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ABSTRACT
Based on asymptotic unbiasedness of prediction, consistency and stability of a series es-
timations of cross-validation in linear biased and unbiased regression models are described

in detail.

1. INTRODUCTION

Consider linear regression model
P
Yy = Z ,3]':1:_7' + ¢, (11)
=1

let X = (x1,...,2p)";€ and X are random variable and vector, muturally independent;
EX =0, Ee = 0; vare = 0%, VAR X=V>0; suppose the joint distribution of (X,y) is
F(X,y); B;, j = l...p are parameters. Now we get a group of data (X;,y;),7 = 1...n 4id,

(X1,41) ~ F(X,y). Then
P

yi =Y ziiB + €. (1.2)

j=1

The classical least square estimate of § = (f1,...,8p)" is

B(n,p) = [X(n,p)" X (n,p)] ' X (n,p)"Y (n), (1.3)

1 Key Words: cross-validation(CV) , mean square error(MSE), conditional mean square error of
prediction (CMSEP), v-fold-CV (CVyy ), modified v-fold-CV(CV,Y,), basic symmetric condition.
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where Y (n) = (y1,...,yn)"; X(n,p) = (zij )nxp- Let Fr(X,y) be the empirical distribution
on [(Xi,yi), ¢ = l..n] . Then as an estimate of goodness of model fittness , the mean

square error—-MSE (noted by s.)

se= =3 (i — X7 B(n.p)’ (19
i=1
can be formulated :
[ -XBnpyar.xy), (1.5)

In fact we get B(n,p) from ming [(y — X7B)dF.(X,y). So we replace it by B, for the

convenience of following discussion. So

e = [ X7 Bir,'dFu(X,p) (16)

It is a computable assessment on given data. From view of prediction Allen gave the

quantity MSEP(Allen 1971)
MSEP = Er(y — X" B, )’, (L.7)

and used it value the goodness of the estimate-fjf, . Because the distribution F is unknown

another more practical quantity valuing the goodness of the estimate-3|r, should be

sn=Er[(y — X Bir, )" | (X1,91); s (X, yn))]- (1.8)

For convenience of following reductions it is formulated as

Sp = /(y — X" Bir, )}dF (X, y). (1.9)

We call it conditional mean square error of prediction(CMSEP). Here the integration don’t
have effect on f|f,. Clearly s. can be thought as an estimate of s,.

From the following analysis we know s, is a poor estimator of s,,. Look the series estimates

of CV.
1< ;
CVnn = ; Z/(y '—XTIB|F"')dFZ(X,y)3 (110)
i=1
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where F~¢(X,y) is the empirical distribution on[(X;,y;),j = 1..n,j # i]. Fi(X,y) is the
degenerate distribution on (X;,y;).

And the more general CV,,: Divide the data [(X;,y;),? = 1...n] into v group, make the

size of each group as equal as possible. i.e.
21<ma <[2]+1 Ve (1.11)
v v

F,, is the empirical distribution on all data except a — th group data (mqy + ne = n) so

v— fold—CV:
Can = E Po /(y - XT,B|F,,Q )2dFmaa (112)
a=1

n—r0o0
where p, = 22 clearly po — L Va

v

1 = 2 |
o = — o — X, . 1.1
cv, RQ;Z@Q X7 Ar..) (1.13)

tq=1

From the fallowing discussion we know the asymptotic ratio of CVy, to s, is slower than

that of CV,,,. Thus Burman(1989) modified CV;,, and get CV,
OV2, = CVay+ 5= 3 pa / (y — X7 fip,. )P dFa(X, y)
a=1

1 v n .
= Can + 8¢ — ',;; Z Pa Z(yz - Xz ﬂIFna )2' (114)
a=1 i=1

(Put v=2 we get learning-testing estimate, we consider it as a special case of our CV
approach)
Specially

* 1 . = T
CVyin = CVan+ e — — YN (i - X7 Bjp-«)
a=1 =1

1 -1
= (1= =)CVan + e — "n2 Y se(a). (1.15)

a=1

se(a) is the MSE on data [(yj, X;) j = 1l..n j # o]
Asyptotical properties of these statistics are describled in detail in section 2. All proofs

are given in appendix.



2 Large Sample Properties of A Series Estimates
of CV Under Moment Estimation
2.1. The Models Are Unbiased.
We call (1.1) unbiased model.
[Theoreml] Given conditions of model (1.1) let EF be the expectation with respect to
F(X,y) then

Epse = 02(1 — %). (2.1.1)

if there exist constants 6; > 0 &, > 0 such that
Ep[Amin(n)] %) < Knb (2.1.2)
where Apin(n) is the minimum eigenvalue of random coefficient matrix

1 r
5X(n,p) X(n,p).
K may have relation to 6;, 62. Then

Epsn > 02(1 + %) (2.1.3)

Epsn = o*(1 + -S) +0(n7?) (2.1.4)

[Corollaryl] If X ~ N,(O,V) thenV §; > 0 there exists K (may have relation to é;,) such
that

Er[Amin(n)] "+ < K. (2.1.5)

[Corollary2] If X ~ N,(0,V) e~ N(0,0?) then we have

p ).

_ 2
Eps, =0 (1+—n—p—1

(2.1.6)

From theoreml we get

Er(sn —s.) ~ 2o, (2.1.7)
n



If we fix p then

n—Cco

Er(sn—8.) — 0,

SO we can say S, is an asymptotic unbiased estimate of s,,. But in the view of it’s asymptotic

ratio it’s a poor estimator of s,.

[Theorem?2] Under conditions of model (1.1) and definitions above if there exist constants

610 > 0 625 > 0 such that
ErAmin(na)] 310 < Kon®=  Va=1.. (2.1.8)
~where Apin(nq) is the minimum eigenvalue of random coefficient matrix
1 T
—X(nq,p)" X(na,p)
Na

K, may have relation to 814, 624

Then
Er(cvny — 8n) = EUJTI;)E + 0(n™?) (2.1.9)
Er(cvpn — 8n) = (710—2—11))12 + O(n_3) (2.1.10)

[Corollary3] In theorem? if X ~ N,(0,V) then condition (2.1.8) can be omitted and the
results are still hold. Additionally if € ~ N(0,0?), the we have

7 1 1
[— = 2 f—
EF(C'Unv sn) ap;pa(na—p-l n—p—l)
n—oo 0217
2.1.11
— o-Dm-p=1) (2111)
2
Ep(cvpm — $n) =5 7P (2.1.12)

(n—p-1)(n-p-2)

[Corollary4] Under conditions of model (1.1) if e ~ N(0,6%), X ~ N,(0,V) then
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p o
Br(evny = sn) ~ 6 —1)
2.2
* p o
Br(cvnn = sn) ~ 5507y

[Theorem3] In theoreml If E(X™X) < oo, Ee* < co, M = Ee* — o* We have

var(CVpy — 8p) ~ % +0(n™?)

var(CVpp — 8p) ~ -—]:f— +0(n™?).
If e ~ N(0,0%),X ~ N,(0,V) We have:

var(CV,), — sp) ~ % +0(n™?)

var(CV,), — sn) ~ i\nl— + 0(n™?).

[Corollary5] In theoreml If Fe < 0o, E(X7X) < co and M = Ee* — o* we have

var(sy, — Se) ~ % + O(n_z)

(2.1.13)

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17).

From above we know that modified CV — CV}, and CV itself have the same stability as

Se.

[Theorem4] Under conditions of model(1.1) if

)\mm(n) is—') o0

log(Amaz(n)) = O(Amin(n))

(2.1.18)

(2.1.19)

Where Amaz(n) Amin(n) are maximum and minimum eigenvalue of random matrix:

X(n,p)" X(n,p)



we have

Sn 255 o2 (2.1.20)
Se — 8n =50 (2.1.21)

[Theorem5] Under conditions of theorem4 if the Basic Symmetric Condition (BSC) is
hold:

lim max A; =50 (2.1.22)

n—oo1<i<n

where A;; 2 = l...n are diagonal element of

Px(n,p) = X(n,p)(X(n,p)" X(n,p)) )X (n,p)"

Then

CVipo — 80 =5 0. (2.1.23)
Specially

CVan — 80 =5 0. (2.1.24)

2.2 The Models Are Biased

Here ’biased’ mean that the true model isn’t (1.1), dimentions of variable X may be (1)
t>p(2)t <p(3)t=oo. This is nature in practice. In practice we don’t know the true
model and we use the model (1.1) on given data to get estimates, therefor we should value
the goodness of these estimates on the true model instead of model (1.1).

To distinguish we call model (1.1) as practical model. All notes are kept except X, for X
and f(p) for 4. In this section we assumed € ~ N(0,6%), X ~ N,(0,V)

Suppose the true model is

y=X{B(t) +e¢ (2.2.1)

where X = (21,...,2¢), 8(¢)" = (b1, ..., Bt), €, X independent.
e~ N(0,02), X; ~ Ny(0z, Vi) . 0] = (0,...,0),, Vi > 0.
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Firstly let’s explain in model (1.1) and (2.2.1) we may assumed V and V; are I and I,

separately. For example in (2.2.1)

y=X/B(t)+e
= X7V 2 (V2)B(E) + e
= thrlg(t) + €,

where
B(t) = (V)B()
X, = (Vt—%)Xt

VARX, =V, iV, % = L.

[Theorem6] Given conditions and assumptions above we have

t>p or t=00:
Ersn = (0% + 02)(1 + Eﬁ)
where a; = Bl B < 00,B(r) = (Bpt1y .-, Bt)yT =1 — p.
t<p:

-

Bpon=o'(4 T3

where 3(r) = (Bt+1,...,0p), T=p—t.

{Corollary6] Under conditions and assumptions in theorem6 we have

_ Py .2 2
t>p Ese—(l—h—)(a +0,)
t<p E.se:(l—B)J2

n

p
t=00 Es.~(l- ;)(02 +02)

(2.2.2)

(2.2.3)

(2.2.4)
(2.2.5)

(2.2.6)



[Theorem?7] Given conditions and assumptions in theorem6 we have

t>p or t=o00:
plo® +o3) 1

E(CVy@y — $n) ~ 2.2.
( sn) n—p—1v-1 (2:2.7)
p(e® +a3) 1
E(CVy0y — 8n) e —— (2.2.8)
t<p:
2
po 1
E(CVpy — 33) r—— (2.2.9)
E( )~ —L o ! (2.2.10)
CUnn — Sp e p—— 2.
[Corollary7] Given conditions and assumptions of theorem6
We have
t>p or t=o00:
20,2 4 52
pi(o” +op) 1
f s Y 2.11
E(OV;, —sn) ~ T2 T )1 (2211)
20,2 4 42
p(o’ +o,) 1
- ~ . 2.2.12
E(CVnn Sn) n2 n—1 ( 2 )
t<p:
2.2 :
peoc 1
* o gn)~— 2.2.13
E(CVy s~ BT L (22.13)
2,2
* pio” 1
E(CV;i—sa) ~ 2 ——. (2.2.14)
[Theorem8] Whenever t > p,t = co or t < p we have
(Under the conditions and assumptions of theorem6)
M 1)od
0ar(CVipy — sn) ~ T T ED% L -2y (2.2.15)
n
M+ (r + 1)ot
var(CVpp — $p) ~ (:L )% +0(n™?) (2.2.16)
M+ (r +1)a,
var(CVy, — s5) ~ (:l )% +0(n™?) (2.2.17)
M 1o
var(CV,, — sgz) ~ il (7;:- )% +0(n™%). (2.2.18)



10

Consistency of the series estimations of CV with s,, can be similarly obtained.

Appendix
[Lemmal] (Theorem of Moment Analysis). See [6]
A = (aij)pxp C =/(cij)pxp are matrixes. A is a function of C: A = A(C). The estimation
of C based on a group of samples z;......z,, is C. If
(1) The function A has second order continuous partial derivative in a neighbor of C
(2) There exist constants 6; >0, & >0, K > 0( may has relation to §; 6,) such that
elements of A(C) satisfy

Ep I a,'j((:") |2+61_<_ Knb
(3) There exists nature number ko > (3 + 1.56; + 262)671(or ko = 00) such that elements
of 5’: 'E,’j (E’ =C - C) satisfy
EFZ,-,- = O(n—l)
Epc?F=0(n%) k<ko+1

Then as an estimation of A(C) A(C) satisfies:
Ep | A(C) - A(C) I= O(n™).

Theorem1

proof:
1 - T 2
Ers, = EFE Z(yi - X] ,BIF”)
i=1

= EF(EF% Z(yl - erﬂ|Fn)2 I (Xl, 7Xn))
i=1
= %EF(EFY(n)TP)%(n,p)Y(n) | (X1,..., X))

1 2pl
= ;tTEF(G' PX(n,p))

=o’(1- %),



"
Where Py, v = I —X(n,p)(X(n,p)" X(n,p))~* X(n,p)"
sn= [(w= X8, aF(X,)
— [(e+ X768 - An)1dFxY)
=o'+ (B=Br)" [ XXTaF X068 - Bir,)

Epsn, =0 + tr/XXTdF(X,y)EF(ﬂ — ﬂan)(ﬂ — ﬂ]Fn)T
=02 ttr [ XXTAP(X,)Br (B (B - BB = B )" | (Kiyeos X))

~o? 4 ir / XXTdF(X,y)Er[(X(n,p)" X(n,p))"'0?)]

1 1 &
_ 2 2 T il . x Ty
—0 +atr/XX nEF(n§ X:X])dF(X,y)

=1

2
_ 2 ag r 1 LYV T\~
=2 / XX Er(= 3 X:X]) " dP(X,y)

2 n
2,9 T 1 3 Ty—1
=0 +7/X [EF(;ZX,X,-) 1 XdF(X,y)

i=1
* 2 02 Ty,—1
> 0"+ — [ XV XdF(X.y)

2 P
= 14+ =).
(1+7)

*is according to Jessen inequality.

From conditions of model(1.1) and condition (2.1.2) we know according to lemmal:

ErS, =d*(1+ %) +0(n™?)

Theorem?2
Proof: Note

Fn(X,y) - F(Xay) = Dn(Xay)
Fino(X,y) = F(X,y) = Dm, (X, y)
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CVao == 3 po [ = X BinVdFm, — [ (4= X"Bip, dF
a=1
=L+ DL+ I

Here:

L= / (v — X7 Bp)PdDa(X, )

=Y pa (6= XBir., ) - (v = X765, )i (X,0)

L= s / (- X Bie, P — (y — X" Bz, P1dF (z,9)
a=1
(Bir = B).
Clearly EFIl = EFI2 =0

Er(CVpy — 3n)
= FErl3

=Er Y pa / (v — X" Bir, )2 — (v — X" Bip, P 1dF (X, y)

=Er ) pa / (8 = bir., ) XX"(B = Byr.,)

— (8= BiF,)" XX7(8 - Br,)ldF(X,y)

=Er Y _ pal(B =B, ) V(B=Bir,.) — (B~ Bir) V(B - Bir,)]

= EF(EU: poaEr([(B — BiF,, )" V(B — BF,,)
~(B=Br) V(B =B | (X1,...,X0)))

= EF Z patr(V(X(na,p)"X(na,p))_l - V(X(n,p)TX(n,p))_l )02?

a=1

From conditions of model (1.1) and (2.1.8) according to Lemmal we get

- 1 1 _
EF(Can - Sn) = 0'21)2 PO!(E - ;Z_) + O(n 2)

a=1

olp 1
n

—2
v_1+0(n ).
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Specially v=n then

2
Ep(CVn —sn) = 221 4 0(n),
n—1
#
Theorem3
Proof: From theorem2 we know
2
EF(Can Sn) ™~ & !
n v—1
Then
2 4
9 po 1
(EF(Can Sn)) 7 (’U — 1)2 -

From (2.1.6) we have CVypy — s, = I1 + Iz + I3 So

Ep(CVay — $n)? = EpI} + EpI? + EpI? + 2Ep LI, + 2Er I Is + 2ErI I3

Epl? = Ep( / (y — X" Bip)?dDp(X, y))?
= Ep(% Z e? - 02)2
=1

= %(Ee4 —o*)
M
—.

After complicated induction we know all
EFI22, EFIg, 2EFI1I2, 2EFI1I3, 2EFI2I3 are O(n_2).
So

var(CVay — 8p) = Ep(CVyy — .sn)2 — (Ep(CVpy — sn))2

M -2
= + O(n™%).

If e ~ N,(0,V) then from corollary3 we know

2 2 1

. o
EF(Can —Sn) ~ pnz v—1"
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then
ptot 1

(Br(CVa, —sn))* ~ = Go1E

It’s easy to see CV), — s, = I1 + I3 + I where

=Y e [l =X"Bie., ) - (v = X Bip, FIdDw(X,0)

Since

ErIZ ~O(n™®);2Ep 1 Iy ~ O(n™2);2Er I, I ~ O(n™%).

Then
var(CV,), — sn) ~ % + O(n"z)

Specially v=n,(2.1.14),(2.1.16) are hold.
#

Theoremy

Proof: s, = [(y— X"z, )dF(X,y) = 0>+ (B~ Bir,) V(B - BiF.)
From [21] we know Br, =5 8. So s, =5 o2.

From Glesser(1966) we also know

Se —> 02,
#
Theoremb
Proof: From (2.12) we can get:
1 v
nv — Anz I'—'}in —ZAnz . AP1
CVis = 3 enall =P . (4PY)

Here éy,, is the subvector of é = Y(n) — X(n,p)"fir, corresponding to the a-th partion
and

Pma = X:‘;la (X(n7p)TX(n’p))—1Xma

Xm,, is the submatrix of X(n,p) corresponding to a-th partion.

From the condition BSC we have

%% 0= lim Pn, %50 Va
n—oo

tata

lim A



therefor C'V,, — s =% 0 From theorem4 s, — sp =5 0 50 CVip — 8n =5 0.

#

- Theorem6

Proof:
t>p or t=o00:

on = / (v — X2 Br, (0))2dF (X0, )

= [+ X180) - X;B(BE. () | (Ka(P), . Xa(p))
+ X2EBim, () | (X1(0)y s Xa(p))) — X1 By, (P))2AF (X1, y)
= o? + B(r)" B(r) + (B(p) — Bir, (1)) (B®) — By, (p))
where A(p) = E(Bir, (p) | (X1(p), - Xn(p)) = B(p) + V; VprB(r)
According to assumption V; = I; so V,, = 0 then B(p) = B(p)
sn= 0"+ 2+ (B(p) — Bir, (P)) (B(®) — Bir, (P))
sn =02+ 02+ (67 +02) || (X(n,p)" X (n,p)) " X (n,p)"p ||
= (0% + o2)(1 + 07 (X(n,p)" X(n,p)) 1)

P

R
Ersp = (0 +ap)(1—1-n__p_1

Where ¢ = (¢1, "-,SOP)T and

t
ei=( ) Bimij)+eal/(c® +03)3
j=p+1
n=S"1'X(n,p)"¢ S is the square root of X(n,p)”X(n,p)

t<p
Sn = /(y — X, B)F, (p))?dF(X,,y)
= / (X7 B(t) +e— X, B, (p))*dF(X,,y)
- / (X7 B(t) — X7 Bip. (t) — X7 A, () + €)2dF(X,, 1)

= 0% + Bir, ()" Bir, (r) + (B(®) — Bir, (1)) (B(t) — BiF, (1))
— 287, (r)" Vet (B(t) — Bir, (1))

15
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Similarly Vs =0

sn =02+ 0% || (X(n,p)" X(n,p)) 1 X (n,p)"¢ ||
=o?(1+7"(X(n,p)" X(n,p)) 'n)

Ersn = 0?(1+ ——
FS a(+n—p—-1)

Where ¢ = (¢1,...,p)" and
P
ei=[( ) Bjzy)+elfo
j=t+1

n=S"1X(n,p)"¢ S is the square root of X(n,p)” X(n,p)

X(TL, P) = [X(n, t)a X(n7 7‘)]

Theorem7

Proof: It’s similar to theorem6.
Theorem8

Proof: We only give the proof of (2.1.16)

Since

(E(CVny — $n))2 ~ O(n7?)

E(CVpy— 3 = E(L + L + I;)?

EI? = E(~ Ze —a% + B(r)( ZX(Z)X ()" — DA(r))*

= E(E Z & —a’)? + E(ﬁ(r)r(; ZXr(i)Xr(i)r - I)ﬂ(r))2

i

R oM 0)

= %(M +(r+1)ay)
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and EI22,EI1I2,EI1I3,E12I3,EI§ all areO(n~2) or O(n™3). So
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[11].

0ar(CViny — 5n) ~ %(M +(r +1)o%) + O(n™2).

#
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