of Brown, Levine
and Wang (2014). To estimate the function f(U), we apply a multivariate kernel
smoother to the residuals r; = Yi—d—X; B . In the case of ¢ = 1 Wang, Brown and
Cai (2011) used the Gasser-Miiller kernel smoother; however, generalization of
Gasser-Miiller kernels to the multivariate case is not very convenient and a better
alternative is to use the Nadaraya-Watson smoother based on the multivariate
product kernel. More specifically, let K(U") be a univariate kernel function for
a specific coordinate U", r = 1,...,q satisfying [ K(U")dU" = 1 and having
| ] vanishing moments. We choose the asymptotically optimal bandwidth h,, =
n~1/(2+4) (see, for example, J. Fan and I. Gijbels (1995)). The rescaled version of
this kernel is K,(U") = h~'K(h~'U") so that the g-dimensional rescaled kernel
is Kp(U)=h"][!_; K(h~'U"). Then, the Nadaraya-Watson estimator of f(U)

1S

fn(U) = ZWi,h(U —Ui)r;

i=1

. : N Kp(U-U;)
where the weights W; (U — U;) = ST R (U=T0) We stress the dependence of
this estimator on the sample size n by using it as a subscript. To make the
notation shorter, we will also use || - |2 to denote the Ls[0,1]7 - norm and || - ||3
the squared norm in the same space. As a first step, we need to establish the

analogue of Theorem 2.3 from Brown, Levine and Wang (2014) in the case of
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random design. Since the proof of that result is almost analogous to Theorem

2.3, we omit it and only state the final result.

Theorem 3.3. Under the assumptions of Theorem 8.4 of Brown, Levine and
Wang (2014), for any Lipschitz indicator o > 0 and any Uy € [0,1]9, the esti-

mator fn satisfies

sup  E[(fn(Uo) — £(Up))?] < Cn2e/(ata)
feA (M)

for a constant C > 0. Also, for any a >0,

sup [E
fea(M)

/ (FulU) = F(U)2dU | < Cn—20/(20+a)
[0.1]4

Theorem (3.3) establishes upper bounds on the rate of convergence for the
distance at a point and the L0, 1]7 distance. In order to obtain the optimality of
this convergence rate, we need to match these upper bounds with lower bounds.

This is done in the following main result of this section.

Theorem 3.4. 1. Let T}, be an arbitrary estimator of the function f. Under
the assumptions of Theorem 3.4 of Brown, Levine and Wang (2014), for
any Lipschitz indicator o > 0 and any Uy € [0,1]9, the following holds:

2c
liminfinf sup Ky |n2+(T,,(Uy) — FUN?| > e
where ¢, is a constant that does not depend onn. In other words, n~®/(2a+4)

is an optimal (minimaz) rate of convergence when estimating the function
f(U) at a given fized point Up.

2. Again, let Ty, be an arbitrary estimator of the function f. Under the assump-
tions of Theorem 3.4 of Brown, Levine and Wang (2014), for any Lipschitz

indicator o > 0,

liminfinf sup Ey
n=00 Tn fepe(M)

/ 0351 (T, (U) = F(U)2dU| > e
[0.1)¢

where co 18 a constant that doesn’t depend on n.
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Proof. 1. As a first step, we will consider the case of estimation at a point
Up € [0,1]9. The proposed minimax rate is 1, = n~®/(2¢+49) The subscript
n is used to stress its dependence on the sample size n. We also define
two test functions fo,(U) = 0 and f1,(U) = MhSK(h,}(U — Up)) that
are exactly the same as those used in the proof of the first part of the
theorem (2.1). Recall that the distance at a point between these functions
is | f1n(Up)| > 2A,, where the convergence rate 1, = n~%/(22+9) and A =
% exp(—1) Denote Ey,, .y, the conditional expectation with respect to the
joint distribution of Uy, ...,U,. Also, denote the “test” function ¥ that,
for a given set of data, selects either the first or the second function fg , or
fi,n- Then, using Chebyshev’s inequality, we have

sup  E[yn[T,(Uo) — f(U)]] > A* max P(|T,(Uo) — f(Uo)| > Aty)
feAL(M ) fefo.fin

ZEUL U [P(T0(Uo) — f(Uo = A |Un, ..., Uy)]

1

= A’Ey, v, E (T (Uo) — f(Uo)| > Aty |Uy, ..., Uy)
=0

1
ARy, v irquf% P((¥ # j|Uy,...,Uy)

§=0
where the last inequality follows from the triangle inequality and the fact
that the distance between the two functions at the point Uy is greater
than or equal to 2A4,. For fixed Uj,...,U, we have the distance be-
tween the two product densities mg, and my, associated with functions
fon and fi, K(Py,P1) < C for the same finite C' that was obtained

in the proof of theorem (2.1). Thus, the lower bound becomes p.; =

infg P((V # j|U1,...,U,) > max <}1 exp(—C), - 20/2> according to the

Theorem 2.2 of Tsybakov (2009) which finishes our proof.

2. Next, we need to consider the Ly[0,1]¢ case. Here, yet again, we will need
not just two, but J+1 “test” functions with J — oo as n — co. The needed
“test” functions are defined as f;,, j = 0,...,J where f;, are again selected

from the function set (2.3) as before in the case of fixed design. Earlier, we



12

Michael Levine
proved that the Lo distance between any two functions from this set is
M _
1fin = Funllz 2 [ K|l2n o/ Gata)

for any 0 < j,k < J. The basic idea we are going to use is to bound the
L5[0,1]9 risk from below by the average probability of error rather than
the minimax probability of error. This approach uses the so-called Fano’s
lemma that was originally borrowed from the information theory; see, for
example, Fano (1952). Again, using Chebyshev’s inequality, we obtain

sup [ [n2/ o)) f — |3
feA=(M)

> A? max P An_ > A,
>4 max By ([l = fll2 > Avn)

lliEul,...,Un [IPJ- (Ilfn = fll2 = A¢n|Uy, .. "U”ﬂ
§=0

J
= A’Ey,. v, J+ 1 Z (an fll2 > Awn‘Ulw--;Un)

Next, let U be a test that based on the data, makes a choice between the
J + 1 hypotheses considered. Then, the above result means that

suip E [nza/@“*qw - fu%}
feAx(M)

> A*Ey, v in

While proving the theorem (2.1), we showed that % Z] 1 K (fom, fin) <
alog J. A direct consequence of Fano’s lemma (for details see, for example,

Corollary 2.6 in Tsybakov (2009) is that the minimum average probability

of error is bounded from below as

log(J +1) —log2
log J

J
inf N PV £ §|U, .. Uy) >

v J+14 (3.2)
7=0

The right hand side of the last inequality does not depend on Uy,...,U,

and so the desired result is obtained.

O]
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