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1.Introduction and result.

Let {X,,n > 1} be a sequence of i.i.d. random variables with a common distri-
bution F'(z), h(z1,22) a symmetric function. Define a U-statistic

Un=<g)—l 3 (X X;)-

1<i<j<n
Arvesen(1969) studied convergence of normality for a studentized U- statistic

Vn(Un — 6)/ S,
where § = Eh(X;, X3) and

S2=4(n—-1)(n-2)"2 i[(n -1 i h(X;, X;) — Un]%
i=1 J#i,5=1

Write the uniform distance
Ap = sup |P(\/7_1(Un - 0)/511 < .’l,') - @(:1;)| )

where ®(z) is the standard normal distribution. Callaert and Veraverbeke(1981)
established the Berry-Esseen bound O(n~1/2) under the condition E |h(z1,z2)|*® <
00. Zhao(1983) weakened the moment condition to Eh(X1,X5)* < co. Can this
moment condition be weakened further? Our paper shows that it is possible and
gives a sharp result, i.e. under the condition Elh(Xl,Xz)IZH < oo for some
0 < 4 < 1, the Berry-Esseen bound A,, = O(n~%/2) will be established.

Let g(X1) = E(h(X1, X2) — 0]X1).

Theorem. Suppose that E|h(X1,X2)|2+6 < o0 for some 0 < § <1 and Eg(X;)?
> 0. Then
A, =0(n~%?).

*) Project supported by NSFC(19571021) and NSFZP(195043), finished during the author’s
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2. Proof
In order to prove our theorem, we need the following lemma.

Lemma(Cheng 1996). Let H, be a U-statistic of degree j (j =1 or 2 ) based on
a kernel u(z1,x2). Then for1<r <2

E|H,| {n_(r_l)EIU(Xl,Xz)I’", i=1,
Sl DR (X, X)), j=2;

3

and for r > 2
e~ RE u(X1, X2)|", j=1,

Bl <{ " =t
en TE [u(X1, X2)|,  j=2,
where ¢, and c,. are positive constants depending only on r.

Without loss of generality, assume that 8 = 0. Let
o(Xi, X;) = MX;, X;) — 9(Xs) — 9(X;),
9" (Xs) = E[g(X;)e(Xi, X;) | X].

For simplicity, put

hij = WX, X;5), i = 9(X0), @i = 0(Xi, X;), g = ¢*(Xi), and 5} = Egj.
Following the decomposition of S2 in [2], write
(2.1) SZ =402(1+Tn + Ry)
with

1 n i 6
Tn=m2(gi2"0'§+2gi), n—4 Z np»

]

~1 -1
n n . .
Ry = _4< ) Zgzg], n2 = (2> Z[(gz +95)pi5 — 9; — 93],

i<j i<j

n -1 .
Ra==23 [6("5 ") X7

k<l

>‘1 (5)
(Pik(Pil] )
k<!

_ n\ _
Rn5=—%[(2> ;%"]2’ Bng = (ninz)z (Z) 1;9"%’

oy
3
'S
I
3
| |~
&4
—
N
S
L
—

where 3. and Z(i) stand for )~ and > respectively.
i<j k<l 1<i<i<n 1<k<I<nk#i,l#£i
Now we can write
(2.2) VnUn _ ‘/_U (1+ T+ Ry)"Y2.

Sn gg
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Noting that nong is a sum of i.i.d. random variables with mean zero, we have

1
(2.3) P(ITa| > ) < 8B|Tu[""/ < ™02,
here, and in the sequel, ¢ indicates a positive constant, whose value is irrelevant.
. —1y—1 i .
For Ry, we consider only Rn4 as an example. Noting (") Z(’) Pikpir is a
k<t

degenerate U-statistic and using the lemma with j = 2 and r = 1 + §/2 we have

E |Rua| < (E|Rpa| /2121248 < 07 =26/C48) < oy=0/2,

—5/2
Y

For the other R,;, we have the same estimation. Hence F |R,| < ¢n and

further
(2.4) P(|R,| > %) < en™8/2,

Let w : R — R denotes a function which is infinitely differentiable with bounded
derivation such that

% < w(z) < 2and w(z) =z~/2 for % <lz| £

noJ oo

By (2.3) and (2.4) we can consider

Uy .= @w(l + T, + Ry)
204

instead of /nU,/Sn.
Now introduce truncation variables

9in = 9:1(lgs] < V/n),
in = 9: I(lg7| < ),
Pijn = i I(loi;] < n(8)),
where n(8) = n(*19)/2(2+8) We can replace g; by gin in T,, and R,, since
n
(2.5) P(|J{g: # 9in}) < nP(l2] > Vi) <0~/ B g1
i=1

Similarly we can replace g; (or ¢i;) by g%, (or @ijn). Moreover

(2.6) |Egin| = |EqiI(|g:| > vn)| < n=QFD/2E g PH0
_ (148 (448
(2.7) |E@12a] = |Bpra(|p1a] > n(8))] < n= 3845 By, [*+

and similarly

(2.8) Eg?, <n PE|gi[**’, E|gt.| <n2E|g 2.
3



Furthermore let g, = gin — Egin, <P§jn = Yijn — EYijn, Gin = E(g§n802jn 1X5).
Then, noting (2.5)-(2.8), we can anew define

n n
=

1 2 2 * . 1
= W El(gm — Egin + 295, — 2Eg},) = n73 ; din

and R, with g}, gogjn and g, instead of g;, ¢;; and g; respectively. Put w, =

n
-1
W +Tn+ Rn), Qn=—7—> g}, Dn= #(’2‘) > @ijn- We can consider
Vnag =1 g 1<i<j<n

= (Qn + Dn)wn

instead of U};.
Denote the characteristic function of X by fx. Applying the Berry-Esseen in-
equality for characteristic functions, we need only to show that

(2.9) T = / 17 [ () — 72 b < en?72
C<t|<ens/2

for any given small € > 0, where C > 0 is a constant. Write

(2.10) Jn< / 17 | F@u Dy (&) — Faun (8)] dt
C<lt|<ens/?
v [ 7 e e
C<lti<en®/?
=:Jn1+Jn2.

Estimate J,2 first. Let
m :=m(n,t) = [Cint 2In|t]] for C < |t| < end/?

where C; is a constant large enough. By choosing our constants we may assume
m

2<m <n/2. Let gn = 7250 3. Gins G = @n — dn n—mZdzm tn = Tn =
1=

Furthermore, let r,, are Ry, p = 1,- - -,6 respectively but w1th the summation
being extended over {(i,5),1 < ¢ < j 5 m} (p = 1,2,5,6) or {(4,k,0) : 1<
i<m1<k<li<mk#1i l#£i} (p=23,4); r;sznp——rnp.Putrn:

6 6
> Tapy Ty = 2, Ty Consider fg, w, (t) = E exp(itQ,w,). Write
p=1 p=1

Qnwn =gnw(l +1,,) + gn(tn + Rp)w'(1 + ¢, + 0(tn + Rp))

(211) +auw(l+t, +17) + gp(tn +ra)w' (141, +17,)
+@n(tn + ) w" (Lt + 17+ 0(tn +70))/2,

where |0] < 1. We have

Et2 < en?mE(gl, + ¢12) < emn~179/2,
4



Estimate Er2. As an example, we consider Er2,.

o §(5+6)

(2.12) Eri, <en™'m?Egl, < em®nT*n(6)27% = em?n T2

here the lemma is used. Noting that ¢], and ¢, + r, are independent and the
derivatives of w are bounded, we obtain
E | (tn + m)?w" (1 + ], + 1), + 8(tn + 72))|

2.13
( ) Sc(qu)l/zE(tn + T'n.)Z < emn178/2,

Thus we can remove the term itg), (¢, + rn)2w" (1 + ¢, + 7!, + 0(t, + r))/2 in the
exponent of itQ,w, (cf. (2.11)) since [t|mn~17/2 = O(|¢|™" (In[¢[)n—?/2). Deal
with the second term in the right hand side of (2.11). To this end we estimate

E |Rn|(2+‘s)/ (+9)  As an example, we consider R,4. By the lemma,

E|R, 4|(2+6)/(1+6) < en~2+OE ™ 2n|2(2+5) /(1+6)

2.14
(214 Scn_%n(d) S _ o B
It follows that

(2.15) E|gnRpw' (1 +t, +0(tn + Ry))|
<e(B |gn["**) 7 (B || ) HE < omdn™ 456

Split the sum g,t, into its diagonal and non-diagonal parts.

m
(2'16) Qntn = Unp + Vn, Up = n—3/20_g—3 Zgéndin-
i=1
We have
(2.17) Eluy| < cn‘3/2m(E |gln|3 + Eg1n97,]) < emn 17972,

which allows us to remove itu,w'(14-t], +6(t, + R,,)) in the exponent of fg_ ., ().
Furthermore

(2.18) Bv, < en™*m*(Bg() E(g}, + g5n)? < em?n =270/,
Write
(2.19) vnw' (1485 + 0(tn + Rp)) = vaw'(1 +t1) + 7,

—75/6

where, noting ERZ < cn , we have

(2.20)
E|7| < cE|vn(tn + Ry)| < c(Bv2)?2(E(t, + Ry)?)'/?
< cmn—1—6/4(mn—1—5/2 +n—76/6)1/2 < c(m3/2n—(3+6)/2 +mn—1—56/6).
5



Hence we can replace fg, w, (t) in Jp2 by

2.21
( )Ee:vp{it[qnw(l +t,) +qw(l + i, + 7)) + a4 (e +rp)w' (1 + 8, + 7))}
+ itE{vaw' (1 + &) Yezp{it[gow(l + t,) + g, w(l + ¢, +77,)
+ a5 (tn + ra)w' (1 + 1, + 7)1
=: fn1(t) + fn2(t).
Expanding in powers of itg), (tn + rn)w’' (1 + ¢, + r,,) in fn2(t) and estimating the
remainder

2 E|¢ | E|vn(tn + 10)| < ctm3/2n~3+9)/2
(cf. (2.20) and (2.12)), we can replace fn2 by

fna(t) := itE{vaw' (1 + t,)exp{itlgnw(l + ) + g,w(l + t, + )]} }.

Let
6u(t) = Bu(Seoplit (1 + 1)),
6() = Bo([erplit ZE2u(1 +))),

where E; denotes the conditional expectation given all random variables indepen-
dent of X;,7 = 1,2. Then we have
|61(1)] < clt|Egi5/ (nog)) < cltin™,
(222) |Gl < clt|BI(ghn(03n ~ Egln + 203, — 2Bg3,)/ (n*/?03)]
S c|t|n—1—6/2’

and further
Faa(®)] = [t(m? = m)B{-Shn_B2n sy 4y
Vnog nok "
- eaplitlguw(l + 1) + dhw(l + £, + )]}

< c|t|3m2n_2_‘s/2.

Hence, recalling (2.21), fg, ., (t) can be replaced by fn1(t). Noting that by (2.12)

Eltgnraw' (1 + tn + 1)} < cltl(Bg?)/?(Er})! /2
S cltlmn—1—75/12,

we can remove the term itq),r,w'(1 + ¢, +r;,) in the exponent of f,1(t). By using
lezp(iz) — 1 —iz| < |z*/? with & = tq),t,w'(1 + ¢, + ") and the bound

Elgytal*/* < (B2 Bltaf*/* < emn 152,
6



frn1(t) can be replaced by

fra(t) = Eexp{itlgrw(l + ;) + quw(l +t, +r,)]}
+ itEqhtyw' (1 + ¢, + rh)ezp{itlgrw(l + i) + gw(l + ¢, +73,)]}
=: fns(t) + fus(t).

Let n(t) = Eezp{it(g},/(v/no,))} and conditional expectations
((t) = Erexp{it(gi,/(vVnog))w(l + 1)},
k(t) = Er([din/ (noy)]exp{it(g1n/ (vVnog))w(l +13)}).
Then we can write
fas(t) = Eexplitgaw(l +t;, + ) }(™(2),

fre(t) = itmEq w' (1 + t,, + rh)exp{itghw(l + ¢, + rh)}¢™ () k(t).

From (2.22) we have
|s(8)] < eltln™'072.

The function |[¢(¢)|? is the characteristic function of a symmetric random variable
%) such that
n"lwl(l +t)) < Vary <207 'w? (1 + 1))

e Elyl® < 80, °n~* 2 Elgia*lw(1 +,)I° < en™ 702,
Therefore

(2.23) I¢@)| < exp(—c1t?/n) for |t| < can®/?,
here ¢;,7 = 1,2, ..., are positive constants. Similarly, we have
(2.24) [n(t)| < exp(~—cst?/n) for |t| < cqn®/2.
Then

|Frs(®)] < ct?mn=1=%2exp{—c; (m — 1)t*/n}
< ct?mn 1702t =90 < emp 1782 for |t] < can®/?,

provided we choose C; large enough in the definition of m. Hence f,4 can be
replaced by f.s. We can assume that & = m/2 is an integer and write

¢k (t) = Eyexp{itYw(1 +t)},

where Y = Zf=1 gin/(\v/Mog) and Ey denotes the conditional expectation given all
random variables but Y. Expanding, we have
tl tl2
¢k (t) = Eyexp{itY (1 — 3" + %w”(l + 6t )}
itt!
= FEexp(itY) — ZT"EYexp(itY) + €1,
7



where [0] <1,
le1] < ct|t2E|Y| + ct?(t2 + tit)EY?
< clt|t? 4 ct? (12 4 1),
However
Bt < en'B(gl, + gi7) < en”2,

(2.25) ,
Etit < en3E(g8, + gin) + en 2 ((Egtn)* + (Egi2)?) < en™/2.

Hence, noting (2.23), which implies |[¢*()| < |¢|~® by choosing the constant C; ,
we may replace ¢¥(t) in fn5 by

oy
Feap(itY) — ”t;"EYexp(ity) = (t) - ’m,:t" =10y (8),

where 1 (t) = E{(g1,/(v/no,))exp(itg1,/(v/no,))} satistying
Im () < clt|Egin/(no]) < cltln™
Then
fas(t) = 0™ (¢) Eezplitgnw(l + 1, +73,)} + €2,
where, by the symmetry and noting [7™1(t)| < [7™2(t)| < t=7 provided C is
large enough (cf. (2.24)), and
lea| < et?’mn ™ [n™ (0 Btpeaplitgrw(l + 1, + 7))}
+ ct*m2n "2 |n™~2(t) Et2exp{itg,w(l + t, + 1)}
< clt|7*{| Ednneap{itguw(l + ¢, + )} + Et7},
where dny, = 92, — Eg2, + 29%n — 2Eg%,., Et? < en=%/2 by (2.25) and
| Ednnexp{itgaw(l + ty + 7))}
=|Edpn{1 + it—2"— Inn =B (1 +t, + r),)0}ezp{itq,_qw(l + &, +5)}

Vnog

<|Edpnexp{itg, _[w(l+t,_ 4+ 1)+ ((ncrg)_ld,m +r—Th_1)

W' (L +thy + oy +0((00]) dan + 75, — 7))} + cltin ™2 Eldnnghal
ScltlEldnnq;L—l(”_ldnn +rp =)+ c|t|n—5/2
<cltln=%/2

here we use the fact that E(r!, —r!,_,)? < en"3Ey},, < en~1779/8 by the elemen-
tary calculation. Then we have

lea] < ct™*n %2
and hence f,,5(¢) can be replaced by

far(t) := 0™ (t)Eexp{itqw(l + ¢, + 1) }.
8



Write
e 1 1 1 m, »
|Bezplitqnw(l + 1ty +17,)} — exp{—5(1 — )"}
< |Eezp{itg,w(1 +t,, + r)} — Eexp(itq.,)|

. 1 m
+ |Eexp(itq,) — GCEP{—EU - g)t2}|
=: I]_ + Iz.

By the well-known inequality (e.g., Ch 5, Lemma 1 in Petrov 1975),
(2.26) I < 16(no?)~%/2(n — m)(1 - %)_3/2E|gin|3 < en~/2,

Consider I;. Let 8; and 62 be random variables uniformly distributed on [0,
1], independent of all other random variables, and Ey stands for the conditional
expectation given all random variables but §; and #;. Expanding in powers of
t, + rl,, we obtain

Eezp{itqw(1 + t,, +r,,)} = Eezp{itq, + itEoq, (t, + ri)w' (1 + 61 (¢, + )}
Estimate E|Egq], (¢, + ri)w'(1 + 61 (¢, +1,))|- We have
E|Esqlrtw' (14 6: (8, +71))| < en™9/?

(cf. (2.15)). Hence it suffices to consider E|Epq,tlw'(1 + 61(t), + r.))]. Similarly
to (2.16), write
q;t'n = ’u,,ln + 'U,:” u,’n = n_3/20y_3 Z géndin.
i=m+1
We have E|ul | < ecn=%/2 (cf. (2.17)) and
E|Equ,w' (14 61(t, + 71,))]
1
= B|Eg(—50n + 0pb1(tn + rp)w” (1 + 6105(t5, +17,)))]
< cBlop (ty + )| < c(Bu) 2 (Bt + 7)) < en”/?
(cf. (2.18), (2.25) and (2.14)). Hence we obtain
E|Eygn(ty, + rn)w' (1+ 61 (t, + )| < en™/2,

and further
I < cft|n972.

Furthemore, similarly to (2.26), we have

m
mig) _ —-—-t2 < —6/2_
I77(t) — eap(—1442)] < on
9



Write
_ 1 m m
[far(®) = 2 < I OI(E + B) + eop{—5 (1= D)2 H™(2) — eap(—5-)]
Then, combining the above estimations we obtain
(2.27) Jno < en~%/2,
At last, we estimite J,1. Let my = [34/nlogn]. Define
-1
n(n
m1<i<j<n
Using the martingale method, we have

(2.28) E|Dn2wn|**? < 8E|Dna|**? < c(n — my ) +/2n~(2H0)
< cn—3(2+6)/4(10gn)1+5/2,
which implies that
P(|Dpawn| > n~%/%) < en=%72.
Hence we can replace D, by D,;.
Write
En(t) = f(Qu4Dur)wa () = fQuuwn (£) = EeiOnwnt(eiPmivnt 1),

Instead of e@n¥nt by ei@nwnt(giDniwnt _ 1) and by noting that ePr1¥nt _ 1 is
a bounded factor, some estimation steps for J,; are similar to that for J,,. We
only investigate the steps that need special explanations. Recalling (2.21), we can
replace En(t) by far(t) + fa(t), where
Far(t) = E{(eP¥nt — Vexp{itfgow(1l +t,) + ¢, w((1 + ¢, + ')
+ gy (tn + o)W (1 + 8, + 7)1}
Fr2(t) = tE{(eP~1¥t — Vo0’ (1 + t,)exp{it[grw(l + t,)
+ quw(l + 1, +17) + @u(tn + ra)w' (1 + 8, + 1)1}

We have
|Fn2(t)| < ct>E|Dpyvn| < ct?(ED2, Ev2)? < ct?mn~%-%.

Hence E,(t) can be replaced by fpn1(t).
-1
Put m' = mVvm, and let D}; = % %) > omi<i<j<n Pijn a0d Dy = Dny— Dy
if m; < m. It is clear that Dj,; is indenpedent of ¢,, and r,. We have

(2.29)
E(|Dpyllg5 (tn + ) P?)

8
< (B D, [7+0) 75 (B|q, | 5059 55 (Bt |} + Blra)?)

< cn_%"'(%—%)vo(mn_l_% —+ m2n_2_5) < cmn_¥+(21f—%)vo
10



and

(2.30)
(I‘D lllqn(tn""rn)ls/z)
< (I (Flg, |58 (Bt 3 4 Bir, )

3(2+48 246
<c(m 32 “(2+5))2+5n(4 )Vo(m4(1+s n— -l—mij(“'_"%n (2+¢5))1 5

S P
< Cm%n_';—"'(z_'z')vo

if m; < m, here the estimate for E|D!,[>*® is similar to that for E|Dna[>*°.
Combining (2.29) and (2.30) implies that f,1(t) can be replaced by fnz(t) + fra(t),
where

Faa(8) = E{(e*P* — Dezp{it[gnw(l +1;,) + quw(1 + ty, +rp)]}},
Fra(t) = tE{q (tn + r)w' (1 + t, + 71 ) (P21 ¥t — 1)exp{itgow(l + t,)
+ quu(l+ by +77)]}H-

From the facts

Eanlqn(t + T'n.)l S (EDglEq;?)l/zEltn + 'rnl

< en Y2 (mnt + m?*n?) < emn~3/?,

E|Dl gl (tn + ma)| < (EDI)2((EqREtL)Y? + (Eq2Er2)'/?]

Sc(mn )l/z(mn 1—- 6/2+m2n—2 6)1/2 Scmn_3/2‘5/4,

we can remove fna(t) but the case of § = 1. When § = 1, from the above estimates,
fna(t) can be replaced by

Fas(t) = it E{gptaw' (1 + t), +rp)(ePm¥nt — 1)
-exp{itgaw(l + t7,) + guw(l +ty, + 7)1}

Let ry, are Ry, but with the summation being extended over {(4,5),m <4 <j <
n}p=1,2,56) or {(i,k, ) m<i<nm<k<i<nk#il#i}(p=3,4) and

III II

let 77, = Tpp — Tpps €8

" 4 m-1N\T'"Z () ® ,
Tnd =m( 9 ) {Z Z Z PiknPiln
i=1 m+1<I<n 1<k<I-1
+ 32 59 Y

i=m+11<i<n 1<k<(I—1)Am

Let 7]l = 216;=1 Topy T = Zg=1 Tnp- Obviously, r; is independent of the o-field

o(X1,...,Xm). Using the martingale method, we have for § = 1

(2.31) Er!"? < en=%(m?n® + n®>mn) Eglh,, < emn~3n(1) < emn~3/5,
11



For Er!"? we have the same bound. Hence
Elq;,,ztn"'zll < (Eq'4Eti)1/2(ErZ'2)1/2 < cmn—19/12‘

n
Moreover
E|g.t.r"| < (Eq2E2)Y2(Er!")/2? < cmn~11/8,
E|gntnDpy (tn +1a + 13|
< (Bq2ED})'?(Et), + (Bt Era)'/?) + (Bgy ED ) /4(BE) V2 (Ery )Y/

< emn™2

Thus fns(t) can be replaced by
Fro(t) = it E{g tow' (1 + t}, + r!)(e!Lr12Attnt™)t _ \egplit[gnw(1 + t,)
+ guuw(l + tn + 1)l
Then, using the notations in estimating f,4 we can write
Frs(8) =itmEqgyw' (14, + 7)) (e Prav (¥l 1)
-exp{itg,w(l 4+ tL 4+ I (E)K(2).

Recalling the estimate of fr6(t) and noting that E|Dy,| < en'/?, we can remove

fne(t), and further it suffices to consider f,3(t). Combining the fact that
(ED'")Y/2 < emM?n71,  Elg,r™| < emin~3 1,
E|D (tn + 1o +70)]| < c(m%n"% + mn 313 + m1/2n”1_ﬁ),

we can replace fn3(t) by

Fr(t) - = B{(ePm® 0t — Deap{itgaw(1 + ;) + guuw(l + t, + )]}
= B{(ePmw0H+atm)t — Deaplitgw(l + ty, + i) )™ (1)}
(cf. fns(t)). Recalling the estimate of (™ (t) and noting E|D!,;| < cn~'/? we obtain
Jn1 < en~%/2,

Combining it with and (2.27) completes the proof of the theorem.
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