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ABSTRACT

A general weak limit theorem for solutions of stochastic differential equations driven
by arbitrary semimartingales is applied to give a unified treatment of limit theorems for
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Abstract

A general weak limit theorem for solutions of stochastic differential
equations driven by arbitrary semimartingales is applied to give a
unified treatment of limit theorems for random evolutions and con-
sistency results for numerical schemes for stochastic differential equa-
tions. The asymptotic distribution of the error in an Euler scheme
is studied. The Wong-Zakai correction in the random evolution limit
arises through an integration by parts.

1 Introduction

Forn = 1,2,..., let Y, be an IR™-valued semimartingale with respect
to a filtration {F'}, that is a cadlag process such that Y, can be
written as Y, = M, + A,, where M, is an {F?}-local martingale
and Ap has sample paths of finite variation. Suppose that {Y;}
converges in distribution in the Skorohod topology to a process Y.
We will say that the sequence is good if for every sequence {X,} of
cadlag k x m-matrix-valued processes such that X, is {#3*}-adapted
and (X»,Yn) = (X,Y), one has [ XndYy = [XdY. Note that the
stochastic integrals are the usual semimartingale integrals given by
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BXdY = JEX(s=)dY(s)
(L1)
= lim ¥ X (2&)(Y (te41) - Y (1))

where {t;} is a partition of [0,] and the limit ig in probability and is
taken as maxg [t —tg| — 0. Jakubowski, Mémin, and Pages (1989)
and Kurtz and Protter (1991a) give equivalent sets of sufficient con-
ditions for “goodness”. See also Mémin and Slomisski (1990). Kurtz
and Protter (1991b) show that the conditions are in fact necessary.
In particular, to state these conditions define hs : [0,00) — [0, 00) by
he(r) = (1-6/r)* and J; : Drm[0,00) — Dm[0,00) by

(12)  Js(=)(t) =Y ho(l2(s) - o(s=)])(z(s) - z(s-)).
<t
The mapping z — (z, J5(z)) is a continuous mapping of

DRrm[0,00) = Dpmymm[0,00) (see Lemma 2.1 of Kurtz and Protter
(1991a)), and hence (X,,Y,) = (X,Y) in Dppim, am[0, 00) implies
that (X, Yn, Y7, Js(Ya)) = (X,Y,Y%,J5(Y)) in Dypgam, r3m[0, 00)
where ¥? = Y, — J5(¥;) and Y = Y — J5(Y). The following is
Theorem 2.2 of Kurtz and Protter (1991a).

Theorem 1.1 For each n, let (X0, Yn) be an {F}-adapted process with
sample paths in Dpgem  rm[0,00), and let Yy, be an {F'}-semimartingale.
Fiz § > 0 (allowing § = 00), and define Y = Y, J5(Yn). (Note that

Y,? will also be a semimartingale.) Let Y;} = M+ A be q decomposition

of Y$ into an {Ft}-local martingale and a process with finite variation.

Suppose _

C1 For each a > 0, there ezist stopping times {75} such that
P{ré < a} < L and sup, E[[MZlnsg + Tinrg(A2)] < oo,
(Ti(A) denotes the total variation of A and [M] denotes the
guadratic variation of M.)

If (Xn,Yn) = (X,Y) in the Skorohod topology on Dpgim , pm[0, 00),
then Y is a semimartingale with respect o a filtration to which X and Y
are adapled, and (Xq,Yy, [ XndYy) = (X,Y, f XdY) in the Skorohod
topology on Dyim pm . s [0,00). If (XnYn) — (X,Y) in probability,
then the triple converges in probability.
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Wong-Zakai Corrections 5

Then {Y,} is a sequence of martingales satisfying C1 and con-
verging in distribution to ¢ W for some o and Z, = 0. (See Kurtz
and Protter (1991a) Example 5.9 for details.) The sequence {Wy},
however, in general fails to satisfy C1. In particular, .& ZndWS = at
where a = —2Zm;pi;j(Ph(j) — h(i))%. o

Note that W2 can also be written as the sum of a martingale and
a process Z? such that Z8 = 0. Specifically, W(t) = S\AE,HH.V +
AS\.WQV - EAE‘EVV = Y2 + Z3. All these processes are adapted
to the filtration given by F = QA«Q?V 18 < HE.:HH.V and Y2 is an

{FP}-martingale. With these last two examples in mind consider the
equation

Xa(t) = Xa(0)+ .R F(Xn(s~))dWn(s)
(1.10) = Xu(0) + f3 F(Xn(s=))dYn(s)

+ Jo F(Xa(3-))dZn(s)
We have the following extension of the classical results of Wong and
Zakai (1965).

Theorem 1.8 Let Yy, and Zy, be {F}'}-semimartingales, and let X5(0)
be F§'-measurable. Let F : IRF — IM*™ in (1.10) be bounded and have
bounded and continuous first and second order derivatives. Define Hyp =

((HE")) and Ko = ((KEM) by

(1.11) HP(1) = x_. ZB(s-)dZ](s)
and
(1.12) KBV(t) = V2,20

Suppose that {Yy} and {Hy} satisfy C1 and that
(Xn(0), Ya, Zn, Hny Kn) = (X(0),Y,0, H,K). Then

{(Xn(0),Yn, Zn, Hy, Kn, Xy)} is relatively compact, and any limit point
(X(0),Y,0,H, K, X) satisfies

6 Thomas G. Kurtz and Philip Protter

X(®) =X(©)+ g F(X(s-))dY(s)

i Ty Jo OaFp(X (s=)) Farf( X (s=))d(HP(s) — KP(s))
1.13 '

where Oy denotes the partial derivative with respect to the ath variable and
Fg denotes the fth column of F'.

Proof The theorem follows by integrating the second term on the
right of (1.10) by parts and then applying Theorem 1.2. See Kurtz
and Protter (1991a), Theorem 5.10. a

2 Random evolutions

We now consider sequences of stochastic ordinary differential equa-
tions in IR* of the form

(2.1) Xu(t) = G(Xa(t),£(n’t)) + nH(Xa(t), £(n%1))

where £ is a stochastic process representing the random noise in the
system. Models of this type were considered first by Stratonovich
(1963, 1967) and Khas’'minski (1966) and, in an abstract form, were
dubbed random evolutions by Griego and Hersh (1969). Limit the-
orems for random evolutions are closely related to the results of the
previous section.

Let £ be a continuous time Markov chain with state space E =
{1,...,m} and intensity matrix Q. We assume that Q is irreducible
and hence that there is a unique stationary distribution x. Suppose
YgH(z,B)xs = 0 and define V,, and Wy by

(2.2) VA(t) = x.‘ Iipy(£(n?s))ds

and

(2.3) W) = n(VE({t) - npt) =n .NQABAQ:»&V - au.v&u .
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Wong-Zakai Corrections 9

3 Numerical schemes

Let Y be and {F¢}-semimartingale in IR™, and let f : R¥ — IM*™
be continuous. A number of authors (for example, Mil’shtein (1974),
Rumelin (1982), Pardoux and Talay (1985), Talay and Tubaro (1989),
Wagner (1989)) have considered analogues of classical numerical

schemes as means of simulating solutions of the stochastic differen- -

tial equation

@1 X(t) = X(0) + N F(X(s=))dY (s).

The results discussed above provide a natural approach to checking
the consistency of these schemes, and we will see that they are also
useful in a more careful study of the error in the scheme.

The simplest numerical scheme is, of course, the Euler scheme.
Specifying 2 mesh 0 = ¢9 < #; < ---, define X recursively by setting
Xo(0) = X(0) and

(3.2) Xo(tk+1) = Xo(tk) + f(Xo(tx))AY (k)

where AY (1) = Y(tk41) — Y(tx). If we extend the definition of Xp
to all ¢ by setting Xo(t) = Xo(2k) for tx <t < tg41 and we define Yp
by Yo(t) = Y (t) for tx <t < tg41, then

(3.3) Xo(t) = Xo(0) + x.. F(Xo(s=))dYe(s).

- Note that if we define §(t) = tx for tx < t < tg41, then we
can write Yp = Y o 8. With this observation, consistency for the
Euler scheme is a consequence of Proposition 1.2 and the following
lemma. Note that the lemma would allow for a mesh determined by

{F:}-stopping times.

Lemma 3.1 LetY be an {Ft}-semimartingale. For each n, let By be a
nonnegative, nondecreasing process such that for each u > 0, fn(u) is an
{F1}-stopping time. If Bp(u) — u a.s. for eachu> 0, then Y o B — Y
a.s. in the Skorohod topology and {Y o By} is a good sequence.

10 Thomas G. Kurtz and Philip Protter

Proof First observe that Bp(u) — u for each u implies Yoy — Y
by Proposition 3.6.5 of Ethier and Kurtz (1986). To verify goodness
for {Y o fB,} it is enough to verify goodness for {Y™ o B} (Y™™ =
Y (- ATm)) for some family of stopping times satisfying P{rm < m} <
...w... In particular, let d be the metric for the Skorohod topology given
in (3.5.2) of Ethier and Kurtz (1986), and suppose that (Xs,Y o
Bn) = (X,Y). Define X7 by setting X3'(t) = Xn(t) for t < 7m and
X™(t) = Xn(Tm=) for t > 7, and define X™ analogously. Then
(X1, Y™ o fp) = (X™,Y™). Let

Vi) = fo Xm(s=)dY™ o Bu(s)
(3.4) .

V™) = fy X™(s—)dY ™ (s)
and

B Valt) = [ Xals-)dY 0Bale) V(t)= [ xte-navea

and observe that

Tiinaoo E[d(V, Va)] < Tiiposoo Ele=Fn ()]
(3.6)
<e ™4k,

Consequently, if V;® = V™ for each m, we have V;; = V which
would give the goodness for {Y o f,}.

Fix 0 < § < 0o, and define Y? as in Theorem 1.1. Let Y% = M® 4
A® be the canonical decomposition of Y? (so that the discontinuities
of M® are bounded by 26 and the discontinuities of A% are bounded
by 6). Define 7y, = inf{t : [M®}s + T(A%) > cm} where cm is selected
so that P{rm < m} < L. Then

(3.7) E[[M®)r,, + Trn(A")] < em + 36.
We can write '

Yo fn = MO(Ba(-) A Tm) + A%(Bal-) A 7im) + J6(Y ™) 0 B
3.8) .
A =Mn+ An+ Za
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Wong-Zakai Corrections 13

The next theorem gives an approach to the analysis of the error
in the Euler scheme.

Theorem 3.5 Let Y be an {Fi}-semimartingale, and suppose that f =
(fiy---+ fm) is a bounded and continuously differentiable k X m-matriz-
valued funclion. For each :. let 0 = ﬂc < 1 < -+ be {Fi}-stopping
times, define na(t) = 1F, 75 < t < Ty, and let Xn satisfy a 14). Let

{an} be a positive sequence naaeaé.aa to infinily, set Uy = Q:Qﬁ: X),
and define Zy by

(618) 7 = an [ (F(s-) ~ ¥iomla=))¥s(e).

Suppose that {Zy} is a good sequence with (Y, Zy) = (Y, Z). Then Un =
U satisfying

U(t) =Y fs VAi(X(s-))U(s-)dYi(s)
(3.17) . )
+3° 15 Tk O fil X (s=)) fii (X (s-))dZ"(s).
1]

Remark 3.8 a) For a discussion of linear stochastic differential equa-
tions, see Protter (1990), p271.

b) Rootzén (1980) gives the asymptotic distribution for the error in
certain approximations for stochastic integrals.

c) Suppose

w(t)

(3.18) Y(t) = ;

where W is an (m — 1)-dimensional standard Brownian motion. Let
(t) = E Then, taking an = /0, (Y,Zs) = (Y,Z) where Z is
Smmvgmai of Y, Z™=2™ =0,and for 1 <i,j <m-1, Z% are
independent mean zero Brownian motions with @RN:QV%_ = 4t.
d) With m = 1,let 1 < § < 3, and let Y be the stable process with
generator

s

14 Thomas G. Kurtz and Philip Protter

(3.19) Af(z) = \.M Q? +9) - f(2) - § N %s ,Aavv_e__m%.

Then, taking ay, = :..%J. Zisa vnosmm with mewn_ouwa.. independent
increments and generator

Azf(z) =
e2)[" 7 (fetm)- 1)~ 1y 1)) pumata).
where pg is the distribution of Y/(1).

Proof Under the hypotheses of the theorem, the solution of (3.15)
is unique, E:_ (Xn, X,Y,2Zy) = (X,X,Y,Z). For simplicity, as-
sume k = = 1. Then, noting that Xu(s—) — Xp 0 m(s-) =
f(Xno a..?|vx§.7v =Y o7n(s-))

Un(t) = f3 on(f(Ra(s-)) — S(X(s-)))dY
- 3 an(f(Rns-)) = f(Xn o al(s-)))d

= fy LENSX Dy (5-)aY (s)

— 3 (§(&n o na(s=) + f(Xn 0 ma(s=))(¥ (5=) = ¥ 0 7n(s-)))

— f(Xn 0 u(-)))(¥ (=) = ¥ 0 1a(s=))""dZa(s)
(3.21)
where the integrands are defined in the obvious manner when the de-
nominator vanishes. Let 78 = inf{t : |[Un(t)| > a}. Then {Ua(-A73)}
is relatively compact, and any limit point will satisfy (3.17) on the
time interval [0,7%) where r® = inf{¢ : [U(2)] > a}. But 7% — o0 as
a—o00,50Up=>U. ) o
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