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Abstract

In this paper we first establish several recurrence relations satisfied by the single, double,
triple and quadruple moments of order statistics from the standard exponential
distribution. We show that these relations will enable one to find all moments (of order
up to 4) of order statistics from all sample sizes in a simple recursive way. These results
may, therefore, be used to determine the mean, variance and coefficients of skewness and
kurtosis of a general linear function of exponential order statistics. We demonstrate this
by considering the best linear unbiased estimator of the mean life—time based on doubly

Type-II censored samples and justify a chi-square approximation for its distribution.



Next, we consider a right-truncated exponential distribution and derive similar recurrence
relations for the single, double, triple and quadruple moments of order statistics. Finally,
we consider two examples from life-testing situation and illustrate an important

application of the results derived in this paper.

1. Introduction
Let Xl’ X2,..., X11 be a random sample of size n from a standard exponential population
with probability density function

fx)=e X, 0<{x<m, (1.1)
and cumulative distribution function

Fx)=1-¢€¢%0<x <. (1.2)
It is important to observe here that

flx) =1-F(x),0<{x < a. (1.3)

Let Xl_11 $Xgp &8 X be the order statistics obtained by arranging the above sample
in increasing order of magnitude. Let us denote the single moments E[X?_n] by ”91)1 for
1<r<mnanda?>1l, the double moments E X:‘_n XE, n] by ,uga;l,)l)l for1<{r<s<mnand

. a b ¢ (a,b,c) ’
a,b > 1, the triple moments E[XI:11 Xs:n Xt:n] by ”r,s,t:n

a b c d (a,b,c,d)
a,b,c 2 1, and the quadruple moments E[Xr:n Xon Xion Xu:n] by P s tu:n for

for1<r<s<t<nand
l1{r<s<t<u<nandab,cd?>]l.

It is well known that the normalized spacings

S;=0Xy . Sy = (0 - D)Xg.p =Xy Sy = Xy~ Xy gin

are all statistically independent and have standard exponential distributions; see
Sukhatme (1937). This result, as pointed out by David (1981) and Balakrishnan and

Cohen (1990), will enable one to express the r* order statistic in a sample of size n as a

linear function of r independent standard exponential random variables and thus to prove



that the exponential order statistics form an additive Markov chain. One may use this
representation to derive exact and explicit expressions for moments of exponential order
statistics.

Alternatively, by using the relation in (1.3) Joshi (1978, 1982) derived some simple
recurrence relations satisfied by the single and product moments of order statistics from a
standard exponential distribution. Joshi pointed out that these recurrence relations are
very easy to use and that one could write a simple computer program to evaluate the first
and second single moments and the product moments of all order statistics without
introducing serious rounding errors, at least up to moderately large sample sizes. These
results have been generalized by Joshi (1979, 1982) and Balakrishnan and Joshi (1984) for
the case when the order statistics arise from right—truncated and doubly truncated
exponential distributions. All these results for the exponential and truncated exponential
distributions and also similar results for some other distributions including the power
function, Pareto, logistic, half logistic, log—logistic and truncated logistic are presented in
the recent monograph by Arnold and Balakrishnan (1989) on this topic of research.

In this paper, we derive several recurrence relations satisfied by the single, double, triple
and quadruple moments of order statistics from the standard exponential distribution in
Sections 2 — 5, respectively. In Section 6, we consider the scale-parameter exponential
distribution and use the results derived in Sections 2 — 5 to determine the mean, variance
and coefficients of skewness and kurtosis of the best linear unbiased estimator of the scale
parameter based on doubly Type-II censored samples. While it is well known that for
the case when the available sample is Type-II right censored the best linear unbiased
estimator of the scale parameter has exactly a chi—square distribution, we show in Section
6 that a chi-square distribution provides a very close approximation to the distribution of
the best linear unbiased estimator even when the available sample is doubly Type-II
censored. In Section 7, we generalize all the results presented in Sections 2 — 5 to the

case when the order statistics arise from a right-truncated exponential distribution.



Finally, in Section 8 we consider two examples given by Lawless (1982) involving
life-testing data and illustrate the usefulness of the chi-square approximation for the
distribution of the best linear unbiased estimator discussed in Section 6 by constructing

approximate confidence intervals for the mean life-time.

2. Relations for Single Moments

The probability density function of X . is (see David, 1981, pp. 9) given by

£ (W)= pfﬂnq!ﬁwﬂklb-mwrﬂﬁmmgw<m,
1<r<m, (2.1)

using which the single moments of X,., may be computed by

w
”91)1 = fwa f.(w)dw, a=12,..,1<r<n. (2.2)
0
Then, the single moments ”91)1 satisfy the recurrence relations presented in the following

two theorems.

Theorem 1: Forn > 1anda=1,2,..,
a a—1
i =i (23)

with ,u,g?l)l =

Proof: From Egs. (2.1) and (2.2), for n > 1 and a > 1 let us consider

n—1
pg?gl) =n f — [1 - F(W)] f(w) dw

0]

n
=gfp_wm]dm% (24)
0
upon using the relation in (1.3). The recurrence relation in Eq. (2.3) follows upon

- integrating the right hand side of (2.4) by parts and simplifying the resulting expression.



Theorem 2: Forn > 2,2<r<{nanda=12,..
-1
K= i+ ekl + 1) | (25)
with u%) = 1.

Proof: From Egs. (2.1) and (2.2),forn > 2,2 <r < n and a > 1 let us consider

W) (F—‘I%:(ﬁﬁ fm w1 [F(w)] i [1 _ F(w)] 7 fw) dw
0

_ n!
— (r—1)!(n-1)la I (2:6)
where I is the integral
n-1+1

I= fm [F(w)]r—l[l—F(w)] d(w?)
0

upon using the relation in (1.3). Integration by parts now yields

I=(@-1+1) f w* [P(w) i [1-Fw)" tw) aw
0

—(-1) fw w® [F(w)] 2 [l—F(w)] " ) dw
0

-l ) ), )

Upon substituting this expression of I in (2.6) and simplifying the resulting equation, we

derive the recurrence relation in Eq. (2.5). It should be mentioned here that Theorems 1
and 2 have been proved by Joshi (1978) and have been presented here for the sake of
completeness and a better understanding of the results derived in subsequent sections.
The recurrence relations presented in Theorems 1 and 2 will enable one to compute all

the single moments of order statistics for all sample sizes in a simple recursive way.

3. Relations for Double Moments

The joint density function of X . and X,.p i8 (see David, 1981, pp. 10) given by

fr (%) = (r—l)!(sﬂ—l)!(nﬂ)! [F(W)] - [F(x) - F(w>] - [1-F(x)] " fwi),

0<wW<x<wml<r<s<nm, (3.1)



using which we may compute the double moments as

£asb1)1__ fjr Wa rsn(w,x)dwdx 1<r<s<mn,ab>1l (3.2)
0{w<x<mw
Then, the double moments ugaél,)l)l satisfy the recurrence relations presented in the
,8:

following two theorems.

Theorem 3: For1<{r<{n-1andab=1,.2,.,

b-1
“gar-ll)—% m (a+b) +Db ](:a.r+ 1)1/ (n-r); (33)
and for 1 <{r<s<n,s—r>2andab=1,2,..,
(a b) _ (a b) (a,b-1)
M gin = M sl T O Mg gop /(nsH), (3.4)
where p,gasol)l = (a)

Proof: From Egs. (3.1) and (3.2),for 1 < r < s < n and a,b > 1 let us consider

-1
ﬁasbnl) (r—l)'(s—r T a=s)'b f w [F(W)] f(w) I(w) dw, (3.5)

where

;’ s-1-1 n—s+l
I(w) = | [F(x) _ F(w)] [1 _ F(x)] d(xP)
w
upon using the relation in (1.3). Integrating by parts, we obtain for s = r + 1 that

n—r

]H_l f(x)dx - x? [1 - F(x)] ,

I(w) = (@a—1) fxP [1 —F(x)

and for s — r > 2 that

Iw) = (a—s + 1) J [ F(w)] s [1 - F(x)] " fx) ax

r—1) f P [F(x) _ F(w)] 2 [1 - F(x)] ) ax

Upon substituting the above expressions of I(w) in Eq. (3.5) and simplifying the resulting

equations, we derive the recurrence relations in Eqgs. (3.3) and (3.4).



Theorem 4: Forn 2 2 and a,b = 1,2,...,
(a b) _ (a+b) (a ~ b)

’

forn > 3, 2<r<n—1andab =1,2,.

Ja,b) _ (a+b) | [ et b) {(a+b) ,{(2,b) }] (3.7)

e ,I+1m = Pry1: 2t r+1 n Pr:n-1 r-1,r:n-1
forn>3,3<s<nandab=1.2,.

(atb).

+ap D .07 (3.6)

a,b a,b alb a,b )
AL = 2+ ) it 6
andforn24,2gr<s<ns—r>2andab_12

a,b) _ (a,b) (a-1,b) _ a,b) (a,b)
”’g,s:n - ”r+1,s:n +T [ by ,8:0 “g ,§—1:n—1 ”’r—l,s—l:n—l ’

(3.9)

)

Proof: From Egs. (3.1) and (3.2), for 1 { r < s < n and a,b > 1 let us consider

”g?;}ﬁb)= (r—1)!(s—1rl£1)!(n—s)!a, 6[ X [1 - F(X)] - f(x) J(x)dx, (3-10)
where
. -1 s—1-1 .
9= f[Fw]  [F@-Fw)] 1w aw?)
0

X -1, s—r-1 a x I a
- [F(w)] P(x) — F(w)] aw®) - [F(w)] [F(x) _ F(w)] d(w?)
0 ) 0
upon using the relation in (1.3). Integrating by parts, we obtain for r = 1 and s = 2 that
J(x) = x® - x* F(x fw f(w) dw,
forr>2ands=r+ lthat

I(x) = x* [F(x)] i -(r-1) jf w [F(w)] 2 f(w) dw
0



X
T -1
_ 5P [F(x)] +1 [ [F(w)] f(w) dw,
0
forr =1 and s > 3 that
X

X -3 )
Ix) = (s -2) [w? [F(x)—F(w)]s f(w)dw + [ wa[F(x)—F(w)]s f(w) dw
0 0

x -3
~(s-2) [w* F(w) [F(x) - F(w)]s f(w) dw,
0

and forr > 2 and s ~r > 2 that
§-T1—2

Jx) = (s —1r—1) fx wh [F(w)] i [F(x) - F(w)] f(w) dw
0

s—r—1

~ (1) fx w? [F(w)] 2 [F(x) - F(w)] f(w) dw
0

s—r—1

+r ; wd [F(w)] i [F(x) - F(w)] f(w) dw
0

]H_z f(w) dw.

X
T
~(s-r-1) fw [F(w)] [F(x) _ F(w)
0
Upon substituting the above expressions of J(x) in Eq. (3.10) and simplifying the

resulting equations, we derive the recurrence relations given in Egs. (3.6) — (3.9).

Either the recurrence relations presented in Theorem 3 or those presented in Theorem 4
may be used in a simple systematic recursive way to compute the double moments of
order statistics (of all order) for all sample sizes. The relations in Theorem 3 have been

proved by Joshi (1982) for the special case whena = b = 1.

4. Relations for Triple Moments
The joint density function of X . Xs:n and X,., is given by



s-r—1

s 4:n(WX:Y) = (r—l)!(s—r—II)li(t—s—l)!(n—t)! [F(W)]H [F(x) ‘F(W)]

t—s-1 n—t
o) -F@)]  [1-F@)] ) 1) 1),
0<w<x<y<mllr<s<t<nm, (4.1)
using which we may compute the triple moments as
Kad = SIS Yt () dw axdy,
0Kw<x<y<w
1{r<s<t¢&mabec1l (4.2)
(a,b,c)

Then, the triple moments py satisfy the recurrence relations presented in the

r,s,t:n
following three theorems.

Theorem 5: Forn > 3,1<{r<s<n-1andab,c=1,2,...,

(a7b7c) — (a» b+C) (ab c 1) Y
Prs.s+1in = Prsin T CHr s s+l .of (0 —8); (4.3)
andforn>4,1<r<s<t<n,t-s>2andab,c=12,..,
b —1
#S'a‘sbtcl)l f‘a‘s tC) tc ‘u’(a‘sbtcn )/(Il -t + 1)1 (4.4)

e 550 £ 53),

Proof: From Eqs. (4.1) and (4.2),for 1 { r < s <t < n and a,b,c > 1 let us consider

,b,c-1 ! b s-1—1
uﬁ?s,t?n ) = (r—l)!(s—-r—lI)I!(t—s—l)!(n—t)!c f f B [F(w)] [F(x)—F(W)]

I(x) f(W)f(x)dx dw, (4.5)

- f [ror %) r-pe) " a6

upon using the relation in (1.3). Integrating by parts, we obtain for t = s + 1 that

}n—s—l

) =) [t -F0} oy -rf-rm)

and for t —s > 2 that
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160 = (-t 41 f 5~} {1-¥))" ) @y

~(t-5-1) f {r) - F(x)}H'2 {1—1«‘<y)}n_t+1 f(y)dy.

Upon substltutmg the above expressions of I(x) in Eq. (4.5) and simplifying the resulting

equations, we derive the recurrence relations given in Eqs. (4.3) and (4.4).

Theorem 6: Forn > 3,3 <t < nand a,b,c=1,2,.

(a,b,c) _ (a+b c) (a-1,b c) (a+b c) .
”’1,2,t:n— 2,t:n +ap,1, ,t n 1 t-1:n-1" (4-6)

for n > 4, 2<r<t<nt—r>2andabc—12

(a b,c) (a+b,c) + g a-1,b,c) _ (a+b c) (a,b,c)
" r+1 ton ”’r+1 t:n P ,I+1,t:n t-1:n-1 'ur—l,r,t—l n-1
(4-7)
forn>4,3<s<t<nandab,c=1.2,.
(a b,c) _ (a,b,c) (a, 1 b c) (a,b,c)
Mstn=H s tnt2M s tn  BH s t-1:n-1 (4-8)
and forn>5,2<r<s<t<n, s—r>2andabc—12,...,
(abc)_ (a,b,c) 1 (a-1,b,c) _ (abc)
rstn “r+1stn+r a'”rstn -n (rs—l;—ln—-l
a,b,c
0bc)  (b.0) - r—l,s—l,t—lzn—l}]’ (4-9)
0,b,c) _ , (b,c
wherep, ,S t n 'u’s,t:n'

Proof: From Egs. (4.1) and (4.2),for 1 <{r < s <t < nand a,b,c > 1 let us write

_ —s-1 n—t
“ﬁ?s}%?ﬁc) = (r—l)!(s—r—l)Illét—s—l)!(n—t)!a f f Xy [ (¥) - F(X)] [1"F(Y)]

J(x) f(x) i(y) dx dy, (4.10)
where

X s—r-1

)= f [F(w)]r_l [F(x) -F(w)] f(w) d(w?)

0
= fx [F(w)]r_l[F(x)—F(w)]s d(w?) - f [F(w)] [F(x) F(w)] T i)
0
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upon using the relation in (1.3). Integrating by parts, we obtain for r = 1 and s = 2 that
x
J(x) = x* - x® F(x) + f w? f(w) dw,
0
forr>2and s =r + 1 that

I(x) = < [F(x)] o (r-1) j’c w? [F(w)] 2 f(w) dw
0

—x® [F(x)]I +1 fx w? [F(w)] i f(w) dw,
0

forr =1 and s > 3 that

X -3 X —9
I(x) = (s - 2) fwa‘[F(x)—F(w)]s f(w) dw + [ wa‘[F(x)—F(w)]s f(w)dw
0 0

x -3
~(s-2) fw® F(w) [F(x) - F(w)]s f(w) dw,
0

and forr > 2 and s —r > 2 that
s—T—2

Jx) = (s-1-1) fx wa[F(w)] i [F(x) - F(w)] f(w) dw
0

s—r1-1

—(r-1) fx wl :F(w)]r_2 [F(x)-F(w)] f(w) dw
0

+1 fx w? [F(w): i [F(x) _ F(w)] s f(w) dw
0

s—T1-2

—(s-1-1) fx wa[F(w)]r[F(x) _ F(w)] f(w) dw.
0

Upon substituting the above expressions of J(x) in Eq. (4.10) and simplifying the

resulting equations, we derive the recurrence relations given in Egs. (4.6) — (4.9).

Theorem 7: Forn) 3,1<r<n-2andab,c=1,2,..,
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(a,b,c) _ (a+b,c) (a,b-1,¢) _, __ (a,b+c) (a+b,c)].
”r,r+1,1'+2:n - p’r, I+2:n + by Py , I+1, r+2n (0-1-1) by ,I+1:n ”’r,r+1:n !
(4.11)
forn>4,1<r<t<{n,t-r>3andab,c=12,...,
(a,b,c) (a+b c) (a,b-1,¢) . _ (a,b,c) (a+b,c)1].
”rr+1tn r t:n +t—r—1 bu r+1tn (-t + 1) rr+1t—1n r,t—=1:nf]’
(4.12)
forn>4,1<r<s<{n-1,8s—r2 2andab,c=1,2,.
(a b,c) (a,b,c) (a,b-1,¢) _,. _ (a b+c) _ (a,b,c)
Py »8, s+1n “r,s—l,s+1:n + by Hr ,8 s+1 n ~(n-s) Hy ,8: 1 ”r,s—l,s:n !
(4.13)
andforn>5,15r<s<t<n s—1r22,t—-s22andab,c=1.2,...,
(a,b,c) _ ,(a,b,c) (a b-1,¢) , (a,b,c) (a,b,c)
by ,8,t:n =K T,5—1,t:n tis t—s e ,8,t:n (n-t+1) 14 by ,8,t-1:n “r,s—l,t—l:n ’
(4.14)

where p3%1) = 55),

Proof: From Egs. (4.1) and (4.2),for 1 {r < s <t < n and a,b,c > 1let us write

oy
b- ! -1 n-t
gas ) = EEE s S J Wayc[F(W)] [l‘F (Y)] K(w.y)
0 0

f(w) 1(y) dw dy, (4.15)
where
Y ~r—1 t—s-1
K(wy) = f [F(X) -F (W)]S [F(y) - F(X)] i) a)
Y -I-1, 1t
=f Flx) - F(W)]S F(y) - F(x) ~ d(xP)
v -1, ~t-s-1
+ [ [Fe0 - F(w)]s F(y) - F(x) - [1- 5] ac)

upon using the relation in (1.3) and then writing 1 — F(x) as [F(y) - F(x)] + [1 - F(y)].

Integrating by parts now, we obtain fors =r 4+ 1 and t = r + 2 that

K(wy) = -w° [F(y) - F(w)] + £ ax y? [1-F) -w*[1- ),
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fors=r+1andt—-r> 3 that

] t—r-1 ] t—1r-2

y
F(i-1-1) fx° [F(y) _F(x)

~°[F() - Fw)] o [t-F@)] +@-1-2) J'Y < [F(y) - P

K(wy) = ~°[F(y) - F(w) f(x)dx

t—r-3

[t - F)] e,
fors—r>2andt =s + 1 that

K = [P0 - 7)™ e = (oo [ [P - ¥
[F&) - F) tx)ax
y

+ [ -Fon]” T [150)] - (e1) S50 [r0 - 7]
[ - ()] tmjax
and fors—r>2and t -s > 2 that
y s—r—i t—s-1
Kwy) = (t-9) [°[F@-Fw)]  [Fo)-F)  fax

_ (sr-1) J'Y o [F(x) . F(w)] 2 [F(y) _ F(x)] ™ )

s—r-1 [

+ (t-s-1) j}: xP [F(x) -Fw)]  [FG) - F(x)] e [1 - F(y)] fx)dx

t—s—1 [

_ (s-1) f %P [F(x) _ F(w)] 2 [F(y) - F(x)] 1- F(y)] f(x)dx.

Upon substituting the above expressions of K(w,y) in Eq. (4.15) and simplifying the

resulting equations, we derive the recurrence relations given in Egs. (4.11) — (4.14).

The recurrence relations presented in any one of Theorems 5, 6 and 7 may be employed

in a simple systematic recursive manner to compute the triple moments of order statistics.. .
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(of all order) for all sample sizes.

5. Relations for Quadruple Moments
The joint density function of X o Xgm
f _ n!
,5,8,un(W%Y5) = (T=1)1(5—1—1)1(t—s-1)1(u——1)!{n—u)!

o)™ [re0 - 7)™ [F)-FG0)
(e -5 [1- RG] o) 00,

0¢w<<x<y<z<wml{r<s<t<udn,

xt:n and Xu:n is given by

] t—s—1

(5.1)
using which we may compute the quadruple moments as
(a,bye,d) _ 4t ab cd
r,é,';,l,l:n - J J J J wxyz fr,s,t,u:n(w’x’y’z) dw dx dy dz,
0{w<x<y<y<z<m
l1<{r<s<t<u¢mn,ab,c,d> 1. (5.2)
Then, the quadruple moments u(?’g’g’ﬁ?n satisfy the recurrence relations presented in the
b At I B

following four theorems.

Theorem 8: Forn)>4,1<{r<s<t<n-1anda,b,cd=1,2,..,

a‘;b)c)d = a,b,c+d a,b,c,d—l Ny
g,s,t,t+%:n - ﬁ,s,t:n ) +d ”'g,s,t,t+1;1)1/(n t); (5.3)

and forn>5,1<r<s<t<u¢n,u-t>2andabecd=1,2,.,

a"b’c’d — a,b,c,d aa,b,C,d—l
#g)s;t;u:l)l - g,s,t,u—%:n + dﬂ( )/(n—u+1), (54)

( ] ( ) I,s,t,u:n
a,b,c,0) _ (a,b,c
where ”r,é,t’;,l’lzn = “r,s,i’;:n‘

Proof: From Egs. (5.1) and (5.2), for 1 <{r<s <+t <u<nanda,b,c,d>1let us write

® W

_ a! r-1
”g?é?ifﬁ(:inl)= (r—l)!(s—r—I)!(:;—s—l)!(u—t—l)!(n-—u)!d INFAS x° YC[F(W)]
s—r1—1 t—s—(i "
[F-Fw)]  [F0)-F@)] 10ty dx dv,

(5.5)

where
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i) = f [ -F0)] " [1-F@)]" 1 a6

n—u+1

[rw) - 7o) [1-F@]

%'\e%\g

upon using the relation in (1.3). Integrating by parts, we obtain for u = t + 1 that

1) = +[1-¥@)" +@-9 /o 1-F@)" 1
y

and for u — t > 2 that

I(y) = (a—u + 1) fm 2 [F(z) - F(y)] v [1 - F(z)] " o)z
y

- d u—t-2 n—u+1
(u-t-1) f [F(z) - F(y)] [1 _ F(z)] (z)da.
y
Upon substituting the above expressions of I(y) in Eq. (5.5) and simplifying the resulting

equations, we derive the recurrence relations given in Egs. (5.3) and (5.4).

Theorem 9: Forn > 4,3 <t < u<nanda,b,cd=1,2,.
(a b,c,d) _  (a+b, (a-1,b,c,d) _ (a,+b,c,d)

c,d) ,
1,2,t u:n ”’2 t,u:n + a”1,2,t,u n 1 t-1,u-1:n-1’ (5-6)
forn>5,2<r<t<u<n, t—r>2andabcd_12,...,
(a b,c,d) (a+b,c,d) + 1, (a-1,b,c,d) _ [ (at+b,c,d)
e r+1 t,un ”r+1,t,u n'r T, r+% ,hu: n) “r,t—l,u—l:n—l
a,b,c,d
A ,r,t—l,u—l:n—l}] (5-7)

forn>5,3<s<t<u<nandab,cd=12,.

(ab c,d) _  (a,b,c,d) (a-1,b,c,d) _ (ab c,d)
Mg tun =M s tun T 3M s t,un T sl -1 u-lnD5 (5.8)

and forn >6,2<{r<s<t<u<n,s-r>2andab,cd=12,..,

(a,b,c,d) _ (a,b,c,d) + (a.lb,c,d)
“r,s,t,u n ”r+1,s,1z,un ) 8,1, u(n )
a,b,c,d a,b,c,d
Dby 51 $-1,u-1:n-1 p’r—l,s—l,t—l,u—l:n—-l}]’ (5.9)
(0,b,c,d) _ (b.c,d)
'S, t u:n “s t,u:n’

Proof: From Egs. (5.1) and (5.2),for 1 {r<s <t < u < nanda,b,c,d > 1let us write )

where pr
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’bx ,d ! b d t—s—1
”’f-?s,t‘,:u:l)lz(1‘—1)!(s—r—l)!(tfs—l)!(u—t—l)!(n_u)l 2 f f f x0y% [F(y) F(x)]

[F@-F0]  [1-F@) " 3t sty)i(e) ax ay s
(5.10)

where
X

)= f [F(w)] i [F(x) - F(w)] s d(w?)

- fx [F(w)]r_l[F(x)—F(w)]s d(w?) - f [ ] [ ~ F(w)

upon using the relation in (1.3). Integrating by parts now, we obtain forr =1 and s = 2

]s—r—l d(wa‘)

that
X

I(x) = x* - x* F(x) + [ w(w) dw,
0

forr > 2and s =r + 1 that

~T-1

3(x) =xa[F(x) —(-1) fx wa[F(w)]r_2f(w) dw

—xa[F(x) +rfw[ w] f(w)dw,

forr=1ands23that

X -3 X —9
Ix)=(-2) f wa‘[F(x) —F(w)]s f(w)dw + [ wa[F(x) _ F(w)]s f(w)dw
0 0

x a s-3
~(s-2) fw* F(w) [F(x) - F(w)] f(w) dw
0
and forr > 2 and s —r > 2 that
s—r1-2

J(x) = (s 1 — 1) fx wa'[F(w)] i [F(x) - F(w)] f(w) dw
0
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s—r-1

—(t-1) j]'( wa‘[F(w)] r_2[F(x)—F(w)] f(w) dw
0

x s—r—1

+rfw [F(w)] i [F(x) _ F(w)] f(w) dw
0

Upon substituting the above expressions of J(x) in Eq. (5.10) and simplifying the

resulting equations, we derive the recurrence relations given in Egs. (5.6) — (5.9).

Theorem 10: Forn>4,1<{r<u<n,u-r2 3andab,cd=1723,...,

(a,b,c,d) _ f(a+b,c,d) (a,b-1,c,d) . (a,b+c,d)
'“r,;+i,r+2,u:n_”’r,r+é,1,1:n+b”’r,£+1,r+é,u;n (w-r-2) ”r,r+1,u:n

_ (a+b,c,d)] _ /. _ (a,b+c,d) _ (atb,c,d) .
”r, r+l,u:n (n-u+1) ”r,r+1,u—-1:n “r,r+1,u—1:n ’
(5.11)
forn>5,1<r<t<ufn,t-r>3andab,cd=123,..,
(a,b,c,d) _  (a+b,c,d) 1 (a,b-1,c,d) . _ (a,b,c,d)
“r,r+1,t,u:n - ”r,(t ,u:n ;' t-r-1 b ”’r,r+1,(t,u:n )(u t) “r(,r+1,t—1,)u:n
a+b,c,d a,b,c,d _ . (a+b,c,d .
- ”’r, t—l,u:n} —(n-u+1) {”r,r+1,t—1,u—1:n ”r, t—l,u—l:n}]’
(5.12)

forl1<r<s<ug¢n,s-r)2andabecd=123,..,

(a,b,c,d) _  (a,b,c,d) +b (a,b-1,c,d)

r,s,s+1,un r,s—l,s+1,u:1z “r,;s,s+%,u:n )
a,b+c,d a,b,c,d

-(u-s-1) {‘“r,s,u:n _”r,s—l,s,u:n}

,b ,d ,b7 )d .
-(n-u+1) {”g?s, 1-31:1)1 B 'u’g?s—l(,:s ,1)1—1:n}’ (5.13)

forl<r<s<t<udn,s-r>2t-s>2andab,cd=123,..,
(a,b,c,d) _ (a,b,c,d) 1 (a,b-1,c,d)
1‘,;,1’},1’1!11 - ”’r,é—i,i’;,u:n t i3 b ”r,s,t,u:n

—(u-t) { (a,b,c,d) __u(a,b,c,d) }

”’r,s t-1,un "r,s-1,t—1,u:n

- - (a'7b7c)d) _ (a,b,C,d)
(Il u + 1) {ur’s’t_l’u_]_:n #I',S—].,t—].,ll—].:n ) (5.14)
(a,O,C,d) = (a‘7c7d)

where ”‘r,s,t,u:n - ”r,t,u:n

Proof: From Egs. (5.1) and (5.2),for 1{r<s <t <ugmnandab,c,d>1 we can write



(a,b-1,c,d)
I,s,t,u:n

where

K(wy) = j[ 0 -¥on]" [£) - ¥

W

-+

s e

+ f
w

J(‘
wy '
r F(x) - F(w),

:F(x) - F(w)]

n!

18

®ZYy

fff w y© d[F(w)]

-1

= T (i—s—1)1(u=—1)(2—u)'b

[Fe) - 2] [1-F) " Kow) 00) 1) 60) o oy a

F(x) - F(w)

~s—1-1

y§—1-1,

18—1-1,

F(y) - F(x)

F(y) - F(x)

1t-8

3 t—s-1 [

F(y) - F(x)

yt—s—-1 [

(5.15)

t—s—1
T i) d()

d(xb)
F(z) - F(y)] d(x")

1- F(z)] d(xP)

upon using the relation in (1.3) and then writing 1 — F(x) as [F(y) - F(x)] +

[F(z) - F(y)] + [1 - F(z)] Integrating by parts now, we obtainfors =r + 1l and t =

r + 2 that

K(w,y) = —w [F(Y)

K(w,y) =

o s s -0 4

- w*[F(y) - F(w)

y

_wP [F(z) - F(y)] + yv{)[l _ F(z)]

fors=r+1andt—-r> 3 that

] t—r-1

+(t-r

—wP [F(y) - F(W)] t—r:—-2 [1 F(z) ]

. F(w)] + 2P 1(x) ax + yP [F(z) _ F(y)]

~ wP [1 - F(z)] ,

y t—r-2
-1 f xb[F(y)—F(x)] f(x) dx

b [F) - P)] o

w

[F) - F(s)| £0x) ax

(t—1-2) J,Y xb[F(y) P(x ]+3
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[1 - F(z)] £(x)dx,
fors—r>2andt =5 + 1 that
y -2
K(wy) == (s-1-1) SoP[F) ~Fw)]  [F(y) - FGo) i) ax
y

+ f P [F(x) - F(w)

]s—r—l f(x)dx

s—r-1 [

+y[F0) -Fw)| [P - FO))

—(-1-1) J'}" xb[F(x) —F(w)] S [F(z) —F(y)]f(x) ax

y

s—1-1 [1 e (z)] ~-r-1) f xP [F(x) - F(w)

+yP° [F(Y) - F(W)] ]H_z

[1 _ F(z)] f(x) dx,

and fors —r> 2and t —s > 2 that

Kw) =~ (-1 f [re - )] [F5) - Fw)] e

f(x) dx

s—1-1
[F&) - P

+ (t-s) f}:xb [F(x) - F(W)] ]t_s_l

t—s—1 [

~(s-1-1) J'Y x®[F(x) - F(w)] o [Fo)-Fe]  [F) - F0)] o) ax

w

s—r—l[ 52 [

F(t-s-1) fxb[F(x)—F(m] F(y)—F(x)]t F(z) - F(y)|{(x) dx

t—s—1 [

—(s-1-1) J’Y o [F(x) - F(w)] . [F(y) - F(x)] 1- F(z)] f(x) dx

+(t-s-1) J'Y e [F(x) - F(w)] s [F(y) - F(x)] e [1 - F(z)] f(x) dx.

w
Upon substituting the above expressions of K(w,y) in Eq. (5.15) and simplifying the



20

resulting equations, we derive the recurrence relations given in Eqgs. (5.11) — (5.14).

Theorem 11: Forn > 4,1<r<s<{n-2andab,cd=1.2,...,

(a,b, c,d) _ (a,b+c,d) (a,b,c-1,d)
”r,s,s+1,s+2:n_ ”r,s,s+2'n+ cu( ,8,8+1, s)+2 n( )
ab c+d a,b+c,d)].
~(m-s- 1){ Pr.s, s+1:0 r,s,s+1:n}’ (5.16)

forn>5,1<r<s<u<n,u-s>3anda,b,cd=1.2,.

(a,b,c,d) (a,b+c,d) (ab c-1,d)
r,s,8+1,wn — “r,s,u:n T3 I r,5,8+1,u:n

~(n-u+t 1) { gasbs-?-lda—l ‘n "gél,):iidg}]’ (5.17)

forn>5,1<r<s<t<{m-1,t—s>2anda,b,cd=1.2,...,

(a,b,c,d) _ (a,b,c,d) +e (a,b,c-1,d)
T,s,t,t+1:n “r,s,t—l t+1:n ( ”’r 8, §t+(1 ‘n )
a,b c+d a,b,c,d) 1.
~n - t){ brs, t:n _“r,s,t—l,t:n}’ (6.18)

andforn>6,1<r<s<t<u<fnt—-s>2 u-t>2andabecd=12,..,
(a,b,c,d) _ (ab c,d) (ab c-1,d)

T,s,t,u:n — r,s,t 1 un+ut rs tun
b,c,d ,b,c,d
~(m-u+1) {“ﬁ?s,t(,:u—%:n - “g?s,tfl,a—lzn}]’ (5.19)
where #(a, b,0,d) _  (a,b,d)

)8, t u:n 'u’r,s,u:n‘
Proof: From Egs. (5.1) and (5.2),for 1 <{r<s <t < u<mnanda,b,c,d>1 we can write

® Z X
-1

’b) _l)d — ! b d
W= S === = = f f f w? x [F(w)]

[F(x) - F(w)] S [1 - F(z)] n—' L(x,2) f(w) £(x) £(z) dw dx dz,
(5.20)

where

Lx) = f[[F0) -F@)]  [F&)-FO)| 1) 469

Fe)-FG)|  d69)

i
H'\NN
'w‘
P
()
p
|
rrj
o
o)

Z

+ [ -ve) " [ -rw] T [ -F) )

X
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upon using the relation in (1.3) and then writing 1 — F(y) as [F(z) - F(y)] + [1 - F(z)].

Integrating by parts now, we obtain fort = s + 1 and u = s + 2 that

L(x,z) = =x© [F(z) - F(x)] + ;ycf(y)dy +2° [1 - F(z)] ~x° [1 - F(z)],

fort =5+ 1and u—s > 3 that

-1 " u-5-2
Lxe) = =[Fe) - F)]  + (a5 1) [ (R -FG)] 1) ey

u—s—3

© [F(z) — F(x)] uel [1 - F(z)] + (u-5-2) ; y© [F(z) - F(y)]
[1-F@)] 1) oy,

fort —s>2and u =t + 1 that
zZ

Lixe) = - (-5 -1) f°[F0) - F@)]  [Fle) - E)] o)y

X

+ f y° [F(Y) - F(X)] t_s_

' f(y)dy + z° [F(z) - F(x)] e [1 - F(z)]

(ims-n f [P -F)  [1- B 1) a,

and fort —s> 2and u -t > 2 that
z

Lixa) = - (t -5 -1) [ y°[F) - F@)]

X

t—s-2 u-t
[F)-F)] 1) &5

Z u—t—1

+-0) fHF0-F@) [0 -]

u-t-1 [

- [y [P -200) " o) ) [1 - PG 1) ay

u-t—2 [

ety [y [P -2~ [pte) - 5] [1 - Pl 109 ay.

Upon substituting the above expressions of L(x,z) in Eq. (5.20) and- simplifying the
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resulting equations, we derive the recurrence relations given in Egs. (5.16) — (5.19).

The recurrence relations presented in any one of Theorems 8, 9, 10 and 11 may be
employed in a simple systematic recursive way to compute the quadruple moments of

order statistics (of all order) for all sample sizes.

6. Applications to Inference for the One-parameter Exponential Distribution

By using the results presented in Sections 2 — 5, we computed the single, double, triple
and quadruple moments of order statistics (of order up to 4) for sample sizes up to 15.
For example, we have presented in Tables 1 — 4 the values of the single, double, triple
and quadruple moments of order up to 4 for sample sizes up to 8. As will be displayed in
this section, these quantities may be successfully used in order to develop a chi—square
approximation for the distribution of the best linear unbiased estimator of the scale

parameter of an exponential distribution based on doubly Type-II censored samples.

In this section we assume that
Yr+1:n ¢ Yr+2:n ¢ g Yn—s:n (6.1)
is a doubly Type-II censored sample from the one-parameter exponential population with
probability density function

g(y;0) = %e_Y/a, y20,0>0. (6.2)
The estimation of the parameter o based on the doubly Type-II censored sample in (6.1)
has been considered by several authors including Epstein (1956, 1962), Epstein and Sobel
(1953, 1954), Sarhan and Greenberg (1957, 1958, 1962), Saleh (1966), Cohen and Helm
(1973), Mann et al. (1974), Kambo (1978), Lawless (1982), and Balakrishnan and Cohen
(1990).

By using the facts that
Y
E[Y., ] =c X 1/4
n {=n-i+1
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it can be shown that the best linear unbiased estimator of o based on the doubly Type-II

censored sample in (6.1) is given by

* D.ES ( )
g = a. Y. , 6.3
j=r41 1 im
where
*
=ai/K
with
n 1 2 n
K=(n—r—s—1)+{)3 7',}/[ 5 1/12]
{=n—r {=n-r
and
’ n n
{[ )} l/l]/[E 1/[2]} (n-r-1) fori=r1+1
. {=n-r {=n-1
a; = 1 forr+2<i<n-s-1
s+1 fori =n—s,

and the variance of this estimator is
*
Var(o ) = */K; (6.4)
for example, see Balakrishnan and Cohen (1990, pp. 76 — 80).

*
In the special case of the right—censored sample (that is, r = 0), the estimator ¢ in (6.3)

simplifies to

* 1 n—s
o n_s{zlY +sYn_sn} (6.5)
and the variance of the estimator in (6.4) simply becomes
*
Var(o ) = 0%/(n-5). (6.6)

In this special case of right—censoring, by writing Yi'n as 0 X, we may immediately
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write from (6.5) that

o __L {DES—I X, +(s+1)X }
o n-§ i= 1n n—s:n
_ 1%, (6.7)
n-s i=1 1

where §, = (n-i+1) [Xi: n = X1 n] are the normalized spacings as defined earlier in
Section 1. By using the property that these Si’s are independent standard exponential
random variables, we immediately observe from Eq. (6.7) that 2(n - s) a*/ o has a
chi-square distribution with 2(n — s) degrees of freedom. This result can be used to
obtain confidence intervals for o and carry out tests of hypotheses concerning o.
However, such an elegant distributional result does not extend to the best linear unbiased

estimator of ¢ in (6.3) based on a doubly Type-II censored sample.

For the doubly Type-II censored sample case, by considering the best linear unbiased

estimator of ¢ in (6.3) and writing

0'* IIES ( )
g = a X._, 6.8
ag 1=1_+1 1.n

we may determine the mean, variance and the coefficients of skewness and kurtosis of the
linear function in (6.8) by making use of the tabulated values of the single, double, triple
and quadruple moments of order statistics (of order up to 4). For example, we computed
the values of the mean, variance, coefficient of skewness (47’1) and coefficient of kurtosis
(By) of : /o for sample size n = 8(1)12 and various levels of censoring both on left and
right sides of the sample. These values are presented in Table 5. Also given in the last
column of this table are the values of v = ﬂ2 -1.5 ,61 — 3. It is observed that y = 0
whenever the sample is just right—censored and this is expected because of the fact that
2(n - s) a*/ o has exactly a chi—square distribution with 2(n - s) degrees of freedom and
that 4 = 0 represents the chi-square line in the Pearson (ﬂl, ﬂz)—plane. But
interestingly enough, we also observe that < is very nearly 0 even in the case of doubly

censored samples even for a sample of size as small as 8. Thus, Table 5 suggests strongly
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that the distribution of a*/ o in the case of doubly Type-II censored samples may be very
closely approximated by a chi—square distribution with degrees of freedom determined
approximately (for example, by looking at the variance). This chi-square approximation
for the distribution of a* /o may be utilized to construct approximate confidence intervals
for o and carry out tests of hypotheses concerning . This application is well illustrated

in Section 8 through two examples involving life-time data given by Lawless (1982).

7. _Generalized Results for the Right—truncated Exponential Distribution

In this section, we generalize the results established in Sections 2 — 5 to the case when
the population distribution is exponential truncated on the right. As pointed out by
Cohen (1959), in life-testing, dosage—response studies, target analyses, biological assays,
and in other related investigations, sample selection or observation is often restricted on
the right side of the range of possible population values. With this in mind, Joshi (1978,
1979, 1982), Saleh et al. (1975), and Balakrishnan and Joshi (1984) have all studied
order statistics from truncated exponential distributions. Kjelsberg (1962), Tarter (1966),
Balakrishnan and Kocherlakota (1986), and Gupta and Balakrishnan (1991) have all
examined order statistics from truncated logistic distributions.

Let Xl- 1 <X,.. <€ Xn_ 1 be the order statistics obtained from a random sample of

2:n =
size n from a right—truncated exponential population with probability density function
f(x) =pe, 0<x <P, (7.1)
=0 , elsewhere
and cumulative distribution function

F(x) = [l—e_x]/P, 0<x<P
=1 , x> Py, (7.2)

where 1 — P is the proportion of truncation on the right of the standard exponential
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distribution in (1.2), and the truncation point P, = —{n(1-P). It is easily observed
from Egs. (7.1) and (7.2) that
1

f(x) = p - F(x), 0<x< Py, (7.3)
and

f(x) = |1 - F(x)| + [15E 0<x<P (7.4)

= P | 2X3 by :

These two relations will be used successfully in this section in order to generalize all the

results derived in Sections 2 — 5 to the right—truncated exponential distribution in (7.2).

(i) Relations for Single Moments

The probability density function of Xr- , 18 given by

) = ity F0) (o) T, ocwer, 1¢rcn,
(7.5)
using which the single moments may be computed as
Py
plg?‘l)l = f wd fr:n(w) dw, 1<r<n,a=1.2,.. (7.6)
0

Then by proceeding on lines very similar to those used in proving Theorems 1 and 2, we

may prove the following two theorems.

Theorem 12: Forn > 2 and a = 1,2,..

F) =2, [122) o) (r1)

1:n-1
with ,u(O) = 1.

Theorem 13: Forn > 3,2<r<{n-1anda=1.2,.

=t e [ (L - o9
and forn > 2 and a = 1,2,...,
) = 1)+ a0 - (B2 - ) ) | (79)

n-1:n n—-1:n-1{’
with #(0) =
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It should be mentioned here that Theorems 12 and 13 have been proved by Joshi (1978)
and are presented here for the sake of completeness. The recurrence relations presented
in Theorems 12 and 13 will enable one to compute the single moments (of all order) of

order statistics for all sample sizes in a simple recursive way.

(ii) Relations for Double Moments

The joint density function of X.., and Xs- 5 18 given by

al -1 s—r-1 n—s
fsa(") = EOEy )] [FO-Fm)]  [1-F@)] i) i),
0$W<x$P1,1$r<sgn, (7.10)
using which we may compute the double moments as
,b b
ra“)l J _; xf op(WX) dwdx, 1<r<s<m,a,b> 1. (7.11)

0$w<x5_P1
Then by proceeding on lines very similar to those used in proving Theorems 3 and 4, we

may prove the following two theorems.

Theorem 14: Forn ) 3,1<r<n-2andab=12,.

Wrtla =it + n_r[ T L G TMNCLY R

forn22a.ndab=12

s l(liit,)l)lzn ”'(a-i-bl)l +bu (albnl) [T]{ 1(12 :n-1 “1(1?.-{1:)1)1—1}; (7.13)

forn>4,1{r<s<{n-1,s-r>2andab=12,..
(ab)_ (a,b) + 1 [bﬂ(ab—l)_n[lgg]{(ab) (ab) }]

Py ,8:n Hy ,—=1:n " n—s+1 T,5:N Hy s:n-1 " r,s~1:n-1
(7.14)
and forn >3,1<r<n-2and a,b =1.2,..
(a,b) _ (a b) (a,b-1) _ b (a) (a,b)
Fron:n = Hr n-l:n +ou ,n:n _P_ Py briaa ~Hr a1 (7.15)

where u(a‘ 0) = ug‘l)l .
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Theorem 15: For n > 2 and a,b = 1,2,..

(a b) _ ,(a+b) (a 1 b) n (a+b)
Hy.n  +ap o R (7.16)

forn>3 2<r<n—1anda,b— 1,2,...,

(a b) a+b) (a-1,b) _ (a+b) (a,b) i

Hr ,JI4+1m = £+1 T [2Hh r+1 n Pr:n-1 'u’r—l,r:n—l ! (7.17)
forn>3,3<s<nandab=12,.

a,b a, b (a 1 b) (a b

( s 1)1 ( ) tapy s—% :n-1’ (7.18)
a.ndforn24,2gr< s<n s—r>2andab_1,2,...,

(a,b) _ (a,b) (a -1 b) n [ (a,b) (a,b)
Pr,s:n T+1,s:n + 2l P *r,s-1:n-1 ~ #r-1,5-1:0-1( | (7.19)

where ﬂ(O b) = (b)

The recurrence relations presented in either Theorem 14 or Theorem 15 may be used in a
simple systematic recursive manner in order to compute the double moments (of all
order) of order statistics for all sample sizes. The relations presented in Theorem 14 have

been proved by Joshi (1982) for the special case when a = b =1.

(iii) Relations for Triple Moments

The joint density function of X o XS,11 and Xt, n is given by

a! r-1 s—T-1
£ 5,4:0(W%Y) = D T )T [ (w )] [F(") - F(W)]
t—s-1 n—t
[Fo)-F@] T [1-70) ) 1) )
0$w<x<y5P1,15r<s<t$n, (7.20)
using which we may compute the triple moments as
(a b,c) _ abc.
r,s,tn J J f wxy rstn(wx’Y)deXdy’
05W<x<y$P1
1<{r<s<t<n,ab,c1. (7.21)

Then by proceeding on lines very similar to those used in proving Theorems 5 — 7, we

may prove the following three theorems.
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Theorem 16: Forn>4,1<r<s<n-2andab,c=12,.

(ab c) (a, b+c)+ [ (a,b,c-1) _ [1;2]{ (ab c) (a, b+c)}]

by ,8,8+1:n = Hr ,8:n ,s,s+1 n r,s,s+1 n-1 Hr ,8:n—-1
(7.22)

forn>3,1<{r<{n-2andab,c=12,.,
(a b,c) (a b+c) (a,b,c-1) __ [1=P] [pc (a b) (a b+c) 1.
My n—1 an - Pron-1 tCh r,o-1,n:n "0 | P Pl ,n-1n-1 ~ #r n—1:n-1[
(7.23)

forn>5,1{r<s<t<{n-1,t-s>2andabec=12,.

mbie) _ (a,b,c) 1 [c “(a b,c-1)_ [T]{ (a b,e) _ ,(ab,c) }],

r,s,t n r,s,t-1:n + n—t+1 ,s,t n 2 ,8,t:n~-1  Fr,s t—l n—1
(7.24)

and forn >4,1<{r<s<{n-2andab,c=12,.

a,b,c (a,b,c a,b,c-1 1-P]fpc . (a,b a,b,c
ﬂS‘,S,n:l)l rsni)ln+ “gsnn) n[_P—]{P £s1)1—1 gsn—%n—l}

(7.25)

(a,b,0) _ (ab)
where ”r,s,t r)l My ,8:1m°

Theorem 17: Forn > 3,3 <t <nandab,c=1,2,..,

a,b,c) _ (a+b,c albc a+b,c) .
(, ,t1)1 ( e )+‘”‘£, 2, )- P_”’g,t—lzl)l—l’ (7.26)

forn24,2<r<t<n t—r>2andabc=12

(a,b,c) (a+b,c) + (a 1,b,c) _ a+b,c) (a,b,c)
“r,r+1,t:n r+1,t:n Hy ,I+1,t:n ” ,t—1:n-1 ”’r—l,r,t—l n—-1

(7.27)

forn)>4,3<s<t<mnandab,c=1,2,.

(a,b,c) _ (a,b,c) (a-1,b,c)_n (a b,c)
st = 2,880 * a'!Ll,so,t:n P M s—l ,t—1:n—1’ (7.28)

andforn25,2gr<s<t<n s—r122andab,c=1,2,..,

(a b,c) _ (a,b,c) + (a-1,b,c) n (a b,¢) (a,b,c)
b ,8,t:n ”‘r+1,s,t:n a [y T,S t n s—1 ,t—=1:n-1 ”r—l,s—l,t—l:n—l ?
(7.29)
where “(0 b,c) _ (b ¢)

,5,t:n 7 stn
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Theorem 18: Forn > 3,1<r<n-2and a,b,c=1,2,..

(a,b,c) _ (a+b,c) (a b-1,c¢) L (a b+c) _ (a+b,c)
Fr r+1 r+2mn ~ r r+2n+brr+1(r+2n)(nr1() HSI :n 'ur,r+1:n
1-P] [, (a,b+c a+b,c )

I [ P ]{ Frr+1:n-1 ”’r,r+1:n—1}’ (7.30)
forn>4,1<r<t<n, t—r>3a.ndabc-12,...,
(a,b,c) (a+b,c) (a b-1,c) _ (a b,c) (a+b c)
”r,r-i—l,t:n “r tin TF I r-(l-l , b n) ~(o- t+(1) r)r+1t —1:n r t—1:n

a,b,c a+b,c .
= [ P ]{ Fror+1,t-1:n-1 ~ Hr, t—l:n—l} ' (7.31)

forn>4,1<r<s<n-1,s-r>2andab,c=1,2,..,

(a,b,c) _ (a,b,c) (a,b-1 c) (a,b+c) _ (a,b,c)
“r,s,s+1:n - ”r,s—l,s+1:n + b'ur ,8,8+1:n (n—5) Prs:n “r,s—l,s:n

—n[lfz]{ (a,b+c) _ #(a b,c) } (7.32)

rs n-1 s—1sn—1
andforn>5,1$r<s<t<n s—-r>2,t-s>2anda,b,c=12,.

”gasbtcl)l B #(asglcz - = i [b u](:a'sbglnc:) ( o l){] gaSbtgg ‘n gasElcz—l n}
— [_P_]{ g?s,t-c-% n-1 " gas—l 2—1 n—l}] (7.33)
where p,(a‘ 0,c) - (a,c)

I,S, t n-"r,t:n’

The recurrence relations presented in any one of Theorems 16, 17 and 18 may be used in
a simple systematic recursive fashion in order to compute the triple moments (of all

order) of order statistics for all sample sizes.

(iv) Relations for Quadruple Moments

The joint density function of X__, X

o X’ t andX is given by

n! -1 s—1-1
fr,s,t,u:n(w’x’y’z) T )= u=-1){o-a)! [ (w)] [F(X)—F(W)]

t—s-1 u—t-1 n—u
[F0)-Fe]  [r0-F)] " [1- R i),
0¢w<x<y<z<{P;,1<r<s<t<udn, (7.34)
using which we may compute the quadruple moments as
gasbtcudl)l J J J J Waxbyczd r s,t,u: n(w x,y,z) dw dx dy dz,

0$w<x<y<z5P1

l1<r<s<t<u<nm, ab.cd>l. _ (7.35)
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Then by proceeding on lines very similar to those used in proving Theorems 8 — 11, we

may prove the following four theorems.

Theorem 19: For n > 5, 1<r<s<t5n—2anda,,b,c,d=12

(abcd) (abc+d) d g(®b,c,d=1) __[1=P (abcd)
rstt+1n ”rstn n—t “ ,8,t,t+1:n “hTP rs,t,t+1n—1
(abc+d)
r,s,t n-1
(7.36)

forn>4,1<r<s¢< n-2andab,cd=1.2,.

(ab,c,d) (a,b,c+d) (abcdl) 1-P] [nd (ab c)
rsn—lnn p’rsn—ln rsn—lnn _P—Pl r,s,n—1:n-1

_uga, ,b c+d) }; (7.37)

+dp

,s,n—l:n—l
forn > 6, 1<r<s<t<u$n—1,u—t>2anda.bcd=12 Y
(a b,c,d) _  (a,b,c,d) 1 (a,b,c,d-1) _ (a,b,c,d)
by )8, t u:n “r,s,t,u—l:n + n—u+1 d p r,s,t u n ”r,s,t,u:n—l
,¢,d
$,1,u —%:n—l}]; (7.38)

and forn > 5,1<r<s<t<n-2andab,cd=12,..,
1 —
u(a,b,c,d) _ ,(a,b,c,d) 4 d u(a b,c,d-1) _ [lpg]{Pd #(a b,c)

I,s,t,n:n I,s,t,n-1:n I,S, t n:n 1( I,s,t: n)—l
a,b,c,d
( - ) - “r,s ,t,n—l:n—l}’ (7.39)
a,b,c,0) _ (a,b,c
where ”r s, t w:n = Prs,ton
Theorem 20: Forn > 4,3<t <u<mnandab,cd=12,.
(a,b,c,d) _ , (atb,c,d) (a-1,b,c,d) _n (a+b,c d)
13 bwn ="t um t o 2t wm  “PAL 41 uln (7.40)

forn>5,2<r<t<ugn, t—r>2anda,b,c,d—1,2,...,

(a,b,c,d) (a+b,c d) i[, ,(a-1,b,c,d) _n[ (a+b,c,d)
”r,r+1,t,u:n ”1'+1 t,u: at Hr r+1 t u:n r,t—1,u—1:n-1

_ 4(a,b,c,d) }};(7.41)

| ,I,t—1,u-1:n-1
forn>5,3<s<t<u<nandab,cd=12,.
(abc d) _ (a,b,c,d) (a-1,b,c,d) _ (ab c,d)
Ms,t,un =M s t,un T2 s t,un P4 $—1,t—1,u—L:n—1’
and forn >6,2<r<s<t<udmn,s-r22andabcd=12,..,

(a. b,c,d) _ #(a,b,c,d) 1 [a ﬂga—l,b,c,d)

e )8, t u:n r+1,s,t,u:n t1 ,8,t,u:n

(7.42)
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T s—1 t—l ,u-l:n~1  "r-1,s-1,t-1,u-1:n-1
(0,b,c,d) _ (bc d)
,8,t,u:n s t,u:n’

(a,b,c,d) _ 4(a;b.c,d) }] (7.43)

where I

Theorem 21: Forn>4,1<r<ufn,u-r>3andabecd=1.2,..,

(a b,c,d) (a+b,c,d) (a,b-1,c,d) (a,b+c,d)

rr+1 r+2un “r r+2un+b” , I+1, r+2 u:n -(u-r-2) Hr ,I+1,u:n

(a+b,c,d) (a b+c,d) (a+b c,d)
~Hy r+1 ll(n ~(n )u+1) P r+1, u)—ln r, r+1 i1
1P| (a b+c d a+b,c,d .

forn>5,1<r<t<u<n, t—r>3anda,b,c,d=1,2,...,
(a, b,c,d) (a+b,c,d) (a,b-1,c,d) _ (a b,c,d)
rr+1tun ”r t u1(1 + —r—)I b‘urr+1tun( (u )) rr+12—1un )
a+b,c,d a,b,c,d a+b,c,d
r t—1 u(n (n) u+1) ”(I+1 t-—1,31—1n p’r,t—-l,u—l:n}
a,b,c,d a+b,c,d .
—n[ P ] e r+1 t-1,u-1:n-1 ~ #r, t—1,u-1: n—IH’ (7.45)
forn>5,1<r<s<ufns-r»2 u-s>2andab,cd=12,..

(a,b,c,d) (a,b,c,d) (a,b-1,c,d) _ (a b+c,d)
'ur,s,s+1,u:n = ”r(s—l s+1)un + b“ r,s,s+1,u: IE (u- ) )( ”r S, u)n
a,b,c,d a,b+c, d a,b,c,d
e ,5—1,8 un} (n-u+1) { e s u—1 n ”r,s—l,s,u—l:n}

- [T]{ g?s?tgldzl—l gasglcsdz—l n——l}’ (7.46)

forn > 6, 1<r<s<t<u<n §—1r2>2,t—-s2>2andab,cd=1,2,.

(a,b,c,d) _  (a,b,c,d) 41 (ablcd)_( t) (abcd)
r,s,t,u:n r,s—1,t,u:n t—s ”’stun T,s,t-1,u:n

(abcd) (a,b,c,d) (a,b,c,d)
Fr,s-1 t—-l(un ()n ut1) {p r( ,8,t-1, 1;—1 n~ Pr,s—1,t—1,u-1:n
1P} [ (a,b,c,d a,b,c,d
N ; ]{ﬂ' I,s, t—l u-1:n-1 "~ s—1 1; 1,u-1:n-1 (7.47)
where 4 (asotcudx)l = /‘(?t(,:u 0’

Theorem 22: Forn2>4,1<r<s<n-2andab,cd=12,...,

(a,b,c,d) _ (a,b+c,d) +e (a,b,c-1,d) —(a-5-1) (ab c+d)

r,s,s+1,s+2:n"'”’r $,85+2:n Py r,s,s+1, s+2n Hy ,8,8+1:n
(a b+c,d)] _ 1—P (ab c+d) (a, b+t c ,d) 1.
Frs s+1:n Pp s s+1:n-1 Prs, s+1:n-1[>

(7.48)
forn>5,1<r<s<u<nu-s> 3anda,b,c,d= 1,2,...,

- (a,b,c,d) (a b+c,d) (a,b,c-1,d) (a,b,c,d)
”r,s,s+1,u:n br ,8,u:n + €y r,s,5+1,u:n (n~u+1)4 r,s,s+1 u-1:n
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](_-a'sbtfldl)l} [T] {”l(:?é]?éii(,il)l—l m-1 I(:asb-lll--(ildl)l—l}] ;
(7.49)

forn>5,1<r<s<t<{m-1,t-s>2andab,cd=1,2,..,

(abcd) (a,b,c,d) (a,b,c-1,d) _ (a,b,c+d)
r,s,tt+1n '“rst—l t+1n+c”' ,8,t,t+1:n (n—t)1p rstn

(a b,c,d) } [152]{ (a,b,c+d) _ #(a bc,d) } (7.50)

r,s,t 1 ,tn by ,8,t:n—1 r,s,t—l,t:n—l !
andforn26,1gr<s<t<u<n t—-s522,u—-t>2andab,cd=1,2,..,
(a,b,c,d) _ (a,b,c,d) (a,b,e-1,d) _, (a,b,c d)
”’r,s,t,u:n ~ Pr,8,t-1,wn = ”r s t u:n (n-u+1)p by R t u-1:n
(abcd) 1—-P (abcd) abcd)
by ,8,t-1,u-1:n P r,s,t,u—l n-1 "~ "r,s,t-1,u-l:n-1[}°
(7.51)

(2,b,0,d) _ (ab d)
whereur ,8,t,u:n rs ,u:n’

The recurrence relations presented in any one of Theorems 19, 20, 21 and 22 may be used
in a simple systematic recursive manner in order to compute the quadruple moments (of
all order) of order statistics for all sample sizes. In particular, as shown earlier in Section
6 for the exponential case, the results presented in Theorems 12 — 21 may be used to
compute the mean, variance and the coefficients of skewness and kurtosis for any linear
function of order statistics from the right-truncated exponential distribution in (7.2)
which may then be used to approximate the distribution of that linear function of order
statistics. It is of interest to mention here that Theorems 1 — 11 may be deduced from

Theorems 12 — 22 by letting P — 1.

8. Iustrative Examples

In this section, we consider two examples involving life-test data and illustrate how we
may use the results presented in Section 6 in order to develop approximate confidence
intervals and carry out tests of hypotheses approximately for the scale parameter o of the

exponential distribution based on doubly Type-II censored samples.
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Example 1: Twelve components were placed on a life—test and the time-to~fail of the
first eight components that failed were recorded and the experiment was terminated as
soon as the eighth failure occurred. The Type-II right—censored sample that resulted
from this experiment, as reported by Lawless (1982), is given below:

31, 58, 157, 185, 300, 470, 497, 673, —, —, —, —

In this case, we have n = 12, r = 0 and 5 = 4. The best linear unbiased estimate of ¢ is

obtained from (6.3) to be

* 1 8
o = g% Yizp + 4 Y&lz} — 632.875.

Furthermore, since the censoring in this data is only on the right, it is known that

2(n —s) a*/ o =160 /o has exactly a chi-square distribution with 16 degrees of freedom.
By using this distributional result, we obtain the 95% lower confidence limit for the true
expected life-time ¢ to be 160*/26.296 = 385.078. Similarly, we obtain the 95%
confidence interval for o to be

[2%28%;— %ﬁgg;] = [351.049, 1465.837].

Example 2: Let us consider the following data which represent failure times, in minutes,
for a specific type of electrical insulation in an experiment in which the insulation was
subjected to a continuously increasing voltage stress (see Lawless, 1982, pp. 138):

—, —, 24.4, 28.6, 43.2, 46.9, 70.7, 75.3, 95.5, 98.1, 138.6, —

Here, the smallest two observations are censored as their failure times were not recorded
due to experimental difficulty and the largest observation is censored because the

experiment was stopped as soon as the eleventh failure occurred.

In this case, we haven = 12, r = 2,5 = 1, and
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1 2

1 1
E%; 2 rf]ﬁ e o

The best linear unbiased estimate of ¢ is obtained from (6.3) to be

-

10
1
7 = 10.08: {1'8788 Va2t 2 Yina +2 Y11:12}

= 71.1385 minutes.

From Table 5, we observe that the value of 7 in this case is 0.000815 indicating that the
distribution of a*/ o can be approximated very closely by a chi-square distribution.
Specifically, we may approximate the distribution of 22 a*/a by a chi-square distribution
with 22 degrees of freedom. By making use of this approximate distributional result, we
obtain the 95% lower confidence limit for the true expected life-time ¢ to be 22 a* /33.924
= 46.1339 mins. Further, we obtain an approximate 95% confidence interval for ¢ to be

[%%-.}';T —%(273;2] - [42.5504, 142.5102].
Proceeding similarly, we obtain the approximate 90% lower confidence limit for the true
expected life-time o to be 220*/30.813 = 50.7918 mins. We also obtain an approximate
90% confidence interval for o to be

%
[3%%3-; T%%gg] = [46.1339, 126.8477].
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Table 1. Single moments “91)1 for1<r<n<8

(a)

n I (1) (2) (3) (4)

1 1 1.000000 2.000000 6.000000 24.000000
2 1 0.500000 0.500000 0.750000 1.500000
2 2 1.500000 3.500000 11.250000 46.500000
3 1 0.333333 0.222222 0.222222 0.296296
3 2 0.833333 1.055556 1.805556 3.907407
3 3 1.833333 4.722222 15.972222 67.796296
4 1 0.250000 0.125000 0.093750 0.093750
4 2 0.583333 0.513889 0.607639 0.903935
4 3 1.083333 1.507222 3.003472 6.910880
4 4 2.083333 5.763889 20.295139 88.091435
5 1 0.200000 0.080000 0.048000 0.038400
5 2 0.450000 0.305000 0.276750 0.315150
5 3 0.783333 0.827222 1.103972 1.787113
5 4 1.283333 2.110556 4.269806 10.326724
5 5 2.283333 6.677222 24.301472 107.532613
6 1 0.166667 0.055556 0.027778 0.018519
6 2 0.366667 0.202222 0.149111 0.137807
6 3 0.616667 0.510556 0.532028 0.669835
6 4 0.950000 1.143889 1.675917 2.904391
6 5 1.450000 2.593889 5.566750 14.037891
6 6 2.450000 7.493889 28.048417 126.231557
7 1 0.142857 0.040816 0.017493 0.009996
7 2 0.309524 0.143991 0.089488 0.069655
7 3 0.509524 0.347800 0.298168 0.308189
7 4 0.759524 0.727562 0.843840 1.152030
7 5 1.092857 1.456134 2.209974 4.218662
7 6 1.592857 3.048991 6.873460 17.965582
7 7 2.592857 8.234705 31.577576 144.275887
8 1 0.125000 0.031250 0.011719 0.005859
8 2 0.267857 0.107781 0.057910 0.038951
8 3 0.434524 0.252622 0.184221 0.161765
8 4 0.634524 0.506431 0.488080 0.552229
8 5 0.884524 0.948693 1.199600 1.751830
8 6 1.217857 1.760598 2.960198 5.698761
8 7 1.717857 3.478455 8.177881 22.054523
8 8 2.717857 8.914170 34.920390 161.736081
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Table 2. Double moments ugaél,’l)l for1<r<s<ng<8§
)

(a,b)

noros (L) (2.1) (3,1) (1,2) (2,2) (13)

2 1 2 1.000000 1.250000 2.250000 2.750000 4.000000 9.750000
3 1 2 0.388889 0.333333 0.407407 0.611111 0.629630 1.212963
3 1 3 0.722222 0.555556 0.629630 2.055556 1.740741 7.379630
3 2 3 1.888889 2.861111 5.712963 5.583333 9.629630 20.657407
4 1 2 0.208333 0.135417 0.125000 0.232639 0.184028 0.326389
4 1 3 0.333333 0.197917 0.171875 0.565972 0.381944 1.175347
4 1 4 0.583333 0.322917 0.265625 1.732639 1.027778 6.373264
4 2 3 0.805556 0.864583 1.207755 1.413194 1.768519 3.023727
4 2 4 1.388889 1.378472 1.815394 4.190972 4.525463 15.596644
4 3 4 2.680556 4.600694 9.914352 8.364583 16.112269 32.004630
5 1 2 0.130000 0.068000 0.050400 0.113000 0.072400 0.123150
5 1 3 0.196667 0.094667 0.066400 0.244111 0.135511 0.367261
5 1 4 0.296667 0.134667 0.090400 0.540778 0.270178 1.178428
5 1 5 0.496667 0.214667 0.138400 1.534111 0.699511 5.780761
5 2 3 0.455000 0.378417 0.407400 0.580083 0.567428 0.895233
5 2 4 0.680000 0.5630917 0.545775 1.260083 1.098344 2.785358
5 2 5 1.130000 0.835917 0.822525 3.520083 2.770178 13.345608
5 3 4 1.218889 1.517583 2.339099 2.322861 3.304696 5.271405
5 3 5 2.002222 2.344806 3.443071 6.327306 7.994307 24.253321
5 4 5 3.393889 6.380361 14.596530 11.057583 23.087446 43.499474
6 1 2 0.088889 0.038889 0.024074 0.063333 0.034074 0.056519
6 1 3 0.130556 0.052778 0.031019 0.128611 0.060463 0.152977
6 1 4 0.186111 0.071296 0.040278 0.252685 0.107994 0.405662
6 1 5 0.269444 0.099074 0.054167 0.522130 0.207068 1.188856
6 1 6 0.436111 0.154630 0.081944 1.394352 0.516327 5.371912
6 2 3 0.293889 0.199667 0.175085 0.296056 0.237641 0.359849
6 2 4 0.416111 0.267074 0.224789 0.573463 0.415690 0.933312
6 2 5 0.599444 0.368185 0.299344 1.172907 0.783875 2.692673
6 2 6 0.966111 0.570407 0.448456 3.105130 1.924690 12.008062
6 3 4 0.716111 0.702213 0.847178 1.009435 1.137977 1.679270
6 3 5 1.024444 0.957491 1.113192 2.033880 2.095468 4.730090
6 3 6 1.641111 1.468046 1.645219 5.316102 5.031560 20.678395
6 4 5 1.618889 2.247861 3.742349 3.294806 5.152252 7.846599
6 4 6 2568889 3.391750 5.418266 8.432583 11.935752 33.144349
6 5 6 4.043889 8.160639 19.604641 13.654528 30.359169 55.001474
7 1 2 0.064626 0.024295 0.012911 0.039035 0.018094 0.029513
7 1 3 0.093197 0.032459 0.016410 0.076314 0.031078 0.075301
7 1 4 0.128912 0.042663 0.020783 0.140769 0.052409 0.180878
7 1 5 0.176531 0.056268 0.026614 0.258456 0.089921 0.439335
7 1 6 0.247959 0.076676 0.035360 0.506416 0.166598 1.198958
7 1 7 0.390816 0.117493 0.052853 1.288048 0.401583 5.063103
7 2 3 0.205896 0.118286 0.087552 0.171846 0.116969 0.172762
7T 2 4 0.283277 0.154284 0.109924 0.313485 0.194111 0.407876
7 2 5 0.386451 0.202281 0.139754 0.571119 0.328965 0.978995
7 2 6 0.541213 0.274277 0.184498 1.112332 0.603242 2.647493
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(a,b)
noros (L)) (2,1) (3,1) (1,2) (2,2) (13)
7T 2 7 0.850737 0.418267 0.273986 2.813806 1.439777 11.088911
7 3 4 0475181 0.385119 0.382731 0.535759 0.500749 0.710009
7T 3 5 0.645023 0.501052 0.482121 0.965774 0.834783 1.675783
7 3 6 0.899785 0.674952 0.631205 1.865559 1.509736 4474121
7T 3 7 1.409308 1.022753 0.929374 4.684176 3.555241 18.526648
7T 4 5 0.980737 1.086361 1.433310 1.497665 1.876270 2.649694
7 4 6 1.360499 1.450142 1.855230 2.858164 3.326412 6.936940
7 4 7 2120023 2.177705 2.699070 7.098209 7.681822 28.231567
7 5 6 2.002562 3.028041 5.368649 4.302536 7.246702 10.672466
7 5 7 3.095420 4.484175 7.668623 10.493375 16.215052 42.152592
7T 6 7 4.641848 9.922451 24.839043 16.157157 37.810485 66.437052
8 1 2 0.049107 0.016183 0.007533 0.025749 0.010483 0.016895
8 1 3 0.069940 0.021391 0.009487 0.049063 0.017614 0.041426
8 1 4 0.094940 0.027641 0.011830 0.087039 0.028670 0.093650
8 1 5 0.126190 0.035454 0.014760 0.150134 0.046397 0.206250
8 1 6 0.167857 0.045871 0.018666 0.262039 0.076977 0.468289
8 1 7 0.230357 0.061496 0.024526 0.492396 0.138473 1.206884
8 1 8 0.355357 0.092746 0.036244 1.203110 0.323964 4.816215
8 2 3 0.152423 0.075874 0.048603 0.108718 0.064242 0.093310
8 2 4 0.205995 0.097430 0.060185 0.191116 0.103214 0.207980
8 2 5 0.272959 0.124375 0.074662 0.327596 0.165402 0.453677
8 2 6 0.362245 0.160302 0.093966 0.569092 0.272270 1.022769
8 2 7 0.496173 0.214192 0.122921 1.065266 0.486462 2.620668
8 2 8 0.764031 0.321973 0.180832 2.593327 1.130408 10.400649
8 3 4 0.339527 0.234746 0.198610 0.320032 0.255664 0.353785
8 3 5 0.448158 0.297901 0.244665 0.544111 0.404614 0.761868
8 3 6 0.592999 0.382109 0.306072 0.939443 0.659353 1.701311
8 3 7 0.810261 0.508419 0.398183 1.749704 1.167773 4.325867
8 3 8 1.244785 0.761041 0.582404 4.239273 2.689855 17.043687
8 4 &5 0.665062 0.614688 0.674250 0.820611 0.859574 1.167688
8 4 6 0.876570 0.783499 0.836943 1.404992 1.381906 2.572680
8 4 7 1.193832 1.036714 1.080983 2.598824 2.418620 6.470915
8 4 8 1.828356 1.543146 1.569063 6.255536 5.504911 25.237523
8 5 6 1.243535 1.515831 2.151696 2.028623 2.762384 3.780453
8 b5 7 1.685796 1.990178 2.751497 3.714420 4.752562 9.352083
8 5 8 2570320 2.938871 3.951097 8.855060 10.630304 35.917264
8 6 7 2.369527 3.840497 7.178860 5.329725 9.539258 13.693348
8 6 8 3.587384 5.601095 10.139058 12.504492 20.741449 51.206826
8 7 8 5.196312 11.656336 30.232404 18.570506 45.367196 77.766040




Table 3. Triple moments uﬁa‘éb
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,C

)for 1{r<s<t<{ng<8

,8,8:n
(a,b,c)

n r s t (1,1,1) (2,1,1) (1,2,1) (1,1,2)

3 1 2 3 1.000000 0.962963 1.824074 3.212963
4 1 2 3 0.336806 0.251736 0.442708 0.663194
4 1 2 4 0.545139 0.387153 0.675347 1.753472
4 1 3 4 0.899306 0.579861 1.741319 2.973958
4 2 3 4 2.218750 2.633102 4.436921 7.461227
5 1 2 3 0.156333 0.095067 0.160817 0.227372
5 1 2 4 0.221333 0.129067 0.217317 0.448706
5 1 2 5 0.351333 0.197067 0.330317 1.151372
5 1 3 4 0.342444 0.182844 0.489317 0.709706
5 1 3 3 0.539111 0.277511 0.733428 1.787928
5 1 4 5 0.837444 0.404844 1.719206 2.853317
5 2 3 4 0.807583 0.756636 1.185275 1.702817
5 2 3 5 1.262583 1.135053 1.765358 4.227983
5 2 4 5 1.940083 1.629261 4.045442 6.665525
5 3 4 5 3.541750 4.822280 7.594266 12.354905
6 1 2 3 0.085556 0.043796 0.072352 0.099296
6 1 2 4 0.115185 0.056759 0.093463 0.176086
6 1 2 5 0.159630 0.076204 0.125130 0.335716
6 1 2 6 0.248519 0.115093 0.188463 0.832753
6 1 3 4 0.172130 0.078056 0.195847 0.267730
6 1 3 5 0.237407 0.104444 0.260153 0.505137
6 1 3 6 0.367963 0.157222 0.388764 1.241063
6 1 4 5 0.345741 0.143642 0.532005 0.751403
6 1 4 6 0.531852 0.214938 0.784690 1.815106
6 1 5 6 0.791574 0.306142 1.710986 2.772005
6 2 3 4 0.394019 0.304196 0.458534 0.622528
6 2 3 5 0.540963 0.404030 0.606562 1.163491
6 2 3 6 0.834852 0.603696 0.902618 2.833195
6 2 4 5 0.781519 0.549227 1.220044 1.714831
6 2 4 6 1.197630 0.816301 1.793506 4.110090
6 2 5 6 1.772352 1.152060 3.865581 6.237377
6 3 4 5 1.367491 - 1.489084 2.183988 3.046761
6 3 4 6 2.083602 2.191297 3.193423 7.213965
6 3 5 6 3.058324 3.052959 6.763969 10.846738
6 4 5 6 4.913694 7.400113 11.141405 17.673988
7 1 2 3 0.051960 0.022953 0.037320 0.050297
7 1 2 4 0.068116 0.029027 0.047079 0.084355
7 1 2 5 0.089658 0.037126 0.060090 0.144127
7 1 2 6 0.121971 0.049273 0.079608 0.266099
7 1 2 7 0.186597 0.073569 0.118642 0.639293
7 1 3 4 0.099613 0.039192 0.094380 0.125108
7 1 3 5 0.130679 0.050012 0.119818 0.212227
7 1 3 6 0.177277 0.066241 0.157974 0.389504
7 1 3 7 0.270475 0.098700 0.234288 0.930453
7 1 4 5 0.183740 0.066630 0.227801 0.303372
7 1 4 6 0.248196 0.087961 0.298186 0.551567
7 1 4 7 0.377107 0.130624 0.438955 1.305782
7 1 5 6 0.346722 0.118055 0.568563 0.786056
7 1 5 7 0.523252 0.174324 0.827019 1.832561
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(a;,b,c)

noT s t (1,1,1) (2,1,1) (1,2,1) (1,1,2)

71 6 7 0.754375 0.243274 1.705374 2.707708
7T 2 3 4 0.223320 0.146541 0.215724 0.284423
7T 2 3 5 0.291952 0.185970 0.273006 0.479058
7T 2 3 6 0.394900 0.245113 0.358929 0.873958
7T 2 3 7 0.600796 0.363399 0.530776 2.075549
T 2 4 5 0.407910 0.245539 0.512371 0.679816
7T 2 4 6 0.549549 0.322681 0.669113 1.229365
T2 4 7 0.832825 0.476965 0.982598 2.895016
7T 2 5 6 0.764345 0.430106 1.264554 1.743340
T2 5 7 1.150796 0.632387 1.835673 4.044931
7T 2 6 7 1.653345 0.877518 3.759825 5.954584
7T 3 4 5 0.694153 0.629122 0.888595 1.172777
7T 3 4 6 0.931744 0.821681 1.156475 2.104521
7T 3 4 7 1.406925 1.206799 1.692234 4.918371
T 3 5 6 1.288286 1.085309 2.158670 2.964069
T 38 5 7 1.933308 1.586361 3.124444 6.830685
7T 3 6 7 2.765343 2.184688 6.339680 10.004808
7T 4 5 6 1.988033 2.419451 3.398527 4.637728
7T 4 5 7 2.968770 3.505812 4.896192 10.575268
T 4 6 7 4.218663 4.776555 9.795104 15.374265
T 5 6 7 6.305099 10.274743 14.975003 23.282664
8 1 2 3 0.033934 0.013180 0.021186 0.028206
8 1 2 4 0.043755 0.016417 0.026336 0.045708
8 1 2 5 0.056032 0.020463 0.032774 0.073724
8 1 2 6 0.072401 0.025857 0.041357 0.121992
8 1 2 7 0.096955 0.033949 0.054231 0.218946
8 1 2 8 0.146062 0.050132 0.079981 0.511070
8 1 3 4 0.063051 0.021892 0.051239 0.066647
8 1 3 5 0.080536 0.027240 0.063505 0.106915
8 1 3 6 0.103850 0.034370 0.079859 0.176148
8 1 3 7 0.138820 0.045066 0.104390 0.314967
8 1 3 8 0.208760 0.066457 0.153453 0.732488
8 1 4 5 0.110774 0.035580 0.115409 0.149037
8 1 4 6 0.142421 0.044794 0.144422 0.243984
8 1 4 7 0.189891 0.058615 0.187942 0.433875
8 1 4 8 0.284832 0.086256 0.274981 1.003539
8 1 5 6 0.192198 0.058215 0.256295 0.334382
8 1 57 0.255293 0.075942 0.331362 0.589675
8 1 5 8 0.381483 0.111396 0.481497 1.352642
8 1 6 7 0.345968 0.099913 0.599309 0.814257
8 1 6 8 0.513825 0.145783 0.861348 1.841907
8 1 7 8 0.722753 0.199968 1.699280 2.652390
8 2 3 4 0.139203 0.079417 0.115054 0.148991
8 2 3 5 0.177309 0.098386 0.142233 0.237646
8 2 3 6 0.228117 0.123677 0.178473 0.389724
8 2 3 7 0.304328 0.161614 0.232832 0.694052
8 2 3 8 0.456752 0.237488 0.341550 1.607556
8 2 4 5 0.242615 0.127572 0.255759 0.329287
8 2 4 6 0.311280 0.160049 0.319464 0.536807
8 2 4 7 0.414277 0.208764 0.415022 0.951085
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(a,b,c)

nox 5 t (1,1,1) (2,1,1) (1,2,1) (1,1,2)

8 2 4 8 0.620272 0.306194 0.606139 2.191629
8 2 5 6 0.418582 0.206860 0.562875 0.732732
8 2 5 7 0.555062 0.269048 0.726673 1.287793
8 2 5 8 0.828021 0.393423 1.054269 2.943835
8 2 6 7 0.750215 0.352421 1.307315 1.772984
8 2 6 8 1.112460 0.512723 1.876408 3.997904
8 2 7 8 1.561439 0.700655 3.685934 5.743547
8 3 4 5 0.404914 0.314350 0.433793 0.556241
8 3 4 6 0.518089 0.392599 0.540470 0.901634
8 3 4 7 0.687853 0.509972 0.700486 1.589487
8 3 4 8 1.027379 0.744717 1.020518 3.644245
8 3 5 6 0.693497 0.503915 0.943238 1.224199
8 3 5 7 0.917576 0.652865 1.215293 2.141774
8 3 5 8 1.365733 0.950766 1.759404 4.873240
8 3 6 7 1.235943 0.850408 2.171033 2.937254
8 3 6 8 1.828942 1.232516 3.110476 6.595137
8 3 7 8 2.559965 1.676192 6.075572 9.445797
8 4 5 6 1.042299 1.064470 1.441225 1.862554
8 4 5 7 1.374830 1.371814 1.851531 3.237384
8 4 5 8 2.039892 1.986502 2.672142 7.317169
8 4 6 7 1.843277 1.773655 3.275175 4.415956
8 4 6 8 2.719847 2.557154 4.680167 9.855650
8 4 7 8 3.792656 3.455334 9.069739 14.056227
8 5 6 7 2.650391 3.520300 4.794765 6.430844
8 5 6 8 3.893925 5.036131 6.823388 14.218694
8 5 7 8 5.400216 6.742740 13.066502 20.152515
8 6 7 8 7.699252 13.379755 19.023073 29.091851




Table 4. Quadruple moments
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(a,b,c,d)
I,s,t,u:n

forl<r<s<t<u<ngs$
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Table 5. Mean, variance, JFI’ ﬂ2 and 7= ﬂ2 -15 ,Hl -3
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*
values of ¢ /o for doubly Type — II censored samples

n r s Mean Variance E ﬂ2 vy

8 0 O 1.000000 0.125000 0.707107 3.750000 0.000000
8 0 1 1.000000 0.142857 0.755929 3.857143 0.000000
8 0 2 1.000000 0.166667 0.816497 4.000000 0.000000
8 1 0 1.000000 0.125138 0.708271 3.753285 0.000813
8 1 1 1.000000 0.143038 0.757352 3.861434 0.001061
8 1 2 1.000000 0.166913 0.818290 4.005843 0.001445
8§ 2 0 1.000000 0.125645 0.712513 3.765300 0.003788
8 2 1 1.000000 0.143701 0.762540 3.877152 0.004951
8 2 2 1.000000 0.167816 0.824838 4.027282 0.006745
8 3 0 1.000000 0.126929 0.723164 3.795792 0.011343
8 3 1 1.000000 0.145383 0.775601 3.917184 0.014849
8 3 2 1.000000 0.170114 0.841378 4.082145 0.020270
9 0 0 1.000000 0.111111 0.666667 3.666667 0.000000
9 0 1 1.000000 0.125000 0.707107 3.750000 0.000000
9 0 2 1.000000 0.142857 0.755929 3.857143 0.000000
9 1 0 1.000000 0.111196 0.667428 3.668693 0.000503
9 1 1 1.000000 0.125108 0.708016 3.752566 0.000636
9 1 2 1.000000 0.142998 0.757040 3.860495 0.000831
9 2 0 1.000000 0.111500 0.670135 3.675917 0.002296
9 2 1 1.000000 0.125493 0.711247 3.761717 0.002909
9 2 2 1.000000 0.143501 0.760991 3.872462 0.003801
9 3 0 1.000000 0.112243 0.676703 3.693582 0.006692
9 3 1 1.000000 0.126434 0.719101 3.784140 0.008481
9 3 2 1.000000 0.144733 0.770614 3.901863 0.011094
10 0 O 1.000000 0.100000 0.632456 3.600000 0.000000
10 0 1 1.000000 0.111111 0.666667 3.666667 0.000000
10 0 2 1.000000 0.125000 0.707107 3.750000 0.000000
10 1 0 1.000000 0.100055 0.632977 3.601317 0.000327
10 1 1 1.000000 0.111179 0.667278 3.668293 0.000403
10 1 2 1.000000 0.125086 0.707836 3.752059 0.000511
10 2 0 1.000000 0.100249 0.634795 3.605919 0.001472
10 2 1 1.000000 0.111418 0.669408 3.673978 0.001817
10 2 2 1.000000 0.125389 0.710379 3.759259 0.002302
10 3 O 1.000000 0.100708 0.639098 3.616872 0.004203
10 3 1 1.000000 0.111986 0.674454 3.687525 0.005193
10 3 2 1.000000 0.126108 0.716410 3.776445 0.006580
11 0 0 1.000000 0.090909 0.603023 3.545455 0.000000
1 0 1 1,000000 0.100000 0.632456 3.600000 0.000000
11 0 2 1.000000 0.111111 0.666667 3.666667 0.000000
11 0 3 1.000000 0.125000 0.707107 3.750000 0.000000
11 1 0 1.000000 0.090947 0.603393 3.546347 0.000222
11 1 1 1.000000 0.100045 0.632883 3.601080 0.000269
11 1 2 1.000000 0.111167 0.667167 3.668000 0.000332
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I,

n r s Mean Variance ﬂ2 vy

11 1 3 1.000000 0.125071 0.707704 3.751688 0.000421
11 2 0 1.000000 0.091075 0.604665 3.549417 0.000987
11 2 1 1.000000 0.100201 0.634351 3.604796 0.001194
1 2 2 1.000000 0.111359 0.668887 3.672590 0.001475
11 2 3 1.000000 0.125314 0.709758 3.757500 0.001865
11 3 0 1.000000 0.091375 0.607618 3.556574 0.002775
1 3 1 1.000000 0.100564 0.637761 3.613466 0.003357
11 3 2 1.000000 0.111808 0.672885 3.683310 0.004149
11 3 3 1.000000 0.125883 0.714534 3.771093 0.005255
11 4 0 1.000000 0.091970 0.613443 3.570803 0.006335
11 4 1 1.000000 0.101285 0.644494 3.630734 0.007675
11 4 2 1.000000 0.112700 0.680792 3.704705 0.009488
11 4 3 1.000000 0.127015 0.723999 3.798294 0.012032
12 0 O 1.000000 0.083333 0.577350 3.500000 0.000000
12 0 1 1.000000 0.090909 0.603023 3.545455 0.000000
12 0 2 1.000000 0.100000 0.632456 3.600000 0.000000
12 0 3 1.000000 0.111111 0.666667 3.666667 0.000000
12 1 0 1.000000 0.083360 0.577622 3.500626 0.000155
12 1 1 1.000000 0.090940 0.603332 3.546200 0.000186
12 1 2 1.000000 0.100038 0.632812 3.600902 0.000226
12 1 3 1.000000 0.111158 0.667085 3.667780 0.000276
12 2 0 1.000000 0.083449 0.578542 3.502752 0.000686
12 2 1 1.000000 0.091046 0.604381 3.548730 0.000815
12 2 2 1.000000 0.100166 0.634022 3.603964 0.000988
12 2 3 1.000000 0.111316 0.668502 3.671562 0.001220
12 3 0 1.000000 0.083653 0.580645 3.507628 0.001905
12 3 1 1.000000 0.091289 0.606779 3.554538 0.002267
12 3 2 1.000000 0.100460 0.636791 3.610999 0.002745
12 3 3 1.000000 0.111680 0.671748 3.680258 0.003390
12 4 0 1.000000 0.084049 0.584714 3.517118 0.004282
12 4 1 1.000000 0.091762 0.611422 3.565854 0.005099
12 4 2 1.000000 0.101033 0.642157 3.624724 0.006176
12 4 3 1.000000 0.112388 0.678045 3.697252 0.007635




