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1 Introduction
Consider the heteroscedastic nonparametric regression model
1 .
yi = f(z) + Vi(zi)z, i=1,..,n, (1)

- where z; = i/n and z; are independent with zero mean, unit variance and uniformly
. bounded fourth moments. Both the mean function f and variance function V' are defined
~on [0,1] and are unknown. The main object of interest is the variance function V. The

| estimation accuracy is measured both globally by the mean integrated squared error
R(V,V)=E /0 V(@) - V@) de @)
and locally by the mean squared error at a point
R(V(24),V (2:)) = E(V(2:) = V(z))*. (3)

We wish to study the effect of the unknown mean f on the estimation of the variance
function V. In particular, we are interested in the case where the difficulty in estimation
* of V is driven by the degree of smoothness of the mean f.

The effect of not knowing the mean f on the estimation of V has been studied before
in Hall and Carroll (1989). The main conclusion of their paper is that it is possible
to charactefize explicitly how the smoothness of the unknown mean function influences
the rate of convergence of the variance estimator. In association with this they claim
an explicit fninima.x rate of convergence for the variance estimator under pointwise risk.
For example, they state that the “classical” rates of convergence (n~%/%) for the twice
differentiable variance function estimator is achievable if and only if f is in the Lipschitz
class of order at least 1/3. More precisely, Hall and Carroll (1989) stated that, under the

pointwise mean squared error loss the minimax rate of convergence for estimating V is
_ 4o 28
max{n Zatl, 23+1} (4)

if f has « derivatives and V has (3 derivatives. We shall show here that this result is in
fact incorrect.

In the present paper we revisit the problem in the same setting as in Hall and Carroll
(1989). We show that the minimax rate of convergence under both the pointwise squared

error and global integrated mean squared error is

28
max{n_4°‘, n~ 2+ } (5)



if f has « derivatives and V has (8 derivatives. The derivation of the minimax lower
bound is involved and is based on a moment matching technique and a two-point testing
argument. A key step is to study a hypothesis testing problem where the alternative
hypothesis is a Gaussian location mixture with a special moment matching property.
The minimax upper bound is obtained using kernel smoothing of the squared first order
- differences. :

Our results have two interesting implications. Firstly, if V' is known to belong to a
- regular parametric model, such as the set of positive polynomials of a given order, the
' cutoff for the smoothness of f on the estimation of V' is 1/4, not 1/2 as stated in Hall
and Carroll (1989). That is, if f has at least 1/4 derivative then the minimax rate of
" convergence for estimating V is solely determined by the smoothness of V as if f were
known. On the other hand, if f has less than 1/4 derivative then the minimax rate
depends on :the relative smoothness of both f and V' and will be completely driven by the
roughness of f.

Secondly, contrary to the common practice, our results indicate that it is often not
desirable to base the estimator V of the variance function V on the residuals from an
oplimal estimator f of f. In fact, the result shows that it is desirable to use an f with
minimal bias. The main reason is that the bias and variance of f have quite different effects
on the estimation of V. The bias of f cannot be removed or even reduced in the second
stage smoothing of the squared residuals, while the variance of f can be incorporated
easily.

The paper is organized as follows. Section 2 presents an upper bound for the minimax
risk while Section 3 derives a rate-sharp lower bound for the minimax risk under both the
global and local losses. The lower and upper bounds together yield the minimax rate of
convergence. Section 4 discusses the obtained results and their implications for practical

- variance estimation in the nonparametric regression. The proofs are given in Section 5.

2 Upper bound

In this section we shall construct a kernel estimator based on the square of the first order
differences. Such and more general difference based kernel estimators of the variance
function have been considered, for example, in Miiller and Stadtmiiller (1987 and 1993).
For estimating a constant variance, difference based estimators has a long history. See
von Neumaﬁn (1941, 1942), Rice (1984), Hall, Kay and Titterington (1990) and Munk,
Bissantz, Wagner and Freitag (2005).



Define the Lipschitz class A%(M) in the usual way:

A*(M) = {g:forall0<z,y<1,k=0,.,[a] -1,

90 ()| < M, and |¢1°) (z) — g1V ()| < M|z —y|*}
- where |a] is the largest integer less than o and o/ = a — |a]. We shall assume that
 f € A*(My) and V € AP(My). We say that the function f “has o derivatives” if
- f€A*(My) and V “has 3 derivatives” if V € AP (My).

Fori=1,2,..,n—1, set D; = y; — yiy+1. Then one can write

D; = f(z) — f(zir1) + V%(mi)zi - V%($i+1)zi+l =0 + \/§Vi% € (6)

Nl

 bere g Fla@s) = flzi), Vit = \/%(V(a:i) + V(zi41)) and
éi = (V(z:) + V(i) 2 (VI (2i)z — V' (Tig1)2is1)

has zero mean and unit variance.
We construct an estimator V by applying kernel smoothing to the squared differences

D? which have means 67 + 2V;. Let K(z) be a kernel function satisfying
| 1
K (z) is supported on [—1,1], / K(z)dz =1
-1
1 .
/ K(z)z'dz =0 fori=1,2,---,|8] and
-1
1
/ K%(z)dz = k < o0.
-1

" It is well known in kernel regression that special care is needed in order to avoid sig-
. nificant, sometimes dominant, boundary effects. We shall use the boundary kernels with
. asymmetric support, given in Gasser and Miiller (1979 and 1984), to control the boundary
effects. For any ¢ € [0,1], There exists a boundary kernel function K(z) with support

[—1, ¢] satisfying the same conditions as K (x), i.e.
t
/ Ki(z)dz =1,
-1
t .
/ Ki(z)z'de =0 fori=1,2,---,|6]
-1

t -
/ K*(z)dz <k < oo forallte[0,1].
-1



We can also make Ki(z) — K(z) ast — 1 (but this is not necessary here). See Gasser,
Miiller and Mammitzsch (1985). For any 0 < h < %, z€[0,1],andi=1,2,--- ;n—1, let

f ((xﬁfff))//zg }LK (2 = YYdu when z € (h,1 — h),

K}Mz) = f(;’:;”ll))//; +Ki(%%)du when z = th for some t € [0,1],

f(ffi’i% }11 ¢(—%%)du when z = 1 — th for some ¢ € [0,1],

. where for convenience we take the integral from 0 to (z1-+x2)/2 instead of from (z1+2z¢)/2
- to (z1 + z2)/2 when i = 1, and integral from (zn—1 + Zn—2)/2 to 1 when 4 = n — 1. Then
we can see that for any 0 <z <1, > 77 'K (z) = 1. Define estimator V as

n—1
= 3 > KNz)D?. 7
i=1

Similar to the mean function estimation problem, the optimal bandwidth h, can be
easily seen to be h, = O(n~1/(1+20)) for V € AP(My). For this optimal choice of the

bandwidth, we have the following theorem.

Theorem 1 Under the regression model (1) where z; = i/n and z; are independent with
zero mean, unit variance and uniformly bounded fourth moments, let the estimator V be
given as in (7) with the bandwidth h = O(n=Y/(+26)), Then there exists some constant
Co > 0 depending only on o, B, My and My such that for sufficiently large n,

7 8
sup sup E(V(z.)— V(z,“))2 <Cp- rna,x{n“4°‘, rn——li2ﬁ} (8)
FeA(M;),VEAS(My) 0<zx <1

and

1
sup E/ (V(z) — V(z))? dz < Cp - max{n~4e, n_%}. (9)
Fers(MpVers (M) Jo

Remark 1: The uniform rate of convergence given in (8) yields immediately the pointwise
rate of convergence that for any fixed point z. € [0, 1]

sup E(V(2.) - V(2.))? < Co - max{n~4%, n~ 755},
fEAa(Mf),VEAﬁ(Mv)

Remark 2: The upper bound given in (8) is smaller than the minimax risk lower bound
given in Hall and Carroll (1989). The lower bound in their paper is incorrect and the

upper bound not optimal. See Sections 3 and 4 for further discussion.



3 Lower Bound

'~ In this section, we derive a lower bound for the minimax risk of estimating the variance
* function V under the regression model (1). The lower bound shows that the upper bound
. given in the previous section is rate-sharp. As in Hall and Carroll (1989) we shall assume

in the lower bound argument that the errors are normally distributed, i.e., z; “ N (0,1).

 Theorem 2 Under the regression model (1) with z; YN (0,1),

~ 28
inf ~ sup E|V - V|3 > C1 - max{n~*®, n T2} (10)
V' feAx(My),VeAP (My)

_and for any fized z. € (0,1)

S 8
inf sup BV (z.) - V(2.))2 > C1 - max{n~"®, n~ 27} (11)
V fenx(My),Vers(My)

where C1 > 0 is a constant depending only on a, B, My and My .

: It follows immediately from Theorems 1 and 2 that the minimax rate of convergence for

' estimating V' under both the global and local losses is
max{n =4, n“%}.

The proof of this theorem can be naturally divided into two parts. The first step is to

. show

inf sup E(V(z:) - V(zs)? > Cin T, (12)
|4 fEAo‘(Mf),VEAﬁ(Mv)

This part is standard and relatively easy. Brown and Levine (2006) contains a detailed
- proof of this assertion for the case § = 2. Their argument can be easily generalized to
- other values of 8. We omit the details.

The proof of the second step,

inf sup E(V(z.) — V(z.))? > Cin™%, (13)
V feAe(Mg),VeEAB(My)
is much more involved. The derivation of the lower bound (13) is based on a moment
matching technique and a two-point testing argument. One of the main steps is to study
a complicated hypbthesis testing problem where the alternative hypothesis is a Gaussian
~ location mixture with a special moment matching property.
More specifically, let X, ..., X, “ P and consider the following hypothesis testing
problem between

Hy:P=Py=N(0,1+62%)



- and

H:P=P = /N(Hnu, 1)G(dv)

; where 6, > 0 is a constant and G is a distribution of the mean v with compact support.
. The distribution G is éhosen in such a way that, for some positive integer ¢ depending on
., the first ¢ moments of G match exactly with the corresponding moments of the standard
. normal distribution. The existence of such a distribution is given in the following lemma
* from Karlin and Studden (1966).

- Lemma 1 For any fized positive integer q, there exist a B < 0o and a symmetrz’c dis-
tribution G- on [—B, B] such that G and the standard normal distribution have the same
. first ¢ moments, ie.

B +oo
/ ! G(dz) = / o(z)dz, j=1,2,---,q
-B -0
where @ denotes the density of the standard normal distribution.
. The moment matching property makes the testing between the two hypotheses “difficult”.
The lower bound (13) then follows from a two-point argument with an appropriately

- chosen 8,,. Technical details of the proof are given in Section 5.

- Remark 3: For o between 1/4 and 1/8, a much simpler proof can be given with a two-
point mixture for Py which matches the mean and variance, but not the higher moments,
of Py and P;. However, this simpler proof fails for smaller «. It appears to be necessary

in general to match higher moments of Py and P;.

Remark 4: Hall and Carroll (1989) gave the lower bound C max{n=%¢/(1+22)) = n—26/(1+26)}
for the minimax risk. This bound is larger than the lower bound given in our Theorem
2 and as we have noted it is incorrect. This is due to a miscalculation on appendix C of

their paper. A key step in that proof is to find some d > 0 such that
1 1
D=E {[1 + exp(5d + d%Nl)]_l(Ed + d%Nl)} £0.
In the above expression, N; denotes a standard normal random variable. But in fact

o lgydig 1 2
2 exp(——)dz
/—oo 1+ exp(%d—}— d%x) V2m

oo T 1 (z — 3d)? '
= exp(—~——=2——)dz
: /_oo 1+ exp(z) v2nd P 2d )

D =

_ 00 x 1 _:c_2 B g)
- /_oo exp(z/2) + exp(—z/2) mexl)( 2d 87

This is an integral .of an odd function which is identically O for all d.



-4 Discussion

. Variance function estimation in regression is more typically based on the residuals from

a preliminary estimator f of the mean function. Such estimators have the form

Vie) =Y wi(@)(yi — f(z:)) (14)
i

where w;(x) are weight functions. A natural and common approach is to subtract in (14)
an optimal estimator f of the mean function f(z). See, for example, Hall and Carroll
(1989), Neumann (1994), Ruppert, Wand, Holst, and Héssjer (1997), and Fan and Yao
(1998). When the unknown mean function is smooth, this approach often works well since
~"the bias in f is negligible and V' can be estimated as well as when f is identically zero.
However, when the mean function is not smooth, using the residuals from an optimally
smoothed f will lead to a sub-optimal estimator of V. For example, Hall and Carroll
(1989) used a kernel estimator with optimal bandwidth for f and showed that the resulting

variance estimator:attains the rate of
_ _da __26_
max{n 2a+1 , N 26+1 } (15)

over f € A*(My) and V € AP(My). This rate is strictly slower than the minimax rate
2;111 < % or equivalently, o < 2—ﬁﬁ+—2

Consider the example where V' belongs to a regular parametric family, such as {V (z) =

when

exp(az + b) : a,b € R}. As Hall and Carroll have noted this case is equivalent to the

~ case of B = o0 in results like Theorems 1 and 2. Then the rate of convergence for this
estimator becomes nonparametric at n_ﬁ fora < %, while the optimal rate is the usual
parametric rate n—% for all > 4 and isn™% for 0 < a < 5.

The main reason for the poor performance of such an estimator in the non-smooth
setting is the “large” bias in f . An optimal estimator f of f balances the squared bias
and variance. However, the bias and variance of f have significantly different effects
on the estimation of V. The bias of f cannot be further reduced in the second stage
smoothing of the squared residuals, while the variance of f can be incorporated easily.
For f € A®*(My), the maximum bias of an optimal estimator f is of order n”Za+T which
becomes the domiﬁant factor in the risk of V when o < 2,6‘%

To minimize the effect of the mean function in such a setting one needs to use an
estimator f(z;) with minimal bias. Note that our approach is, in effect, using a very crude

. estimator f of f with f(mz) = ¥Yi+1. Such an estimator has high variance and low bias.

As we have seen in Section 2 the large variance of f does not pose a problem (in terms of

8



rates) for estimating V. Hence for estimating the variance function V an optimal f is the
one with minimum possible bias, not the one with minimum mean squared error. (Here
we should of course exclude the obvious, and not useful, unbiased estimator f (zi) = yi)-

Another implication of our results is that the unknown mean function does not have
- any first-order effe¢t for estimating V' as long as f has more than 1/4 derivatives. When
. a > 1/4, the variance estimator Vis essentially adaptive over f € A*(My) for all o > 1/4.
- In other words, if f is known to have more than 1/4 derivatives, the variance function V
© can be estimated with the same degree of first-order precision as if f is completely known.
. However, when a < 1 /4, the rate of convergence for estimating V' is entirely determined

by the degree of smoothness of the mean function f.

-5 Proofs

- 5.1 TUpper Bound: Proof of Theorem 1

We shall only prove (8). Inequality (9) is a direct consequence of (8). Recall that

1
D} = 62+ 2V; + 2Vi(e — 1) + 2V26,V/7es

1
2

- where 6 = f(z:) — f(zi1), Vi* = \/3(V(@:) + V(i41)) and

[N

& = (V(z:) + V(2i41)) " 3(VE(2i)2i — VI (2i11)2141)-

Without loss of gehera.lity, suppose b = n~Y/(1+20) 1t is easy to see that for any z, € [0,1],
> th(:r*) =1, and when z, > (z;+zit1)/2+hor z. < (zi+z4-1)/2—h, th(a:*) equals
" to 0. Suppose k < k, we also have

(S It < 2 3 (0GP <2 [ K2y < oF
i i -1

 where K.(u) = K(u) when z, € (h,1 — h); Ki(u) = K;(u) when z, = th for some
- te[0,1]; and Ky(u) = K¢(—u) when z, = 1 — th for some t € [0, 1].



For all f € A%(My) and V € AP(My), the mean squared error of V at z, satisfies

E : n—1 2
BV () -V(@)? = E(ZKM»(%DE—V(M»)
: . i=1

n—1 n—1
= E {Z Kih(m*)%df + Z KMz (Vi — V(z4)
i=1 =1

n—1

n—1 . 2
+ 3 KM@V - 1)+ ZK;«x*)ﬂWq}
i=1 .

1=1

IA

n—1 2 n—1 2
4 (Z th(x*)%@?) +4 (Z KMze) (Vi — V(m)))
i=1

=1

n—1 2 n—1 1 2
+ 4F (Z K (z,)Vi(e2 — 1)) +4E (Z Kih(:v*)\/ﬁdil/fei> :

i=1 1=1

Suppose a < 1/4, otherwise n™%% < n~=28/(1+28) for any B. Since for any i, |6;] =

|[f(zi) = f(@i1)] £ My |zi — ziga|* = Myn™®, we have
- n—1 . : 1 2 n—1 1 2 R
4 (Z Kf‘(x*)§5i2> <4 (Z |K{‘($*)|§M?n‘2°‘> < 2kMjn~t,
=1 i=1

Note that for any z,y € [0,1], Taylor’s theorem yields

vy _ / : W—)_LT;(V(WD (w) — VD () du
, ]

/) )

18]
V()= V(y) -
j=1

z(‘/L-_u)L:@J_l ﬁ_l_ﬁj
< ———— My |z — du
/y a1y vl
My 5
< Ww—yl
So,
1 ) i+ 1
Vi-Vi@) = v +vEEh) - v
18] .
1 VO (z,) (1 i+1
< = N PR
<15 (G- ay+ (2 -y)
. B . B
+1Mv1—$* +1Mv H_l—a?*
2 n 2 n

10



: and

1e=VO(x,) [ i i+ 1
_ d 2Ly — )
Vi—V(z.) 2 zj; J! ((n ) () )
1. |4 S R T p
‘—§MV E — Tk — '2"MV n — Tx .
Since the kernel functions have vanishing moments, for j = 1,2,--- || 8],

n—1 i )

PO AENCEENY

i=1

n=l  a(zitmig1)/2 _ ; )

- = / e (L~ z,)du
i1 Y (mitzio1)/2 h h n

1 1 Ty — U . n—1 (zi+$i+1)/2 ]_ Tow — U /L . .
= —K(= U — Ty M du + / SK(= [-——m*J—u—:c*J]du
[ e e U D O N e d R U

n—l  a(zitzie1)/2 _ . ' |
im1 v (zitxio1)/2 h h n

n=l o(z4@i41)/2
<y
iz ¥ (@itzi-1)/2

1 Ty — U

1
h h )

X ldu =cn”
n

~ for some constant ¢’ > 0. Similarly 37} KMaa) (L — 2,)7 < dn7t. So,

= A vo,) (i . . _
3 Klz) (Z ijg ) ((E —my 4 (- m*)J)) < Gn !
i=1 =1 .

for some constant C > 0 which does not depend on z.. Then we have

n—1 2
4 (Z KMz)(V; — V(x*)))

i=1

R \n(zath) | +1 . 8 it 5\ 2
<. 20%n7% + 2M2 ( Z | K (z.)|( P e B ))
i=|n(z«—h)]
R [n(z«+h)]+1 118 9|8 2
< 20°n 24+ 2Mp > |K£‘(m*)\(‘h+ﬁ‘ +‘h+g‘ )
i=|n(z+—h)]
< 2C%n~% + 8 x 328 MZn~28/0+28) » (2k).

11




" The last inequality is due to the fact 0 < A + % < h+ % < 3h. On the other hand,

n—1 1 2 n—1 .
AE (Z Kih(x*)\/i(si‘/izﬁi> = 4Var (Z Kih(x*)\&&eri)
i=1

i=1
[n(@a+h)[+1

= 8 Z (Ki"(x*))z(S?I/i

i=n(z.—h)]
< 8MEMyn~2- /0420

. and

n-1 2 n—1 .
AE (Z KMz )Vi(ef — 1)) = 4Var (Z KMz )Vi(el - 1))
i=1

ot )
aMug Y (Kh(z)
i=1

1 ~
4M\2/#4n—hk

IN

IN

_ AMZpn I8

where 14 denotes the uniform bound for the fourth moments of the ;.
Putting the four terms together we have, uniformly for all z« € [0, 1], f € A%(M}) and
V € AP(My)

E(V(z.) - V(za)? < 2EMjn~ 428?072 + 8 x 328 MEn~28/0+20) » (2k)
+ AME pgn~ 28/ (1+20)F 4 SM?MVn_Qa_m/(HZﬁ)E

= Cp- max{n—4a, n—2ﬁ/(1+2ﬂ)}

for some constant Cp > 0. This proves (8). 1

| 5.2 Lower Bound: : Proof of Theorem 2

. We shall only prove the lower bound for the pointwise squared error loss. The same proof
- with minor modifications immediately yields the lower bound under integrated squared
error. Note that, to prove inequality (13), we only need to focus on the case where
o < 1/4, otherwise n=2/(1+26) is always greater than n~%® for sufficiently large n and
~ then (13) follows directly from (12).

For a given 0 < a < 1/4, there exists an integer ¢ such that (g + 1)a > 1. For
convenience we take ¢q to be an odd integer. From lemma 1, there is a positive constant

. B < o0 and a symmetric distribution G on [—B, B] such that G and N(0,1) have the

12



- same first ¢ momehts Let r;, ¢ = 1,...,n, be independent variables with the distribution
- G. Set b, = —in_o‘, fo=0, Vo(z) = 1+ 02 and Vi(z) = 1. Let g(z) = 1 — 2n|z| for

T € [—%, 2n] and 0 otherwise. Define the random function f; by

z) = Zgnrig(:c —z)I(0 <z < 1).
i=1

- Then it is easy to see that f; is in A%(My) for all realizations of ;. Moreover, f1(z;) = 0,7;
~ are independent and identically distributed.

Now consider testing the following hypotheses,

1
Ho: yi = fo(zi) + Vit (zi)ei, i=1,..,n,

1
Hy:  yi=filz) + Vi (e, i=1,..,n,
- where ¢; are independent N(0, 1) variables which are also independent of the r;’s. Denote

by Py and P} the joint distributions of y;’s under Hp and Hj, respectively. Note that for

any estimator V of V,

max{E(7 (z.) ~ V()% BV (@) ~ i)’} > 16" (Po, Pr)(Volz.) — Vi(.))?
= LARP Mj ta 16
= EP ( 0, I)Wn ( )

where p(Po, P1) is the Hellinger affinity between Py and P;. See, for example, Le Cam
(1986). Let pp and p; be the probability density function of Py and P; with respect to
the Lebesgue measure p, then p(Py, P1) = [ /Pop1dy. The minimax lower bound (13)
- follows immediately from the two-point bound (16) if we show that for any n, the Hellinger
affinity p(Po, P1) > C for some constant C > 0. (C may depend on ¢, but does not depend
on n.)

Note that under Hy, y; ~ N(0,1+ 0,21) and its density dp can be written as

(0) & bl ) = [ e = o)

~ Under Hj, the density of y; is di(t) = [ o(t — v0,)G(dv).

It is easy to see that p(Po, P1) = ([ v/dodidp)™, since the y;’s are independent variables.
Note that the Hellinger affinity is bounded below by the total variation affinity,

[ Vawa@a: = 1- 5 [l - (]

Taylor expansion yields

p(t — vhn) = 0(t) (i vkegHZ_@)

k=0

13



. where Hi(t) is the corresponding Hermite polynomial. And from the construction of

- distribution G,
| /'UiG(d’U) = /vigo(v)dv fori=0,1,---,q

 So,

ldoft) = i8] = | [ ole — v8.)5(aw) - / ol — Vb )p(v)do
= [0 ZH’ VG(dv) - / o) > 20 gt o )a
: i=0 ! i=0 o
= / Z HZ ‘Oz dv) — /go(t) E H;,—l(t)viefl(p(v)dv
i=g+1 i=g+1 ’
< |[ew X H;” vescn)| + | [e) 3 Lo an
i=g+1 i=q+1

Suppose q + 1 = 2p for some integer p, it can be seen that

x

/ o) > Hi,—f”viegc(dv) = / ZHZ 022G (dv)
i=q+1 ) i=p
< wt)y I—(I;;)tl 62 /vziG(dv)
i=p
i=p

and
| ‘ [e > Evigipian
- i=q+l

_ } [ o0 T owan
¢ H2¢ t 21

< o(v)dv
4> /

2| (2i)!
ZH21 n 21 'Z'

i=

621

< o3[ 2] g
i=p
- where (26 — 1)1 £ (2§ — 1) x (26 — 3) x ---3 x 1. So from (17),
dolt) — du(®)] < () S b(r?zg) 8% 1 p(t) Y [ g

i=p i=p

14



and then

[ Va@aee = -5 | (w(w - [Hatt) eﬁiB%sa(t)g L 92) "
- 12 / w(t); b([;()) 6% Bigy w(t);}%%’?_ 624t (18)

i For the Hermite polynomial Hs;, we have

[t
k=
: k(G — 1) (i =k + 1)
/w(t) [(22— 1)1 (1+k:1 o t2k>] i
= (22_1||X<1+Z 2ki(; — 1) 2k)('l k+1)/t2k dt)

= (2 — 1)l <1+Z2k ’_1)(%)(,2_’““)(%— 1)!!)

k=1

— @1 x (1_'_2 i(i—1) z-—k—l—l))

= 2% (25— 1)

dt

(2i — 1) x [1+ z (_Q)ki("“gk) (2_k+1)t2k]

/ () | Hoi(t)] dt

LT

IN

For sufficiently large n, 6, < 1/2 and it then from the above inequality that

Hoi(t) | p2i o2 921322/ Bgz . '
< < 2 — 1)1
/(p(t); 2| eEa < £) | Haa8)| dt < Z 2 (2= 1)
2i n2i—2
= 02"23101 i H%PxeBz
~ and
o0
Hoi®)] 101
[erX| 52 oz < 2/ ) [H(e)] dt
i=p
sl 921
< 221" 2 x (22—1"—02172 (2= D% paiay
i=p )
<

o0
2Py "2t X 637 < 07F Z 2% x (5)21'-21’
i=p i=p

_ 2p 2p+1
6P x 2P,

15



- Then from (18)

1
/\/do(t)dl(t)dt >1-— 0,23"(5832 +2%) &1 — cpat!

. where c¢ is a constant that only depend on ¢g. So

P07 P]_ / V d() d]_(t dt Ceg;i—l)n = (]_ — cn_a(q"i’l))n-

. Since a(g+1) > 1, limn_.oo(l —cn~g+D)? > ¢ > 0 and the theorem then follows from
(16). w
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