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Summary. Two new estimators are proposed: one for the proportion of true null
hypotheses and the other for the false discovery rate (FDR) of one-step multi-
ple testing procedures (MTPs). They outperform existing such estimators when
applied to discrete p-values whose null distributions dominate the uniform distribu-
tion and reduce to leading such estimators when applied to continuous p-values.
For the new estimator of the FDR, we establish its simultaneous asymptotic con-
servativeness and justify formally the stopping time property of its threshold for
p-values not necessarily independent or continuous. The superior performance
of the new estimators is demonstrated theoretically and by simulation studies and
an application to next-generation sequencing count data.
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1. Introduction

In typical simultaneous testing, there are m null hypotheses H; with associated
p-values p;, i = 1,...,m, such that only mg of them are true nulls but the rest
my false nulls. Further, the proportion 7y = mg/m is unknown. To better
balance the overall statistical error and power in multiple testing, Benjamini
and Hochberg (1995) proposed the concept of the false discovery rate (FDR)
and a linear step-up MTP (BH procedure) whose FDR is no larger than a
prespecified level. Let Iy be the set of indices ¢ for the true nulls and I; that for
the false nulls. A one-step MTP that uses a threshold ¢ € [0,1] to decide the
status of each null hypothesis such that H; is false if and only if p; < ¢ induces

Vt)=#{icly:p<t),
S@)=#{iel p <t}
R(t)=V () +S@),
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and its FDR is defined as

V(#)
FDR(t)=F|=—=|R(t 0] .
0= | | 70 >0)
Theorem 5.1 of [Benjamini and Yekutieli (2001)) shows that the FDR, of the
BH procedure, FDRpyy, satisfies

FDRpy < moa (1)

for independent p-values, where o € [0,1] is the prespecified FDR level. The
upper bound in shows the role of the unknown m in quantifying FDRppy.
Specifically, using an estimator 7y of my, such that 7y < 7y < 1 when 7y < 1,
gives a tighter upper bound on FDRpy than using my = 1, and this in turn
yields a rejection threshold no smaller than that induced by the BH procedure
at the same FDR level. Consequently, incorporation of a proper 7y potentially
increases the power of the BH procedure. This observation has produced vari-
ous estimators (denoted by 7o) of 7y and resulted in many adaptive FDR con-
trol and/or estimation procedures (Storey et al., 2004; Benjamini et al., 2006;
Blanchard and Roquain, 2009)). However, almost all 7g’s and adaptive FDR
procedures are developed for continuous p-values whose cumulative distribution
functions (c.d.f.’s) under true nulls (null p-value distributions) are uniform on
the unit interval.

Besides continuous p-values, discrete p-values of various exact tests, such as
the Fisher’s exact test (FET, |Lehmann and Romano, 2005) and the exact nega-
tive binomial test (ENT, Robinson and Smyth, 2008)), are widely used when con-
ditional inference is conducted with discrete test statistics in the analysis of data
produced by next-generation technologies (NGS). The null p-value distributions
induced by these tests are discrete and heterogeneous. Without proper adjust-
ment, these characteristics are very likely to make more conservative 7y and
FDR procedures that were originally designed for continuous p-values. |Pounds
and Cheng (2006) discusses the effects of discrete, non-uniform p-value distri-
butions on 7y and FDR procedures. For permutation p-values, they showed
that the BH procedure and the procedure in [Storey (2002) can be erroneous,
and proposed two robust estimators 74 ¢ and 7’'C of my whose resultant FDR
estimators outperform the previous two.

Despite these results and the ubiquity of discrete data, little progress has
been made in developing better 7y’s for discrete p-values. In[Section 2] we show
that Storey’s estimator 75¢ (Storey, 2002), #5’¢ and #F'¢ all have excessive up-
ward biases when applied to discrete p-values. In we develop a new
estimator 75'P of my for discrete p-values such that #§'” inherits all excellent

properties of 75 for continuous p-values. Unlike existing estimators of 7o, 75"
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explicitly accounts for the deviations of discrete p-value distributions from the
uniform distribution and thus has less upward bias. We provide conditions to
ensure that 7$'P is less conservative than some of its competitors and discuss
the choice of tuning parameters for ﬁg D In we propose a general-
ized FDR estimator for a one-step MTP, establish its simultaneous asymptotic
conservativeness, and show the stopping time property of the thresholds of
Storey-type FDR estimators. In[Section 5| we compare #§'? with 75, #J'C and
& C using two-sided p-values of FETs and ENTs from simulated data. Our
simulation studies demonstrate the superior performance of frOCD in terms of
accuracy, conservativeness and stability. The generalized estimators are applied
to NGS count data for Arabidopsis thaliana and shown to result in improve-
ment. concludes the paper with discussion. All proofs are relegated
into the Appendix.

2. Excessive bias of three existing estimators

Let the probability space be (€2, A, P) with © the sample space, A the sigma-
algebra on 2, and P the probability measure on A. Without loss of generality
(WLOG), we assume mg < 1. The conservativeness of adaptive FDR procedures
relies on a crucial property of an estimator 7y of g, i.e., F [fg] > mg or 7tg > o,
P-a.s., called “conservativeness” or “total conservativeness” of the estimator,
respectively. Without (total) conservativeness, an adaptive FDR procedure may
fail to control or conservatively estimate the FDR of an MTP. We show that
some existing estimators of g can be too conservative (i.e., too upwardly biased)
for discrete p-values.
To estimate 7, [Storey (2002)) introduces

_ Z;il 1{P1>)\}
= W, A€[0,1). (2)

Let U (a1, b1) denote the uniform distribution on a non-empty interval [aj, b1].

, 1—-F; (A
When p; ~ U (0,1) for alli € Iy, E [75" (\)] = 7T0—|—ZZEI(11{ N Wy
—A)m
and by > 0 (usually positive) is the bias caused by the unknown F;, i € I, where
F;,i=1,..,m,is the the c.d.f. of p; and any c.d.f. is taken to be right continuous
with left limits (i.e., cadlag). However, when F; (t) < ¢ for ¢ € [0,1] Lebesgue
almost surely (denoted by “F; < U (0,1)” and referred to as “F; dominates the
uniform distribution”), i € Iy,

= mo+b1

EiEIO A=F M}

B[t ()] =m0 + 0

+ by =79+ by + b1
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and by > 0 (usually positive) is the extra bias.

Pounds and Cheng (2006) justified that, for randomized tests, FDR proce-
dures that do not account for the discreteness or non-uniformity of the p-values
are usually unreliable. They proposed two estimators of 7y as

min (1, 2p) for 2-sided p-values,
7?(1)3 ¢ =< min(1,2a) for 1-sided, continuous p-values,
min (1, 8a) for 1-sided, discrete p-values,

where p=m~' 3" p;, a; =2min (p;,1 — p;), a=m " >." | a;, and

~ PC . i
=min |1 § :
70 m( "m E[pi|H,;O]>’

i=1

where H; = 0 or 1 is set depending on whether H; is a true or false null. They
claimed that 7{’ ¢ is very robust to various types of p-value distributions, and
demonstrated its improvement over 75 (\). They further claimed #5'¢ to be
better than 7J'C. Interestingly, these two estimators still may have excessive
upward bias when F; < U (0,1), ¢ € Iy as we show next. WLOG, we consider
two-sided discrete p-values and assume neither of 7{¢ nor #%'¢ is 1. For #%¢,

we see

E[#°) >2m™ Y Elp]+2m™ > Ep]>m+2m 'Y Elpi].

i€l i€y i€l

So ¢ has extra (usually positive) bias 2m~ 'Y ier, B pil = mo > 0. Similarly,

1 — E[pi|H = 1]
[70"] = WO+mZ€IE[pi|Hi:0] o+ b,
i€ly

and if some ratios in the summation are large, so will be its positive bias b3.

3. A generalized estimator of

Let F; denote the null p-value distribution for p;, ¢ = 1,..., m. Unless otherwise
stated, it is assumed that F;* dominates U (0,1). To accommodate the discrete-
ness of p-values, and to reduce the upward bias of 7y as much as possible whiling
preserving its conservativeness, we define

#OD (), €) = max [O,min{l ot (A)%H, 3)
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where
=D e {r-F (W},

and € = (g1, ..., &) is a vector of prespecified or adaptively estimated constants
(usually in [0, 1]).
We denote #§'P (), €) by ﬁgD. When g = s for some € 6 [0,1] for all
1 < z < m, we write 7P (A, €) as #§P (A, ) and 7P (A, 1) as 7P (A). Clearly
§P (N e) < 75T (N\). Since 75t ()\) [0,1] has to hold even though (2) does
not ensure this we see either #§P (), ¢) = ﬁgt (M) when each F*, i=1,.
is U (0,1) or ﬁ'OCD (A, 0) = 75t (/\) Hence, 7§D (), €) generalizes 75t (\). More—
over, it distinguishes itself from all existing estimators of g by explicitly sub-
tracting the excessive upward bias caused by discrete p-values in its expectation,

thus giving highly accurate and less conservative estimate.

3.1. Conservativeness of #§'P
We present conditions to ensure the conservativeness of frgD (A e), and the
relationship between #§'P (), #5* (\) and #F’C below.

THEOREM 1. Suppose max {757 (A),#5P (X, e), 75" (\),#5¢} < 1. Then
the following hold.
(a) 1o < E [#§P (X,€)] if and only if

S AR () —eFr (V) _1—eA
(1—XNm — 1)

— To. (4)

(b) Let k; = E [p;|H; = 1] — E [p;|H; = 0]. Then E [#{P (\)] < E [#FC] if
and only if

ZE[pJH—O_l )\Z{F (A}

i€l i€l

The proof of follows from the definitions and is omitted. From
this, we immediately have

COROLLARY 1. Suppose max {#5'P (), 75" (\),#5¢} < 1. Then
mo < E[#§P (V)] < min{E [#5* (V)] . E [#{]}
if and only if
_ - (>\)
IZ ple = 0] IZ = 7 (5)

i€ly i€l
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The proof of is also omitted. Though gives the nec-

essary and sufficient condition to ensure that #§'P ()) is the least conservative
among the three, both and are not verifiable for A # 0 due to the lack of
information on Fj, i € I;. Nevertheless, surprisingly our simulation studies in

show that mop < E [frgD (0.5)] <FE [7%630] for relatively large values
of 70-

3.2. Computing #§'P (), e) and choice of tuning parameters
The definition of frg D implies the following algorithm for its computation, which
we state only for discrete p-values. Assume each F;* is discontinuous and let its

support be
Si:{teR:/ dFi*(t)>O}.
{t}

Clearly, for each A, there must be a unique ¢; » € S; such that
tix=sup{t€S;: A\>t}.
Since Fj* (t) =t if t € S; and that F}* is cadlag, it follows that

/ dEf () =1—F(A)=1—t;x>1-\.
(A’l]

Thus
it [Lpisay =i (A —tin)]
(1—-X)m ’

where we have omitted the min, max operations in for notational simplicity.

When m is large but there is little or no information on p-value distributions
under the alternative hypotheses, it is more feasible to set all ¢; = . So we
focus on #§'P (A, ) and discuss choice of tuning parameters ), €. In the ideal
case where is satisfied for (\,e) in a set Ky C [0,1) x [0,1] composed of
finitely many connected components, bootstrap method similar to that in|Storey
et al. (2004) can be implemented to find the “best” tuning pair (A«,e.). For
completeness this method is described below:

7?‘—OCD ()‘76) =

Step 1: for two sufficiently small d*, di > 0, form a finite, compact set K C K
such that

HllIl{|>\ - >‘/| + ‘5 75/| : ()\,5) € K? ()‘/ael) € KO} < d*a

and
max {|A = A|+ e —e1]: (N &), (A1,e1) € K} < df;

compute 7§P (), €) for each (), ¢) € K.
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Step 2: for each (\,e) € K, form B bootstrap versions ﬁng (A, ) of a§P (N, ),
b=1,..., B by taking bootstrap samples of the p-values.

Step 3: for each (), ¢) € K, estimate its respective mean-squared error (MSE)
as

Step 4: set (A, e.) = argming, o)ex {m (/\,5)}, and the overall estimate

of my is #§P (As, £4)-

When ¢ = 0 or the p-values are continuously distributed with null distri-
bution being U (0,1), 7§ (\,€) = #5* (\) and the above bootstrap method
reduces to that in [Storey et al. (2004) when K = {0,0.05,...,0.95} x {0} is
used as the searching grid. However, knowing the impracticality of condition
(4), we will not compute 7?67 D (As, €4). Instead, we will empirically show in
that #§'P (0.5) is conservative, and less upwardly biased than #5* (0.5),
7t ¢ and 7E'C for relatively large values of m9. We provide a heuristic expla-
nation for the conservativeness of #§'” (0.5). Let m = 1 — my. Consider the
choice of A = 1/2 and 0 < e < 1. Then E [#{P (X, €)] = mo + Bo + B1, where
Bo=2m""(1—¢) Y c;, {1/2 = Fi(1/2)} > 0 by definition and

Bi = 2(1—¢/2)m—2m~" > {F(1/2) —<F; (1/2)}
i€l
> 2(1—¢/2)7 — 2w = —em.

When 7 is large and m is not too small, g > emy fore < 1; whene =1, 5; >0
can happen since F}, i € I; does not have to dominate U (0, 1). Therefore, under
such circumstance, choosing ¢ close to or equal to 1 usually yields By + 81 > 0
and E [#§P (A, e)] > mo.

4. FDR estimation using 7§'”

With #§P it is natural to update some existing adaptive FDR procedures.
Storey’s FDR estimator (Storey et al., 2004])) is defined as

5t (Nt

BT GO
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o (A
m~{R(t) vV 1}

ST (A) + (1 —A)""'m~t. We remark that #5* (\) may have non-negligible up-
—1

whose variant is ﬁ: (t) = L(t < A)+1(t > \), where 75 (\) =

ward bias when m is moderate because of its extra summand (1 — )\)_1 m
Additionally, we point out that setting FDR, (t) = 1 for ¢t > A in the definition

of F/DTQ; (t) is inappropriate in certain situations. For example, we can easily
construct m > 3 p-values such that R(1/2) > 2(m+1)/3. For 1 > ¢ > 1/2
this implies

trgt(1/2)  2t{m—R(1/2)+1}

m ROV R <l

%
Consequently setting FDR, /2 (t) = 1 in this case ignores the truth and may
lead to erroneous conclusions.

In view of the above, we propose the generalized FDR estimator as

75PN )t

FDR)\(t):Inln ].,m .

Further, for a function f with domain [0, 1], we define the threshold of f at level
« as

ta (f) =sup{t € [0,1]: f(t) < a},

and let
Fr=01gp<spt<s<lii=1,...,m).

4.1. Stopping time property of the threshold of FDR) (t)

Recently, martingale methods have been applied to obtain the conservativeness
of FDR procedures using the stopping time property of relevant thresholds
with respect to certain filtrations. For example, the stopping time property of

ta (ﬁ;) is claimed in Lemma 4 of |Storey et al. (2004) without a formal
proof, so is that of o* (¢*) in (7.2) of |[Pena et al. (2011). These claims have not

been proved in the setting of independent, uniform null p-values, and it is not
clear whether this property holds for the generalized FDR estimator and for

general p-values. We show that ¢, (F DR)\) is a stopping time with respect to
the backward filtration

G={Fim:1>t>0}
for general p-values, discrete or continuous, independent or dependent. Further,
we claim that fb_ﬁA is exhausted at level « at t, (F DR)\> under one simple
condition.
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To achieve this, we start with L (¢) = t{R(t)V 1} ", ¢t € [0,1], the scaled
inverse rejection process. Order the p-values into p1) < pp) < ... < p)
distinctly, where the multiplicity of p) is n; for i = 1,...,n. Let pg, 1) =
max {p(n), 1} and p(gy = 0. Define T; = Z?zl ny for j=1,....n.

LEMMA 1. The process {L(t),t € [0,1]} is such that

t Zf te [Oap(l))y
L(t) = tTj_l if te [p(j),p(j+1)) forj=1,..n-1, (6)
tm™ if € [Py Pn1)]-

Moreover, it can only be discontinuous at p(;y, 1 <1 < n, where it can only have
a downward jump with size

Lpw=) —L o) =5 ) {Ig)(zin) - i}

The conclusion of is right the contrary to the claim in the proof of
Theorem 2 in [Storey et al. (2004) that “the process mt/R (t) has only upward
jumps and has a final value of 17, since it says “the process mt/R (t) has only
downward jumps”. We construct a counterexample to their claim as follows.
For a small increase ¢ in ¢ which results increase a. in R (t), we see that

> 0.

t+c t  cR(l)—ta.
R(t)+a. R(t) {R{t)+a}R(t)

L(t+¢)—L(t) = <0

t
if and only if £ < ——. Construct m p-values with n > 4 such that there

a.  R(t)
exists some 1 < jo < n — 2 with nj,41 > T}, but p,41) < 1. Choose ¢; and
cg such that 0 < ¢ < {p(j0+1) —p(jo)}/2 and 0 < c2 < p(jo4+1) — 2¢1. Let
to = P(jo+1) — ¢1 and ¢ = ¢ + c2. Then p(jy < to < pjo+1), R (to) = T}, and
c to
< I

R (to +¢) = Tj, + nj,+1. Further, 0 < ¢ <ty and a. = nj,+1. So
Njo+1 T;

and L (to 4+ ¢) — L (tg) < 0. Letting ¢ — 0 gives p(;,+1) as a point of downward
jump for L ().
Equipped with the properties of L (-), we have

THEOREM 2. t, (FDRA> is a stopping time for G. Further,
77 {1 (FBRS) } = o

whenever #5$'P (X, €) > a and R (t) > 0.
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The conclusion of [Theorem 2| is illustrated by an application of #§'” and

}/7_1\)7%,\ in [Section 5l Define

7o (A, §) = max {07 min {1’ 5 (V) - (1—§>\)MH

and

—_—

FDRf\ (t) = min [1, o (A )¢ } )

m U {R() V1]
where ¢ € [0,(1—X)m#5" (\)] is deterministic and depends only on the p-

——C
values and A. We call FDR, a “Storey-type FDR estimator”. Using the same
arguments in the proof of we can show

THEOREM 3. t, (FDR;) is a stopping time for G. Further,
—~—¢ —~—C
FDR, {t(, (FDRQ} = a
whenever 7y (A, <) > « and R (t) > 0.

The proof of is omitted. [Theorem J]implies, regardless of whether

the p-values are independent or continuous, that the stopping time property of
the thresholds of Storey-type FDR estimators is generic, and that the FDR
estimator reaches the prespecified FDR level at its threshold whenever the esti-
mated proportion of true nulls is larger than this FDR level and there is at least
one rejection. It provides the first formal and most general support for the use
of the stopping time property of the thresholds of a certain family of adaptive
FDR estimators.

4.2. Large sample properties of FDR "
—~—C
Even though [Theorem 3|reveals that F'DR, reaches the prespecified FDR level

—~—C
at its threshold, it does not tell whether FDR, conservatively estimates the
FDR of a one-step MTP whose rejection threshold is this threshold. Surpris-

S
ingly, under appropriate conditions, a much stronger property of FDR, can be
obtained. We illustrate this using F' DR, and assume that

A1) my'V (t) and m; 'S (t) converge almost surely to cadlag functions Gy (t)
and Gy (t) such that 0 < G (t) <t for all t € (0,1] and limy,—,oc Mo /m =
70,00 € (0,1) exists.
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When G; (), i = 0,1 in Al) are continuous, |Storey et al. (2004) proved that
FDR), is asymptotically conservative, even simultaneously:

limy o infizs { FDRy (1) = FDR ()} > 0,
. . — V(t (7)
limyy, o0 infy>s {FDRA (t) — R(t)(\31} > 0.

We show that these properties are endowed to FFDR). Noticing that hinges
on the total conservativeness of #5? () and that 75 (\) > 7 00, P-a.s. auto-
matically once A1) holds, we assume

A2) limy, 00 75T (N €) > 70,00, P-a.s..
Thus we have

THEOREM 4. Suppose A1) and A2) hold. Then for each § € (0,1],

L V()
SR LV G
iint, it {FDR 0~ 617 20 )
and o
liminf inf {FDRA (1) — FDR (t)} >0 9)
hold P-a.s..

ensures the simultaneous conservativeness of FDR) when m is
sufficiently large. On the other hand, we have

0 (A e)t <0 (10)

ﬁk(t)fﬁx(t)im_

d(\e)t —
and Sup;>;>g ml{(R’(et))\/l} > 6 (A €). Hence, FDR) may fail to conser-

vatively estimate the FDR of a one-step MTP. However, since implies
ta (FDR)\) > to (F/D\RQ, it follows that, at the same FDR level, a one-step

MTP using the threshold of F'DR) is usually more powerful than one that uses
the threshold of FDR).

When more asymptotic uniformity of the p-value distributions is available,
such as

A3) limy, yoom '3 g =& and lim,, oo myt ;. FiF (M) = hy (V),

i€l T
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then with A1), we have
1 -1 . — * = h*

where h* (X) = t& — 10,00Go (A) — 11,0001 (A) and 71 0o = 1 — g 0o Further, the

limit of I?B]/%A (t) as m — o0 is

{1 —Go(N)}mo,00 +{1 —G1 (N)} 71 00]t —h*(N) t.

FDR, (t) = (1= ) {moGo (1) +mG1 (1)}

We show that a one-step MTP using ¢, (ﬁb?ﬁ) as the rejection threshold

maintains FDR control at level o asymptotically.

THEOREM 5. Suppose A1) to A3) hold. If fB]/%io (t) < a for some t €
[0,1], then

limsup FDR {ta (1?51:?)\)} < a.

m—r oo

We remark that the conclusions in [Theorem 4] and [Theorem 5l hold for
Storey-type FDR estimators with froc D replaced by any totally conservative esti-

mator 7 of my when the involved proportions and empirical processes converge
cD
0

appropriately. When 7 is not conservative or totally conservative, FDR)
may not conservatively estimate the FDR of an MTP. Fortunately, we can

quantify the possible downward bias of ﬂﬁ%k. Set T,,41 = T,,. For § € (0,1],
define

L7 =liminf min { ) ‘PG 2 5}7

m—oo 1<j<n+1 | m~1T;
and .
Cs (t) = liminf inf {FDRA (t) — FDR (t)}.

m—oo 1>t>§

THEOREM 6. Suppose A1) and A3) hold. Then for any § € (0,1],

) o fim {fbf%A (t) -~ FDR (t)} < Csa (1)

1—) = m—oool1>t>5

()L

inf

1—A

057 A (t) -
with probability 1.

With some algebra, the proof of follows from ©) and
7 and is thus omitted.
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5. Simulation studies for and application of 7"

Now we will show the superior performance of frgD via simulation studies.
Since #§'P reduces to 75t for continuous p-values whose null distribution is
U (0,1) and the performance of #5* has been well documented, we compare
the competing estimators of my based on discrete, two-sided p-values induced
by FETs and ENTs. We do not assess ﬁg D for dependent discrete p-values,
since the deterministic term § (), €) as the difference between 75! and #5'P and
the extensive study of 75 under dependence (Storey et al., 2004; Blanchard
and Roquain, 2009) have already characterized the performance of #§” in this
situation. Finally, e@g/though we have justified the simultaneous asymptotic

—_~

conservativeness of FFDR), we do not study FDR) using dependent discrete
p-values due to the possible, practical violation of assumptions on asymptotic
convergence of heterogeneous, discrete p-value distributions.

The simulation and estimation of the proportion of true nulls are set up as
follows:

(a) Select an m € N. Pick mg, ms, m; € {0,0.1,0.2,...,0.9,1} compatibly,
which gives the triples 7, = (mg, m1s,71;) with a = 1,...,111. Set mgy =
[mmo), m1 = m —mq, mis = [M1T1,), My = m1 — myg; mys, = [0.5my),
Mis, = M1s — Mgy, M1y, = [0.5myy], my, = mq — mqy,, where [z] is the
integer part of x > 0.

(b) Let Hys, = U (0.8,0.98), Hys, = U (1.02,1.2), Hy;, = U (0.05,0.5) and
Hy, = U(2,20). Generate p = (p1,...,pm) with subvectors in order
a5 Pings Py, s Pryys Py, s Pmy,- Specifically, p,, is mo ones; p,,,
contains mys, realizations from His, , and p,,,, ,,, Are mag, realizations from
Hy,, for k =1,2. The purpose of [ k = 1,2 is to induce small effect
signals.

(c) Define 6;1. Set 0,5 = h (6;1, p;) for some measurable function h : ©; xR —
O3, where ©4, g = 1,2 are non-empty subsets of R? for some d € N. Pick
non-empty ¥, C R® g = 1,2 for some e € N. Generate n;y € ¥, from
distribution G;, and &;4 from parametric distribution Fig (0;4|n:4).

(d) With &g, g = 1,2, conduct the FET or ENT to test either

Hi() : 9i2 = 91'1 versus Hil : 9,‘2 75 Gil

or

HiO : 01'2 = 00 versus Hil : 92'2 7é 00

for a given 0y € ©;. Estimate mo = # {1 <i<m:0;0=60;1}/m or my =
#{1<i<m:0;5=200}/m based on the two sided p-values of these m
tests.
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(e) For each 7,, compute 75* (0.5), #§P (0.5), #f’“ and #£°.
(f) For each m,, repeat Steps (b) to (e) 1000 times to obtain the sample mean
E (-) and sample standard deviation S (-) of each estimator .

The simulations have three unique features that are more challenging to all
competing estimators. First, we create different configurations of my and 1, 71,
corresponding to the proportions of true nulls, small effect signals and large
effect signals. This will examine the power of the test represented by its p-value
and how small effect signals affect the 7y’s. Second, when 7, remains fixed, for
each run P, and Py, AT€ re-generated from His, and Hy;, for k = 1,2,
respectively. These small perturbations to the alternative hypotheses will check
the robustness of the tests and estimators. Third, in the simulations we do not
verify condition , meaning that is either satisfied or not. However, the
results from our simulation studies will show that #$'? (0.5) is robust, stable,
and is the least conservatively biased for relatively large my and wide range of
values of m.

5.1. Estimation of =y from two-sided p-values of FETs

FET has been widely used to compare two independent binomial populations
and test independence between quantities from various discrete distributions in
2-by-2 tables. The test statistic of an FET follows the Fisher’s non-central
hypergeometric (FNH) distribution. Suppose three marginal quantities are
observed and stored in an ordered triple N* = (N, No, M7), then with the
non-centrality parameter 6 € (0,00), an FNH distribution, FNH (6, N*), has

density
e () )/ S o

for L <2 < L,, where L = max (0, M; — N3) and L, = min (N7, M;). Follow-
ing|Agresti (2002)), given N* the two-sided p-value of an FET for an observation
X = x is defined as

po,N+ (x0) = / dFy (y; N™),
{L<y<Li:fo(y;N*)<fo(zo;N*)}

where Fp (-; N*) is the c.d.f. induced by fg (-; N*).

Simulation I: Set m = 10,000 and generate n;4 from a Poisson distribution
with mean pg, where g = 20 and po = 30. Set 6;; = 0.5 for 1 < i < m
and ;2 = (p; + 1)71. Generate ;4 from Fjg (0ig|n:g) = BIN (0;4,n44), where
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Table 1. Partial digital gene expression data for gene i.
For j = 1,2, n; ; is the discrete measurement for gene ¢
under Treatment j, respectively, and n; = n;1 + n;2. For
J = 1,2, n(_y),; is the total of the discrete measurements
for all other genes under Treatment j, respectively, and
N(—i) = N(—i),1 T+ N(=1),2- Forj =1,2, m}k is the total of
the discrete measurements for all genes under Treatment
Jj, respectively, and m* = mJi + m3.

Treatmentl | Treatment2 | Total

Gene 1 ni1 Nnio n;

All other genes N(_i),1 n(_q),2 | N(—s)
Total mi ms m*

BIN (p*, N ) denotes a binomial distribution with success probability p* in N
independent trials.

Simulation II: Extract counts for m = 10,000 genes from an NGS RNA-
Seq data set for American ash trees under two treatments, for gene i form a
2-by-2 table as illustrated in and extract f;y = (ni,n(,i),m“{) € N3,
Set 9i1 = 1 for all ¢ but 91‘2 = pi‘gil- Let Fig (ezg|ﬁ1q) = FNH (Hig,ﬁig) and
generate &;, from FNH (0;4,7,4). For each 7 test

HiO : 91'2 =1 versus Hﬂ : oig # 1

via the FET, where H;y means that the treatments do not have any effect on
gene 1.

5.2. Estimation of =y from two-sides p-values of ENTs

The ENT has been widely used in analysis of NGS count data that are modeled
by negative binomial (NB) distributions. [Di et al. (2011) proposed to use an
over-parameterized version of the NB distribution (called “NBP distribution”)
to model the non-constant dispersion of such counts. Let NBP (u, ¢, ) denote
an NBP distribution with mean p and dispersions (¢, 3). The probability mass
function for Y ~ NBP (u, ¢, ) is

PO =y (1,0,8) = LD 1

(MTA+y)

where p=p/ (u+~) and vy = ¢~ 2P for y = 0,1, ....

Simulation ITI: Set [ = 1,294,326 as the active library size, apply the R
package NBPSeq to the RNA-Seq count data for Arabidopsis thaliana provided
by Di et al. (2011)), and extract m = 6,000 estimated frequencies p;;1, i =



16 X. Chen and R.W. Doerge

1,...,6,000 for genes in the first observational unit whose estimated means are
not zero. Set Po = piPi1 and pgi = s, but vy = ¢~ 1277 with g = 1.5.
~ LLgi
Define Oig =9 and Hig = (,UJZ‘g,’}/Z‘g). Set Fig (Hzg) = NBP (ﬂigaryig) and
Hgi + Vgi
generate counts ;, from F;, (6;4), where the alternative parametrization for an

NBP distribution has been used. The ENT is then conducted to test
Hi() : 9i1 = 97;2 versus Hil : 01'1 75 92'2,

where H;y means that gene 7 is not differentially expressed. For two realizations
&1 =z, 1 = 1,2 the two-sided p-value of this test is defined as

pi = Z{C7dic+d:1‘il+xi27f1,2(c7d)§f1,2(17i1"'L’i2)} f1,2 (C, d>
’ Z{c,d:c—&-d:mﬂ +xzi0} f172 (07 d)

)

where f12 (-, ) is the joint probability mass function of (&1, &2).

5.3.  Summary from simulation studies
Due to the practical range of my in various studies, we report in
the performances of the competing estimators of my for myp = 0.9 with m €
{0,0.1,...,0.9,1} and for my = 1. Note that 75 (0.5), #}’¢ are excluded since
they are both 1 for all runs (which means S (751 (0.5)) = S (7§¢) = 0) for
these my, m1s and for all underlying distributions used in our simulations to
generate the discrete counts. The same is true for #5’C when the underlying
distribution is NBP. From it is clear that #5'P (0.5) is stable and the
least conservative among all competing estimators for the reported values of 7,
715 except (mp, m1s) = (0.9,0) and 7 = 1.

Our additional (but unreported) simulation studies together with those pro-

vided in reveal the following:

(a) Overall #§'P (0.5) outperforms its competitors in terms of stability and
accuracy, across almost all configurations 7., a = 1,...,111. When mg is
small, it outperforms its competitors by a larger margin but can underes-
timate .

(b) For mp fixed, all estimators become more conservative as ;s increases.
When 715 dominates 7, all estimators tend to estimate w15 and are very
inaccurate. As g gets closer to 1, all competing estimators perform better.

(c) Empirically 7$P (0.5) gives the least conservative estimate of 7 roughly
for my € [0.75,1) even when there are small effect signals. #§P (), e) is

slightly less stable than #{’“ in terms of sample standard deviations.



Table 2. Partial results from all simulations

Generalized Estimators

Distribution | mo | ms | E®ESP) | EGEC) | SESP) | SEEC)
0.9 0| 0.8977 | 0.9215 | 0.0091 | 0.0051
BIN | 0.9 | 0.1 | 0.9086 | 0.9296 | 0.0094 | 0.0052
09| 02| 0.9185 | 0.9374 | 0.0092 | 0.0052

0.9 | 03| 0.9290 | 0.9455 | 0.0094 | 0.0054

0.9 | 0.4 | 0.9395 | 0.9533 | 0.0092 | 0.0052

0.9 | 0.5 | 0.9497 | 0.9612 | 0.0094 | 0.0052

0.9 | 0.6 | 0.9602 | 0.9692 | 0.0095 | 0.0053

0.9 | 0.7 | 0.9704 | 0.9770 | 0.0094 | 0.0053

0.9 | 0.8 | 0.9807 | 0.9849 | 0.0097 | 0.0055

0.9 | 0.9 | 0.9901 | 0.9928 | 0.0083 | 0.0049

0.9 1| 0.9971 | 0.9984 | 0.0047 | 0.0026

1 0| 0.9978 | 0.9988 | 0.0041 | 0.0023

0.9 0 [ 0.9076 | 0.9251 | 0.0091 | 0.0051
FNH [ 0.9 | 0.1 | 0.9160 | 0.9311 | 0.0094 | 0.0052
0.9 | 02| 0.9238 | 0.9368 | 0.0094 | 0.0052

0.9 | 03| 0.9323 | 0.9432 | 0.0092 | 0.0050

0.9 | 0.4 | 0.9406 | 0.9495 | 0.0095 | 0.0053

0.9 | 0.5 | 0.9490 | 0.9560 | 0.0097 | 0.0054

0.9 | 0.6 | 0.9586 | 0.9654 | 0.0097 | 0.0053

0.9 | 0.7 | 0.9684 | 0.9746 | 0.0096 | 0.0054

0.9 | 0.8 | 0.9771 | 0.9821 | 0.0100 | 0.0055

0.9 | 09| 0.9861 | 0.9893 | 0.0091 | 0.0052

0.9 1| 0.9930 | 0.9955 | 0.0071 | 0.0042

1 0| 0.9960 | 0.9979 | 0.0057 | 0.0031

0.9 0| 0.9487 1| 00115 0
NBP | 0.9 | 0.1 | 0.9544 1| 00118 0
0.9 | 02| 0.9588 1] 0.0116 0

0.9 | 0.3 | 0.9638 1| 00112 0

0.9 | 0.4 | 0.9692 1| 0.0120 0

0.9 | 05| 0.9734 1] 0.0117 0

0.9 | 0.6 | 0.9790 1| 00113 0

0.9 | 0.7 | 0.9839 1| 0.0106 0

0.9 | 0.8 | 0.9884 1| 0.0099 0

0.9 | 09| 0.9919 1| 0.0084 0

0.9 1| 0.9947 1| 0.0072 0

1 0| 0.9952 1| 0.0069 0

17
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Table 3. Results from application of the generalized estimat/oglo Ara-
bidopsis thaliana data. CD means using #5” ()\,¢) and FDR,. St
means using 75' (\) = #5'P (A,0) and FDR,. BH is the BH proc-
dure, and adaBH the adaptive BH procedure for which « is replaced
by o' = /757 (0.5,0.9). £ is the threshold of the procedure, and
FDR' () the FDR procedure evaluated at ¢

Method | (), ¢) o t| FDR' (i) | R(t)
CD | (:5,.9) | 0.958801 | 0.00093514 | 0.049999348 | 433

St | (.5,0) 1 | 0.00089042 0.05 | 430

BH | NA 1 | 0.00089042 <0.05 | 430
adaBH | NA | 0.958801 | 0.00093516 <0.05 | 433

These suggest practical preference to our estimator of 7y when discrete p-
values are induced by FETs and ENTs for three types of underlying distribu-
tions: binomial, FNH and NBP.

5.4. Application to Arabidopsis thaliana data

Di et al. (2011)) fit the Arabidopsis thaliana data with the NBP model, estimate
the parameters (u, ¢, 8), conduct for each gene an ENT, and report 430 differ-
entially expressed genes by applying the BH procedure to the 26, 222 two-sided
p-values of these tests at FDR level @ = 0.05. We carefully looked into their
source codes and found out that 2,076 of the p-values they obtained are Not
a Number (NaN) because the corresponding sizes are estimated as zero. We
filtered these NaN p-values, conducted BH procedure at the same FDR level on
the rest, and confirmed their finding.

To apply the generalized estimators with FDR level a = 0.05, we use the
NBPSeq package (Di et al., 2011)) to obtain the pseudo-counts, pseudo library
size, and the estimated probabilities and sizes. We then select genes (a total
of 24,146) with positive sizes and relevant quantities, conduct for each gene
the ENT, and compute the two-sided p-value of each ENT. Our findings are
summarized in [Table 3} o

Three more genes are found to be differentially expressed using F DR with
#§'P (0.5,0.9). The threshold tg o5 (FDR)\> = 0.0093514 is slightly greater

than those of F/'Di%,\ and the BH procedure, leading to more rejections; it is
practically the same as that of the adaptive BH procedure since this procedure

uses frgD. That FB]/%A <t0.05 (fb’fh)) = 0.0499999348 is the consequence

of the Stei size used in numeric search and it does not affect the validity of

This confirms the improvement #§'? and FDR) result in.
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6. Discussion

We have proposed generalized estimators of proportion of true nulls and of
the FDR of one-step MTPs. The new estimators outperform existing ones for
discrete p-values whose null distributions dominate the uniform and reduce to
Storey’s estimators for continuous p-values. We have provided the first formal
and most general justification of the stopping time property of the threshold of
Storey-type FDR estimators for p-values not necessarily continuous or indepen-
dent, and establised the asymptotic conservativeness of the generalized FDR
estimator. Our strategy to adjust estimators of my can be easily adapted to
other types of discrete p-values.

However, we see that the two-sided p-values of the FET and ENT are not
derived from the corresponding uniformly most powerful tests. This warns
us the possible loss in power when decisions are based on such p-values, the
decreased accuracy when estimating 7y using these p-values, and advocates
to estimate my from the test statistics directly. Unfortunately, the non-location
shiftness of the density functions of the involved test statistics and heterogeneity
of discrete p-value distributions disable adaptation of methods such as those in
Jin (2008)) and Meinshausen and Rice (2006]).

Even though seems to show the poor performance of #§'? merely in
terms of its upward bias, improvements on ﬁg D are possible when ) is adaptively
chosen from the data instead of always being 0.5. We leave the investigation
of adaptive choice of A\, ¢ to future research but point out that techniques
in [Liang and Nettleton (2012)) are not applicable to heterogenous null p-value
distributions. In we only have 3 more discoveries by incorporating
#§'P(0.5,0.9). The reason for such a minor improvement is as follows. In
addition to using more conservative tuning parameters and the possibility that
g is itself very close to 1, potential improvements from 7§’ are counterbalanced
by the enlarged supports of null discrete p-value distributions because most of
the counts in the data are not so small. The advantage of #§'” will be well
manifested when the discrete data are of small magnitudes and 7y is not very
close to 1.

Driven by the accumulation of massive discrete data together with accom-
panying statistical tests to be conducted, the need for better estimators of the
proportion of true nulls and of the FDR, of an MTP for this type of data is urgent.
We hope that this paper could further caution the usage of methods beyond its
justified scope of application, and we expect that the methods presented will
justify their utility in multiple testing with discrete data and stimulate more
research efforts in this area.
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A. Proofs

A.1.  Proof of[Lemma 1|
Clearly

0 if 0<t< D(1)s
R(O) =3 T; i pG) <t <piand = Loan =1,
m it pry << Pt
and @ holds. Obviously the points of discontinuities of L (-) are the original
distinct p-values. This justifies the first part of the assertion.
Now we show that L () can only have downward jumps at points of discon-
tinuity. Define

£ = t+n t  nR@)+t{R{t)—R(t+n)}
S”(”7)*3(t+n)’}z(t>* R(t+n)R(t) '

From the fact
R (py)) — R(pG—) =n; >0

but R (p(j)—|—) - R (p(j)) =0 for each 1 < j < n, it follows that ¢ (p(j),O—i—) =
limy, 0 ¢ (t,17) = 0 but

T ‘ _ P)™y
P00 = o) = Ry R ey —my

Thus L (p(j)—) - L (p(j)) = (p(j), 0—) > 0 and the proof is completed.

A.2. Proof of[Theorem 2
Define

Xim) (w) = (1{p1§t} (w) yaeey 1{pm§t} (w)) , W E Q.
Then F; = o (Xgm) (w),1>s> t), t€[0,1] and {F; : 0 <t <1} is a decreas-
ing sequence of sub-sigma-algebras of A. Write 1?_51?{)\ (t) = EEE)\ (t,w) and
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ta (FB?EA) = t,. When t, = 1 or 0 corresponding to & = 1 or a = 0, it is
automatically a stopping time. So we only consider a € (0,1) and 0 < £, < 1.
By definition,
{weQ:ita<sp= () A=A,
{t:s<t<1}
where A; = {w eQ: Eb_ﬁ)\ (t,w) > a}, 1>t>s We need to show A, €

-Fs/\)v

Since either Fsayn = Fs 2 F) when s < X or J_'.s/\)\~: Fn D Fs when
s > A, the stopping time property holds once we prove A; € Fs. With the
decomposition

Ay = UTEQ (A, N By)

A= ) UW@.nB)=J) [\ AunB),

{t:s<t<1} reQ reQ {t:s<t<1}
ot
m-L{R() V1]

and

WhereAt,,:{wEQ: Zr}andBT:{wEQ:

70( <r
752 (A €) ’
it suffices to show

(1 AwwnB)= () A.NB, €F,

{t:s<t<1} {t:s<t<1}

or equivalently
A, = () AwreF,
{t:s<t<1}
since B, € F holds already.

Define I; = [pa),pit+1)), @ = 1,...,n — 1. We will add Iy = [py,p(1))
and I, = [p(n),p(n+1)] when Py < 1. When Pmn) = 1, we take I,,_1 to be
[p(n,l),p(n)]. Obviously there must be a unique j* with 0 < 5% < n such that
s € Ij=. Given R(1) = m and #5P (\,€) € [0,1], the properties of L(-) in
Lemma T imply

« n+1
AS,T‘ = As,r <mj_j*+1 Ap(j)7r> :

Consequently A3, € Fy and A, € F,, which validates the first part of the
assertion.
To show FDR), (ta) = q«, it suffices to consider the case a > 0. Since o < 1

—~—

and R (t) > 0 by assumption, we can write FDR) () as
— 7CD
FDR) (t) = %7()"6)’

Pin (1)
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where F,, (t) =m~' " 11, < for t € [0,1] and

o (0) = 7 { B () = o ()}

Therefore
to =sup{t €[0,1]: p}, (1) > a 75 (N )},

i.e., f, is the last time the “slope” p¥, (t) is no less than a 17§ (A, €).

Obviously, pr, (fa) > « and there must be a unique 0 < j' < n such that
to € Ijr. Since #§P (X, €) > a, £, < 1 holds. Thus there must be some d’ > 0
such that I* = [ts,14+d’) C I;;. Noting that pZ, () = m~1L~! (t) is continuous
and decreasing on I, we see that if p}, (fo) > «, then we can choose t, € I*
such that {, > t, and o (fa) > «. This contradicts the definition of f,.
Hence pj, (fa) = « must hold, and this is equivalent to 1/7_1\)_}/%,\ (fa) = «, which
completes the proof.

A.3. Proof of[Theorem4

Define K, = {t €[0,1]: FDRy (t) < 1} and Ko 5 = KoN[6,1]. Let FDP (t) =
V(t)

R(t)Vv1

the supremum is taken over ¢ € [0,1]\ K,,. By the Glivenko-Cantelli theorem,

. We verify the claims for ¢t € K, s since they automatically hold when

lim sup |m ™'V (t) — mo,00Go (t)| =0 (12)
m—o0 0<t<1

and

lim sup [m L {R (1) V 1} — {omGo (1) + T1neGr (D} =0 (13)

m—r o0 0<t<1

hold P-a.s.. Since 700G (0) + 7T1,06G1(6) > 0 and these are both non-
decreasing functions, using it can be easily shown that

=0, P-a.s.. (14)

m 1
lim sup -
Mmoo 1>4>5 R (t) V1 7T0700G() (t) + 7'('1700(;1 (t)

Observing

ﬁgD (>‘7 6) t— ’/TO,OOGO (t) o m71V (t) - 7TO,OOGVO (t)
{R(t)V1}/m {R(t)V1}/m
= L (t) — I (t)v

FDR, (t) — FDP (t)
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we see, from , and properties of G; (-), i = 0, 1, that

m V (t)
Iim sup |LL(#)| < lim sup ——— lim su —— — T0.00Go (t)| = 0.
m—)octeKSJ| 2( )‘ _m—>oot€Kap’5R(t)\/]_m—>oot€K35 m 0,00 0()

Since lim,, s 757 (A, €) > mp, P-a.s. and G (t) <t for all ¢ € (0,1], then

liminf inf {7#P (N &)t —moGo (t)} >0

m—oo 1>t>

and liminf,, . infiex, ; I1 (t) > 0. This justifies .
To show @7 in view of and

FDR, (1) — FDR(t) = {Fb@ (t) — FDP (t)} +{FDP () — FDR(t)},

it suffices to show

lim sup |FDP(t)— FDR(t)| =0, P-as.. (15)
m—r o0 1>¢>6

With (14)), we have, P-a.s.,

; 70,00Go (1) ’
lim sup |FDP (t)— ’ 16
m—oo 121512)6 0 70,00 G0 (t) + T1,00G1 (1) (16)
- V(t)/m—ﬂoooGo(t)’
< lim su J
= e 2T R V1) m
1 1
+ lim su _ e
= 1315 {{R(t)\/l} /m 70,00Go () + T1,00G1 (t)} 000G ( )‘

= 0.

By , the dominated convergence theorem and Fatou’s lemma, it follows that

. 70,00 G0 (t) H
0 = lim sup E||FDP(t)— :
Jim s 5 ([PDP 0~ s
. o ooGO (t) H
= F| lim sup |FDP(t)— :
LHOO 12t§5 ® 70,00Go0 (t) + T1,00G1 (t)

> lim sup [FDR(t)—

m—00 1>t>6

7T[),<><>C:0 (t) ‘
WO,ooGO (t) + 7T1,00G1 (t) ’

Thus holds and so does @, which completes the proof.
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A.4. Proofof[Theoremd
Let ¢ > 0 be such that a — FDR, (t') = ¢’ for some ¢’ > 0. We can take
m sufficiently large such that ’FDR)\ (t'Y — FDRy (t)

< €'/2, which implies

}71\)7%,\ (t') < a and t, (1?1\77%\) > t’. Therefore liminf,, . to (1?1\97?4) >t
P-a.s.. By 7 it follows that, P-a.s.,

liminf [FDRy {t. (FDR\)} - FDP {t. (FDR,)}|

m— o0
> liminf inf {FDR t—FDPt}>0.
- :7?1)130 12%121:&'/2{ )‘( ) ( ) -
Since EI\DTEA {ta (}/77)7?&)} < a, we have limsup,,_,., F'DP {ta (ﬁh)} <

«, P-a.s.. By Fatou’s lemma,

limsup E [FDP {ta (1?157%0 H <E [limsupFDP {ta (fz\)z/%A) }] <a.

m— o0 m—r oo

This completes the proof.
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