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Abstract

The proportion of certain type of hypotheses is a key component of adaptive false
discovery procedures in multiple testing. To date, a good estimator of the propor-
tion of false null hypotheses under dependence is lacking. For multiple testing normal
means, we develop a (uniformly) consistent estimator of the proportion of nonzero nor-
mal means when the dependent test statistics follow a joint normal distribution with
a known covariance matrix representing certain types of strong dependence. Theoret-
ically and empirically, we demonstrate the better performance of our estimator than
existing ones.
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1 Introduction

Multiple testing has been widely conducted in differential gene expression studies ,
2008), genome-wide association studies (Zhang and Liu, 2011), functional magnetic reso-
nance imaging (Pacifico et al.,[2004), and classification of interstellar objects (Liang et al.,
. In typical multiple testing, there are m null hypotheses H; with associated statistics
T;,71=1,...,m. The true status of each H; is denoted by s; such that s; = 0 means H; is true
and that s; = 1 means H; is false, but it is unknown which among these m null hypotheses
are true. Let I = {1 <i <m:s; =0}, I} = {1,...,m}\Ij with m; = |I}*| for { = 0,1. The
proportion of true nulls is defined as mp = mg/m;. A multiple testing procedure (MTP)
R based on T; measurably maps each T = (T1,...,T},)" to a unique § = (81,...,5,,) €
S ={0,1}"™ such that the inferred status of H; is §;. The false discovery rate (FDR,
jamini and Hochberg), |1995)) of R is defined as FDR(R) = E[V (R)/R(R)|R(R) > 0],

where

VR)=|{iel:4=1} and R(R)=|[{1<i<m:8=1}|. (1)

When R depends on a threshold ¢ € [0, c0) such that 8; = 1¢7,<4, R in (1)) is replaced by
t.

Due to its improved statistical power in multiple testing (Benjamini and Hochberg,
11995; |Genovese and Wasserman), [2002)) control of the FDR has become very popular in the
aforementioned fields, and MTPs that incorporate a conservative estimate 7 of g, i.e.,

mo < max {7, E [To]} < 1, P-as. (2)



when mg < 1 and try to retain their FDRs under a prespecified level have been developed.
Such MTPs (e.g., Rgo1 in [Efron et al., [2001; Rgwos4 in |Genovese and Wasserman, [2004;
Rpros in Benjamini et al., 2006; Rprog in Blanchard and Roquain, 2009), commonly
termed “adaptive FDR procedures”, can be more powerful than their non-adaptive coun-
terparts, and they show the importance of accurately estimating mg in the sense of .
Many popular estimators of 7y’s or of 7 = 1 — 7y (whose meaning is to be specified later)
have been proposed, and methods that derive them can be a roughly categorized into three
classes:

1. The “slope” method to estimate 7y (Storey et al., 2004; Benjamini et al., |2006; |Blan-
chard and Roquain) 2009) whose origin can be traced back to the slope intuition in
Schweder and Spjetvoll (1982). Highly dependent on the (global or) local uniformity
of the (empirical) density of the p-values, the method does not perform well un-
der (strong) dependence (Blanchard and Roquain, [2009; [Friguet and Causeur}, 2011}
Wang et al.,[2011). The slope method yields the factor-slope hybrid (FSH) method in
Friguet and Causeur| (2011), which employs the same model in Friguet and Kloareg
(2009) and uses 75 in [Storey et al. (2004) to estimate my based on the adjusted
p-values. ﬁg is implemented by R library qualue and the hybrid by R library FAMT.

2. Density estimation via mixture model to estimate 7y, which divides into three branches:
(a) mode matching (Efron, 2008} Schwartzman) 2008)). It is implemented by R pack-
age locfdr, robust to dependence but requires my > 0.9; (b) nonparametric maxi-
mum likelihood estimator (NPMLE) in Langaas et al.| (2005)). It is implemented by
the function conwvest in the R library limma, relies on the shape constraints on the
marginal p-value density, and does not perform well under dependence; (c) Bayesian
method (Ghosal and Roy, 2011}), which depends on a good prior for the unknown
parameters and is computationally demanding.

3. Fourier transform method (FTM) to estimate 7 (Jin and Cai, 2007 Jin, 2008), which
works only for independent or strongly mixing test statistics each of whose density
has the location-shift (and/or scale) property.

The above categories show that, consistency of estimation under strong dependence
and adaptivity to smaller values of my is not achieved by any of the existing estimators
of my (or 7) simultaneously. Therefore, we aim to develop a better estimator of 7 that
possesses these two properties under certain strong dependence. In particular, we consider
the following setting. Suppose Z ~ N (u,X), i.e., Z is normally distributed with mean
vector g = (pu1, ..., )" and a known, deterministic correlation matrix ¥ > 0 representing
certain types of strong dependency. We want to consistently estimate the proportion of
nonzero normal means

m=m"t {i:p; # 0} (3)

based on an observed vector z of Z (where a true null is equivalent to p; = 0).



Our strategy to develop the consistent estimator of m has three steps. First, we utilize
the principal factor approximation (PFA) developed in [Fan et al.| (2012) to decompose the
jointly normally distributed random vector of test statistics into two independent random
vectors, such that the major vector contributes the major part of the covariance depen-
dence between the components of the original random vector and the minor vector consists
of weakly dependent random variables. We then develop partial theory for non-concave
partially penalized least squares estimate and apply the theory to consistently estimate the
major vector. Finally, we extend a key bound needed for the Fourier transform method
(FTM) to estimate 7 in | Jin| (2008)) to the case of heterogeneous null distributions, and apply
the extended Fourier transform method to the components of the mean-shifted, estimated
minor vector to estimate 7w consistently.

2 Reyvisiting Principal Factor Approximation

We take the convention that each vector is a column vector, unless it is transposed. For a
matrix C =(cy,...,¢y) and subset A C {1,...,m}, we set C4 = (c¢;,i € A) for which the
order of the column indices of Cy4 is the same as that of the elements in A, and C4 =
((C’)A)/; in particular, we set C;) = (c1, ...,¢x) and C(_p) = (Cky1,..-,Cm) for 1 <k <m.
When C is a column vector, this convection applies row-wise. We restate the PFA in [Fan
et al.| (2012) as follows. Let w = (w1, ..., w) ~ Ny, (0,I). The spectral decomposition of
3} with eigenvalues A\; > Ay > --- > A, > 0 and corresponding eigenvectors v;, ¢ = 1,...,m
implies Z; = u; + 1n; + v;, where

k m
ni = Zj:l Vg vi= Zj:k-‘,—l VA ;-

Set T = (Y1, »,Ym) = Vij) s D = diag {1, A2, ..., A }, G = TVD,n = (Ny ooy ) =
G W) and v = (vy, ey Um) = G(_r)W(—k)- Then we have

Z=p+n+v. (4)

Components of w ) are called the “principal factors” in |Fan et al. (2012). We call n and
v the “major” and “minor” vectors, respectively. In order to make the model more
flexible, we let

n=Xpg
with X an m x p matrix and 8 € RP a sparse vector such that |3/, = go > 0.
The decomposition induces three appealing properties for asymptotic analysis later:

1. n is independent of v.



2. There always exists a pair § > 0 and 0 < k < m such that

m_l\/)\zﬂ—{—...—l—)\?n :O<m_5) . (5)

3. Whenever holds,

m=? Z |covyj| < m Al = m_l\/)\%_s_1 +..+X, =0 (m_é) ,

1<i,j<m

where A = cov (v,v) = (cov;’j) and ||| denotes the Froebinius norm of a
mxXm

matrix.

3 Non-concave Partially Penalized Least Squares

~ ~ ~ /
We introduce some conventions and notations. Let W = (1y, ..., W), B8 = ( 81, ..., Bp) and

take the convention that a scalar function applied to a vector results in a vector whose ith
component is the function evaluated at the ith component of the vector. Further, we write
(v.,v.,) as (Vi, Vix) for two column vectors v, and v..

The accuracy of an estimator of 7 depends on that of w;) when PFA is used. The
Ly-regression used in Fan et al| (2012) to estimate W) assumes 7 ~ 0 and omits all
nonzero p;’s in the optimization. To exploit the sparsity of g and allow for relative large
7 € (0,1/2) when estimating w;,, we consider the estimate, if it exists,

(B,V“V(k)) € argmin L (,@,\7\/; )\), (6)

BERP W ERF

with

, (7)

1 (550) = [- x5 G <a s (3)],

where A > 0 is a scale parameter, and p) (-) = Ap (+) is the penalty function with p(-) =
p (3 A). Specifically, we assume that p satisfies Condition 1 in [Fan and Lv| (2011):

Condition 1: p(t) is increasing and concave in ¢ € [0, 00), and has a continuous derivative
p'(t) with p/ (0+) € (0,00). If p(t) is dependent on A, p’(¢;A) is increasing in
A € (0,00) and p’ (0+) is independent of A.

In addition, we borrow from Lv and Fan|(2009) the definition that for b = (by, ..., by, ) € R®
with |[blly = qo,

/ t ! t
k(p;b) = lim max sup _M,
0 1SIS00 ¢y tye(fby|—e, b |+e),t1 <to ts — 1
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Since the error distributions in are weakly dependent, and in @ only @ but
not w is penalized, we call “non-concave partially penalized least squares (NCP-
PLS)” with dependent errors, for which no statistical theory on estimates in this set-

ting seems to exist. Hereunder, we establish the existence of (,@,W(k)> in (@) and its
weak oracle property (in the sense of Lv and Fan, 2009). Let I = {j : Bj #* O}, Iy =
{j : Bj = O}, L ={1<i<p:B;#0}, In = {1,...,p} \I1 and B, = miney, |B;|. Define

—1/2

k .

a; = (1 - 23:1 >‘j%'2j) y (1) = MIjepl i<m {ai} and A(m) — MaAXcpl i<m {a;} when
El +# @, where

ElL={ieN:nZ,ur N2, {1<i<n:oo>a;>k}}.
Define N' x N'* with

N={veR®:|v|,= |8y, Iv—Brll, e},
N ={s e B s = wo |l < oo}

for some ¢; = (1 — ¢g) B« for cg € (0,1), c2 > 0, and the event

& = { max {|v;]} < u} = {||V]|s < u} for u > 0.
1<i<m
We now state the existence and weak oracle property of the NCPPLS estimates in @:
Theorem 1 Assume Conditions 2 to 6 in[Section A1 hold. Then, with probability at least
-1 _
1-— (a(l)u) exp (—2 1a?1)u2)

on Es, setting A = A yields some (,@, v”v(k)) € arg minﬁem werk L (B, w; A) with (Bh,v”v(k)>
N x N* and ,BIO = 0, whereby co = )\,;1/2 (C7pe1 + Cg pu).

We remark that generalize Theorems 4 of Lv and Fan| (2009) to NCPPLS
with weakly dependent errors.

4 Bound on Difference Between Phase Functions

Once we have (consistently) estimated w ;) as W), the next step is to adapt the FTM
to estimate 7 in Jin| (2008) to our model to estimate w. The superior performance of the
FTM to estimate 7 has been justified for statistical models with independent or strongly
mixing normal random errors with homogeneous null distributions. However, due to the



heterogeneity and dependence between v;, ¢ = 1, ..., m in model , we need to extend the
FTM to the case of heterogeneous null distributions.

1
Let ¢u.0 (z) = V2o exp (—271072 (x — ,u)2> for o > 0. Define

Ko (t,2) = / e (¢) el®0)*/2 cos (tCx) d, (8)

-1

which extends that in |Jin| (2008), and

b (t) = / €S (¢) de (9)

for some w (¢) that is bounded and symmetric around 0. We have E [k, (¢, X)| = (t; ) =
& (tp) when X ~ N (u,0?), where f denotes the Fourier transform of a function f € L' (R).
Note that

Elry (6, X)] = (k1 (t,-) x doa) (1) = ¢ (G 1) = E [re (8, X)] = (ko (t,-) x doo) (1),

Lemma 7.1 in [Jin (2006)) holds for the pair in and (9), where * denotes convolution of

functions. Let vi = pj +v;j and v* = (v, ., v)". Then vi~ N (145, ai_g). As done in Jin

(2008), we define the underlying phase function

o) = pimm) = =3 1= (t5) (10)

and empirical phase function

o (1) = m (13" = = S [1= 0 (1505)] (11)

m

The performance of the FTM method to estimate m hinges upon how accurately ¢, ap-
proximates ¢, the oracle that usually knows the true value of m. Therefore we will derive
bounds on |, (£) — ¢ (¢)| under the settings of the model ().

Define

Ao (€)= {10+ max {1 + o} < G}
<jsm
with & = (071, ..., 0,) where C,,, depends only on m, and

Inlnm

|>
pal 2 V2Inm

with v € (0,1) where 7 in (3] is now written as m,,. We derive a bound on ¢y, (t) — ¢ (t)
by fully exploiting the property of the minor vector.

Om (7,Cm) = {(u, Tm) + max [ ;] < Cpy; e = min T > m”‘l} ,
iely ely



Theorem 2 Assume (j) and
lim sup ‘pm <1—¢g for some o € (0,1]. (12)
m—0o0

Then for any € > 0, with probability at least 1 — M€_2aa§m_5 Inm,

Ogtg%lwm () — @ (t)] < MIm (7)€ (13)
where
<eM40(1) if 1imsupmﬁooa(*1§1nm:M,
I () _exp <2_17aa§ In m)

va 2nm (1+0(1) 4f limpmeo a(_ﬁ Inm = oo.
1)

bounds 4y, (¢) = SUPg<i<, /27T [¥m (t) — ¢ (t)| when the random errors,
i.e., v;’s, are heterogeneous and weakly dependent. Therefore, it generalizes the bound on

Om () inJin and Cai| (2007) and Jin| (2008), where the random errors have the same null
variances (since the null parameters need to be estimated there) and are strongly mixing.

5 Consistency of Plug-in Estimator

Set ) = Gy W) Since W) is a consistent estimator of wy, so is v* = (o7, ...,0;,)
with 07 = Z; —#); as that of v*. By Lipschitz property of ¢, @m (6;¥%) = @ (V")
in probability. When the speed of convergence of W) to w(y) is compatible with that of
©m (t;V*) to ¢ (t;v*), the plug in estimator @, (t;¥*) in place of ¢ (t;v*) to estimate m,,
will be (uniformly) consistent.

Theorem 3 Suppose Condition 7 in the conditions of [Theorem 1 and of
hold. In addition, assume a1y — oo and u — 0 such that aqyu — oo and that

lim sup a(_ﬁ Inm =M and e 2m™° =0(1).
m—oQ

Then, when € — 0 and
V2yInm (Cgper + Copu) € = o () ,

the plug-in procedure @, (t;V*) with (B»‘Wk)) € argming p, g cpr L (B,\'fv;)\) s consis-
tent. When further

V2yInm (Cg ger + Cg pu) €= o (m' 7)),

©m (%) is uniformly consistent on O, (v,Cp,), i.e.,



Tm

2v1 ;V*
1. For elz’gibl w, iy y00 SUPG, , (4.0,0) m (V2vInm; %) B 1‘

L OF
Sup0<t§\/27 Inm $m (t’ v ) .
Tm

2. For good w, lim,, .~ SUPE,, (v,Cm)

6 Implementation of Plug-in Estimator

PFA is easily implemented by spectral decomposition and then choosing

ks =min {k:m ™\ /A2, 4402, <m0

with a preset § € (0,1), say, 6 = 0.5. Then we implement the NCPPLS using the minimax
concave penalty (MCP) p) () of |Zhang (2010) such that

t
A pa () = p(t;\) = / (1—=x/(0N)), dx for t > 0,
0

where 6 = 3.7 is the parameter for the degree of concavity and A the tuning parameter. A
local optimum
(B,W(k), 5\> € argmin L (B,\?V; /\)
BERP WERK A>0

is found via alternating optimization (e.g., [Bezdek and Hathawayl 2002|) through the fol-
lowing steps:

1. Set j = 0 and initialize W\ = 0.
2. Use the R package sparsenet of Mazumder et al. (2011]) to compute the solution path

of ) _ ‘

ﬂ/\j € arg min L (,8,\7\/9); )\)
B’ER"L
for A € S\ = { g+, ..., Ao}, a grid of descendingly ordered \ values automatically set
by sparsenet, where BE\J) has been indexed by A € S). Pick Bi]) for which

(ﬁij)’ Ag)) _ ﬁszégA I ([;’ w0, A) .

'From |Jin| (2008), a density function w over (—1,1) is eligible if it is continuous, symmetric (around
0), and bounded. It is good if additionally there exists some convex, super-additive function g# such that
w(@)=gf(1—-¢ forall0o<¢<1.



3. Compute

= (41 ~—1/2e 5(7)
Wi =Dy Ty, (Z—Xﬁ* )

where z is an observation from Z.
4. Set j to be j + 1. Repeat steps 2 and 3 until

BijJrl) _ Bij) Bij) with 7, = 1075,

< Tx

’2 ‘oo

Suppose a local minimizer <B, W(k)> has been found, we compute

Vi=12z— GpyW).

To implement the extended FTM to estimate 7, we have adapted the R codes of [Jin| (2008)
to accommodate and since aj_l are not equal to each other. The adapted codes,
available from the authors, are then applied to components of ¥, to estimate m, where the
triangular density w (7) = (1 — [z]) 1{jz/<1y is used.

7 Numerical Studies

7.1 Settings

Even though our theory has been developed for X not necessarily being the identity matrix,
we set X = I'in our simulations, which means 8 = pandr =7, =g =#{j : f; # 0} /m.
For m = 2000, p = 1.5m, m;, = 0.2 and 0.4,

1. generate vector B € RP, where 3; = 0 for 1 < j < p(1 —7g) and 3; # 0 for
p(l—mg) +1 < j < p. For B, = 0.5 and 3, nonzero |3;|’s are generated from
the uniform distribution on [Bs, B« + 1]; for S, = 0.01, they are generated from the
uniform distribution on [By, B« + 0.03]. The signs of 5; # 0 are generated from
p (1 — m) independent Bernoulli random variables each taking values +1 with equal
probability.

2. generate w = (w, ..., wy) ~ N (0,I) and set 7 = (Zl, - Zm)
3. generate two covariance structures:

e cquicorrelation: set 3 = 0.5I+0.511 and generate Z ~ N (0,X); set Z = B+Z.

e two-component long-range dependence: set Z1 =wi, Zo = (—wr + w2)~/ﬂ, ceey
Zm-1 = (—wy +wm_1) /V2 and Z,, = (—wy + wp,) /V?2; set Z = B + Z.

4. Repeat Steps 2. and 3. 100 times.

10



7.2 Partial Simulation Results

To maintain concise presentation, we set { = (Cl,...,Cm)/ and f = (fl,...,ém), where

G = wj+njs G = iy + 1 = fij + (GeryWp)) ;- Note that when m = 2000, the theoretical
threshold for the minimal conditional mean ¢, = min {|¢;| : |{;| > 0} is

Inlnm

Ky = ——— ~ 0.52.

V2Ilnm
Denote the plug-in estimator ,, (t;¥v*) by 7 and its variant ¢, (t; v') obtained using the
method in Jin| (2008) by #*, where v+ = ¥* o a with a = (a1, .., a,,) is the standardized
version of ¥*. By the duality between m and myp = 1 — 7, we will transform an estimator
#tp of 7y into «# = 1 — 7y, and compare 7 and 7* with 787 =1 — frggH where

g m—[m/2]+1
m (1 = p(m/2))

U =

in Benjamini et al.| (2006), 7% = 1 — #§ with 4} in Langaas et al.| (2005), and #5LM =
1 — 75 M with #5L1M in |Wang et al.| (2011). It should be noted that 75/ was claimed
by its developers to be robust to dependence. We did not compare 1 — 7 or 1 — 7* (as
estimators of mp) with that in Friguet and Causeur| (2011)) since the latter needs multiple
observations for the response vector, or with those in Storey et al.| (2004) and [Efron/ (2010)
since they directly break down with error messages when applied to our simulations.

We will not discuss the performance of the NCPPLS estimator since our focus is on
estimators of m. Due to the usage of PFA, the conditional means ¢; and the dependence
between components 0; of the estimate V. = z — G, W, are the essential factors that
effect the performance of 7 and 7*. We remark that for the marginal means y; even though
fi« is relatively large, (s obtained from the conditional means (; can be very small due to
the randomness of w(;) and G). Further, as inputs to the extended FTM to estimate

~

7, the minimum ¢y, = min v;“ D0 F# 0} can be much smaller than p,, which creates

additional difficulty in estimating . Such differences are illustrated by [Table 1] and [Table 2|

We also remark that for our simulations the conditions of [Theorem 3| are violated. For
Bs = px = 3, m = 0.2 and |uj| ~ U (3,4) when p; # 0, [Figure 1| and |[Figure 2| show
the performances of five competing estimators of m and that of the NCPPLS estimator
respectively for the equicorrelation and two-component long-range covariance dependence.
We choose to display the results for 7 = 0.2 to better illustrate the advantage of the new
estimator 7, in that the smaller 7 is, the more the noise there is and the harder it is to
estimate w. As shown by these two figures, for both types of covariance dependence the new
estimators 7 is the most accurate and most stable. Besides, it is almost always less than
7, which is necessary for an adaptive FDR procedure that uses 7 to maintain conservative

control of the prespecified FDR level. In contrast, 75X/ even though claimed to be robust

11



to dependence, is very unstable and often larger than 7; the quantile-based estimator #5#

is always larger than 7 and unstable; the NPMLE #%, depending on the shape of the
(empirical) distribution of p-values, is always very close to 1, i.e., erroneous.

Additional details on [Figure 1| and |[Figure 2| for the case @ = 0.4 are provided in
We point out that, for the two types of covariance dependence considered, (i,
the minimum of all (,’s for the 100 replications across the two settings for 7 are far less
than the theoretically required minimal signal strength x.. Specifically, the maximum,

max

max " of (i for these four settings (two covariance dependences and two values of ) is
0.04311, implying

004311
ke 052

Despite the existence of such weak signals (i.e., nonzero conditional means of small mag-
nitudes), the new estimator 7 still maintains high accuracy as its sample mean is less than
7 but is within 0.01 allowance from 7, and high stability since it has the smallest sample
standard deviation (being no larger than 0.0045) among all the competing estimators of
. It is interesting to note that the variant 7* also has excellent performance since it is
almost as accurate as 7 (but is less stable because of the amplification induced by stan-
dardization of V). These observations demonstrate the superior performance of the new
estimator 7 and the slight improvement of 7 in stability over the method in |[Jin (2008) for
heterogeneous nulls when the minimal signal strength is not too small. We remark that
this batch of simulations supplements Experiment (a) in |Jin (2008) where in our notations
m = 10%, px = 0.5, 0.75, 1, 1.25 and x, = 0.5092. That is, in this experiment of Jin, j, ~
or > ky holds, but in our simulations ([3** < min{0.52,0.5092}. Our simulation results
add to the evidence that the (extended) FTM to estimate 7 is able to detect weak signals
(where we have called a nonzero (conditional) normal mean a “signal”).

For the above two types of strong covariance dependence, we conducted another batch
of simulations where |p;| ~ U (0.5,1.5) with and U (0.01,0.04) when p; # 0 for 7, = 0.4
and 0.2. The results are reported in In terms of accuracy, stability and being
no larger than the true proportion 7, the variant 7* is the winner when 7 = 0.2 while all
other competing estimators give erroneously estimates much larger or smaller than 7, with
ASLIM heing the second worst. When 7 = 0.4 and p, = 0.5, #8H is the winner, #5M
the second best, and the variant #* the third, with 4% being very close to 1; when 7 = 0.4
and p, = 0.01, 787 is the winner, the variant 7#* the second best, while #9X/M and 7L
are the worst. In all settings, 7 and 7* has the smallest sample standard deviations, and
is the most stable. The better performance of 7* than 7 in such cases is due to the fact
that 7* uses ¥, each component of which has larger magnitude than that of ¥,.

The simulation results seem to suggest preferences to different estimators of m under
different sparsity settings. When the signal strength is large, i.e., pu, is large, the new esti-
mator 7 is recommended, since in this case better performance of the NCPPLS estimator
can be expected and relatively larger signals are available for the extended FTM to estimate

= (0.08290.
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. On the other hand, when the signal is very sparse, the variant 7* of the new estimator
7 is recommended, since 7* uses amplified signals and the extended FTM method is able
to detect the existence of fairly weak signals. Finally, when the signal strength is small
but the number of signals is relatively large, 78 is recommended and preferred to #5/M
since in this case in an overall fashion more information on the distribution of nonzero
normal means is available to the quantile-based estimator #8# even though every bit of

the available information is weak.
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Figure 1: Equicorrelation with 7, = 0.2. (a) Boxplots of five estimators of m,: 1 for
7* =7l 2 for 7 = 72%; 3 for #9IM = 73. 4 for #BH = 74, 5 for 7L = #°. (b) (truncated)
difference between each estimator and the truth: o for ' — m; O for - Ty A for
7 — Ty; + for I 7y * for - 7. An undisplayed symbol indicates the corresponding
difference is out of the specified range for the differences. (c) Boxplots of false and true
selections: 1 for the number of incorrectly selected j;’s, (i.e., false selection); 2 for that
of correctly selected nonzero ;’s, (i.e., true selections). (d) Boxplots of infinity norms of

’ o0

penalized estimates: 1 for H,@ — BH ; 2 for Hw(k) — w(k)Hoo; 3 for HC —é
[o¢]
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Figure 2: Two-component long-range dependence with 7, = 0.2. (a) Boxplots of five
estimators of m,: 1 for 7* = 7l 2 for # = 7%, 3 for #9HM = 73, 4 for #BH = 7%, 5 for
#l = #5. (b) (truncated) difference between each estimator and the truth: o for #1 — 7;
O for #2 —my; A for 73 —my; + for & — s * for 7® —m,. An undisplayed symbol indicates
the corresponding difference is out of the specified range for the differences. (c¢) Boxplots of
false and true selections: 1 for the number of incorrectly selected f;’s, (i.e., false selection);
2 for that of correctly selected nonzero §;’s, (i.e., true selections). (d) Boxplots of infinity

norms of penalized estimates: 1 for Hﬁ Sy ) ; 2 for Hw(k) — 'Lb(k)Hoo; 3 for HC — fH .

8 Conclusion and Discussion

To induce better adaptive FDR procedures for multiple testing normal means under covari-
ance dependence, we have developed a (uniformly) consistent estimator of the proportion
of nonzero normal means when the strongly dependent test statistics follow a joint normal
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Two-comp Long-range Equal Correlation
T 0.4 0.2 0.4 0.2
i 3 3 3 3
Comed 0.54499 0.50795 0.54499 0.50795
Cor 0.00509 0.04311 0.00509 0.04311
m) 4476606 | 44.76606 | 1.41457 1.41457
Fox 0.52021 0.52021 0.52021 0.52021
o % 10° 0.00847 | 0.00577 | 0.00918 0.00922
Unae « 9.75182 9.54028 9.26243 9.47015
- 0.39772 0.19866 0.39929 0.19790
! (0.02419) | (0.02482) | (0.02347) | (0.02908)
R 0.39631 | 0.19864 | 0.39614 | 0.19824
2 (0.00403) | (0.00424) | (0.00407) | (0.00450)
- 0.41388 0.25245 0.41597 | 0.25420
3 (0.04638) | (0.09478) | (0.04643) | (0.09480)
-, 0.43688 0.38007 | 0.43728 0.38065
(0.02737) | (0.05338) | (0.02713) | (0.05290)
- 0.98853 0.99303 0.98854 | 0.99303
5 (0.00113) | (0.00164) | (0.00111) | (0.00162)
rsp 0.99935 0.99936 0.99938 0.99928
(0.00073) | (0.00062) | (0.00077) | (0.00059)
1 1 1 1
rsr (0) (0) 0 0
R 2.54087 | 2.55756 2.54298 2.56988
Hﬂ -B Hoo (0.22432) | (0.20322) | (0.17811) | (0.23434)
e — | 0.03566 0.03601 0.03553 0.03671
k) = T ®llos | (0.02403) | (0.02713) | (0.02542) | (0.02654)
Hc _ cH 953536 | 2.54690 | 2.54243 | 2.56347
(0.22542) | (0.20398) | (0.17894) | (0.23175)

Table 1: Estimators of m with p, = 3: p, is the minimal marginal mean. ( peq is the
median of all (,’s for all 100 replications; (s, 05, . and Oy, .., are respectively the minimum
of ¢«’s, the minimum of ¥y . ’s and the maximum of ¢}, ’s for the 100 replications. From
the 10th row on, in each cell the top and bottom numbers are respectively the sample mean
and sample standard deviation of the corresponding estimator in the 1st column. FSP

denotes the false selection proportion and T'SP the true selection proportion.
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distribution with a known but non-arbitrary covariance matrix. As by-products of devel-
oping this estimator, we have established the existence and weak oracle property of the
solution of non-concave partially penalized least squares with weakly dependent normal
random errors, and extended the Fourier transform method to estimate this proportion
in Jin| (2008) to the case of weakly dependent, heterogeneous null distributions. It is by
far the only consistent estimator of the proportion of nonzero normal means under certain
strong covariance dependencies, and it can be plugged into the latest FDR procedures un-
der dependence (e.g., Fan et al., [2012) to make them adaptive to lower levels of sparsity of
the normal means.

The regularity Condition 4 in to establish is closely related to
the irrepresentable condition of |Zhao and Yu| (2006) when w;) = 0 in model , and it
can be violated in practice. Besides Condition 4, another restriction on the applicability
of the consistent estimator is the assumption of a known covariance matrix for the jointly
normally distributed test statistics since usually such a covariance matrix needs to be
estimated. Unfortunately, existing theory can only accurately estimate a few types of large-
scale variance-covariance matrices, while in practice the complex dependence structure
between the test statistics may render such theory inapplicable.

Despite the implausibility of the assumptions made in our strategy to
develop the new consistent estimator depends only on the dependency between the com-
ponents of the mean-shifted estimated minor vector and on the minimal magnitude of the
nonzero conditional normal means. This implies that, even when certain assumptions of
do not hold, the proportion of nonzero normal means 7 can still be consistently
estimated as long as

1. the major dependency among the components of the test statistics Z can be extracted,
resulting in weak dependency between the components of the mean-shifted estimated
minor vector v*,

2. the estimated conditional mean vector é’ retains the same proportion of nonzero
components as that of the marginal mean vector pu,

3. (4 is no less than the theoretical minimal signal strength r,.

The above intuition is supported by our empirical finding that the new estimator per-
forms well in our simulation studies where some conditions of are not fully
satisfied. We will leave the development of a consistent estimator of the proportion of
nonzero normal means under strong covariance dependence without using the consistent
estimators of the principal factors to future research.
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A Technical Proofs
A.1 Regularity Conditions
Condition 2: X and Gy, satisfy X}, (1= TyT{, ) Xz, > 0 and liminfy, o Ay > 0.

Condition 3: X and Gy satisfy

H (X5, (1= Ty TY) Xh}_le < Cap X5, (T=TooTy)|| < Caue

X5, Ty T X,

< 057]{2 )

[e.o]

S (=)< o

| X

SO [T < Cone

Plleofs) 1
P (0+)  C3xCsp

Condition 4: p, X and Gy satisfy

Condition 5: u, p, X and Gy satisfy

u < max {C’Z (p,X,G(k)) 70; (P,X, G(k)) ) C?,Zlczxk} )

where

« 1 Cs i >< Co.k Cyk >_
Cit (. X, Gpy) = ~ 70 5 (e
X, G) =a <p’ (coBa) Csx p/ (0+)) \p/ (04) " ' (coBe)

and
C (0, X, Gry) = Ca (50 0" (04) Amin (X7, X1,) — Cs 1)

with ko = sup {x (p;v) : v € N'}.
Condition 6: A satisfies A < )\ < /_\, where

C57k61 + C67ku and X — 1 1 i
2_1Ap’ ((H—) - 2_1Ap, (Coﬁ*) Cg,k 4k ’

A=

18



Condition 7: Ty,

(k) X1

<o [

< Cy .
It should be noted the similarity between the condition

o' (04)
p, (COB*)

and the irrepresentable condition of Zhao and Yu| (2006) when w;) = 0 in model .

-1
HX,IOT(k)T,(k)Xh [Xlzl (I - T(k)T'(k)) Xh} H < C34C56 <

A.2 Proof of Weak Oracle Property of Estimators (Theorem 1]

Write the objective function in @ as

L=1L (ﬂ, W (k) ) = Z;nzl (Zj — %8 — Z; \/)Tl%‘,zﬁfl)2 + AX ZL P (‘BJD

where X; is the jth row of X = (z;;). Then the partial derivatives are

é;; =-2 Z] 1 ( Xjﬁ) \/7'le N for l~: 1.k,
5, =23 ( Xzﬁ) zi; + Al sgn (,B]) (‘ﬁj’) for B #0,

where Y = Z; — Zl L VA Let Gy = Ty /D). Set

OL ([, W(y; A =
M = 92X/ (Z — X8 - G(/ﬂW(@) + AT,

op
OL (fi, Wry; \) . _
T oww 2% (2= X8~ Gy

where 7 = (71, ..., )’ With 7; = 7 (Bj), and 7 (z) = sgn (x) p’ (|z|) for z # 0 and 7 (x) €
[—p" (04),p' (0+)] when z = 0.
Necessary conditions. When (B,W(k)) € arg minBeRP W () CRF L (B,G’v(k);/\>, then

L tr1<i<k
owy

necessarily

5;'):0

35] = —2; ( — XZ,B> x5 + Al sgn <ﬁ]> (
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for j € I, and

S 1) £ 3 (V- Gy, By, ) i < 20 04) for j € D,

where Iy = {z : Bj = ()} and I = { BJ =+ 0} In compact form, these conditions are:
2GY,, (XB — G W — z) —o, (14)

(X’)il <Z — G(k)W(k) - Xf1’éf1> = % sgn <Bf1> op' <Bj1> ) (15)
and

- )\QAp (0+) < (X)™0 (2 - Guyway - X184 < %pl (0+). (16)
Let ‘f1’ = ¢ and R? = {[5’ € RP: Bfo = 0}. By definition of <B,W(k)), there exists

a ball B in R? @ R¥ of small radius centered at (B,W k) such that L (B,W(k ;)\) >
(B, ) for any (B, ) € B, where ® denotes the Cartesian product with relative

topology inherited from R? ® R*. Further, 2Amin (X’I X f1> > Mk <p; B8 f1>a where Anin
1
denotes the smallest elgenvalue of a matrix.

Form of solution. is equivalent to G Xﬂ + Dy W) = G’(k)Z, and further to

1/2 1/2
T, X;,B;,+D /) W) = Ty XB + Dy Wiy = T(y) Z

when Bfo =0, i.e.,
—-1/2

- / 5
Sy =Dy T (2 - X8). (17)
Plugging into the RHS of gives
Z - GuyWwi) — X} By,
= Z-TyT, (z - Xflﬂfl) ~X; B; = (1 . T(k)T’(k)) (z - Xflﬂjl) .

Therefore, becomes

(x)" (I - T(k)”—'—“'m)) (Z - Xfﬁfl) = %T (BI})

20



and changes into

2(AN) !

()" (1-Tw T ) (2-X;,6;) H < ' (0+).

Setting
F=2(0\A)"X (I - T(k)T'(m) (Z B Xfﬁﬁ) '

Then 7; is equivalent to (|15)) and ||7; < p' (0+) is just (16]). We can also write
Il IO fo%)

B, =Q; [(X’)ﬁ (1-TTy) 2 - %T (311)} ’

where
Q;, =X, (1= Ty ) X;,
and ~ for a matrix denotes its Moore-Penrose inverse.
Existence of a solution with weak oracle property. We want to find a local
minimizer of L such that Hféh — 511 . < ¢; and H‘i’(k) - w(k)Hoo < ¢y. For the moment,

let us assume I; = I;. Then from , , we would have,

Br, = (X0,Xp) " [X}, (Z - GyWa) — 27007 (By,)]
= ( /]1X11)_1 ,11X]11611 + (Xlllxll)_l lelT(k)T/(k)XIl (Iéll - 6]1)

(X, X0) 7 X, (1= T Ty ) v — 27207 (B )

using
Z = GryW)
= XpBn +Gurywe) +v— T(k)T/(k) (Z - Xh[;h)
= XuBn +Gumwe +v - TpTHXn (511 - B[l) — Gywry — Ty Tl v
= X485, + T T Xn, (511 . Bh> + (I _ T(k)T’(k)) v
and
T Tl (2= X18r) = Ty They (XnBy, + Gyway +v - Xp,87,)

= T TXn (/311 - Bh) + Gywir) + Ty Ty v-
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Let
—1 -1
P=T— (X}, X)X}, T T Xr, = (X, X1,) ' X, (1= T Tl ) Xa,

and
X (Br,v) =X, (1= TTyy ) v - 27007 (8y,)

Then
P (B, - B1) = (XiXn) 'Y (Br,.v).

Further, from and , we would have (X')° (Z = Gy W) — XhBh) = X7, 11 (Bh,v>

an

A A A
—S50 (04) S X Y1 (B, v) < 50 (04),

where
T <B[1,V> =TT Xn (le - :611) + (I - T(k)T'(k)> \£

The previous arguments essentially suggest that we only need to show that there is a
solution (2,¢) € N x N* such that the following

N —1 N
P -08;)=X,Xn) Y@,v) (18)
AA AA
— 5P (04) <X} X1 (9,v) < =0 (0+) (19)
¢ =D T}y (2 - X1, D) (20)
2)\min (X/h Xh) Z ANk (p7 I)) (21)

hold simultaneously.
Define

= (v) = (81, —v) +p1,
with component functions ¥; (v), i = 1,..,q and v = (11, ..., 1/, ) , where

nr(,;,v):[ i (I—T(k) ’(k)) Xh] T (0, v).

Op, 1y = p! (X,hXIl)_

when M = X/ (I - T(k)T’(k)> Xy, > 0. By Miranda existence theorem (e.g., [Vrahatis,
1989), =* has a zero in N/ when Z* (e) # 0 for e = (e, ..., eq,) € ON and that

Wi (e1,.s€i1,€i5 €115, 6g0) < 0 for 1 <i <o
Ui (€1, €i—1, €, €41, -0, €q9) > 0 for 1 < i < g
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for e; such that e; — B, ; = —c1 and €; — By, ; = ¢1 when ¢ = 1, ..., qo, respectively.
First, we claim that =* has a zero in A/ on the event

2= { max (Il < uf = (vl <)

when m is large enough. Clearly,

m mexp (—2*1a%1)u2)

82 S Z {CLZ' ’Uz‘ > alu}) < ZP ({az |Uz’ > a(l)u}) <

a(l)u

and P (2\&) = 1+ o(1) when (a(l)u)_lmexp (—2_1a%1)u2) — 0 as m — oo. Let

B. = minjer, || and By, = (B, ... Bj,,) for ji € I1. When ¢1 = (1 — cq) B, for ¢ € (0,1)
and v = (v}, ...,quo)/ eN,

lv =Bl = max{[vj, = B[} 2 max {l] =181}

and [v;| > —e1+ 8] > —e1 + = cofi - S0 [lsen () 0 ' ()]l < ' (coB). When
IM]|, < C3x and HX'II (1= Ty T HOO < Cun,
it follows that
il = Ml [[ X5, (1= T T )| IV +27200 (co.)]

AA
< G <C4,ku + 7P/ (Coﬁ*)) .

/ ~ ~ /
Let € = (e1,...,€i—1,€i,€i41,-...€q,) and & = (e1,...,€i—1,€;,€i41,...,€q,) . When u <

c1
——— and
C3 .04k
- 1 C1 )
A< )\= — Cypu ),
- 271Ap (copu) <03,k o

we have [6g 1, ||, < c1 = (1 —cp) ps and

{ v; (?z) <c - H@&h”oo <0, (22)
U; (&) > —c1+ |10g,nl, >0

for 1 <i < qg. Hence, Z* has a zero in N.
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Secondly, we verify that ¥ satisfies . When

”X}OT(k)T’(k)XII

< Cs4 and HX}O (1- Ty T(y ) H < Cou,
it holds that

X3, X1 (2, )]

IN

"X}OT(k)T’(k)Xll
C57k61 + C67ku.

e+ (1= T )| Ivl

AN

When
C5)k61 + Cﬁ,ku

—T 271A (04)

AA -
108,11l o, < 7// (0+) and holds. Therefore, A € [A, A] can be chosen. When

p/ (COB*) < 1
P (0+)  C3xC54

and u < C}, (,0, X, G(k)) where

« 1 Cs i >< Co.k Cyp >_1
C , X7 G =c —_ ! . + - Y
i (o () =1 <P/ (coBx) Cap o/ (04) ) \p' (04) = p' (cofx)

the interval [A, 5\] is non-empty with A > 0. Hence A = A is well defined.
Thirdly, we verify when A = ) is set. Since

"(04) Amin (X}, X
¢ (04) Amin (X3, X1,) 05,kc1>

Ko

u< Cf (p, X, Gpy) = Cgx (

and kg = sup {x (p;v) : v € N'}, it follows that

Phuss (X3 X1) _ 2o (X,X1)

A<
- Arg - Ax(pD)

i.e., (21) holds.
Finally, we bound the difference between ¢ and w ;. From 1' we see

-~ —-1/2 ~
ST Wk = D(k)/ T/(k:) (Z —Xp0) —w,

-1/2 N —1/2
- D(k)/ T X1, (B, — P) +D(k)/ T,V
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Therefore

le-wwl. < [Pu/*TiwXn B -2)|_+[Pe |
< AP0+ | I
< A;:W (Crrer + Cypu) = c2
since
X, < Crpand HTgk)Hm < Cix.

This completes this proof.

A.3 Proof of Bound on |y, (t) — ¢ (t)| (Theorem 2)
We directly bound

m—1 i (cos (th;‘) — E [cos (tCU]*)])

Jj=1

using Markov inequality. Let &, (t) = m™! > 7L cos (th;‘) and 5(t) = E[5, (t)]. The

trick is to transform var (5., (t) — 5 (¢)) into a sum of quadratic functions of , and use

(5} to bound var (5, (t) — §(t)). When

\'"
Pij

P ({5 (t) — 5(8)] > &) < 29 Bm (:2) -5(1)

and var (3, (t) — 5 (t)) dominates € with certain order as they converge to zero, the as-
sertion will be justified.
Given € > 0,

var (8, (t) — 5(t))

= m? Z var (cos (tCv)) + 2m > Z cov (cos (#¢v]) , cos (#(vf))

i=1 1<i<j<m

From
cos (tCv;) = cos (tCu;) — t¢sin (¢0;) (v — i)
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where v is strictly between p; and v}, we get

cov (cos (t¢v]) , cos (th )
= cov (cos (t¢u;) — tC sin (C07) (07 — pq) , cos (tCp;) — t¢ sin (CoF) (0] — py))
= t2C%cov (sm( — ,u,;) sin (Cf}j) (vj* — 1))
< ¢eov (Jvf — — ) -

2
By Wellner and Smythe| (2002)), E [ai_l [vF — il aj_l Uj — Mj’ = —K (,029) where
T

2
K (,0:;) = p;jarcsinpf; +4/1 — (p%)
2
and E [|v] — wil] = afl\/i. Noticing additionally that
i

(2

for some 0 < 6 < (pij) and pj; <1—¢o for all 7,7 € SC, we have

=21 pw (1—0) s

g0’
(1)
pij)
(oY) — 1| < v [ N/
}H(pl]) ‘_2‘,01]“"2 50(2—60)
and
|cov (cos (tCvy) , cos (tCv5))| < t2¢%cov (v} — il , vf — )
= 6 (8 o = 5 = l] = £l = B 15~ ]
= tQCQ a7 (o) — 1 < Me2ag? (|oy] + e5]*) -
Therefore

2m™2 3" cov (cos (tCv}) , cos (tCv)))

1<i<j<m

o™ Dtz S () ) < g

1<i<j§m

IN
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This, in addition with

m
m=2 Z var (COS (th;)) < Mm_1t2a(1§,

i=1
implies
- 5 ~ MtQa(l?m_é Mm—1t2a6§
P({[5m () —5@)>¢}) < 5 n =
and
Ma&%m_élnm
sup  P({[5m(t) —5(t)[ > ¢€}) < _ ,
0<t<\2yTnm
Hence, with
! (t(a_1)2/2 U
lom (t) — @ (t)] < /0 e\ w (Q) m~1L Z [cos (th;) - F [COS (t(v;)]] d¢,
j=1
we have
sup  fiom (1) — ¢ (1)
0<t<y/2vyInm
1 Z1\2 1 -
< s o [l PuQac < v [
0<t</2yInm 0 0

with probability at least 1 — M €*2a(_1§m*5 Inm. Noticing that

1 _
Im (1) = /Oe(““m)@“(ﬁ/zdc

<eM4o0(1) if limsup,,_ . a(_j Inm =M,

exp (2_1’ya(_1§ In m)

T (1+0(1) if limy o ap}lnm = oo,
(1)

by properties of the Dawson integral (e.g., Abramowitz and Stegunl |1972), the assertion is
proved.

A.4 Proof of (Uniform) Consistency of Plug-in Estimator (Theorem 3|
Let ¢m (£ 9%) = @ (V) = @ (). With

Em (1) =@ (t) = om (V) — om (6VF) + om (V) — @ (& 1, m)
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and ) )
o (VT em (YY) —om (BVT) | om (GV7)
Tm Tm Tm

_]_’

£9) — o (£ v
it suffices to bound appropriately |pp, (t;9*) — ¢ (t; v*)| and show P (8 97) = m (15 V") =
Tm

op (1) since limsup,,,_, a(_s Inm = M already implies

sup  om (1) —¢ ()| < Mé(1+o0(1)) =0
0<t</2vInm

except on an event with probability at most M €_2aa§m_5 Inm — 0 for € — 0+.

Even though
A~k k ~
’Uj = Zj — E =1 \/)\j%-jwj

may not still be normal because w; is a penalized estimator, it is normal with variance aj_Q
conditional on w; and fi;. So we apply a conditional argument to ¢, (t;V*) — ¢, (t;v*).
Once the claim is justified conditional on each w; and fi;, it also holds unconditionally
since the sigma-algebras involved are countably generated. Conditional on w; and fi;,

1 m
om (697) —om (V) = — (“a;l (t:05) = g1 (8 @;))

_m 1 —1\2

_ m_lz/ w(¢) {12 [cos (t¢v}) — cos (t¢0F)] d¢
=171
mo -1\2

_ m_1z/ w(()e(“%)) P4¢ sin (¢¢0%) (vF — 0%) dC
=177

for some 07 strictly between v; and ©7. By [Iheorem 1} there is some

(B,W(k)> € argmin L(B,W;A)

BERP WeRk
such that HV”V(k) - W(p) Hoo < ¢9 except on an event with probability at most
-1 _
m (a(l)u) exp <—2 1a%1)u2> — 0.
Therefore,

IV = 9"l < || P T X

c1+ HT(k)T,(k)H u < Cgrer + Co pu
o0
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and

sup  |om (597) — om (t V)]

0<t<v2yInm
m 1 ol 2/2
< sup mlz/ w(C)e( Ca(l)) t}v}f—@; d¢
0<t<y/2yInm j=1 -1

< My2ylnm (v =¥ < M+y/2yInm (Cg re1 + Co pu) .
Let 6 = \/2yInm (Cs xc1 + Cy pu). When 60, = o (mp,),

SUPo<i< 2T |Pm (6 97) — @m (8 V")
Tm

=op (1)

and

sup
0<t<y/2vInm

When 6, = 0 (m'~7), we have

om (V")
Tm

—1‘2013(1).

SUPe,, (v,Cm) SUPo<t<\/2yInm lom (£ 97) — om (t;v7)]

= 1
o op (1)
and t¥*
sup sup 'W—l'—ola(l).
Om(v.0m) 0<t<y2yTam | Tm

This completes the proof.
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