ON EMPIRICAL BAYES SIMULTANEOUS SELECTION
PROCEDURES FOR COMPARING NORMAL POPULATIONS
WITH A STANDARD

by

Shanti S. Gupta and TaChen Liang
Purdue University Wayne State University

Technical Report #96-25C

Department of Statistics

Purdue University
West Lafayette, IN USA

May 1996
Revised June 1998



ON EMPIRICAL BAYES SIMULTANEOUS SELECTION PROCEDURES
FOR COMPARING NORMAL POPULATIONS WITH A STANDARD

by
Shanti S. Gupta and TaChen Liang
Department of Statistics Department of Mathematics
Purdue University Wayne State University
West Lafayette, IN 47907 Detroit, MI 48202
Abstract
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mild condition, the proposed empirical Bayes selection procedures are shown to have rates
of convergence of order close to O(k_%) where k is the number of populations involved
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1. Introduction

Consider k£ independent normal populations m; = N(8;,02), 7 = 1,...,k, with un-
known means 6, . . ., g, respectively, and a common variance o2. Let 6, denote a standard
or a control. A population =; is said to be good if 8; > 0y, and bad otherwise. In certain
practical situations, one may be interested in the selection of all good populations while
excluding all bad populations. For example, let §; denote the quality level of a newly
developed manufacturing process 7;,7 = 1,...,k, and 6y be a specified standard level.
Then, one may be interested in finding out all the potential manufacturing processes for
further investigation. The preceding described selection goal can also be viewed as a first
step of a selection problem in which the selection goal is to select the best from among k&

populations provided that the best is at least as good as the specified standard level.

In the literature, the problem of comparing normal populations with a control has
been extensively studied by many authors. To mention a few, for example, Dunnett
(1955), Gupta and Sobel (1958) and Tong (1969) have proposed and studied some natural
selection procedures. Lehmann (1961) and Spjgtvoll (1972) have treated the problem using
methods from the theory of testing hypothesis. Randles and Hollander (1971), Miescke
(1981) and Gupta and Miescke (1985) have derived optimal procedures via minimax or

I'-minimax approaches.

The purpose of this paper is to derive statistical procedures which partition the k
normal populations into “good” and “bad” ones, respectively, using the empirical Bayes
approach. It is assumed that the parameter 6, is the value of a specified standard level,

and therefore is assumed to be known.

The paper is organized as follows. In Section 2, the statistical model of the selection
problem is introduced and a Bayes selection procedure for the selection problem is also
derived. As seen in the later part of the paper, the Bayes selection procedure depends on
the prior distribution. When the prior distribution is unknown, the Bayes selection proce-
dure cannot be implemented. In such a situation, using the empirical Bayes approach and
by mimicking the behavior of the Bayes selection procedure, we have developed empirical
Bayes selection procedures in Section 3. The relative regret risk of an empirical Bayes

selection procedure is used as a measure of the performance of this empirical Bayes selec-



tion procedure. We establish the asymptotic optimality of the proposed empirical Bayes
selection procedures in Section 4. The rate of convergence of the relative regret risks is
studied in Section 5. Under a very mild condition, the proposed empirical Bayes selec-
tion procedures have rates of convergence of order close to O(k~'/2). With some further
assumptions, the empirical Bayes selection procedures have rates of convergence of order

O(k—(r=1/2r+1]) where 1 < a < 2 and r > 2 is an integer.

2. The Selection Problem and A Bayes Selection Procedure
Let X;1,. .., X;m be a sample of size m taken from a normal population m; = N(6;, 02),
m
t=1,...,k. All samples are assumed to be mutually independent. Let X; = % > Xij
=1

k m
and when m > 2, let W, = > > (X;; — X;)?/[k(m — 1)]. Note that given 6;, X; ~
i=1 j=1

N(6;, %2), k(m —1) Wi/o? ~ x%2(k(m — 1)), and Xq,..., X and W}, are mutually inde-
pendent.

Let Q= {0 = (01,...,0k)| — 00 < 0; < 0,i =1,...,k} be the parameter space, and
let A= {a=(a1,...,ax)|a; =0, 1,5 =1,...,k} be the action space. When action g is
taken, it means that population m; is selected as good if a; = 1, and excluded as bad if

a; =0. Foreach § € Qand g € A, the loss function L(6, a) is defined to be

k
L0, ) = Z £(6;, a;) (2.1)

and
6(92, ai) = a,-(90 — 01)1(00 — 91) + (1 — az)(Oz — 00)](92 — 90), (22)

where I(z) = 1(0) if z > 0 (otherwise). Note that in (2.2), the first term is the loss due to
selecting 7; as good when 6; < g, and the second term is the loss due to wrongly excluding

7; as bad when 8; > 6,.

It is assumed that for each i, the parameter 6; is a realization of a random vari-
able ©;; and ©1,...,0; are independently distributed with a common but unknown
prior distribution G. Under the preceding assumption, Xi,..., X and Wy are mu-
tually independent, and Xj,..., X are identically distributed, having a marginal pdf
f(z) = [ f(z|0,0%)dG(6), where f(z|6,0?) denotes the pdf of a normal N(9, ‘—’,n;) distri-

bution.



Let X; = (Xi1,---,Xim),t =1...k and X = (X1,...,X). Let X be the sample
space of X. A selection procedure § = (d1,...,0x) is defined to be a mapping from the
sample space X into the product space [0,1]%, such that for each i = 1,...,k, &;(z) is the
probability of selecting population 7; as a good population when X = z is observed. Let
D be the class of all selection procedures. Also let R(G, §) denote the Bayes risk associated
with the selection procedure §. It is assumed that F[|©;|]] < oo so that the Bayes risk
R(G, ) is finite. By Fubini’s theorem, a straightforward computation yields that the Bayes
risk R(G, §) can be expressed as:

k

and

i (zj)dz + C (2.4)

nzw

R;(G, ;) /00 — @i(z4)]d; (a:
x

where ¢;(z;) = E[©;]X; = z;] : the posterior mean of ©; given X; = z;; f;j(z;): the
o0

marginal joint pdf of X, and C' = [(0 — 6p)dG(f). Thus, a Bayes selection procedure
9

0]
0 = (0B1,---,0Bk), which minimizes the Bayes risks among all selection procedures in D,

is clearly given by: Foreachi=1,...,kandz € X,

1 if i(z;) > 6o,
6pi(z) = { (2.5)

0 otherwise.

Algebraic computation yields that

pilz) = mi + D (@) f(m:) = i), (2.6)

where f(z;) is the marginal pdf of the sample mean X; and f()(z;) denotes its corre-
sponding derivative. That is, the posterior mean @;(z;) depends on z; only through the
sample mean value z;. From (2.5) and (2.6), the i-th component Bayes selection procedure

dp; depends on z only through z;. Therefore, (2.5) can be expressed as



6pi(x;) = {
0 otherwise.
_ { (2.5)
0 otherwise.
where T;(z;) = Z f0)(z;) + (z; — 00) f(:). Note that ¢1(-) = ... = ¢() and Ty(-) =

.. = Ty(-) since X3, ..., Xy are identically distributed.

One can see that the posterior mean ;(z;) is a continuous function in z;; also ¥;(z;) is
strictly increasing in z; if the prior distribution G is non-degenerate. Let A; = {z|¢;(z) <
6o} and Ay = {z|;(xz) > 6p}. Define

a* =

sup A; if Ay # ¢,
{ .1

—00 if Al = ¢
Note that if A3 # ¢ and A; # ¢, then —oco < a* < 00; and if A3 = ¢, a* = co. In terms of

a*, the Bayes selection procedure g can be written as:
1 ifz; > a*
6pi(z;) = (2.5")
0 otherwise.

Finally, the minimum Bayes risk is:
R(G,é3) Z Ri(G, é5:), (2.8)

and

Ri(G,0B;i) = /[90 — 3(x;)|0Bi(2:) f (zi)dz; + C. (2.9)

In the following analysis, we consider those prior distributions G such that lim
Ti—>—0O0

Yi(z;) < by < 1_1}13_1 ¥i(z;). Hence Ay # ¢ and Ay # ¢. Therefore, —oco < a* < co.

3. Empirical Bayes Selection Procedures

Since the prior distribution G is unknown, it is not possible to implement the Bayes
selection procedure Jp for the selection problem at hand. However, according to the sta-

tistical model described previously, the k& components share certain similarity. Therefore,
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the empirical Bayes approach is employed to incorporate information from among the k
populations to provide robust selection procedures for each of the £ component selection

problems.

The proposed empirical Bayes selection procedures mimick the behavior of the Bayes
selection procedure §p. For this, the forms of (2.5’) and (2.5”) provide important moti-
vation for the construction of the empirical Bayes selection procedures. To construct the

empirical Bayes selection procedures, first, we need to have estimates for f(z) and f)(z).

For an integer r > 2 and for each < = 0, 1, let X} be the class of all Borel-measurable

bounded functions vanishing outside the interval (0,1), such that for ko € KJ,

1 ifj=o0,
1 .
/y’ko(y)dyz 0 ifj=1,...,r—1, (3.1)
0
Bl lfj:’l",
and for k; € KT,
1 ifj=1,
1 -
/y”kl(y)dyz 0 ifj=0,2,...,7—1, (3.2)
0
By ifj=r.

We may let B3 be a positive value such that |k;(y)| < Bs for all y € (0,1) and
i = 0,1. Also, let h = h(k) be a decreasing function of k such that h(k) — 0 as k — co.

Define

( k

fzk(X.,,) = ﬁ Jz::l ko (Xi-};Xj >,
< " (3.3)
f(l)( Xi) = w=1)n% 1)h2 Z kl(—&>

Note that for each fixed X; = z;, fix(z;) and fi(k1 )(:cz) are consistent estimators of

f(z;) and f()(z;), respectively; see Singh (1977, 1979).
When the variance o? is known, for each i = 1,..., %, let

T3 (X:) = (X — Go) far (X:) + — ‘”(X ).



Also, let {C}} be a sequence of positive numbers such that C} is increasing in k and
Cy — oo as k — oo. We consider an empirical Bayes selection procedures ¢§* = (7,...,65)
defined as follows,
0 if either (X; < —C})
or (|X1| < CI: and T;;C(Xz) < 0),
6; (X) = 60:(X;, X (4)) = (3.4)
1 if either (X; > C})
or (|X;| < Cf and Tj3(X;) > 0),

where X () = (X1, .-, Xi—1, Xit1, - - -, X)-

When the variance o2 is unknown, we estimate o2 by Wy. For each i =1,...,k, let

Tie(X3) = (Xi — 0o) fin(Xs) + % fz-(kl) (X5)-

A

We then consider an empirical Bayes selection procedure (:5 = (51, ..., 0p) defined as follows,

(0 if either (X; < —C})

X X or (| X;| < C# and Ti(X;) < 0),
6i(X) = 0:(Xi, X (2), W) = (3.5)
1 if either (X; > C%)

| or (| X;] < Cf and Ti(X;) > 0).

The Bayes risk of the empirical Bayes selection procedure §* is:

k
R(G,8*) = 3 Ri(G,5) (3.6)

and
Ri(G,57) =B [ 00 — 1)} (o5, X () )] + C
(3.7)
= [ 160 = (@B 157 (w1, X)) (1) +-C,
where the expectation E} is taken with respect to the probability measure generated by

X ().

The Bayes risk of the empirical Bayes selection procedure (:5 is:



and

Ri(G,6;) = /[00 — s(2a)) Eildi(zs, X (5), Wi)]f (w:)dz; + C. (3.9)

where the expectation E; is taken with respect to the probability measure generated by

(X (3), Wk)-

Since § p is the Bayes selection procedure, for any selection procedure § = (61, ..., d),
Ri(G,6;) — R;(G,épi) >0,i=1,...,k and R(G,$) — R(G,ép) > 0. Define

p(G,8) = [R(G,d) — R(G,éB)I/R(G,8B) (3.9)

p(G, ) is called as the relative regret risk of the selection procedure § compared with
the Bayes selection procedure §p. The relative regret risk p(G,¢) is used to measure the

performance of the selection procedure J.

Definition 3.1. (a) A selection procedure ¢ is said to be asymptotically optimal if

p(G,8) — 0 as k — oo.

(b) A selection procedure § is said to be asymptotically optimal of order {ay} if p(G, §) =
O(ay) where {ay} is a sequence of decreasing positive numbers such that ay — 0 as

k — oo.

The asymptotic optimality of the empirical Bayes selection procedures §* and EE will

be investigated in the next two sections.

4. Asymptotic Optimality of the Empirical Bayes Selection Procedures

Under the preceding described statistical model and the loss function, one can see
that for the Bayes selection procedure g, R1(G,0B1) = ... = Ri(G,dpr) and R(G,dB)
=k R1(G,ép1).

Also, by the symmetric properties of the empirical Bayes selection procedures §* and
8, we have R1(G,0%) = ... = Ri(G,8}) and R(G,8*) = k R1(G,8%), Ri(G,61) = ... =
Rix(G, ) and R(G,8) = k R1(G,51).

Therefore, p(G,4*) = [R1(G,8}) — R1(G,6p1)]/R1(G,6p1) and p(G,8) = [R1(G,b1)
—R1(G,0B1)]/R1(G,ép1). Since R1(G,0p1) is a fixed positive value, to study the asymp-

totic optimality of the empirical Bayes selection procedures, it suffices to investigate the
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asymptotic behavior of R1(G,68*) — R1(G,6p1) and Ry(G,41) —R1(G,8p1) for sufficiently

large k.

Theorem 4.1 For the statistical model previously described in Section 2, assume that

E[|©;]] < o and a* is a finite number. Then, the empirical Bayes selection procedures

8* and § are asymptotically optimal in the sense that p(G,§*) — 0 and p(G,8) — 0 as

k — co.

Proof: It is assumed that & is sufficiently large so that a* € (—Cj},Cy), where {C}} is a

sequence of increasing positive numbers such that lim C} = oo as described in Section

k—o0

3. By the finiteness of a* and from (2.5"), (2.9), (3.4) and (3.7),
Ry(G,07) — R1(G, éB1)

— [ 160 = $1(e B 51 (21, X(1) - S (@) F 1)

a*

- / (B0 — 1 (22)] P67 (21, X (1) = 1, 61 (1) = 0} f (1) dey

c;
+ / (1 (21) — B0} PAS; (21, X(1)) = 0,61 (1) = 1} f(z1)dzy.

Also, from (2.5"), (2.9), (3.5) and (3.9),
R1(G,8,) — R1(G,6m1)

= / [60 — ¥1(z1)]P{d1(z1, X (1), W) = 1,8p1(21) = 0} f(21)dz:
—C;

c;
+ /[’QZH(IE]_) — 00]P{(§1(.’E1,X(1), Wk) = 0, 531(1’1) = 1}f(£L’1)dCII1

a*

(4.1)

(4.2)

From a corollary of Robbins (1964), to prove the asymptotic optimality of §* and §,

it suffices to show that for each z;, and € =0, 1,
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and P{by(x1, X(1),Ws) =€, dpi(x1) =1—€} =0

as k — oo. Note that for each fixed z;, f1x(z1) and fl(,t) (1) are consistent estimates of
f(z1) and f()(z1), respectively. Also, Wy is a consistent estimator of o2. Hence, T%, (1)
is a consistent estimator of Tj(x;) for the ¢ known case, and T1x(z1) is a consistent

estimator of T;(z1) for the o2 unknown case. Therefore,

P{é1(z1, X (1)) = 1,8p1(z1) = 0}
=P{T{,(x1) > 0, T1(z1) < 0} — 0 as k — oo, and
P{é1(z1, X(1)) = 0,8p1(z1) = 1}

:P{Tfk(fl,'l) < 0,T1(.'IJ1) > 0} — 0 as k£ — oo.
Similarly,

P{Sl(xl,g(l),wk) =¢, 0p1(r1) =1—¢€} > 0as k — oo.

Hence the proof of the theorem is complete. O

5. Rates of Convergence

The following theorem gives the main results of the paper concerning rates of conver-

gence of the empirical Bayes selection procedures.

Theorem 5.1 For the statistical model described in Section 2, assume that E[|©1[] < oo

and a¢* is a finite number.

(a) If we take h = cy(k — 1)7Y/(@+1) and C} = cyh~! for some fixed positive values ¢;

and cy, then, p(G,6*) = O(k™771) and p(G,8) = O(k~3%1).

(b) Furthermore, suppose that for some 1 < o < 2, and for some h > 0,

*M/2(zq, h) lz1|*N*(z1, h)
(A1) /'5‘“' ) dzy < 0o and (A2 / ™ 43y < o0
foe=1(zq) 1 (A2) FoI(zy) 1
where M(z1,h) and N(z1, h) are defined in Lemma 6.3. If we take
h = (k—1)~Y@+D) then, p(G,8*) = Ok~ F) and p(G,d) = O(k~ 7).
Proof: We provide proof of the theorem for the empirical Bayes selection procedure §*

only. The proof for the empirical Bayes selection procedure (:5 is analogous to that of §*

and hence is omitted here. Also, assume that k is large enough so that a* € (—C}, Cy).
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From (4.1) and Lemma 6.1 - 6.3, by noting that [¢1(z1) —6o]f(z1) = T1(z1), we have,

R1(G,67) — R1(G,dp1)

Ci
< [ ElTie) - Ti@)l) / i) oy
) Cy .
b1 (a / _
< M(zy,h)]*% /|T a=lg
= [(k—l)h3]a/2 [ (.’L‘]_, )] /| 1($1)| L1
c;
b by(a)hetr=D / N(z1,b) / |T1(21)|*~1dzs
-Cp
boe) [
—2a_ _ « of2 a—1
T [ o1 = bl M2, ) /1T @)l oy
Yk
Ci
+ ba(a)he” / (o1 — B0 *N®(z1, k) / |Tu(21)]* “da.
-C;
(5.1)
. _ Jm m(z 1 _
Since f(z1) = [ e e~ dG(Q) —~ = By for all =1,
0 < M(zi,h f(a:l — vh)dv < By (5.2)
for all z; and h. Also,
af(t) / _mizi=hw=0)® [ . ]
T 202 a;(x1— hw —0) |dG(6
B |, — 2 ai(e: Y| dG(6)
J_
where a;,7 = 0,...,r, are finite numbers. Therefore, | {a(;ft(f ) ] | < Bjy for some
t = :1)1-—’7.’[1)

positive number Bs for all z1, w and A and hence, for all 1 and h

11



For o = 1, substituting the inequalities of (5.2) and (5.3) into (5.1) we obtain,

R4(G,07) — R1(G,6B1)

< 261 (1)BY? C; / [(k — 1)h3]Y2 4 2b, (1)Bs C% B™1

o
+ by(1)BY? / (51 — Oolday / [(F — 1)A]Y/?

Cy
+ b2(1)B5 h" / |1L‘1 — eoldﬂfl
-Cy

(5.4)
261 (1)By/% C3 / [(k — 1)h%]/2 + 2b,(1)Bs Cp A"

IN

0*2
+ w8y {2looicg + G by (- v

C*Z
+ b3(1)Bs h’"{2|90|c,:+ ;}

= O(C}, / (k= DRTY?) + O(CL A7)

+ 0O(C:? / [(k—1)RY?) + O(Cy? hT).

Thus, if we let h = ¢ (k — 1)~1/™+1) and C} = coh™! where ¢; and ¢y are positive

constants, then, from (5.4), R1(G, é7)— R1(G,dB1) = O(k‘ﬁ).
This completes the proof of part (a).

For each k, let I§ = [—C}, a* —co)U(a*+co, Cy]. Since Ty (z1) = [1(x1)—0o] f (1), by
Lemma 6.4, for 21 € I,|Ti(z1)| > |z1—a*|f(z1)bs, and for 1 € If, |Ti(z1)| > f(x1)bs.

Combining these inequalities with (5.1) together, we obtain
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R1(G,67) — R1(G, 6B1)

< bl(a)El n bl(a)E2 n bl(a)ha(r_l)E3
S N ((h—1he T (k- )hd)e b5
(5.5)
L bl(a)ha(r—l)E4 n bg(Oz)Es bz(a)Es
by ((k —1)h)e/2 bg~* ((k = 1)h)e/2 b3~1
bg(a)h‘”E7 bz(a)harEg
a—1 + a—1 ?
b by
where
M"‘/z(ﬂvl h)
E = ’ d.’E ;
' /f e — a*[f(z)]e 1
Me/2(zq, h)
E, = ' Ldxq,
’ e fei(z1) '
Na(iL’l,h)
E3 = dzy,
° /I [lz1 — o*|f(z1)]e=1" !
N (x]_,h,)
By = / dz1,
! e fo (=) '
|£L‘1 — 90|a Ma/z(.’lll, h)
Es = Az,
1z —a*|f(z1)]*
|:L‘1 — 90|°‘ Ma/z(ml,h)
E¢ = dxq,
° / . fot(z1) '
|£L‘1 — 00["‘ Na(:cl, h)
E, = dz,
T = arlf )]t T
and

|CE1 — 90|°‘ Na(iL'l, h)
Ey = / dzy.
* fo1(zy) '

c
k
+

Since I is a bounded interval and 0 < M(z1,h) < By, 0 < N(z1,h) < Bj for all
z1 and h, one can see that for 1 < @ < 2,0 < E; < o0,t = 1,3,5,7. Also, under the

13



assumptions (A1) and (A2), 0 < E; < 00,1 = 2,4,6,8. Therefore,

Ri(G,67) — R1(G,8p1) = O(((k — 1)h%)=*/%) + O(h*"~ D).

a(r—1)

If we take h = (k — 1)~ %71, then Ry(G,8*) — Ry(G,0p1) = O(k~ 771 ).

Hence, this completes the proof of part (b). d

Remarks

(a)

In Theorem 5.1(a), we have demonstrated that under the very mild conditions that
E[|©1|] < 0o and a* is finite, the relative regret risk converges to zero with a rate of
order O(k_%) where 7 > 2 is a positive integer, involving in the choice of the kernels
ko and ki, see (3.1) and (3.2). According to (3.1) and (3.2), there is no restriction
about the choice of the value r. Therefore, we may choose r as large as possible, so

that the rate of convergence of the relative regret risk may have an order close to
O(k~1/2),

Though under the assumptions Al and A2, the empirical Bayes selection procedure
d* may have a better convergence rate, it is possible that the assumptions Al and/or
A2 may not hold for any 1 < a < 2 and any 0 < h < 1. For example, consider a prior
distribution with density g(@) where

I i<,

9(0) =

oz i0]0]> 1.

Then, one can see that f(z) is symmetric about the point 0 and f(z) is decreasing
in z for z > 0. Hence, for z > vh > 0, M(z, h) fo (z — vh)dz > f(z). Also, as

x> 2, f(z) > 5% for some ¢ > 0. Therefore,

00 |$|a Ma/z(lt,h)d ®© Lo Ma/z(.'L’,h)d
B = e M = o

> / % fl_o‘/z(:v)da:
2
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Vv

00 e l—e/2
/ z¢ <—5) dx
2 X

oo}
_ cl—a/2/ 222
2

= oosince Il <a < 2.

Therefore A1 does not hold in this case.

(c) We provide an example in which both the assumptions A1l and A2 hold for any 1 <
a < 2.

Assume that ©; ~ N(0,72). Then, marginally X; ~ N(0,q) where ¢ = Z- + 72. We
need to verify that

|z|* M"/z(w h) |z|* N(z, h)
dr < oo and -
/ fa 1 fa——l(x)

dzr < 0o.

es ifz>0
Hence,
o Ma/Z h 0 o i
/ |£U| Fom 1 iL' )d:ES/ |£L‘|af1_a/2(.'17)d:l?—|-/ & fl——a/2 (:E)ehT dz < oco.
—00 0
Also,
8Tf(t) 1 _(z—hw)? |: T :|
= e a;j(z — hw)’
ot t=z—hw V27rq _7—20 J
for some real values a;,7 = 0,1,...,7. Then,
3;f(t)
tr 2 2 r
t=x—hw 2hwr—h“w .
= € 2q a(m_hw)]}‘
o ot
Hence,
N(z,h) hle|
oy <<% e, 3 ol el

15



Therefore,

LN 1 <3 s [ el @l o~ bl <

f e~ 1 §=0 0<w<
That is, both the assumptions Al and A2 hold.

6. Useful Lemmas

The following lemmas are useful for presenting a concise proof of Theorem 5.1.

Lemma 6.1 (a) For z; < a* and a > 0,
P{61(z1, X(1)) = 1} < E[|Ty(z1) — Ta(21)|°] / [Ta(21)|*
(b) For z; > a* and a > 0.
P{61(z1, X(1)) = 0} < E[|Tj(z1) — Ta(21)|%] / |Ta(z1)]*.

Proof: For z; < a*,Ti(z1) = %zf(l)(ml) + (z1 — 00) f(z1) < 0. Then by the definition of

the empirical Bayes selection procedure §* and by Markov inequality,

P{67(z1, X (1)) = 1} =P{Tyy(x1) > 0}
=P{T1(z1) — T1(z1) > ~Ti(z1)}

E[|TT(z1) — Ta(z1)|?] / |Ta(z1)|*.

Part (b) can also be obtained in a similar way. O

Lemma 6.2 For 0 < o < 2, for each fixed z1,

E(|T5(@1) - Tu(a1)|%)
< C ( m) Va2 (£ (@) + B3y (1) = 1O (@)%}

+ Chlor — 0o|*{ Var®/?(fux(21)) + | Efux(21) = f(21)[*3,

16



where
1 fo<a<l,
ca:{

2071 ifl<a<2.
Proof: By the definitions of T3, (1) and T3 (z1) and by C,-inequality,

E[|T{k(z1) — T1(21)]%]

= B[|[Z 1+ @ -t snten) - [ S0 + o1 - 00|

(6.1)
0.2 « 1) " o
< Co| —) Blfi (@) = P (z1)["]
+ Ca|CI31 — 90|a E[lflk(xl) - f(xl)la]'
Again, by Cj-inequality, for 0 < a < 2,
E[fyy (@1) — FO(z1)]*]
= Bl (1) — EfYY (@1) + B (21) — fO(@1)1°]
(6.2)
< CoE[fP(z1) = BFR (@)|°] + Cal B (21) — fD (@1)]°
< Co Var*2(f{)(21)) + Cal BFLY) (21) — f O (1),
and
E[| fix(z1) — f(z1)]*]
< CoE[|fie(z1) — Ef1r(z1)|*] + ColE fiu(z1) — f(z1)|* (6.3)
< Cq Var®’?(fig(z1)) + Col B fir(z1) — f(1)]®.
Substituting (6.2) and (6.3) into (6.1) yields the result of the lemma. O

Lemma 6.3 For each fixed z,
(a) Var (fix(z1)) < B M(z1,h) / [(k - 1)R],
(b) Var (f{;)(21)) < B} M(a1,h) / [(k—1)h%,
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(¢) |Efix(z1) — f(z1)| < B3 A" N(z1,h),

() |EfS (1) — FO(21)| < Bsh™ N(z1, k),

(e) E[Tf (1) — Ta(z1)|°]

< bu(@{[M(z1,h) / (k= DA% + [A77IN (21, b))%}

+ ba(@)|z1 — 60| *{[M (21, h) / ((k—1)R)]*/2 + A" N(z1, B)]*},

where b1 () = C2 Bg( "— * by(a)=C2 Bg, M f(z1—vh)dv, and N(z1,h) =
m 3 0
(1)
su S
OS’U’I;I |~ ot t=$1
Proof (a)
1 T — Xo
Va'r (flk(wl)) = (k _ 1)h2 Va‘r(kO( h ))
1 2/T1 — Xo
< (k— 1)h2 E[ks( n )]

< G- Dh J, f(z1 — vh)dv
= (k ?31) M(:L‘l h)

Part (b) can be obtained in a similar way.

;XZ) = /0 ko (w)f(z1 — hw)dw.

(©)  Efi(zi) = % E ko(®
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Since [ ko z)dw = 1, hence, by the property of ko,
0

B fun(z1) — f(z)| = | / bo(w)[f (21 — hw) — f(z1)]dul

=1 rw|5

where 0 < w* < w

| -huyau

t=xz1—hw*

< B3 h" sup
0<w<1

[Wf Q

otr

t=$1—hw:|
= B3 hTN(iL'l, h)
The proof of part (d) can be obtained in a way similar to part (c).

Finally, part (e) is obtained by plugging the results of parts (a)-(d) into the inequality

in Lemma 6.2. |

For a positive constant ¢y, define interval I = [a* — ¢y, a* + ¢p]. Note that ¥, (z1) =

mbxy fzq

[ 0e T "5ZdG(0) | [ e T ~ %7 dG(6). Hence,

n{ [ 0% F 5T d0(0) [ "F T dG(0) - [[ 0 "FEFda(0)])
mézxq

[ " 37 da(0)]

D (zy) =

)

which is continuous in z; and positive for all z; since GG is nondegenerate.

Lemma 6.4
(a) Let b3 = inf{wgl)(xlﬂxl € I}. Then b3 > 0.
(b) For any z; € I,|¢1(x1) — 6o| > |z1 — a*|bs.

(c) For any z1 ¢ I, |¢1(z1) — Bo| > by for some by > 0.

Proof: (a) Since ¢§1)(x1) is continuous in z; on the compact interval I, there exists an
z* € I such that wgl)(x*) = bz. Also, note that @bgl)(x*) can also be viewed as the

variance of some non-degenerate distribution. Hence b3 > 0.

19



(b) By the definition of a*,;(a*) = 6. By mean-value theorem, for z; € I.

|1(z1) — Oo| =|9h1(z1) — Y1(a™)]
= |(z1 - a*)9{" (z})]

> |z1— a*|bs,
where z7 is a point between z; and a*.

(c) Note that 11 (z1)—0p is strictly increasing in z; and 91 (a*)—0 = 0. So, |1(z1)—bo| >
min(|11(a* — co) — Ool, |P1(a* + co) — bo]) = bs >0 for all z; ¢ 1. O
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