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Abstract

In this article, a class of penalized likelihood probability density estimators is proposed and
studied. The true log density is assumed to be a member of a reproducing kernel Hilbert
space on a finite domain, not necessarily univariate, and the estimator is defined as the unique
unconstrained minimizer of a penalized log likelihood functional in such a space. Under mild
conditions, the existence of the estimator and the rate of convergence of the estimator in terms of
the symmetrized Kullback-Leibler distance are established. To make the procedure applicable,
a semiparametric approximation of the estimator is presented, which sits in an adaptive finite
dimensional function space and hence can be computed in principle. The theory is developed
in a generic setup and the proofs are largely elementary. Algorithms are yet to follow.
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1 Introduction

Let X;,4=1,---,n, be independent and identically distributed (:.i.d.) samples from an unknown
probability density f on a domain X. The estimation of f from the samples is of lasting interest to
statisticians. When the density f is known to belong to a finite dimensional parametric family, say
Py = {f(6): 0 € O}, where the form of f is known up to a finite dimensional parameter 6, density
estimation reduces to parameter estimation, and the maximum likelihood (ML) method is the

standard technique which possesses many favorable properties. Note that a parametric approach
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puts rigid constraints on the estimator. When a parametric form is not available, however, a naive
ML density estimator without any nonintrinsic constraint (see below for the intrinsic constraints) is
a sum of delta function spikes at the sample points, which apparently is not an appealing estimator
when the domain X is continuous. The middle ground between these two extremes is where the
nonparametric/semiparametric methods come in to play. Of course all estimators have to be bound
by the intrinsic positivity constraint that f > 0 and the unity constraint that [, f = 1.

In their pioneering article, Good and Gaskins (1971) introduced the idea of penalized likelihood

density estimation. The idea is to minimize a penalized minus log likelihood functional
1 n
~2 Y log f(Xa) + (/2T (),
i=1

where the J(f) is a roughness penalty and the A is called the smoothing parameter. The log likeli-
hood dictates the estimate to adapt to the data, the roughness penalty counteracts by demanding
less variation (hence less adaptiveness) in f, and the smoothing parameter controls the two con-
flicting goals. Presumably the J(f) evaluates infinity at the delta sum, which is then effectively
ruled out by the procedure. The null space of J, say J, is usually of finite dimension, so as A — oo
the method reduces to the standard parametric ML estimation with P = J .

In implementing the Good-Gaskins method, a main concern is the incorporation of the positivity
and unity constraints. Leonard (1978) introduced the logistic density transform f = e9/ [ €9 and

proposed to estimate g via minimizing
1 n
23 00X +log [ ¢ + (A/2)(g), (1)
=1

which is constraint-free. However, note that f determines g only up to a constant but the constant
function is usually in J;, so the operating criterion (1.1) may not have a unique solution if care
is not taken. Silverman (1982) proposed to estimate the log density g = log f which is free of
the positivity constraint, and to augment (1.1) by a functional [ €9 to effectively enforce the unity
constraint, ending up solving a constraint-free problem with a unique solution. Note that when g
is a log density the second term in (1.1) dispears, so in appearance Silverman’s method replaces
log [e9 in (1.1) by [e9. Silverman (1982) then developed a theory for his estimator, including
the existence, the asymptotic convergence rates under various function norms, and the asymptotic

Gaussian process approximation. Cox and O’Sullivan (1990) developed a general asymptotic theory



for penalized likelihood estimators, which applies also to Silverman’s method. Leonard’s (1978) and
Silverman’s (1982) treatments are mainly in a univariate context. To the authors’ knowledge, the
multivariate counterpart is largely unexplored, although the Cox-O’Sullivan theory may well apply
if one were available. ‘

In this article, we propose to enforce a one-to-one logistic density transform by imposing a one
dimensional side condition concerning the constant on the space of the tentative log likelihood g.
The minimizer § of (1.1) is then unique in the restricted function space when it exists, and the
minimization problem is free of constraint. We shall formulate the problem in a general reproducing
kernel Hilbert space, and develop a general theory in parallel to that of Silverman (1982).

The rest of the article is organized as follows. In Section 2, we formulate the problem, discuss
the basic ingredients of the method, and give examples. Section 3 establishes the existence of the
estimator under the condition that the ML solution exists in J, . Section 4 concerns the asymptotic
convergence rates of the estimator in terms of the symmetrized Kullback-Leibler distance between
the truth and the estimator. The techniques used in Section 4 are mainly taken from Silverman
(1982) and Cox and O’Sullivan (1990). Section 5 describes a semiparametric approximation of the
estimator, which is essential for the applicability of the method. Computational methods for the

semiparametric approximation shall be developed in further study.

2 The Definition of the Estimator and Examples

A reproducing kernel Hilbert space (RKHS) is a Hilbert space of functions in which the evaluation
functional is continuous. We will confine the tentative log likelihood ¢ to a RKHS H of functions
on X, and define the estimator as a minimizer of (1.1) in H, where J(g) is a square seminorm in
H with a finite dimensional null space J;. A Hilbert space carries a metric and a geometry which
facilitate us in conducting theoretical and numerical calculations. Continuous evaluation ensures
the continuity of the log likelihood part of (1.1) under mild conditions. A finite dimensional J
prevents “interpolation”, a conceptual equivalent of the delta function sum. The choice of J as a
quadratic form is for practicity and by convention. Following Wahba’s (1990) general definition,
the estimator, as a minimizer of a functional involving a quadratic penalty in a Hilbert space, is a
smoothing spline. This justifies the title of the article. Wahba (1990) has a thorough treatment of

smoothing splines in the regression setup.



To ensure a one-to-one logistic density transform f = e9/ [ €9, one needs to eliminate from H
all but one log likelihoods which differ only by a constant from each other. This can be done by
enforcing a side condition [z g dv = 0 for members of H, where v is a measure on X with v(B) > 0.
For example, such a side condition could be g(zg) = 0 for a certain zg € X. In most applications
of the smoothing spline technique, H is taken as {g : J(g) < o0} and J; D {1}, and the norm
in H is defined via augmenting J(g) by a norm in J, , say ||g||.L, which is usually a sum of norms
in one-dimensional spaces span{¢,} where ¢, span J;. When 1 is one of the ¢,, which is usually
the case, a RKHS H = {g: J(g) < 0o} © {1}, which is to our requirement, can be easily obtained
by dropping {1} from the conventional construction. Examples follow after a bit more general
treatment.

Throughout the remaining of the article, it is assumed that 1 ¢ H and J, = {g: g € H,J(g) =
0}. Let L(g) = ~(1/n) Ty 9(X:) + log [ .

Lemma 2.1 L(g) is strictly convez in H. Consequently, the minimizer of (1.1) in H, if it ezxists,

s unique.

Proof. By Holder’s inequality, for o, > 0,a+ 8 =1, and g,h € H,

log/e"‘”ﬁh < alog/eg+ﬂlog/eh,

where the equality holds only when e9 « e, which amounts to g = A in H. O

Lemma 2.2 If el9l are Riemann integrable on X for all ¢ € H, then L(g) is continuous in H.

Furthermore, L{g + ah), Vg,h € H and a € R, is infinitely differentiable as a function of a.

Proof. The claims follow from the Riemann sum approximations of related integrals and the con-
tinuity of evaluation. O

Riemann integrability can be assured by a finite dimensional bounded domain A" and the continuity
of g € H on X. Later developments only require L(g + ah) to be twice differentiable.

Before proceeding with examples, we review a few basic properties of RKHS. Details are to be
found in Aronszajn (1950). An equivalent defining property of a RKHS H is that H possesses a
reproducing kernel (RK) R(:,-), a positive definite bivariate function on X, such that R(z,-) =
R(-,z) € H,Vz € X, and < R(z,-), f(-) >= f(z) (the reproducing property), Vf € H, where

< -,+ > is the inner product in H. As a matter of fact, starting from any positive definite function
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R(-,-) on the domain X, one can construct a RKHS H = span{R(z,-),Vz € A’} with an inner
product satisfying < R(z,-), R(y,-) >= R(z,y), which has R(-,-) as its RK. Another useful result
is that when H = Ho @ H; is a RKHS with the RK R, then H; are RKHS’s with RK’s R;, 7 = 0,1,
where Rg + Ry = R. Note that the RK and the norm in H define each other uniquely, though
explicit formulas are not always available simultaneously for both. An explicit norm, or J for the
purpose of this article, provides the most direct intuition about the notion of smoothness in the
estimation procedure. An explicit RK, on the other hand, is the only thing needed to perform
numerical calculations. We mention in passing that the quadratic penalty J is equivalent to a
mean zero partially improper Gaussian process prior for g on X', where the Gaussian process has
two independent components, one diffuses in J, and the other has covariance function R;, the RK
associated with the norm J in H © J ; see, e.g., Wahba (1978) and Leonard (1978).

We present a few examples in the remaining of the section.

Example 2.1 Cubic spline on [0,1]. Let X = [0,1] and J(g) = [ §%. The null space of J without
side condition is {1,z}. There are at least two different formulations which lead to the same
estimated density e?/ [ e9, but the two estimated log likelihoods belong to two different RKHS’s.

The first formulation specifies f¢g = 0. The accompanying norm in J; = {z — .5} is |jg]|lL =
(f §)? and the associated RK in H © Jy is Ry(z,y) = ka(z)ko(y) — ka(|z — y|) where k, = B, /v!
and B, is the vth Bernoulli polynomial; see Craven and Wahba (1979). It can be verified that
JY Ry(z,y)dy = 0 and f (}ij)yy(m,y)'g'(y)dy =g(z),YVgeHO J).

The second formulation specifies g(0) = 0. The accompanying norm in Jy = {z} is |[gllL =
(9(0))? and the associated RK in H © Jy is Ry(z,y) = [o(z — w)4+(y — w)4+du, where (-)4 is
the positive part of (-). It is easy to check that Rj(z,0) = 0 and [ (}fj)yy(w,y)ﬁ(y)dy = g(z),
VgeHOJL ={g: g(0)=4¢(0) =0,J(g) < c0}. O

Example 2.2 Thin plate splines. Thin plate splines are defined on X = R?¢ with

2
ml [ [ amg
J(g) = ng(g) = E m/_oo"'/_oo <W) dzy---dzg. (2.1)

ayteetag=m

Technically one needs 2m > d to make the space H = {f: J(f) < co} a RKHS. Note that J&(f)
are rotation-invariant, so thin plate splines are rotation-invariant. The null space of J without side

condition is JI = {g : J(g) = O} = {w‘lll .. .xsd}Z:t::‘;‘;d(fm of dimension M = Cj'i'm-l_



A convenient side condition is Ag = Y g¢s5 9()/#(8) = 0, where S C R is a collection of finite
number of points called a normalizing mesh. Accordingly, a basis {¢, }'L, for J1 can be constructed
such that ¢1 = 1 and E($,$,) = §,,,, where 6, ,, is the Kronecker delta. Let ||g||X = =M, (A(g¢,))?
be the norm in J* and let Pg = Y™ (A(94,))¢,. It can be shown that J(f) is a norm in
{9 : llgllL = 0,J(f) < oo} with the associated RK Rj(z,y) = (I — P)z({ - P)yEZ(|z - y),
where I is the identity operator and (I — P)g means (I — P) applying on what follows as a function
of z, | - | is the Euclidean norm in R¢, and EZ(-) are known functions whose expressions can be
found in, e.g., Wahba and Wendelberger (1980). Gu and Wahba (1990) have more details about
this construction. Dropping ¢1 = 1 from J} one gets J; complying with the side condition, and
H=J.d{g: |lgll} =0,J(f) < oo} restricted to a bounded domain X D S is an appropriate
RKHS for the purpose of this article.

A few remarks follow. Note again that although the estimated log likelihood g varies with
the normalizing mesh S, the estimated density e?/ [ e9 remains the same. The equivalence of J¢
and Ry only holds on the domain X = R?. On a bounded domain X C R%, Ry as constructed
above still defines a RKHS, but the corresponding J no longer has a nice explicit expression like
(2.1). The essential element here is a positive definite function R(x,y) complying with a side
condition AyR(z,y) = 0, where A is an averaging operator. Such an R defines a norm J in
span{R(z,-),z € X}. This space can be further augmented by a finite dimensional Hilbert space
Ji, JL Nspan{R(z, ),z € X} = {0}, whose members also comply with the side condition Ag = 0.
Thin plate splines belong to a class that R(z,y) = R(|z — y|) is radial and J is invariant with
respect to rotation and shift of X in R%. O

Example 2.3 Tensor product splines. The structure of tensor product splines depends on product
RKHS’s. The constructions of H and J for tensor product splines in the regression setup are well
understood; details can be found in, e.g., Gu and Wahba (1990, 1991 a, b). With the previous two
examples in mind where the drop-constant procedure is illustrated, the construction of H for log
likelihood estimation should be straightforward following the lines in the literature. Here we only
observe a few simple implications concerning their use in the current setup.

Consider a domain X" = [0,1]3. A tensor product spline on X can be decomposed as

g(z1, 29, 23) = C+g1(z1)+92(22) +93(x3)+91,2(1, 22)+ 91,3(21, z3)+g2,3(T2, £3)+91,2,3(21, T2, T3),



where the C is a constant, the g; are the main effects, the g; ; are the bivariate interactions, and
the g1 23 is the trivariate interaction. Accordingly, J(9) = ¥ 1cq1,2,3) J1(91r)- Main effects and
interactions satisfy side conditions A;g; = A;g;; = Aig1,23 = 0 where A; are averaging operators
on the axes. For log likelihood estimation one sets C' = 0. The remaining seven components can
all be included or excluded separately, resulting in 27 possible models of different complexities.
The main-effect-only model, also called an additive model, implies the independence of the three
coordinates. It is reassuring to see that the main-effect-only model fitted via minimizing (1.1) is
equivalent to solutions of three separate problems with J = J; on each axis. Some less trivial
probability structures may also be built in via selective inclusion of the terms in a tensor product
spline. For example, the conditional independence of z; and z2 given z3 may be incorporated by

excluding g;,2 and ¢1,2,3 from the model. O

3 The Existence of the Estimator

In this section, we shall prove the following theorem, which guarantees the existence of the estimator.

Without loss of generality, A = 2 is assumed in this section.

Theorem 3.1 Suppose L(g) is a continuous and strictly convex functional in a Hilbert space H
and J(g) ts a square seminorm in H with a finite dimensional null space J, C H. If L(g) has a

minimizer in Jy, then L(g) + J(g) has a unique minimizer in H.

The proof of Theorem 3.1 builds on the following two lemmas. L(g) and J(g) below are the same

as in Theorem 3.1.

Lemma 3.1 If a continuous strictly convez functional A(g) has a minimizer in Ji, then it has a

minimizer in the cylinder area C, = {g9: g € H,J(g) < p}, Vp € (0, 00).

Lemma 3.2 If L(g) + J(g) has a minimizer in C, = {g: g € H,J(g) < p}, Vp € (0,00), then it

has a minitmizer in ‘H.

The rest of the section are the proofs.
Proof of Lemma 3.1: Let || - || be the norm in J,, and go be the minimizer of A(g) in J;.

By Theorem 4 of Tapia and Thompson (1978, p.162), A(g) has a minimizer in a “rectangle”



Ryn=1{9: g€ H,J(g9) £ p g — g0l|L <7} Now if the lemma is not true, i.e., that A(g) has no
minimizer in C, for some p, then the minimizer g, of A(g) in R, should satisfy ||gy — gol|lL = 7.

By the convexity of A(g) and that A(g,) < A(go)

A(agy + (1 - a)go) < aA(gy) + (1 — @)A(go) < A(go) (3.1)

for & € (0,1). Now take a sequence 7; — oo and take o; = 4; !, and write e;g-, +(1—a;)go = g2 +¢;
where g0 € J1 and gf € H 6 Jy. It is easy to check that ||g? — gol|L = 1 and J(g?) < a?p. Since
Ji is finite dimensional, {g?} has a convergent subsequence converging to, say, g; € J., and
llg1 = gollL = 1. It is apparent that g7 — 0. By the continuity of A(g) and (3.1), A(g1) < A(go),
which contradicts the fact that go is the unique minimizer of A(g) in J,. Hence, ||gy — gol|lL = 7
can not be true for all ¥ € (0, 00). This completes the proof. O

Proof of Lemma 3.2: Without loss of generality we assume L(0) = 0. If the lemma is not
true, then the minimizer g, of L(g) 4+ J(g) in C, must fall on the boundary of C, for every p, i.e.,
J(g,) = p, Vp € (0,00). By the convexity of L(g),

L(eg,) < aL(g,), (3.2)
for a € (0,1). By the definition of g,
L(g,) + J(9,) < L(ag,) + J(ag,). (3.3)
By combining (3.2) and (3.3) and substituting J(g,) = p, one obtains
L(agp)/a + p < L(agy) + o?p,
which after some aigebra leads to
L(ag,) < —a(1 + a)p. (3.4)

Now choose & = p~'/2. Since J(ag,) = 1, (3.4) leads to L(g1) < —(p'/2 + 1), which is impossible
for large enough p. This proves the lemma. O
Proof of Theorem 3.1: Applying Lemma 3.1 on A(g) = L(g) + J(g) leads to the condition of

Lemma 3.2, and Lemma 3.2 in turn yields the theorem. O



4 The Convergence of the Estimator

We shall establish the asymptotic convergence rates of the estimator in this section. Let gg be the
true log likelihood and let § be the minimizer of (1.1) in . Throughout this section, it is assumed
that J(go) < co and that L(g) has a minimizer in J,. Denote by J(g, k) the (semi) inner product
associated with the square (semi) norm J(g), write yy(h) as the mean of A(X) where X has a log

likelihood g, and define Ay x(a) = L(g + ah) + (A/2)J(g + ah).
Lemma 4.1 Ag4(0) = -1 % h(X)) + pe(R) 4+ M(g, h).

The proof of the lemma is straightforward.

Set g = g and h = § — go in Lemma 4.1. Note that Ag,h = 0. It follows that

. . . . 1N, .
Pgo(go — §) + 15(3 — 90) = AJ(§,90 — §) + [; > (F — 90)(Xi) = 146 (9 — 90)] (4.1)
i=1

The left hand side of the equation (4.1) is the symmetrized Kullback Leibler distance between the
truth and the estimator. The right hand side of (4.1) is what we seek to bound in the remaining
of the section.

Following Silverman (1982) and Cox and O’Sullivan (1990), we first introduce an approximation
of g, say gy, which is the minimizer of

1 n
Li(g) + (A/2)J(9) = == D> _ 9(Xa) + 1o (9) + (1/2)V (9 ~ 90) + (A/2)J(9), (4.2)
=1

where V(h) = Vg, (h) and V,(h) is the variance of h(X) where X has a log likelihood g. L;(g) is
basically the quadratic approximation of L(g) at go. It can be seen that V(A) is a norm in H. We
also write V'(g, k) as the inner product associated with the norm V(g), the covariance of g and .

A bilinear form B is said to be completely continuous with respect to another bilinear form
A if for any € > 0, there exist finite number of linear functionals Iy, ---,I; such that Li(g) = 0,
Vj = 1,---,k, implies B(g) < €A(g); see Weinberger (1974, Section 3.3). Note that to avoid
interpolation, the smoothness penalty J must restrict the solution of L(g) + AJ(g) to an effectively

finite dimensional space, and as n — o0, such restriction may be gradually relaxed by letting A\ — 0.

Assumption A.1. V is completely continuous with respect to V + J.



Under A.1, by Theorem 3.1 of Weinberger (1974, p.52), there exist a sequence of eigenvalues A,
and the associated eigenfunctions %, of V' with respect to V + J such that

V("pua ")bp.) = /\uau,u and (V + J)(¢v, ¢p) = 61/,;“

where 6, , is the Kronecker delta and 1 > A, — 0. Defining ¢, = )\;1/2¢U, it follows that

V(dv,du) = by and J(¢y,du) = pubu,p,

where 0 < p, = A;! — 1 — co. The smoothness of the functions in space 7 can be characterized

by the rate of decay of A,, and the convergence rates of the estimator depend on this rate of decay.
Assumption A.2. p, = c,v", where r > 1 and ¢, € (f1,062) C (0,00).

In Example 2.1, if go is bounded from above and below, then Assumption A.2 is satisfied with
T = 4; see Silverman (1982, p.802).

Denote g = 3, g,¢, and go = 3., gu,0¢y, Where g, = V(g,,) are the Fourier coeflicients of ¢
with basis ¢,. Equation (4.2) becomes

Y XD — a8+ (D0~ ol + Dl (43)
v i=1 v v

Writing 8, = £ -, ¢,(X;) — pigo(¢,) and minimizing (4.3) with respect to g, it follows that

gu,l = (,31/ + gu,O)/(l + )\PV)- (4'4)
Now
BZ —28,Apu900 + >\2P2920
|4 — = v,1 — Gv 2= - , %
(91 — 90) Z,,:(g 1~ 9u,0) XV: (14 Ap, )2
:62 - Qﬂu’\puguo + >\2P2920
(g1 — = A AGu1 — Guo)® = Ap,— d Ly
(91 — 9o) ;P (90,1 = gu0) EV: P (14 Ap,)?

Note that E(8,) = 0 and E(82%) = n™!, one gets

E(V(g1 —90)) = 'IZ(H/\[) 7+ Z(1+/\ )2Pu9uo
EQI@ - m) = 27 j’;’ AL (1( pu)” 0o (4.5)

10



Lemma 4.2 Under A.2, as A — 0,

Apy _ —1/r
E(1+/\;0)2 = o
Sy = 00"

Proof: We only prove the first equation. The other two are similar.

’\pu Apl’
Lty - (X + X Ay

AT 1/r v~ 1/r

O()\ 1/1')-{- (/ i (—1+/\—$)'d2})

- O(/\‘l/r)+/\‘1/TO(/1 mdz)
= o(\Yn),

Theorem 4.1 Under A.1 and A.2, asn — oo and A — 0,

E(V(g1—g0)) = O@™IA"YM" 4 1)
E(\J(g1—g0)) = O(n~IA~V7 4 ).

Proof: Note that 3>, p,g2 = J(go) < co. The theorem follows from (4.5) and Lemma 4.2. O
We now turn to the approximation error § — g;. Set ¢ = § and h = § — ¢; in Lemma 4.1, it

follows that
- “Z(g 91)(Xi) + pg(§ — 91) + AJ(§,§ — 91) = 0. (4.6)

i=1
Defining By s(a) = Li(g + ah) + (A/2)J(g + ah), similarly one gets

——Z(g 91)(Xi) + pgo (§ — 91) + V(g1 = 90, G — 91) + M (91,5 — 91) = By, 5-4,(0) = 0. (4.7)

Combining (4.6) and (4.7) yields

Ba(d—91) — b5 (§ = 91) + AT (G —91) = V(91— 90,8 — 91) + oo (§ — 91) — pg1 (6 — 1) (4.8)

Now define C(a) = tgo+a(g1—go)/o(d — 1) = pgo (§ — g1) Where o = V1/%(gy — go) = 0,(1). A Taylor
expansion gives C(a) = a(1+ 0(1))V(g1 — go,§ — g1)/o, where o(1) is with respect to & — 0. This
results in

Bg:1(§ — 91) = Bgo(§ — 91) = C(0) = V(g1 — g0,§ — g1)(1 + 0,(1)), (4.9)

11



as A — 0 and nAY/"™ — oco. Now define D(ea) = By +a(s-g1)(d — g1). Tt can be shown that
D(a) = Vo1 +a(g-g:1)(§ — g1)- By the mean value theorem,

v —g1) — pe(§—91) = D()- D(0)
= D(a)
‘/91+a(§-'!]1)(g - gl)
where 0 < a < 1.

Assumption A.3. For g in a convex set By around go containing ¢ and ¢,

dey € (0,00) such that ¢;V < V; uniformly.
Assumption A.3 is satisfied when the members of By have unform upper and lower bounds on X'
Theorem 4.2 Under A.1 - A.3, as A — 0 and nAY™ — o,
Vig—gq1) = op(n_l)\"l/r +A)
MG —-g1) = op(n A7V 4 ).
Consequently,
V(g-g0) = Op(n™ X742
A(G—g0) = Op(n™]ATY" ).
Proof: From (4.8), (4.9), and A.3,
V(g —g1) + M (G - g1) < 0,(V (91 ~ 90,9 — 1)) = 0p(V/*(g — 91)V**(91 — 90))-

The theorem follows from Theorem 4.1 after trivial manipulation. O

Now we are ready to state and prove the main convergence result.

Theorem 4.3 Under A.1 - A.3, as A — 0 and nA1/" — oo,
too(90 — §) + #5(§ — o) = Op(n™ A7 4 1), (4.10)

Proof: Since AJ(g,g0 — §) < (AJ(§))/*(AI(§ — 90))/? and AJ(3) < AJ(go) + AJ( — go), by
Theorem 4.2, the first term of the right hand side of (4.1) is of order O,(n~'A=Y/" + A). For the

second term, write

L S0~ 0)(X0) = o9 = 90) = Y60 - 90008,

i=1

12



where §, are the Fourier coefficients of §. By Cauchy-Schwartz,

Y1y — 9,008 < (O 0(dy — 920)) A 07?622, (4.11)

for some sequence a,. Taking a2 = 14 Ap,, S, (1 4+ Ap,)(Gy — 9,0)2 = (V + AI)(G — g0) =
Op(nIA7Y/7 4~ X) by Theorem 4.2, and E(3,(1 + Ap,)"182) = O(n~*A~Y/") by Lemma 4.2 and
the fact that E(82) = n~!. Substituting these in (4.11) leads to

Y15y — 90,0)Bu| = Op(n™ ATYT 4 p7H/2pT1/2r /2, (4.12)

Combining this with the bound for the first term yields the theorem. O

5 The Semiparametric Approximation of the Estimator

The minimizer § of (1.1) in H is not computable. For practical applications, one must find an
appropriate finite dimensional approximating space and calculate an estimate in the approximating
space. Let H,, = J1 ®span{Rj(X;,:),i=1,---,n} where Ry is the RK in H 6 J, associated with
J. We shall prove in this section that H,, is an appropriate approximating space under the following

extra condition.
Assumption A.4. 3¢y € (0,00) such that V(¢,¢,) < ¢, uniformly for all v and p.
Lemma 5.1 Under A.1, A.2 and A.4, as X — 0 and n)*/" — oo, V(h) = O,(AJ(h)), Vh € HOH,,.

Note that with an optimal smoothing parameter A = O(n~"/(1+7)) pX2/7 = O(n1~2/(47)) 0 as
n — 0o.

Proof: Note that ALJ, and h(X;) = J(Rj(X;,-),h) = 0,80 S, R2(X;) = 0. Write h = 5, h,&,.
It follows that

V(h) < pao(h®) =300 huhupgy(6u8y)

DY) NI NN HEED SIACATNEE)
m =1

v

IN

(S04 2007 (4 M) Y X)X — s (616, ))7)1
v oop =1

oD+ Ap)(1 + Ap)RERE)?

= Oy 2ATVNY(V + AI)(R),
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where Lemma 4.2 and
1 n
E(,‘n‘z by (Xi)pu(Xi) - “90(¢V¢/L))2 <epn7?
=1
are used. The lemma follows. O
Let g, be the projection of §in H,. § — g, € HO H,,.
Theorem 5.1 Under A.1 - A.4, as A — 0 and n)\?/" = oo,
V(g—92) = Op(n_l)‘_l/r)
MG -gn) = Op(n1a71r),

Proof. Set g = § and h = § — g, in Lemma 4.1. Note that (§ — ¢,,)(X;) = 0 and J(gn,§ — g») = 0.
It follows that

/‘ﬁ(g - gn) + AJ(.@ - gn) = 0.

By the continuity of u and the fact that § — go, p5(§ — gn) = pg(§ — 92)(1 + 0p(1)). Similar to
(4.12), it can be shown that

Lo (G — Gn) = Op(n‘l/z'A‘””)(V”2 + (ADY3)(§ — gn)- (5.1)

So
AJ(§ — gn) = Op(n= 2A Y (V2 L (AYY2)(g - g,).

This and Lemma 5.1 yield the theorem. O
Let §, be the minimizer of (1.1) in H,, the semiparametric approximation we are aiming at. Note

that our existence result also applies to H,, so §, exists.

Theorem 5.2 Assume §, and g, also belong to the conver set By in Assumption A.3. Under A.1

~ A4, as A = 0 and n ¥ - o,
Vi(gn—ga) = Op(n A7)
A (Gn —gn) = Op(n~1A7Y7),

Proof. Set g = g, and h = §, — g, € H, in Lemma 4.1. Tt follows that

- %Z(g“n = 9 )(Xi) + 130 (Gn — 9n) + A (Gn, Gn = 9n) = 0. (5.2)

1=1
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Setting ¢ = § and h = § — §r in Lemma 4.1, one gets
- %;cq 3K + (@ — ) + AI(30 — 3a) = 0. (53)
Note that (§ — g,)(X;) = 0 and J(§ — gn, grn) = J(§ — gn, dn) = 0. Equation (5.3) leads to
2 300 8K+ a0 ~80) + MG )+ M i —60) =0 (5
Adding (5.2) and (5.4), some algebra leads to
W (= Gn) = gn (9= Gn) + AT (Gr. = 9n) + AT (§=n) = p3(gn—8)+15(9n —9n) — 1gn(n.— gn)- (5:5)
Now by Assumption A.3,
P50(Gn = n) = pign(gn = gn) Z 1V (dn — gn)-

By (5.1) and Theorem 5.1,

15 (gn — §) = tgo(gn — §)(1 + op(1)) = Op(n—l)‘_l/r)

and
15(Gn = 9n) = Hgn(Gn = gn) = V(3= gn>Gn — g)(1+ 0p(1))
= 0p(VY*(§— ga)V*(gn = 90))
= Op(n 2N (g, — gn). (5.6)
Hence,

1V (G — gn) + M (Gn — gn) + A (G — gn) = Op(n™IAVT) 4 O, (n 7AW 2 (g, — g,).

The theorem follows immediately. O

We are now ready for the main result of this section.

Theorem 5.3 Under A.1 - A.4, as A — 0 and nA¥" — oo,

V(G — 90) 0,(n~IA™Y7 4 )
A (Gn — go) = Op(n"l)\‘l/T + ).
Consequently,
1g0 (90 = ) + Hon(Gn — 90) = Op(n ™ AT+ ).
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Hence, the semiparametric §, is as good an estimator of gg as §.
Proof. The first part of the theorem follows from Theorems 4.2, 5.1, and 5.2. To prove the second
part,set g = § and h = g, — ¢go in Lemma 4.1. This yields

1. ) o
—= (9n — 90)(Xi) + 5(dn — 90) + A (8, 9 — go) = 0.
n =1
Hence,

. . n . 1,
Hgo(90 = Gn) + Hga(dn — 90) = Hgo(g0 — §n) + 1. (dn — g0) + - > (3n — 90)(X2)

i=1

_#é(gn - gO) + /\J(gago - gn)

= M(5:90 = 30) [ D 0(6n ~ 0)(X0) = oG - 0)]

=1
{15, (Gn — 90) — 15(Gn ~ g0)]-
The first two terms in the above expression can be shown to be of order Op(n“lz\'l/’" + A) by the
same techniques used in proving Theorem 4.3. Similar to (5.6), it is straightforward to show that

the third term is of the same order. This completes the proof. O

6 Discussion

We offer a few remarks before concluding this article. It is apparent that the existence theorem
proved in Section 3 is generally applicable to smoothing spline estimators in many contexts, and
possibly also to other regularization problems. For the convergence results, we deviated from the
conventional mean square error and instead concentrated on the symmetrized Kullback-Leibler,
which might be a more natural criterion for the density estimation problem. We omitted the
Gaussian process approximation discussed in Silverman (1982, Section 9); although the structure
of the estimator is almost identical to that of Silverman’s, we were not able to validate a version of
Silverman’s Lemma 5.5 because of the generic setup, note that derivatives are not even defined for
g(z) € H on X. From a practical point of view, Theorem 5.3 is the most important result of this
article, for it allows practical application of the proposed method, especially in multivariate setups
where a general purpose basis does not exist. The semiparametric approximation is motivated by
the semiparametric expression of the exact solution in the regression setup, which played a central
role in the computation of multivariate smoothing spline regression models. A major task awaiting

is the development of algorithms and softwares to carry out the computation!
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