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ABSTRACT

For the generalized Jacobi, Laguerre and Hermite polynomials piemp ")(a:), ren) (2),

H,(;"')(:v) the limit distributions of the zeros are found, when the sequences «, or 8,
tend to infinity with a larger order than n. The derivation uses special properties of the
sequences in the corresponding recurrence formulae. The results are used to give second
_order approximations for the largest and smallest zero which improve (and generalize) the
limit statements in a paper of Moak, Saff and Varga (1979).

1. Introduction. The aim of this paper is to give some new asymptotic results for
the zeros of the classical orthogonal polynomials. To be precise let P{*#)(z), L (z) and
H ,(,7)(:1:) denote the Jacobi, Laguerre and Hermite polynomials orthogonal with respect
to the measures (1 — z)*(1 + z)?dz (a,8 > -1,z € [-1,1]),z%%dz (@ > -1,z €
[0,0)) and |z|27e~*"dz (v > —1,2 € (—00,00)), respectively (see Szegd (1975)). In the
following we will allow the weight functions to depend on the degree of the polynomials
and consider the “generalized” classical orthogonal polynomials PP ")(a:), Ls,a")(w) and
H,(;"‘)(a:) where (ap)nelN, (Bn)nenw and (Yn)nemv are sequences of real numbers (ap, fn >
=1, % > —%) These polynomials are, in general, not orthogonal on the corresponding
intervals, which reduces the number of methods for investigating their properties. If ay,, 8,

are linear functions of n various asymptotic results for the generalized Jacobi polynomials
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can be found in papers of Moak, Saff and Varga (1979), Gonchar and Rakhmanov (1984),
Mhaskar and Saff (1984), Gawronski and Shawyer (1991), Chen and Ismail (1991) and
Ismail and Li (1992). A different approach (fixing the degree of the polynomials and
varying the parameters) was discussed in Elbert and Laforgia (1987). Generalized Laguerre
and Hermite polynomials with parameters depending linearly on n have been studied in
Chen and Ismail (1991) and Gawronski (1993). In this paper we will investigate the
asymptotic behaviour of the zeros of the generalized classical orthogonal polynomials when
the sequences of the parameters tend to infinity with a larger order than n.

In Section 2 we find the limit distribution for the (suitable standardized) zeros of the
generalized Jacobi polynomials while Section 3 states similar results for the generalized
Laguerre and Hermite polynomials. It turns out that there exist essentially three types of
limit distributions (Corollary 2.3, 2.4, 2.5 and 2.6) depending on the order of ayp, f, and
Yn. Section 4 deals with second order approximations for the largest and smallest zero of
the classical orthogonal polynomials which improve the statements of Moak, Saff and Varga
(1979) for the Jacobi case. The results of this paper are based on certain characterizing
properties of the chain sequences of the Jacobi, Laguerre and Hermite measure which
have recently been established in a paper of Dette and Studden (1992). This approach
allows a very simple derivation of asymptotic properties for the zeros of the corresponding

”generalized” orthogonal polynomials.

2. The asymptotic distribution of the zeros of the generalized Jacobi polyno-
mials. Let ap, B, > —1 for all n € IV, then the zeros of plonP r')(a:) are all simple and
located in the interval (—1,1). For ¢ € IR we define

(2.1) N (£) i = #{z | P{*mPr)(z) =0, z < €}

as the number of zeros of P{*""? ”)(:v) that are less or equal than ¢ and p(®»#») as the (dis-
crete) uniform distribution on the set {z|P{oP) (2) = 0}, 1.e. plemBn)(€) = L N(an.Bn) ().
For every probability measure on the interval [—1,1] let ®,(2) denote the Stieltjes trans-

form of p with corresponding continued fraction expansion

1

22) )= [

-1

dp(z) _ 1| 2G| 2(2'__'_

z2—zx lz + 1 |1 |z+41




_ 1 | _ 4¢1C2 | _ 4¢s3¢s | -
Tl + 120G |z+1-2((+G) |z+1-2(CG+G) T

where (1 = p1,{; = (1 — pj—1)p; ( > 2) and the quantities p; in the chain sequences
(¢;)jenv are bijective continuous functions of the moments of the measure y (see Perron
(1954), Wall (1948) and Skibinsky (1986)). The following result characterizes the uniform
distribution p(®»#») in terms of the quantities p; and is an immediate consequence from

Lemma 2.1, Lemma 2.2 and Theorem 3.1 of Dette and Studden (1992).

Proposition 2.1. The uniform distribution x(®»#») on the set {:z:|P,§°"”ﬂ ")(1:) =0} 1is

uniquely determined by the chain sequence

(n) _ n-—1
Pr = 2n—t)+ 14 an-+Bn

(2.3) i=1,...,n
(n) Pntn—141

P21 = 9 =i+ 1)+ an+fBn

in the corresponding continued fraction expansion (2.2).

Theorem 2.2. Let N(@n8n)(£) be defined in (2.1) and assume that there exists sequences
(6n)nenv and (en)nemw (6n > 0) and constants ai,az € IR, b, bz > 0 such that the limits

b L —nth Y _ @
ntantfn )

lim

n—oo 6n

i(n(n+an)+(n+ﬂn)(n+an+ﬂn)_ ) _ 2
(2n + oy + Br)? )T

1(n+B)ntann _ b

n—oco 82 (2n 4+ ap + fn)? T4

lim 1 (n+Bn)(n+on)(n+on+fa)n b

n—oo 62 (2n+ an + Bn)* T4

then
1 3

lim _N(an,ﬂu)(5n§ +2%,-1) = / f(al,az,bl,bz)(a,)dw

n—oon
az—2vbz



where the limiting density is given by
f(al,az,bl,bz)(m) s =

b_1 \/4b2 - (a: - 02)2
27 (b2 - b1)z2 + (b1a2 + b1a1 b 2bza1)$ + bza% — a1a2b1 + b%

if |z — az| < 2v/02

0 else.

Proof: Let p, denote the uniform distribution on the set

z—2,+1
on

Pr(lan)ﬂn)(z) = 0}

then we obtain from (2.2) and Proposition 2.1 for the corresponding Stieltjes transform

dpn(z) dp(en Pl (z)
Tun(2) = /—:— = 5n/5nz+2e,,_1_x
S S B\ R
z =z —ng” = i
where p((,n) =0, p(_nl) =0,
n 4 n n n n .
X = A - KD (= Leen 1)
n 2 n n n n .
" = 5—{(1—p§j)—3)p§j)_2 + (1= Pai oo —€n} (G=1...,n)

and the pgn) are defined in (2.3). From the limit assumptions of the theorem and (2.3) it

can easily be seen that

im A™ =t  Lm A™ =8 (>2),

n—oo n—oo J

lim n§”) =aq lim n(.n) =a; (j=2).

erpt oo 1

Because the quantities in the continued fraction expansion of the Stieltjes transform are

bijective continuous functions of the moments of the given distribution we obtain that the
moments of u, converge to the moments of a distribution p with Stieltjes transform

1 | b | b | b |

lz—a1 |z—ay |z—a2 |z—a

1 (b= b))z + (bras — 2bsa1) — biy/(z — as)? — 4By
T 2(by = b1)2? + z(bras + bras — 2b2ay) + bya? — ayazby + b2

®,u(2) =
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(here the last equality follows by straightforward algebra). From Theorem 40 of Nevai
(1979, p. 143) we have that y has a density in the interval [a; — 21/bs, az + 2v/b2] and by
the inversion formula for Stieltjes transforms (see e.g. Perron (1954)) this density is given
by

—%Im(@,,(w)) = flenebibd(a) i z € [ag — 2v/bg a2 + 2v/Ba).
Therefore the limit distribution p is determined by its moments and it follows from well

known results of probability theory (see e.g. Feller (1966), p. 263) that p, converges weakly
with limit y, that is

'3
1
3 —_— (an’ﬂn) — — 1 = = (a17a2)b1,b2)
Tim NG+ 26,-1) = lim (@) = w© = [ 7 (2)da
a2—2\/lE

In the following we will apply Theorem 2.2 to special sequences ay, 3, which might
be of interest in applications. All results can be proved by straightforward (but sometimes
tedious) calculations checking the conditions of Theorem 2.2 and the proofs are therefore
omitted. Corollary 2.3 has already been established in Gawronski and Shawyer (1991) as
an application of strong asymptotic results for the Jacobi polynomials, the other results
are new.

Corollary 2.3. Let lim 22 =g and lim B2 — b (a,b > 0) then

n=—roo n

3
lim lN(an:ﬂn)(é') — 2 + a+ b ‘\/(7'2 - :l:)(a: - rl)dx
n—oo N o 1— 22

ry €<y

where

P —ad’t4/(a+1)(b+1)(a+b+1)
"= (2 +a+0b)2 '

Corollary 2.4. Let lim 2> = 0o, lim 22 = 00 and lim %= = ¢ > 0, then
n—oo " n—oo M n—o0 PBn

£
lim lN(a,.,p,,)( /lé._an_ﬂn) 2 / /o2 _ 22z It < o
On

n—00 N Oq + Bn wo?



where o = 4¢/(1 + ¢)*/2.

Corollary 2.5. Let lim 22 = oo and lim %’L =b2>0, then

n—oo n—oo

£

n—oo N

where 31/ =2(2+b) £ 4v1+b.

Corollary 2.6. Let lim 22 = oo, lim %— = oo and lim 2 = oo, then

n—o0 n—»oo n—oo

n—oo N (7% 2n+ an + ﬂn

E .
lim 1N<°‘mﬂ")(”"ﬂ"f—a”z'nﬂ"_ﬂ") = %/WG-x)($+2)dx
2

for all -2 < £ < 6.

Example 2.7. Letting a, = n*, 8, = n® in Corollary 2.6 we have that

n—oon n? n34+n24+2

£
3 _ .2
im LN n")(ﬁ .uiﬁ) - & / V6= 2)z +2) dz
-2

for all —2 < £ < 6 which can be easily rewritten as

n—oo N n? n? nd3 +n2 42

¢
3 _ 2
(2.4) lim —N("ls ”3)(4§+1—w) = %/Vl—aﬂda:.
1

It should be noted that the location sequences 2¢, — 1 in Theorem 2.2 can be changed

by an addition of an amount g,, and maintain the same limit, only if g,/6, — 0. This

means that the limit distribution of LN ("5’"8)(%6 — 1) is not the same as (2.4). We can

however simplify this to

lim lN("S’"S) (:1—é —-14 2n — ) /\/ 1 — z2dz

n—oo N



Remark 2.8 The results of Corollary 2.3 — 2.6 can be motivated heuristically in the
following way. As an example consider the situation of Corollary 2.4 for a, = S, (i.e.
¢ = 1). Because the polynomials P,(,a"’a")(\/ﬁﬁx_na:) are orthogonal on the interval
[—v/@n/n, \/as/n] with respect to the weight function

n *n 2
1— _$2 Pe e—nz
(477

we may expect that the uniform distribution on the set

{ \/o;za: | P{emen)(z) = 0}

has the same limit behaviour as the uniform distribution on the set

{\/i,_l | Ha(z) = 0}

(here H,(z) denotes the n-th Hermite polynomial). The weak limit of this distribution
is known to be the measure with density 7~1v/2 — z2 on the interval [—\/i, \/5] (see e.g.
Dette and Studden (1992)). |

The case ay, # B, is similar. Thus the Jacobi weight function when properly scaled is
approximately the Hermite weight function, under the conditions of Corollary 2.4. If a,
and B, go to infinity faster than n we might except the zeros of P{*"” ")(z) to behave like
the Hermite polynomials when properly scaled.

If a and b are both zero in Corollary 2.3 the limit density is the classical arc-sin
distribution. So if a, and B, both go to infinity slower than n as in Corollary 2.3, then
the zero of P,Sa"’ﬂ ")(:1:) behave like the arc-sin distribution. The limit distributions in
Corollary 2.5 and 2.6 are somewhat similar. The limit distribution in Corollary 2.5 is like

the Laguerre case and Corollary 2.6 is like the Hermite. u

3. The asymptotic distribution of the zeros of the generalized Laguerre and

Hermite polynomials. Throughout this section let
Ne(e)y: = #{ o | LE(2) =0, 2 < ¢}
NOm)(g): = #{ ¢ | HO"(2) =0, z < f}
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denote the number of zeros of the generalized Laguerre and Hermite polynomials less or
equal than £, respectively. The following theorem can be proved by similar arguments as
in Secton 2 using the corresponding characterization for the Laguerre polynomials in Dette
and Studden (1992). Its first part was also derived by Gawronski (1993) as an application
of strong asymptotics for the generalized Laguerre polynomials and is given here for the

sake of completeness.

Theorem 3.1.

a) Let lim %z =g > 0, then
n—oo ™

4
lim lN(an)(né-) — l/ \/(72 —a;)(.’l?—'f'l)dz r SES’W

n—oon 2T
™

wherery; =2+at2v1+a

b) Let nll_r’rgo 25 = oo, then

n—oon

£
lim LNC)(RaE +an) = o / Vi—2da €] <2.
i
~2

The corresponding results for the generalized Hermite polynomials can easily be derived

from Theorem 3.1 and the relations (n > 0)
H (@) = (-)*2P R
Hi(2) = (-1 =L 79 (a?)
(see e.g. Chihara (1978)).

Theorem 3.2.
a) Let lim 1= =¢ >0, then

n—oo

£
Im SN = [f@)de  —oseso

where 0 = /1 +c++/1+2¢, p=+1/1+c—+/1+2¢c and
1 EEAT )
f(z) = {— ifp<lz|<o

7r ||

0 else



b) Let lim 1= = oo, then

n—oo

n—oo N

4
1
lim lN(""')( 1/f\/,,n.f2+'yn)=%+;/:¢:\/2——:1:"=d:1: 0<E< V2.
0

Remark 3.3. The first part of Theorem 3.2 can also be found in Gawronski (1993). It is
also worthwile to mention that in contrary to all other results in this paper the normalizing
sequence in Theorem 3.2b) is nonlinear in the sense that the argument of N (v)(.) is not

a linear function of €. "

4. Asymptotics for the largest and smallest zero. Using the Sturm Comparison
Theory, Moak, Saff and Varga (1979) proved the following limit theorem for the largest
and smallest zero of the Jacobi polynomials plemFf ")(a:) (a different proof can be found
in a recent paper of Ismail and Li (1992) using general results for bounds of the extreme

zeros of orthogonal polynomials).

Theorem (Moak, Saff, Varga (1979)) Let rienPn) and sixmhn) denote, respectively, the
smallest and largest zeros of the generalized Jacobi polynomials P, plont ")(m) It

. (1773 ,Bn
_ = A d lm ——————=2B
nh_’nolozn'i'an'l'ﬂn o n'l_l;lgo2n+an+,3n ’
then
lim rS;"mﬂ") =r4p and lim s%""’ﬂ") = 34,B
n—oo n-—00
where

rap/sap=B?— A+ \/(A? + B2 —1)? — 4A2B?

Furthermore the zeros of the sequence {P( an:P ")(z)}n_o are dense in the interval [, 5, Sa ).

In the cases considered in Corollary 2.4, 2.5 and 2.6 it can easily be shown that A+ B =

1 and the interval [r4, B, sa,B] degenerates to the points —1, };g and —1, respectively. The

results of the previous sections suggest that we can find similar statements as in the
theorem of Moak, Saff and Varga (1979) when the sequences a,, and/or f, converge to
infinity with a larger order than n, provided that the zeros of the orthogonal polynomials

9



are standardized appropriately. In fact we have the following second order approximations

for the zeros of the generalized Jacobi polynomials plenh ")(:1:) when a,/n — 400 and/or

Br/n — +oo.

Theorem 4.1. Let r(a"’ﬂ "’ and s(a"’ﬂ n) denote, respectively, the smallest and largest zero

of the generalized Jacobi polynomials plentn) (z), assume that lim 22 = oo, lim ﬂ?” =00

n—oo

and lim = =¢ > 0, then

n—oo Pn

. fon [ anpa) G =Bal _ __ 4c
i (o2 {roron 4 222l - e
3 (an,ﬁn) ’Bn — __.4c—

2 { * an+ﬂn} (1+¢)3/?

Furthermore, the zeros of

(an,Bn) 1 ﬂn —On
d (Van {x+,3n+an])
become dense in the interval [—4c(1 4 ¢)73/2,4¢(1 + ¢)73/2).

Proof: By Theorem 2 of Ismail and Li (1992) we obtain for the largest zero siomPn) of
ploenp ”)(x) the upper bound

@1) slan ) < g: 2 e V(e Ba) + hlan, Bn)
where 5
e ﬂn — Qp
g(anhgn) L (ﬂn + an)
and

16n(n + CYn)(n + ,Bn)(n + o + ﬂn)
(an +Bn+1)(an+Bn+3)

Straightforward algebra now yields that

h(anaﬂn) =

an,Bn - c(c — 1)2
(4'2) Jl{réo (2+ o, +,3n)2 'g(ana :Bn) — (C+ 1)4 ’
On 1 16¢2
(43) '}1_1'1;—77—(2+an+,6n)2 h(an,ﬁn) = m ’
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and combining (4.1), (4.2) and (4.3) we thus obtain

[on [ (anpn) —Bn) o __4c
(44) hT_.T:p n { e on + ﬂn} T (T4

It is clear from Corollary 2.4 that equality must hold in (4.4); which proves the
assertion regarding the largest zero. The corresponding statement for the smallest zero
r{&P") follows from the well known relation P{™” )(z) = p{f ’a)(—:v) and the first part.
Finally the statement regarding the denseness of the zeros also follows from Corollary 2.4.

In the following theorems we consider the remaining cases of Corollary 2.5 and 2.6
for the Jacobi polynomials and the corresponding results for the generalized Laguerre and

Hermite polynomials. The proofs are similar to that of Theorem 4.1 and therefore omitted.

Theorem 4.2. Let r(a"’ﬂ ™ and s(a"’ﬂ n) denote, respectively, the smallest and largest

zero of the generalized Jacobi polynomials P,(,a"’ﬂ ")(:1:) and assume that lim €2 = oo and

lim ﬂn—" =5 >0, then

n—oo

lim —{s(“"'f’")+1} = 22+b) +4V/1+0

n—o0

lim —{r<°'mﬂ») +1} = 22+b) —4V1+D

n—oo
n
Péanaﬂn) (‘&‘;[:E —_ 1])

become dense in the interval [2(2 + b) — 4v/1 + b,2(2 + b) + 4v/1 + b).

Furthermore, the zeros of

Theorem 4.3. Let rS,a"’ﬂ ") and ssla"’ﬂ n) denote, respectively, the smallest and largest zero

of the generalized Jacobi polynomials pienFf ")(m), assume that lim 32 = oo, lim L =

oo, lim %ﬁ oo and let €, = (an + 2v/nfBn — Br)/(2n + an + Br), then
lim ———{s(@fn) L e} = 6

tm, o

{r(“"’ﬂ")+£n} = -2

lim

n-—00 ,/nﬂn
11



Furthermore, the zeros of the sequence

Pr("amﬂn) (_'nﬂn[z - en])
Qg
become dense in the interval [—2, 6].

Theorem 4.4. Let rS.""’ and ss,a"), respectively, denote the smallest and largest zero of
the generalized Laguerre polynomials Lsza")(a:).

a) Assume that lim 22 =q > 0, then
n—oo M

lim s"n = 24a+2/1+a
7'5.“”)
lim = 2+a—2vV1+a

Furthermore, the zeros of Lf,a")(n:z:) are dense in the interval [2+a—2v/1+ a,2+a+

24/1 +a|.

b) Assume that lim 22 = oo, then
n—

lim ———— = -2

Furthermore, the zeros of Lg,a")(,/nanx + a5 ) become dense in the interval [-2,2].

Theorem 4.5. Let p} (p;) and o}t (o) denote, respectively, the smallest and largest
positive (negative) zero of the generalized Hermite polynomials H. ,(,7")(3:).

a) Assume that lim I» =¢ > 0, then

n—oo

llm—— =—11m— = l1+c+V1+4+2c =
n—)oo\/— n—+oo\/_ \/

pt
hm—"=—11m—-—= 14c—V14+2 =
n—»oo\/_ n—»oo\/_ \/ P

Furthermore, the zeros of H. () (v/nz) become dense in [—a, —p] U [p, o].
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b) Assume that lim I = oo, then

n—o00

(03) — T

(P;)z"')’n _ \/5

lim = lim =
n—oo NYn n—oo nYn

-\2 _ -2 _
g Ga)l=n _ o (@R v
n—oo NYn n—co NYn

Furthermore, the zeros of Hy,(1//"7az? + ¥n) become dense in the interval [—/2,/2].
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