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Abstract

Let {Sn} be a Markov random walk satisfying the conditions of Keston’s Markov
renewal theorem. It is shown that if {Z,} is a stochastic process whose finite-dimensional,
conditional distributions are asymptotically close to those of {S,} (in the sense of weak
convergence), then {Z,} also satisfies a renewal theorem. In the traditional setting of
nonlinear renewal theory, where {Z,} is represented as a perturbed Markov random walk,
this allows substantial weakening of the slow change condition on the perturbation process;

more importantly, no such representation is required.
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1. Introduction

Let So,S1,... be a stochastic process for which a renewal theorem is known, i.e., for
which it is known that the overshoot {S-, —a:a > 0} converges in distribution (to a known

limiting distribution) as @ — oo. Here 7, =inf{n > 1: S, > a}.

In many applications, especially in statistics, what is needed is a renewal theorem for
a process Zo, Z1, ... which is asymptotically close to {S} in some sense. This has spurred
the development of such renewal theorems, usually called nonlinear renewal theorems,
during the past fifteen years. (The adjective “nonlinear” is used because such theorems
may be used to obtain the limiting distribution of the overshoot of the original process

{Sn} over a nonlinear boundary.)

When S, is the n*® partial sum of iid random variables (i.e. a random walk) satisfying
certain conditions (e.g. the distribution of the summands is nonarithmetic and has finite
positive mean), it is well-known (Blackwell’s Renewal Theorem) that {S,, —a} converges in
distribution as @ — oco. In this setting, nonlinear renewal theory has been explored by Lai
and Siegmund (1977), Lalley (1982), Zhang (1988), and Woodroofe (1990), among others.
In all but the last reference, it is assumed that {Z,} is a perturbed random walk, i.e.,

Zpn = Sp + £n, where the sequence {{,} of perturbations satisfies a slow change condition

such as
(1) %max{|§1|, ..+, |€x|} — 0 in probability as n — oo; and
(2) lim supP{ max [{ntx —E&x| > €} =0 Ve>O0.

§—0 n>1 0<k<ns

(Actually, somewhat more general conditions of the same type are allowed in the above
references, but this is not relevant here.) The paper of Woodroofe (1990) presents a more
general formulation which does not require that {Z,} is a perturbed random walk; rather,

it requires closeness of conditional distributions.

Each of the papers above contains applications of the theory to probability and statis-
tics. For surveys of the theory, as well as many more applications, see Woodroofe (1982)

and Siegmund (1984, 1985).



Recently, Su (1990) and Melfi (1992) have developed nonlinear renewal theory when
{Sn} is a Markov random walk. (Recall the definition of a Markov random walk. It begins
with a Markov chain Yg,Y3,... with state space E. The summands X; have the property
that the conditional distribution of X, given {Y; : i > 0} and {X; : j # n} depends
only on Y,—; and Y,. The process {Y,,X,} is called a Markov renewal process, and
{Sn=X1+...4+ Xn:n > 1} is called a Markov random walk. A more precise definition is
given in the next section.) In Su (1990) the state space E of the Markov chain is required
to be finite; in Melfi (1992) it can be any complete separable metric space.

Both of the above references require that Z, = S, + £,, with {¢,} satisfying a slow
change condition analogous to that given above. The purpose of this paper is to present
a renewal theory for processes {Z,} which satisfy an alternative (much weaker) condition
of asymptotic closeness to {S,}. This condition does not require any representation of the
form Z, = S,+£y; rather, it only requires that finite dimensional, conditional distributions
coalesce (in the sense of the Prokhorov metric). In one direction, this allows weakening
of the slowly changing conditions in the case where Z, = S, + £,. More interestingly, it
allows processes {Z,} which have no such representation; for example, {Z,} may have a
dependence structure like that of a Markov random walk, but where the driving process
is not Markovian. One motivation for developing renewal theory for such processes is
the study of clinical trials where allocation is adaptive and randomized. Details of such

applications will be worked out in a future paper.

In the next section Kesten’s Markov renewal theorem is described, along with a result
which shows that the convergence in this theorem holds uniformly (in the starting point
of the Markov chain) on compacts. In Section 3, nonlinear extensions of Kesten’s Markov
renewal theorem are presented. These theorems are proved in Section 4. Section § contains
some comments on the applicability of these theorems, as well as some techniques for

verifying some of the conditions. In section 6, a machine breakdown example is presented.

2. Kesten’s Markov Renewal Theorem
Markov renewal theorems have been proved by a variety of authors; notably, Orey
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(1961), Jacod (1971), Kesten (1974), and Athreya, McDonald, and Ney (1978). At present,
the most general result available seems to be that of Kesten, so this theorem will be the

embarkation point for the nonlinear renewal theory below.

The statement of Kesten’s Markov renewal theorem follows. Let (E,d) be a separable
metric space with Borel o-algebra £. Begin with a stochastic transition kernel Q on E,
i.e. a function Q: E x & — [0,1] which is a measurable function for fixed 4 € £ and is
a probability measure (on &) for fixed y € E, and let Y, Ys,... be a Markov chain with
transition kernel (), so that for A € £ and n,k > 1,

(3) P{Yoir € AlYy, Y1,..., Y0} = QF(Yn; A).

The summands {X,} are required to satisfy

@ D(Xal{Ys 1§ 2 0}, {X; 1§ #n)) = F({Yaor, Ya),

where {F(-|z,y):z € E,y € E} is a family of distributions on B(R). Define Sy = 0 and
(5) | Sp=X1+...+Xn,n>1.

Then {S,} is a Markov random walk.

It is convenient to assume that {Y,,X,} is the coordinate process on the canonical
probability space (€2, F) = ((E x R)N, (€ x B)N), where N denotes the nonnegative integers
and B is the Borel o-algebra on R. Also, for y € E, P, represents the probability measure

pertaining to paths with Y = y. (For details on the construction of these processes, see

Melfi (1992) and Revuz (1984).)

2.1. Kesten’s Conditions

Two of the conditions for Kesten’s Theorem, (K2) and (K3) below, are rather mun-
dane; (K2) is analogous to the condition that the mean is positive and finite in ordinary
renewal theory, while (K3) is an aperiodicity condition. Condition (K1) is a recurrence
condition on the Markov chain which is satisfied for some non-Harris recurrent Markov

chains (since it only requires that {Y,} return to ¢—positive open sets w.p.l), but requires
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the existence of a finite invariant measure. Condition (K4) is a continuity condition which
is crucial for proving uniform convergence in Theorem 1 below. Some explanation of (K4)

will be given after its statement.

From now on, the notation “a.s.” means “a.e. [P,] for each y.” For f:(E x R)N - R

and § > 0, define
fﬁ(yoas(),yl,sl,...)
(6) =n}i£noosup{f(y(l)7310,yi,3,1,...):d(yz',yg)+|si_S:_|<6 v zsm}

= lim fgl, say.
m—r00

(This will be used in (K4) below). Note that f® is (£ x B)N-measurable for every (not
necessarily measurable) f. In fact, it may be shown that for every f, f2 is lower semicon-

tinuous for each m. The conditions follow.

(K1) There exists a probability measure ¢ on £ which is invariant for Q, i.e., for every

A€,

™) 44 = [ H(n)aw; 4).
Also, for all open A with ¢(4) > 0,

(8) P{Y,eAdn>1}=1forally € E.

(K2)
[ Bxilsa) < o,

pr= /Ey(X1)¢(dy) >0, and

nli_)rrolo %S’n = [ a.s.

(K3) There exists a sequence {{,} C R such that the group generated by {(,} is dense in R
and such that for each v and each § > 0 there is a z = z(v, §) € E with the following
property: For each € > 0 there is an A € £ with ¢(A4) > 0, integers my, m,, and an
n € R such that for each y € A,

Py{d(le,z) <e§ ISml - 77' S 6} >0
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and

Py{d(sz,Z) < €>lSm2 i/ CVI < 6} > 0.

(K4) For each y € E and § > 0 there is a ¢ = ¢(y, §) such that for all product measurable
functions f : (E x R)N = R,

E,f(¥5,50,Y1,51,...) < E,f* (Yo, S0, Y1, 51,...) + 8sup|f]

and

E.f(Y0,50,Y1,51,...) < Eyf*(Yo, S0, Y1, 51,...) + 6sup|f|
whenever d(y, z) < q.

Some insight into the above condition is provided by the observation that (K4) implies
that the transition operators for the whole process {Ya, Sn}n>0 are weakly continuous
under the product topology on (E x R)N. In other words, for y € E and A € (€ x BN,
let N(y; A) = Py{(Y¥s,50,Y1,51,...) € A}. Then (K4) implies that N(y';-) = N(y;-) as
y' — y, where => denotes convergence in distribution.

To see this, let a metric e on (E x R)N be defined by

e o}

o((¥,9), (v',8) = D oo min{L, e, v) + |si — ]}

i=0
Then e metrizes the product topology (Kelley (1955), p. 122). Now fix § > 0 and y € E, let
g = q(y, £) be given by (K4), and let m be so large that 55 < £. For any (y,s) € (E x RN
with d(y;,y;) + |si — st| < % V i<m, e((y,s),(y',s")) < 6. Thus for any A € (£ x B)N,

(1A)6/2 < 1ys,
where A® = {z € (E x R)N; e(z, A) < §).

So, for y' with d(y, ') < ¢ and A € (£ x B)N,

N(y'; A) = Ey14(Ye, S0, Y, 51,...)
SEy(lA)a/z(Yo,So,Y:l,Sl,---)+5/2
< Bylas(Ye, S0, Y1, 51,...) +6/2
< N(y; A%) + 6/2.
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Thus the Prokhorov distance between N(y';-) and N(y;-) is less than §. Since ((ExR)V, e)
is separable, and since the Prokhorov distance metrizes weak convergence on separable

metric spaces, N(y';:) = N(y;-) asy’ — y.

2.2. Kesten’s Markov Renewal Theorem

Let {Y,, X,;n € Z} be the coordinate process on the space (', F') = ((E xR)Z, (€ x
B)Z), and let P' be the probability measure on (€', F') under which {Y},, X'} is the two—
sided stationary process associated with the original Markov renewal process {Y,, X,:n €
N}. (Details of this construction may be found in Melfi (1992); see also Doob (1953), p.
456).

Define

0 ifn=0

’ S X1 ifn>0
S = . o
— Ei:n—}-l X! ifn<0,

and define a measure % on £ by
P(A) = P'{sup S, <0, Yj € A}.
n<o
Also, let the distribution K be given by
1 A
K(Ax (o)== [ 4 [ PV, €du, Sned} [ Luanmeon(o)ds,
KJE Ex(0,00) 0
where
(9) T, =inf{n > 1: S, >a} a>0.
Kesten’s Markov Renewal Theorem (Kesten, 1974): Assume that conditions (K1)~

(K4) are satisfied. Then for any starting point y € E, (¥,,Sr, — a) has joint limiting

distribution K, as a — oco. In particular, for any y € E and r > 0,

a—00

lim Py{Ss, —a > r} = % [E w(dz) / T = 1)P.{S,, € d\).



2.3. Uniform Convergence

It is interesting that, with no further conditions, the convergence in Kesten’s Theorem
holds uniformly (in the starting point) on compacts. That is the content of Theorem 1
below. The proof of Theorem 1 is omitted; a similar result is proved in Melfi (1992). The
key to the proof is a clever use of condition (K4), although there are some technical details
that need to be addressed. (For those who are interested, the proof of Theorem 1 may be

found in Melfi (1991).)

Theorem 1: For each € > 0 and compact set C € &, there is an ag = ag(e,C) < oo such
that for all a > ao,
plE(y;-), K()l<e V yeC.

3. Nonlinear Markov Renewal Theorems

Let {Wy:n > 0} be a stochastic process taking values in (E,€), andlet {Z,:n > 0} be
a real-valued stochastic process. Both are defined on the same probability space (T, A,P).
For a > 0 define

(10) t, =inf{n > 1:Z, > a};

R, =2Z;, — a; and

(11)
Wa = Wta-

Also, let {Gr : k¥ > 1} be a filtration for which G D o(Wo,...,Wg,Z1,...,Z4) for all k.
Of primary interest below are limiting distributions for R, and (W,, R,).

The Prokhorov distance plays an important role in what follows, so its definition and
a few relevant properties are recalled. For probability measures P,Q on a metric space
(X,d) equipped with its Borel o-algebra A, define the Prokhorov distance p between P
and @ by v
p(P,Q) =inf{e>0: P(A) < Q(A) +¢ V A€ A},

where A€ = {z € X : d(z,A) < €}.



Then p is a metric on the set of all probability measures on A (Dudley, 1989, p. 309).
An important property is that if (X, d) is separable, then the Prokhorov distance metrizes

the topology of weak convergence, i.e., if P, Py, P,,... are probability measures on A, then
(12) p(Pn,P)—0 ifandonlyif P,= P.

For this and other properties of p, see Dudley (1989).

3.1. Limiting Distribution of the Overshoot

Let G, and {Z, x: k£ > 1} be the prior o-algebra and post—t, delayed process, respec-
tively, i.e., for a > 0 and k > 1,

Go ={A€ A AN{t, =n} € G, for all n > 1}; and
Zajk = Zty+k — Ly, .

Additionally, for a >0, m > 1, y€ E, B € B™, and v €T, let

Loym(v; B) =P{(Za1,..., Zam) € B|G.}(¥); and
L (y; B) = Py{(S1,-..,8m) € B},

where {S,} is a Markov random walk. Let p,, represent the Prokhorov metric for distri-

butions on B™. The conditions for a renewal theorem follow.

(I) There exists a Markov random walk satisfying (K1)-(K4) for which
pml[La,m, Ly, (Wa;-)] = 0 in probability

for each m > 1.
(II) {R4:a > 0} is tight.

(III) {W,:a > 0} is tight.
Theorem 2: Assume conditions (I)~(III). Then

lim P{Z,, —a >r} = % / (d2) / T\ = r)P.{S., € dA),
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i.e., {Z¢, — a} has the same limiting distribution as {S,, — a}.

3.2. Joint Limiting Distribution

Much of the notation in this section remains the same as in Section 3.1. It will be
necessary, however, to define joint analogues of L, , and L},. So,fora >0, m > 1, y €

E, Be (€ xB)™, and v €T, let
Wam = Wi, tm; |
Lom(7;B) = P{(Wa1,Za,- -, Wams Zam) € B|Ga}(7); and
Ly, (y; B) = Py{(Y1,51,-..,Ym,Sm) € B}.

Also, let p, be the Prokhorov metric for distributions on (£ x B)™. The analogue of

condition (I) is

(I') There exists a Markov random walk satisfying (K1)-(K4) for which
pmlLa,m, Lyn,(Wa; )] — 0 in probability as a — oo
for each m > 1.

Theorem 3: Assume conditions (I'), (II), and (III). Then (W,,R,) has joint limiting
distribution K, i.e., (Wt,, Z;, — a) has the same limiting distribution as (Y7, S-, — a).

4, Proofs
4.1. Proof of Theorem 2.

In this section, all the conditions of Theorem 2 are in force. A bit more notation will
facilitate the proof. For 0 < b < o0, let K} represent the distribution of the overshoot of

the Markov random walk over b, (i.e.),
Ky (y; A) = Py{Sr, — b€ A}

for A€ Band y € E. Also,for e >0and 0 <b< o0,let 0 =vg < w1 <...<wp, =

represent a partition of [0, b] satisfying max)<i<p(vi —vi—1) < e and p < (b+ 1)/e.
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It is useful to focus attention on uniform behavior on compact sets. The following

lemma records two useful facts in this regard.

Lemma 2: Fix € > 0,by < oo, and a compact set C C E. Then there exist b € (by, o)
and m € N such that |

(a) p1K5(y;-), Kopo,(y5)]<e V i<pandye€C; and

(b) P {Si<3b V i<m}<e V yeC.

Proof: Fix ¢ by, and C. Existence of a number b such that (a) holds is an immediate
consequence of the uniform convergence on compacts established in Theorem 1. For (b),

define, for each y € E,
Jy = Jy(e,b) =inf{j: P,{S; <3b+1 V i<j}<e/2}.
Then Jy < oo ae. [Py] since (by (K2)) P,{S, — oo} = 1. Let 0 < § < ¢/2. By (K4), if

y' € B(y;4(y,6)), then
Pp{Si<3b VY i<J,}<P{Si<3b+6 V i<J,}+6

SP{Si<3b+1 V i< Jy}+6
<ef24+é<e

Now {B(y;q(y;6)):y € C} is an open cover of C, so there are yi,...,y; such that
Ui B(yi; 9(vi,6)) D C. Let m = max{Jy,,...,Jy,}, and fix y € C.

Then y € B(yi; 9(vi, 6)) for some ¢ < £. By the above,
P{S;<3 V i<m}

SP{Si<3+1 V i<m}+é<e
[ |

A useful decomposition is presented next. For fixed €, b, partition 0 = vy < ... < Vp =

b, r >4e,m,a,C C Eandi=1,...,p, define
Ci =Ci(a) ={Wa. € C}N{vi-1 < R, < v;};

A;={ze€R™:2; <2b—vi—€¢ V j<kandzy>20—v;_;+r+e 3J k< m};
Bi={z€R™:2; <2 ~v, V j<kandz,>2b—v;4+r 3 k<m)
U{ze€R™:z; <2b—v;y V j<m}
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Note that C; € G, and that the sets A,-k, B;, and C; satisfy
c:n {(Za,h ceey Za,m) € Af} cain {Ra+2b > 7'}
CCin{(Zasa,---3Za,m) € Bi}.

(These inclusions are easy to verify if the time is taken to sort out the notation.)

The next result is the key to the proof of Theorem 2.

Proposition 1: Fix € > 0, by < oo, and a compact set C C E. Let 0 < b < 0o be as in

Lemma 2. Then there is an ag < oo such that for all a > a¢ and r > 4e,

/ Ky (Wa; (r + 4¢,00))dP — 4e
{W,eC,R,<b}

<P{W, € C,R; < b,Roy2 >}

<

/ Ky (Wa; (r — 4¢,00))dP + 4e.
{W.€C,R,<b} '

Proof: Fixe> 0,7 > 4¢,0 < by < 00, and a compact set C. Let b and m be as in Lemma,
2. Let ag be so large that

62

b+1

P{pm[La,m,Ly,(Wy;-)] > €} < V a2 a.

Then for a > ap and 1 =1,...,p,

PIC: 0 {(Zaps- - Zam) € BY] = | Lam(3i BYIP()

€2

b+1°

< / (L% (W BS) + €ldP +
C;

Also,fory e Cand:=1,...,p,
Ly (y; Bf) < Ly (y;{z € R™:2; < 2b—vi_1+€¢ V j<kand
zg>2b—vi—e+r I k<m})
+ Lo, (y; (=00, 35]™)
< Kby 46U (1 — 3€,00)) + €
< K5 (y; (r — 4€,00)) + 2¢
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where the second and third inequalities follow from Lemma 2.

So for a > ay,

P
P{Wa € C, R, < b, -Ra+2b > 7‘} =P {U(C, n {Ra+2b > T'})}

=1

P
S P {U(Cz N {(Za,la- .. ,Za,m) € B’})}

Sé{/C;[K;‘(Wa;(r—46,00))+2f]dp+ ,,_6:1}

<

/ Ky(W,; (r — 4¢,00))dP + 3e.
{W,.€C,R,<b}

This proves the second inequality in the proposition; the first may be established by a

similar argument. [ |

The proof of Theorem 2 now may be completed. Fix § > 0. It is enough to show that

there is a b < oo such that for all r > §,
limsupP{Raqy2s > r} < K(E x (r — §,00)) + 6; and

a—o0

liminf P{R, 425 > r} > K(E X (r + §,00)) — 6.
To do this, let € < §/7. Then there is a by < co and a compact set C C F such that
P{R. < b} >1—¢
P{W,€C}>1~¢ and
| Ky (y; (r — 4e,00)) — K(E X (r — 4¢,00))| < ¢,
forallb> by, a>0,and y € C.
For these values of €,by, and C, let b and m be the constants guaranteed by Lemma

2. Then, by Proposition 1, there is an ag < oo such that for all a > ag,
P{R. <b,Riyaps >r, W, €C} < / Ky (Wa; (r — 4€,00))dP + 4e.
{W.€C,R,<b}

So for a > ay,

P{Ra+2b > T’} < P{Ra+2b >, Ra < b} + €
SP{Rsyas >, R, < b,W, € C} +2¢

<

/ Ky (Wa;(r — 4¢€,00))dP + 6¢
{W,eC,R,<b}

S K(E X (r—4e,00)) +7e < K(E x (r — §,00)) + 6.
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This establishes the inequality for limsup. The companion inequality for liminf may be

proved similarly. ||

4.2. Proof of Theorem 3

The proof of Theorem 3 parallels that of Theorem 2; whatever intuition there was in
the proof of Theorem 2 is, however, disguised by the complication of working with joint

distributions.

The partitions 0 = vp < ... < v, = b and the sets C; are defined precisely as in the
last section. The sets B;, however, must be redefined. For i = 1,...,p, A C E x [0, 00),

and m > 1, define
Bi={(w,2):2; <2b—wv;-1 V j <k, (wr, 2k +vi—2b) € A%, Tk < m}
U{(w,2):2; <2b-wviy V j<m}.

It is easy to verify that (as long as AN (E x [0, ¢]) = ¢),

Ci N {(Wa+2ba Ra+2b) € A} C Ci n {(Wa,l, Za,l, v ,Wa,m7 Za.,m) € Bz}

Let K} represent the joint distribution of Y;, and S,, — b, i.e., for y € F and 4 €
& x B[0, 00),
Z(y; A) = Py{(YTa’ S‘ra - a) E A}'

Lemma 2 is restated in this context. The proof is entirely analogous.

Lemma 3: Fix € > 0,bp < 0o, and a compact set C C E. Then there exist b € (bo, 00)
and m € N such that

PIK;(y; ), Koy, (y;-)] <€ V i<pandyeC,

(a) plK3(y;), K(-)] <e V yeC;and
(b) P {S;<3b V i<m}<e V yeC.

Proposition 2: Fix € > 0,0 < by < oo, and a compact set C. Let 0 < b < oo be as in

Lemma 3. Then there is an ap < oo such that for all a > a and 4 € & x B[0, o0) satisfying
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AN(E x [0,4¢€]) = ¢,
P{W. € C, Ry < b,(Wat2s, Roas) € A} < K(A%) + 6e.

Again the proof is analogous to the proof of Proposition 1 and will be omitted.

To prove Theorem 3, fix 6 > 0 and let € < §/8. Find 0 < by < 0o and a compact set
C satisfying
P{R.<b}>1—e<P{W,eC}. V a>0.

Let b and m be given by Lemma 3. For A C E x [0, 00), define A(e) = AN (E x (4, o0)).
By Proposition 2, there is an ap < oo such that for all a > ao and 4 € £ x B0, 00),
P{(Wat2b, Rat2s) € A}
= P{(Wat2b, Ratas) € A\A(€)} + P{(Wart2p, Ratas) € A(€)}
S P{(Ra+t2s < 4e} +P{W, € C,Ry < b,(Way2s, Rat2s) € Ae)} + 2¢
S P{(Rag2p < 4e} + K(A%) + 6e+ 2¢
< P{(Rat2p < 6} + K(4%) +6.

So for every § > 0 and A € £ x B|0, c0),

(13) limsup P{(W,, R.) € A} < limsupP{R, < §} + K(A4%) + 6.
Now specialize to closed sets. If F is closed, then F® | F as § | 0. Also, by Theorem
2, limsupP{R. < 8} = K(E x [0,6]) > 0as 6§ | 0. So, let 6§ | 0 in (13) to obtain

CcC—ro0

limsup P{(W,, R.) € F} < K(F) for all closed F,

C—r o0

which, by the Portmanteau Theorem (Billingsley, 1968, pp. 11-12) proves Theorem 3. M

5. Comments on the Conditions

In this section some comments will be made about the conditions of Theorems 2 and 3.
The following material (in particular Section 5.1) will make clear the connection between

those results and the more traditional nonlinear renewal theory for perturbed processes.
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Throughout, it is assumed that {Sy} is a Markov random walk satisfying conditions (K1)-
(K4).
Section 5.1. Condition (I)

It is shown that the following conditions on {{.} are sufficient for Condition (I) to

hold in the setting of a perturbed Markov random walk: there exists a § € (%—, 1] for which

(14) a P {t, — 2} — 0 in Py—probability for each y, as a — oo;
U
(15) lim sup Py{max |[{p1r—én| > €} =0 V €>0,Vy; and
6—0 n>1 K<68?
(16) For each n > 1,£, is o(Yy,...,Ya,S0,. .., Sn)—measurable.

Notice that these conditions are much weaker than those assumed in Melfi (1992) and

Su (1990).

Proposition 3: Assume that Z, = S, 4 {n, with {£,} satisfying (14)-(16). Then {Z,}

satisfies condition (I).

Proof: For a > 0 and k > 1, define
Sa,k = Sta+k - St,,;

£a,k = Eta'*‘k - Eta; a'nd

gk :0'(1’0,...,Yn,Sl,...,Sn,fl,...,gn).
Then Z, 5 = So,k + &a,k, and (by the strong Markov property and (16))

D(Sats- -+ Sam)lGa) = L (Yai )
forallm > 1 and a > 0.
Thus for B € B™ and § > 0,
P{(Za1,- -+ Zam) € BlGa} < P{(Surs...,Sam) € BY|Ga}+
+ P{max (£ x| > 6|Ga}
= L3 (Va; B%) + Plmax [eu 1] > 610},
e, pmlLom, Lin(Ya; )] < 6+ Plmax o] > 5[0},
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But (14) and (15) imply that £, r — 0 in Py—probability as a — oo, so letting a — co and

then § — 0 in the above proves Proposition 3. [

Section 5.2. Tightness of {R,}
Let {W,,Z,} and {S,} be as in the set—up for Theorems 2 and 3. It is shown below

that if &, = Z, — S, satisfies

(17) {€:,:a > 0} is tight; and

(18) {ér,:a > 0} is tight,
then {R,} is tight.

Lemma 4: Assume (17) and (18). Then for every € > 0, there is a b < oo such that for
all a > 0,

(i) P{ra—p <t} >1—¢ and

(ii) P{te < 7mays}>1-—c

Proof: Fix € > 0. The assumptions guarantee b < oo for which P{{;, > b} < ¢ > P{{;, <
—b} for all @ > 0. To prove (i), note that since Z;, > a,

P{Sta S a—b} = P{Zta Sa—-b+§ta}

SP{&, >0} +P{Z;, Sa—-b+&,,¢,

<et+0=e.

< b}

P{St, <a—-b} =P{Z, <a—-b+6.,}
<SP, >0} +P{Z;, <a—-b+¢&,,&, < b}
<e+0=e
Now use the relation {Si, > a—b} C {7a_y < 1.} to get P{ra—p < t.} >P{S;, >a—b} >

1 — ¢, proving ().
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For (ii), since Sr,,, > a+b,

P{ZTa+b < a} = P{STa+b <a-— £Ta+b}
S P{€Ta+b S _b} + P{S‘l’a+b S a— E'ra+b’§7'a+b > _b}

<e+0=e

Now use the relation {Z,,, > a} C {t, < 743} to get

P{re <tets} 2 P{Z,,, >a} >1—cH

The preceding lemma shows that, with high probability, ¢, is between 7,_; and 7,44
for every a. The next result shows that, with high probability, 7,43 and 7,3 are not too

far apart.
Proposition 4: For any fixed b < oo, {(Ta4s — Ta—s): @ > 0} is tight.
Proof: For a > 0 and k£ > 1, define

Sak = Sreys — S,

) a

Let b < co. Then for R > 0, {(Ta4t — Ta=p) > R} C{Se—px <20 V K < R}. Fixe> 0,
and let C' be a compact set for which P{Y;, € C} < ¢/2 for all @ > 0. By Lemma 2, there
is an R € N for which

Ly(y; (—00,20B) < e/2 V yeC.

So for any a > 0,
P{(ra4s — Ta—b) > R} < P{Sa_b,k <2 V k<R}
= /P{Sa._b,k <2V kL Rl]:-,-a_b}dP
— [ Za¥runsi (—oo, 20)ap
<e/2+€/2=ck,

where the final inequality follows by integrating separately over the sets {Yr,_, € C} and
{YTa.—b ¢ C}‘ .
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Proposition 5: If (17) and (18) are true, then {R,:a > 0} is tight.

Proof: For a > 0,
Ro=2Zi, —a=5; +&, —a
= (Sta - a) + (Sta - STa) + Eta'

The first and third terms on the right are tight (by the Markov renewal theorem and (16)),

so it is only necessary to consider the second term.

For this term, note that
|Sta. - STal S ISta - STa—bl + |STa - Sra—bl'

The last term is bounded above by |S-, — a| + |Sr,_, — (a — b)| + b, which is tight.

Next, for R > 0,
P{ISt, — Sr.| > R} < P{|S:, — Sr.| > R, Ta—p < ta < Tats, (Tatb — Ta=b) <m,Yy,_, € C}
+P{te < Tacp} +P{te > mats} + P{(Tatt — Ta—p) > m}
+P{Y.,_, ¢ C}.
For fixed € > 0, use Lemma 4 to find a b < oo for which the second and third terms
on the right are less than €/5 for all a, then use the Markov renewal theorem to find a

compact set C such that the last term is less than €/5 for all a, then use Proposition 4 to

find an m for which the fourth term on the right is less than ¢/5 for all a.

It only remains to show that for this b, C, and m, there is an R < oo for which the
first term on the right is less than ¢/5 for all a. This follows from condition (K4) by an
argument like that in Lemma 2(b). The details are omitted. |

Section 5.3. Tightness of {W,}

Condition (IIT) of Theorems 2 and 3 requires that {W,} = {W;,:a > 0} is tight.
Some simple conditions which imply that {W,} is tight are

(a) E is compact;
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(b) E =R and {W,} is L'-bounded;
(C) Wta - YTEEO.

Tightness of {W,} follows immediately from (a); from (b) by Chebyshev’s Inequality,

and from (c) by the Markov renewal theorem and Slutsky’s Theorem.

In general, tightness of {W,} may be difficult to verify. The following gives some
conditions under which {W,} may be shown to be tight, and also serves to indicate the

sort of argument which may be used to prove tightness.

It is natural to assume that {Wy,} and {Y,} are asymptotically close in some sense,
since often {W,} will be a perturbed version of {Y,}. The following result shows how to

exploit such closeness to prove tightness of {W,}.
Lemma 5: If W, — ¥, 230 and if {Yi,:a > 0} is tight, then {W;,:a > 0} is tight.

Proof: Since the convergence of W, — Y, is a.s., n may be replaced by ¢, to get W;, —

Y:, 250, This, along with tightness of {Y;, }, proves the result. |

a

Thus the key in this setting is tightness of {¥%, }. It may be shown that this follows
from (17) and (18) above. The proof is almost the same as for tightness of {R,} given

above.

Proposition 6: Assume that W, — ¥, %530, and that (17) and (18) hold. Then {W,} is
tight.

Proof: All that remains is to show that (17) and (18) imply that {Y;,:a > 0} is tight.

For Ke€€&,a2>20,b<o00,C €¢,andmeN,
P{Vi, ¢ K} <P{Y:, ¢ K, Y,_, € C, Ta—py < to < Tatby (Tatd — Ta—p) < m}

+ P{te > 1ot} + P{ta < Ta—b} +P{Ys,_, ¢ C}
+ P{(Ta+b — Ta—b) > m}
Lemma 4 and Proposition 4 serve to bound the latter 4 terms, as in the proof of

Proposition 5. Then (K4) is used to bound the first term on the right. The details are
omitted. |
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6. A Machine Breakdown Example

One application of Theorems 2 and 3 is the study of breakdown times of machines
which have some control or adjustment made at the time of repair. This section is de-
voted to the investigation of such a process, where the distribution of the time between

breakdowns depends on an underlying Markov chain and the machine setting,.

Specifically, let {€,:n € Z} be iid Uniform [-1, 1], and let ¥;, = (3)Yn-1+€n, n>1.
Let V. be a stochastic process with values in some measurable space (M, M), and let

{Tn:n > 1} be a real-valued stochastic process satisfying

. . ) F, ifY,—Y,-1>0
YD(TnI{Y;2 > O}a {Tj:] 7é n}’ {V}:] < n}} = {Gean ifY, — Yn—i <0;

for A € B and n > 1. Here V,, represents some measurement (for example, quantity of
output) at time n; 0, = 6,({Yi, T3, Vi}:7 < n) represents the machine setting at time n;

and {T»:n > 1} is the sequence of times between breakdown.

It is assumed that all of the above random elements are defined on the same probability
space (I, A, P), and that § = nh_)rrgo 0r exists a.e. [P]. It is also assumed that {F;, G,: z € R}
is a family of distributions with common compact support, that F, — Fy and G, — Gy
in total variation as z — 6, and that Fy and G are absolutely continuous with respect to
Lebesgue measure. Let A = Ay and v = vy be the means of Fy and Gy respectively, and

assume that A +v > 0.
Let {X,:n > 1} satisfy

' _ Fop ifY,—Y,1>0
D(X,|{Yi:i > 0}, {X;:5#n}) = {GZ if Y, _Yn_i <0,

and define
Sn=X1+...+X,; and

Zn=T1+...+T,.
Then {S,.} is a Markov random walk, and it is shown next that {Yy, Sn, Z,} satisfies the
conditions of Theorem 3, so that (¥3,,Z;, — a) converges in distribution as a — oo.

First, conditions (K1)~(K4) must be verified for the process {Y;,, X, }. It is well-known
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that {Y,} satisfies condition (K1) with ¢ given by

64 =P [(i(%y@n) ca

(See Nummelin, 1984, e.g.).

, A€B.

A short excursion into the theory of Markov chains facilitates the verification of (K2).
Sources of further information include Breiman (1968) and Revuz (1984). First a few
definitions are needed. Let {(,:n > 0} be a Markov chain with state space (D, D) and
transition function N(-,-). Also, for z € D, let P, represent the unique probability measure

pertaining to paths of {(,} starting at z.

Definition: {(n:n > 0} is said to be indecomposable if and only if there do not exist two

disjoint, nonempty subsets A and B in D for which

N(z,A)=1 V z€Aand N(z,B)=1 V =ze€B.

Definition: {(n:n > 0} is said to be Harris recurrent (with respect to the measure m) if

and only if for every A € D with m(A4) > 0,

P, {ZIA(Cn)=oo} =1V zeD.
n=1
The Markov Chain of interest is defined next. Define D C [—1,1]? by

D= {(ac,y) e[-1,1)%:y e [xgl,w_QHJ}.

Let N be the transition function on (D, D) given by N((z,y),C) = Q(y; C,), where C, =
{z:(z,y) € C}, and let {o,(1,... be a Markov chain with transition function N. Then for
y €[~1,1] and A € DN,

Py{[(Yo, Y1), (11,Y3),...] € A} =Py, {(Co,C1,- ) € 4},

where 7, is the measure on D defined by

Ty(A X B) = 1a(y) /B Qy; d2).
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Lemma 6: The measure w, defined by

"(0)= [ #da)Qaidy), C e,
is stationary for {(,}.

Proof: The Lemma follows from the fact that ¢ is stationary for {Y,,} and Proposition
6.6 of Breiman (1968).

The Markov chain {(,} is clearly indecomposable. This, along with Lemma 6, implies
that 7 is the unique stationary distribution and that if {; has distribution =, then {(,} is
ergodic. (See Breiman, 1968, Theorem 7.16).

Let m denote Lebesgue measure on D.
Proposition 7: The Markov chain {(,} is Harris recurrent with respect to m.

Proof: (This proof is similar to an argument in Bélisle, Romeijn and Smith (1990).) First
note 1':hat 7 and m are mutually absolutely continuous. Thus 7 has a strictly positive
density, say g, with respect to m. Also note that for any ¢ € D, N?(z;-) is absolutely
continuous with respect to m. Fix A € D. By the ergodicity of {(,},

1=P, {hm —ZI{C, EA}—W(A)}
. Z 14(G) = 7r(A)} m(dz)

Pz { lim % E 14(¢) = W(A)} g(z)dm(z).

=0

Thus
n-—1
P, { lim 1 D o 1a(G) = W(A)} =1 for a.e. z[m],
=0

i.e., m(Dy) = 1, where

{a: € D:P, {nlgrgo%iu(gi) - W('A)} = 1}.
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To prove Harris recurrence, it is necessary to know that Dy = D. So fix z € D. Then

P, {nlggo SN =w<A>}

i=0

— /DPz {T}Egoz—:lA(Ci) =n(A)|¢z = y} N*(z; dy)
= /DPy {nl_iféoilA(Ci) = W(A)}N2($’dy)

n—1
> / P, { lim » " 14(C:) = 7r(A)} N?(z,dy)
Do n—oo =
= N*(z;Dy) = N*(z;D) =1,
where the penultimate equality follows from the fact that N?(z; -) is absolutely continuous

with respect to m.

Thus .
Pz{lim %ZlA(Ci)ZW(A)}=1 V ze€D.
1=0

Now let A satisfy m(4) > 0. Then 7(A) > 0, so that the above relation implies that

Pz{ilA(Ci):m} =1V :L’E.D,
i=1

i.e., {¢n} is Harris recurrent with respect to m. |

Condition (K2) is now easy to verify. By the law of large numbers for Harris recurrent

Markov chains (Revuz, 1984, p. 140), for each A € D,

(19) %Zu(gn) — 7(A) a.e. [P,] Vz.

Proposition 8:

%ZI{Yi—Yi—l >0} — %— a.s.
=1
Proof: Let A= {(z,y) € D:y > z}. Then

"(4) = Pol¥i > %o} = [ P( > ()

= [G-9oan =4,
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since the mean of ¢ is zero. Thus

Pz %ZI{Y;—Y;—I >0} B %:l
) =1
=Py, %Z 1a(G) — %:l
i=1

_ /PI {% iu(ci) 5 %} n:(de) = 1

by (19). |
For condition (K2), first note that
EyXl = )\Py{}/l > y} +VPy{K < y}
= A1 —y) +3v(1+y).
Therefore,
p= /EyX1¢(dy)
=3 [0t uitan) = 30+ ),
since the mean of ¢ is zero.
So, letting X, XF ... beiid. Fy and XE,XE,... beiid Gy,
Sn 1 & F 1 = G a.s.
==L XY - Y > 0+ 1 XPUY; - Vi < 0)25
i=1 i=1
by Proposition 4 and the Strong Law of Large Numbers.

Condition (K3) is clearly true. For (K4), more notation is needed. For y € [—1, 1]
and n > 1, let

Ya(y) = (3)"y + D _(3)" Fer,
k='=1 _
and let S,(y) be defined as S, is above, but with Y, (y) in place of ¥,. Then the P,-
distribution of {Y,(y), Sn(y)} is equal to the P,~distribution of {¥;,S,}.
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Now

Yaly) = Yas(s) = =)y +en + 3 (B = (3"
k=1

n—1
=~ v+en—2> E) e
k=1

n
=—(3)v+en—2) 3 Fan
E=2
= —(%)”y + Jn, say.

Lemma 7: For each § > 0 and y € [1, 1], there is a ¢ > 0 such that if |y — 2| < ¢, then

(20) Po{1(0,00)[¥Ya(y) = Ye-1(y)] # L0,00)[¥a(2) = Ye-1(2)] 3 k>1} <&,
Proof: Fix é > 0 and y > 0. (The argument for y < 0 is analogous). Then for k£ > 1 and
2> 0,
Po{1(0,00)[Ye(y) = Ye-1(¥)] # L(0,00)[Yi(2) — Yi-1(2)]}
= Po{Ya(y) — Yi-1(y) > 0, Yi(2) — Yi-a(2) < 0}
+ Po{Yi(y) — Yi-1(y) <0, Yi(2) - Yi-1(2) > 0}
= Po{3ry < Jr < 552} + Po{352 < Ji < FFY}

One of the quantities on the right will be zero, depending on whether y > z or y < z. For

simplicity, assume that y < z.

It may be shown that for each k, the density of Ji is bounded by 1. Thus
LHS(20) < > Po{sy < Ji < 22}
k=1
_<_ Z '2'17?(2 - y) < 67
k=1
whenever (z —y) < 8. For y > z, a similar argument shows that LHS(20) < § whenever

(y — z) < min{y, 6}. (Taking the minimum of § and y avoids problems with z < 0). [ ]

To verify (K4), let y € [-1,1] and § > 0. Let ¢ = ¢(y, ) be as in Lemma 7, and for
ze[~1,1], define E(y,2) = {1(0,00)[¥4(y) — Yi-1(¥)] = 1(0,00)[¥(2) — Yiea(2)] V &k > 1}.
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Now fix z € B(y; ¢) and note that by Lemma 7, Po{(E(y,2))°} < é. So for any
F([-1,1] x [0,00))¥ — R,
Eyf(Ys, S0, Y1, 51,...) — E, f*(Ys, S0, Y1, 51, . ...)

= /[f(%(y),so(y),iﬁ(y),Sl(y),---) = f*(¥o(2), So(2), Ya(2), S1(2), .. .)|dPy
<0+ ésup|f],

where the inequality follows by integrating separately over E(y,z) and E(y,z)°. This

establishes one inequality in (K4); the other follows by the same argument.

Conditions (IT) and (III) are clearly true.
Lemma 8: The process {Y, 2.} satisfies (I').

Proof: For (z,y) € [-1,1)2 and « € O, let

F.(-) if z;

Fix e > 0 and m > 1. Let § > 0 be so small that if |x — 6] < §, then the total variation
distance between H(:|z,y) and Hy(-|z,y) is less than e/m for all (z,y)e[-1,1]?. Fix
a v € I' for which 6,(y) — 6, and let n be so large that |0,(7) — 6] < 6. Then for
A€ ([-1,1]* x [0, 00))™, |
P{(Yn+1,Zn,1,- -y Yotm: Zn,m) € A|F}(7)
= [ Q) du) - Qumosdym)x
Fy, .. (n(@a|Ya(7),y1). .. Fo i (d2m — Zm—1|Ym—1,Ym)
< [ QWatrl ). Qums; dym)x
Fopn(n(dz1Ya () 41) - - [Fo(dzm — zm-1|ym—1,Yym) + ¢/m].

Iterating this relation shows that

27



P{(Yn+1aZn,1, ooy Yntm, Zn,m) € AI}—n}(V)
S/AQ(Yn(v);dyl)---Q(ym-l;dym)x
Fﬁ(dzl IYn('Y)) yl) cue Fe(dzm — Zm-1 Iym—ly ym) + mf/m

— L3 (Ya(7);4) + .
Thus

p[P{(Yn-{-l, Zn11, ceey Yn+m, Zn,m) € .I]:'n}, L:‘n(Yn, _)]a._._s).o,

from which the lemma follows.
Theorem 4: The pair (V7,, 2;, — a) has joint limiting distribution k. In particular,

al_i+ngo P{Z;, —a>r}= x%/gb(dz)/oo(s - >7')Pz{STo € ds}.
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