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1. Introduction

Suppose we observe X given by X = Y + 6 where Y is a standard normal random
vector in RP, p > 2, and 6 is an unknown element of R?. Classical confidence regions of
level 1 — o for estimating 6 are balls having fixed radius and centered at z. A variation
from this solution consists in centering a ball having a fixed radius at an estimate 8 of 6.
This variation, suggested by Stein (1962) has been proven successful by Brown (1966) and
Joshi (1967) for p > 3. An explicit estimate 6 has been proposed by Hwang and Casella
(1982) for p > 4. Other confidence regions are the one having the shape of a half space
perpendicular to the vector z. An approximate solution of this kind was given by Stein

(1962).

In this article, I propose an exact solution to the problem of finding a half space
confidence region for the multivariate normal distribution. More precisely, I determine
a function h which satisfies the property that a confidence set given in the form {0 €
RP: 'z > ||z|| h(e,]||z]])} covers 6 with probability 1 — «. To a rough approximation,
the 50% confidence cut off point of the orthogonal projection of 8 on z is found to be
(1 — med (x3,)/2z'z) .

The basic idea is not difficult to describe. Suppose that z is different from zero and
take the unit vector u = z/[|z|| as the basis for a one dimensional vector space U (say).
Denote the orthogonal projection of z and 6 on U by ru and zu respectively. That defines
two random variables R and Z (R = ||X|| and Z = ¢'X/||X]||). In terms of (R,Z) the
problem consists in solving the equation Py[Z > h(a, R)] = a in h for all § € RP. The key
element in the solution of this problem is the observation that the conditional distribution
of R given Z does not depend on §. Therefore, the original problem is reduced to the one
of finding a confidence set for z, of the form {z: z > h(a,r)}, based on the conditional
distribution of R given that Z = z. At this point we might call this method pivotal,

claiming that R, in its conditional distribution given that Z = z, is the pivotal.

Exact confidence regions for the multivariate normal distribution are presented in
section 2. In order to compare the exact solution with the approximation proposed by
Stein (1962) some asymptotic results are derived in section 3. Tables are provided in the

appendix.



2. Exact Solution

Let X be a p-dimensional normal distribution with mean 8 and covariance I, p > 2.
We want to construct confidence regions having the shape of a half space bounded by a
hyperplane perpendicular to . More explicitly, we consider confidence regions of the form
{6 € RP: 0'z/||z|| > h(e,||z||)} where h(a,-) is chosen such that the level of coverage
equals a. Stein (1962) proposed some approximations for A which are good as long as p is

large. In this section I present a function h which gives an exact probability of coverage.

Let R = ||X|| and Z = X'0/R. In the sequel I shall call (R, Z) a “statistic” although
Z is not observable. My goal is to find h(a,-) such that Py{Z > h(a,R)] = 1 — « for all
6 € RP. In this problem, based on (R, Z), Z is a sufficient statistic and the conditional
density of R given that Z = z is given by

fo(r) = k71(2) P71 exp—%(r —2)% r>0 (2.1)

with k(z) = [~ r?~' exp —1(r — z)%dr. The factor r?~! in expression (2.1) comes from the
transformation ¢ — (r, z). This factor can be calculated directly by using jacobiens. The
calculations are rather tedious and are omitted. A geometric derivation might be more
interesting. Notice that the set of points in R? satisfying the relation z'6/||z|| = z is a

cone so a strip of width dr will have “volume” proportional to r?~dr.

Iustration in R2.

In this illustration the two line segments leaving from the origin are the points in R?
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satisfying the relation z'8/||z|| = 2. This set consists of the points z € R? such that
zz[||z|| intersects the surface of a sphere of radius ||6||/2 centered at 6/2.

Using the notion of sufficiency and the identity
Py[Z < h{a, R)] = E¢P[Z < h(a, R)|Z] (2.2)

the original problem is transformed to the one of finding confidence regions for z of the form
{#: z > h(a,r)} based on the conditional distribution of R given that Z = 2. Following
expression (2.2) I shall require that the expected probability of covering z equal 1 —a. A
simple solution consists in determining h such that the conditional probability of covering

z equals 1 — « for all z, i.e.

P,h(a,R) < z|Z =2]=1—-a (2.3)

From expression (2.1), conditionally on Z = z, R belongs to a monotone likelihood
ratio family. This property implies that h(«,-) is an increasing function (ref. Lehmann
1986). Therefore z > h(a,r) is equivalent to r < h™(a,2). So, if {z: z > h(a,r)} is a
confidence region of level 1 — « then we must have P,[R > h™(a,2)] = aforall z € R. In
particular, if we set z = h(a,r) then we get Ph(a,r)[R > r|] = a. Thus, the relation (2.3)
holds if and only if

/ u?~ exp —%(u — A, r))?du = a/ uP "t exp —%(u — h(a, 7)) du. (2.4)
T 0

In order to solve numerically this equation in A let

o(u) = (27) % exp —u?/2

B(u) = / " o)t

— o0

and

qr(r, h) =/ w*ro(u)du, keN.

With these new notations (2.4) becomes

gp(r, h(a, 7)) = a ¢p(0, h(a,T)). (2.5)
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Using integration by parts we get the following recursive formula

qa(r,h) =®(h—r)
g2(r,h) =p(h—7r)+ h®(h—1) (2.6)
Gk(r,B) = P2k — 1) + hak1(r, ) + (k — Daea(r,h) k> 2.

Although these formulas are exact I do not recommend to use them when 4 is negative
because of the cancellations. For any r > 0, f(h) = ¢,(r,h)/g,(0,h) — @ is increasing in h.
We need to find the zero of f. This can be done numerically by trial and error or by any
other method. In section 3, first step approximations are proposed. Tables are provided

in the appendix.

3. Approximations

In this section I describe the behaviour of the function A(a,r) when r is either close
to zero or large, a fixed. I also consider approximations when p is large. In order to apply
some asymptotic results I shall use the following lemma which is a simple application of

the bounded convergence theorem.

Lemma 1. Let {X,}52, be a sequence of random variables having densities g,(-) =
K fn(-). If there exists two functions f and h such that K = [ f > 0, [h < oo,

fn — fand f, < h for all n then X, £, X where X is a random variable having
11— 00 n—=00

density function ¢ = K~1f.

Let us now study the behaviour of R given that Z = z when p and z vary. Recall that
the conditional density of R given that Z = z is

1
g:(r) = K_l(z)rp_l €xp —5(?" - Z)Z, r > 0.
Lemma 2.

(a) U =—2R_—> T(p,1),

(b) U, =R—z =+ N(0,1).



Proof:

(a) U, has density g.(-) = K~(2)f.(-) with fo(u) = vPtexp —3(u?2™% + 2u), u > 0,
fz(u) < h(u)=uPlexp—u,u>0forallz<0and f, — h.

(b) U, has density ¢,(-) = K~1(2)f.(-) with fo(u) = (1 + uz"1)P"Lexp —u?/2, u > —z,
fa(w) < (1 + |u])P~ f(u) with f(u) = exp —u?/2 for all z > 0 and f, — f

Corollary. h(a,r) = r — c1(a) — cz(a)/2r with P[N(0,1) > ¢i1(a)] = « and P[x3, >
e2(@)] = a.

Let n=p-—1.

Lemma 3.
(a) Ifzzc\/ﬁ-{-dthenUZ=R—z—-a\/ﬁnj£o+oN(1;—a;, 1_:7) where 2a =v4+ ¢ —¢
(b) If z = cn with ¢ > 0 then U, = R— z - N(%,1)

(¢) If z = —cn with ¢ > 0 then U, = (2 — R)ey/nn N N(0,1)

Proof:

(a) U, has density g,(-) = K~1(n)fn(-) with fno(u) = (1 +a(u+d)/+/n)" exp —{a/n(uv+
d) +u?/2},u > —(d + v/n/a). Using the inequality 1+ = < e® Vz we get fn(u) <
exp —u?/2 Vu and f, — f with f(u) = exp —3{a®(u + d)? + u?}.

(b) U, has density gn(-) = K~(n)fn(-) with fo(u) = (1 + u/nc)® exp —u?/2, u > —nec.
We have fn(u) < f(u) = exp —3(u? — 2u/c) Vu and f, > f.
(¢) U has density go(1) = K~ (m)fal:) with fu(u) = (1~ u/ V) explu/ /)" exp —

(= u/VAPs u < v fa®) < (1+ /47" Vu and fo — f where f(u) =
exp—u?/2. A

Remark: A direct verification shows that any of the approximations proposed in lemma 3

may be absorbed into the following one

RIR—2)—n ¢
( n+‘)R_2 njgoN(O,l)



which recaptures the approximation proposed by Stein (1962).

Corollary. h(a,r) = r—(p—1)/r—c(a)y/1+ (p— 1)/r? when p is large and P[N(0,1) >

()] = a.

Tables show that the approximations are fair. They do good where they are expected
to do so and they are reasonable everywhere. The precision is much better for a = 0.5.
Notice that when r is near zero a small difference in the evaluation of A(a,r) does not
really affect the coverage level. However, when r is large we need more precision. The
approximation given for large p behaves like the first approximation when r is either small
or large (as we should expect). The approximation for large p might be better than the
first approximation when « is either small or large but computation showed that the first
approximation does always better when « = 0.5. For instance, when p = 20 the difference

between the first approximation and the exact result is always smaller than 0.1.
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APPENDIX

Critical values h(a, 7) and (approximations)* for confidence sets, of level 1~ «, of the form {§ € Re .
¢’z > ||z||h(c ||z|])} Where X is distributed as a p-dimensional normal with mean 6 and covariance I.

p=2r a— 0.025 0.05 0.50 0.95 0.975
0.2 277 (-29.61) -236 (-25.17) -8.12 (-8.19) -0.99  (0.07) -0.22 (0.95)
0.4 13.6  (-15.49) -11.5 (-13.11) -3.66 (-3.80) 040 (1.16) 0.93 (1.76)
0.6 -8.83 (-10.64) -7.42 (-8.95) -2.01 (-2.20)  1.07 (1.65) 1.52 (2.16)
0.8 6.36 (-8.12) -5.28 (-6.78) -1.08 (-1.30)  1.53 (2.00) 1.94 (2.46)
1.0 480 (-6.53) -394 (-5.39) -0.44 (-0.68)  1.89 (2.29) 2.28 (2.72)
1.2 373 (-5.40) -2.99 (-4.40) 0.05 (-0.20) 221 (2.55) 2.57 (2.96)
1.4 2.92 (-4.54) -2.27 (-3.63) 0.45 (0.20) 249 (2.79) 2.85 (3.19)
1.6 227 (-3.84) -1.69 (-3.01) 080 (0.55) 276 (3.02) 3.10 (3.41)
1.8 173 (-3.25) -1.20 (-2.48) 112 (0.87)  3.01 (3.25) 3.35 (3.63)
2.0 -1.27 (-2.75)  -0.78  (-2.02) 140 (1.16)  3.25 (3.47) 3.58 (3.84)
2.2 0.87 (-2.29) -0.41 (-1.60) 1.67 (1.44) 348 (3.68) 3.81 (4.05)
2.4 051 (-1.88) -0.08 (-1.22) 1.93 (1.70)  3.70 (3.90) 4.04 (4.26)
2.6 -0.18 (-1.50) 0.23 (-0.87) 217 (1.95)  3.93 (4.11) 4.26 (4.47)
2.8 0.12 (-1.15) 0.52 (-0.54) 241 (2.20) 415 (4.32) 447 (4.67)
3.0 0.41 (-0.82) 0.79 (-0.22) 2.64 (2.44) 437 (4.53) 4.69 (4.88)
3.2 0.68 (-0.50) 1.05 (0.07)  2.86 (2.68) 458 (4.73) 4.91 (5.08)
3.4 0.94 (-0.20) 1.30 (0.36)  3.09 (2.91) 480 (4.94) 512 (5.29)
3.6 1.19  (0.09) 1.54 (0.64) 331 (3.13) 501 (5.15) 5.33 (5.49)
3.8 143 (0.37) 178  (0.91) 352 (3.36) 522 (5.35) 554 (5.70)
4.0 1.66 (0.65) 2.00 (1.17) 374 (3.58) 543 (5.56) 575 (5.90)
4.2 1.89  (0.91) 223 (1.43) 395 (3.80) 564 (5.76) 5.96 (6.10)
4.4 212 (1.17) 245 (1.68)  4.16 (4.02) 585 (5.96) 6.17 (6.30)
4.6 2.34 (1.43) 2.67 (1.92) 438 (4.24) 6.06 (6.17) 6.37 (6.51)
4.8 2.56  (1.68) 2.89  (2.17) 459 (4.45) 626 (6.37) 6.58 (6.71)
5.0 2.77  (1.93) 3.10 (2.41) 479 (4.66) 647 (6.57) 6.79 (6.91)
5.2 2.99 (2.17) 331 (2.64) 500 (4.88) 667 (6.78) 6.99 (7.11)
5.4 3.20 (2.41) 353 (2.88) 521 (5.09) 6.88 (6.98) 7.20 (7.32)
5.6 3.41 (2.65) 3.74 (3.11) 542 (5.30) 7.09 (7.18) 741 (7.52)
5.8 3.62 (2.88) 3.95 (3.34) 562 (551) 7.29 (7.38) 7.61 (7.72)
6.0 3.83 (3.11) 415 (3.56) 5.83 (5.72) 7.50 (7.59) 7.81 (7.92)
6.5 435 (3.68) 467 (413) 634 (6.24) 801 (8.09) 8.32 (8.42)
7.0 4.87 (4.24) 519 (4.68) 6.86 (6.76)  8.51 (8.59) 8.83 (8.93)
7.5 5.38  (4.80) 570  (5.22) 737 (7.28)  9.02 (9.10) 9.3¢ (9.43)
8.0 5.89 (5.34) 6.21 (5.76)  7.87 (7.79)  9.53 (9.60)  9.85 (9.93)
8.5 6.41 (5.88) 6.72 (6.30) 838 (8.30) 10.0 (10.1) 104 (10.4)
9.0 6.91 (6.42) 723 (6.83) 889 (881) 105 (10.6) 10.9 (10.9)
9.5 742  (6.95) 774 (7.36) 939 (9.32) 11.0 (11.1) 114 (11.4)
10.0 793 (7.48) 825 (7.88) 9.90 (9.83) 11.6 (11.6) 11.9 (11.9)
12.0 9.95 (9.58) 10.3  (9.60) 11.9 (11.9) 13.6 (13.6) 13.9 (13.9)
14.0 12.0 (11.6) 123 (12.0) 13.9 (13.9) 156 (15.6) 159 (15.9)
16.0 14.0 (13.7) 143 (141) 159 (15.9) 17.6 (17.6) 17.9 (17.9)
18.0 16.0  (15.7) 163 (16.1) 17.9 (17.9) 19.6 (19.6) 19.9 (20.0)
20.0 18.0 (17.8) 183  (18.1) 200 (19.9) 21.6 (21.6) 219 (22.0)
22.0 20.0 (19.8) 20.3  (20.1) 22.0 (21.9) 23.6 (23.6) 239 (24.0)
24.0 22.0 (21.8) 223  (22.2) 24.0 (23.9) 25.6 (25.6) 25.9 (26.0)
26.0 24.0 (23.8) 243 (24.2) 26.0 (25.9) 27.6 (27.6) 27.9 (28.0)
28.0 26.0 (25.8) 26.3  (26.2) 28.0 (27.9) 29.6 (29.6) 29.9 (30.0)
30.0 28.0 (27.9) 28.3  (28.2) 30.0 (29.9) 31.6 (31.6) 319 (32.0)

*The approximations are based on the formula h(a,r) = r — C1(a) — Co(@)/2r with P[N(0,1) >
Ci(a)] = o and P[Xgp > Ca(a)] = a.



p=3r a— 0.025 0.05 0.50 0.95 0.975

0.2 -35.99 (-37.89) -31.31 (-32.92) -13.12 (-13.17) -3.53 (-2.25) -2.41 (-0.93)
0.4 117.74 (-19.62) -15.41 (-16.98)  -6.19 (-6.29) -1.03 (0.00) -0.35 (0.81)
0.6 -11.57 (-13.40) -10.00 (-11.54) -3.73 (-3.86)  0.03 (0.88) 0.56 (1.53)
0.8 841 (-10.19)  -7.22 (-871)  -2.39 (-2.54) 0.69 (1.42) 1.17 (1.99)
1.0 645 (-8.19) -548 (-6.94) -1.50 (-1.67) 1.19 (1.83) 1.63 (2.34)
1.2 5.09 (-6.78)  -428 (-5.69) -0.84 (-1.03) 1.60 (2.16) 2.01 (2.65)
1.4 408 (-5.72) -3.36 (-4.74) -031 (-0.51) 1.96 (2.46) 2.34 (2.92)
1.6 328 (-4.88)  -2.64 (-3.98) 0.13 (-0.07) 2.28 (2.73) 2.65 (3.17)
1.8 263 (-4.17)  -2.04 (-3.34) 052 (0.31) 257 (299) 294 (3.42)
2.0 207 (-357) -154 (-2.79) 0.86 (0.66) 2.85 (3.24) 3.21 (3.65)
2.2 -1.59  (-3.04)  -1.09 (-2.31) 1.18  (0.98) 3.11 (3.47) 3.46 (3.88)
2.4 116 (-2.57) -0.70  (-1.87) 148 (1.29) 3.37 (3.70) 3.71 (4.10)
2.6 0.77  (-2.14)  -0.33  (-1.47) 1.76  (1.57) 3.61 (3.93) 395 (4.32)
2.8 042 (-1.74) 0.01 (-1.09) 2.03 (1.85) 3.85 (4.15) 419 (4.54)
3.0 0.09 (-1.37) 0.32 (-0.74) 2.29 (2.11) 4.09 (4.37) 442 (4.75)
3.2 0.22 (-1.02) 0.61 (-0.41) 254  (2.36) 4.32 (4.59) 4.65 (4.97)
3.4 0.51 (-0.69) 0.89 (-0.10) 2.78  (2.61) 455 (4.80) 4.88 (5.18)
3.6 0.79 (-0.37) 1.16  (0.21) 3.02 (2.85) 477 (5.02) 5.10 (5.39)
3.8 1.05 (-0.06) 1.42  (0.50) 3.25 (3.10) 4.99 (5.23) 532 (5.60)
4.0 1.31  (0.23) 1.68  (0.78) 348 (3.33) 521 (5.44) 554 (5.81)
4.2 1.56  (0.52) 1.91  (1.06) 371 (3.56) 543 (5.65) 576 (6.01)
4.4 1.81  (0.80) 2.16  (1.32) 393 (3.79) 565 (5.86) 598 (6.22)
4.6 205  (1.07) 2.39  (1.59) 415 (4.02) 5.87 (6.07) 6.19 (6.43)
4.8 2.28  (1.33) 2.63  (1.84) 437 (424) 6.08 (6.27) 6.41 (6.63)
5.0 2.51  (1.60) 2.85  (2.10) 459  (447) 6.29 (6.48) 6.62 (6.84)
5.2 2.74  (1.85) 3.08  (2.34) 481 (469) 651 (6.69) 6.83 (7.04)
5.4 2.97  (2.10) 3.30  (2.59) 502 (4.90) 672 (6.89) 7.04 (7.25)
5.6 319  (2.35) 352  (2.83) 524 (5.12) 6.93 (7.10) 725 (7.45)
5.8 3.41  (2.59) 3.74  (3.07) 545 (5.34) 7.14 (7.30) 7.46 (7.65)
6.0 3.63  (2.84) 3.96  (3.31) 566 (5.55) 7.35 (7.51) 7.67 (7.86)
6.2 3.84  (3.07) 417  (3.54) 587 (5.77) 755 (7.71) 7.88 (8.06)
6.4 4.06  (3.31) 439  (3.77) 6.08 (5.98) 7.76 (7.92) 8.8 (8.26)
6.6 427  (3.55) 4.60  (4.00) 6.29 (6.19) 7.97 (8.12) 829 (8.47)
6.8 449  (3.78) 481  (4.23) 6.50 (6.41) 8.18 (8.32) 8.50 (8.67)
7.0 470  (4.01) 5.02  (4.46) 6.71 (6.61) 839 (8.53) 870 (8.87)
7.5 523  (4.58) 555  (5.02) 723 (7.14) 890 (9.04) 922 (9.38)
8.0 575  (5.14) 6.07  (5.57) 775  (7.67) 9.42 (9.54) 9.74 (9.88)
8.5 6.27  (5.69) 6.59  (6.11) 8.26  (8.19) 9.93 (10.05) 10.25 (10.39)
9.0 6.79  (6.24) 711 (6.66) 8.78  (8.70) 10.44 (10.55) 10.76 (10.89)
9.5 730  (6.78) 762  (7.19) 9.29  (9.22) 10.95 (11.06) 11.27 (11.39)
10.0 781  (7.32) 8.14  (7.73) 9.80  (9.73) 11.46 (11.56) 11.78 (11.89)
10.5 8.33  (7.85) 8.65 (8.26) 10.31 (10.25) 11.97 (12.07) 12.29 (12.40)
11.0 8.84  (8.38) 9.16 (8.78) 10.82 (10.76) 12.47 (12.57) 12.79 (12.90)
11.5 9.35  (8.91) 9.67 (9.31) 11.33 (11.27) 12.98 (13.07) 13.30 (13.41)
12.0 9.86  (9.44) 1017  (9.83) 11.83 (11.78) 13.49 (13.58) 13.81 (13.91)
14.0 11.89 (11.52) 1220 (11.91) 13.86 (13.81) 15.51 (15.59) 15.83 (15.92)
16.0 13.91 (13.59) 1422 (13.96) 15.87 (15.83) 17.53 (17.59) 17.84 (17.92)
18.0 15.92 (15.64) 16.24 (16.01) 17.89 (17.85) 19.54 (19.60) 19.86 (19.93)
20.0 17.93 (17.68) 1825 (18.04) 19.90 (19.87) 21.55 (21.60) 21.86 (21.93)
22.0 19.94 (19.71) 2026 (20.07)  21.91 (21.88) 23.56 (23.61) 23.87 (23.93)
24.0 21.95 (21.74) 2227 (22.09) 23.92 (23.89) 25.56 (25.61) 25.88 (25.93)
26.0 23.96 (23.76) 2427 (24.11)  25.92 (25.90) 27.57 (27.61) 27.88 (27.94)
28.0 25.97 (25.78)  26.28 (26.13)  27.93 (27.91) 29.58 (29.62) 29.89 (29.94)
30.0 27.97 (27.80) 2829 (28.15) 29.93 (29.91) 31.58 (31.62) 31.90 (31.94)
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p=4 r a— 0.025 0.05 0.50 0.95 0.975

0.2 -43.66 (-45.59) -38.60 (-40.22) -18.20 (-18.16) -6.37 (-4.99) -4.91 (-3.29)
0.4 21.60 (-23.47) -19.60 (-20.63)  -8.71 (-8.78) -2.55 (-1.37) -1.73 (-0.37)
0.6 14.14 (-15.97) -12.43 (-13.97)  -5.42 (-5.52) -1.05 (-0.03) -0.42 (0.74)
0.8 -10.34 (-12.11)  -9.04 (-10.54)  -3.67 (-3.79) -0.15 (0.74)  0.38 (1.40)
1.0 7.99 (-9.73)  -6.93 (-8.40) -2.53 (-2.67T) 049 (1.28) 0.96 (1.87)
1.2 6.37 (-8.06) -548 (-6.91) -1.71 (-1.86)  0.99 (1.71) 144 (2.25)
1.4 517 (-6.82) -439 (-5.78) -1.06 (-1.22) 142 (2.07) 1.84 (2.58)
1.6 423 (-5.84) -354 (-4.89) -052 (-0.70) 1.80 (2.39) 2.20 (2.88)
1.8 346 (-5.03) -2.84 (4.15) -0.07 (-0.24) 2.14 (2.69) 252 (3.15)
2.0 2.82 (-4.34) -2.25 (-3.52) 034 (0.16) 245 (2.96) 2.83 (3.41)
2.2 227 (-3.74)  -1.73  (-2.97) 070  (0.53) 275 (3.22) 3.11 (3.66)
2.4 178 (-3.21)  -1.27  (-2.48) 1.04 (0.87) 3.03 (3.48) 3.39 (3.91)
2.6 134 (-2.73)  -0.86 (-2.03) 1.36 (1.19) 3.30 (3.72) 3.65 (4.14)
2.8 094 (-2.29) -0.48 (-1.61) 1.65 (1.49) 356 (3.96) 3.91 (4.37)
3.0 057 (-1.88)  -0.13 (-1.23) 1.94 (1.78) 3.81 (4.19) 4.16 (4.60)
3.2 022 (-1.50) 0.19 (-0.87) 2.21  (2.05) 4.06 (4.42) 4.40 (4.82)
3.4 0.10 (-1.14) 0.50 (-0.53) 247  (2.32) 4.30 (4.64) 4.64 (5.04)
3.6 0.40 (-0.79) 0.80  (-0.20) 2.73  (2.58) 453 (4.87) 4.87 (5.26)
3.8 0.70  (-0.47) 1.08  (0.11) 2.98 (2.83) 477 (5.09) 511 (5.47)
4.0 0.98 (-0.15) 1.35  (0.42) 322 (3.08) 5.00 (5.30) 533 (5.69)
4.2 1.24  (0.15) 1.62  (0.71) 346 (3.33) 523 (552) 556 (5.90)
4.4 1.51  (0.45) 1.87  (0.99) 3.70 (3.57) 545 (573) 5.78 (6.11)
4.6 177 (0.73) 212 (1.27) 3.93 (3.80) 5.67 (5.95) 6.00 (6.32)
4.8 2.01  (1.01) 237  (1.54)  4.16  (4.04) 590 (6.16) 6.22 (6.53)
5.0 2.26  (1.29) 2.61  (1.80) 439 (427) 6.12 (6.37) 6.44 (6.74)
5.2 2.50  (1.55) 2.84  (2.06) 461 (449) 633 (6.58) 6.66 (6.95)
5.4 2.73  (1.82) 3.08  (2.32) 483 (472) 655 (6.79) 6.88 (7.16)
5.6 2.96  (2.07) 3.31  (2.57) 505 (4.94) 677 (7.00) 7.09 (7.37)
5.8 3.20 (2.33) 3.53  (2.82) 527 (5.17) 6.98 (7.21) 7.31 (7.57)
6.0 342  (2.58) 3.76  (3.06) 549 (5.39) 7.20 (7.42) 7.52 (7.78)
6.2 3.65  (2.83) 3.98  (3.30) 571  (5.60) 7.41 (7.62) 7.74 (7.98)
6.4 3.87 (3.07) 420 (3.54) 592 (5.83) 7.62 (7.83) 7.95 (8.19)
6.6 4.09  (3.31) 4.42  (3.78) 6.14 (6.04) 7.84 (8.04) 826 (8.39)
6.8 431  (3.55) 464  (4.01) 6.35 (6.26) 805 (8.24) 837 (8.60)
7.0 453  (3.79)  4.86  (4.25) 6.57 (6.48) 826 (8.45) 858 (8.80)
7.2 475  (4.02) 5.07  (4.48) 6.78 (6.69) 847 (8.66) 879 (9.01)
7.4 4.96  (4.26) 5.29  (4.71) 6.99 (6.90) 868 (8.86) 9.00 (9.21)
7.6 518  (4.49) 551  (4.93) 720 (7.12) 888 (9.07) 9.21 (9.42)
7.8 5.39  (4.72) 572 (5.16) 741  (7.33)  9.09 (9.27) 9.41 (9.62)
8.0 5.60  (4.94) 593  (5.39) 762 (7.54) 930 (9.47) 9.62 (9.82)
8.5 6.13  (5.51) 6.46  (5.94) 8.14 (8.07) 9.82 (9.98) 10.14 (10.33)
9.0 6.66  (6.07) 6.98  (6.49) 8.66  (8.59) 10.34 (10.49) 10.66 (10.84)
9.5 7.18  (6.62) 751  (7.04) 9.18  (9.11) 10.85 (11.00) 11.17 (11.35)
10.0 7.70  (7.16) 8.02  (7.58) 9.70  (9.63) 11.37 (11.51) 11.68 (11.85)
10.5 822 (7.71) 854 (8.12) 10.21 (10.15) 11.88 (12.01) 12.20 (12.36)
11.0 8.74  (8.24) 9.06 (8.65) 10.73 (10.67) 12.39 (12.52) 12.71 (12.86)
11.5 9.25  (8.78) 9.57 (9.18) 11.24 (11.18) 12.90 (13.03) 13.22 (13.37)
12.0 977  (9.31) 1008  (9.71) 1175 (11.69) 13.41 (13.53) 13.73 (13.87)
12.5 1028  (9.84)  10.60 (10.23) 1226 (12.21) 13.92 (14.04) 14.24 (14.37)
13.0 10.79 (10.37) 1111 (10.76) 1277 (12.72) 1443 (14.54) 14.74 (14.88)
13.5 11.30 (10.89)  11.62 (11.28)  13.28 (13.23) 14.93 (15.04) 15.25 (15.38)
14.0 11.81 (11.41) 1213 (11.80) 13.78 (13.74) 1544 (15.55) 15.76 (15.88)
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p=4r a—

16.0
18.0
20.0
22.0
24.0
26.0
28.0
30.0

0.025

13.84
15.86
17.88
19.90
21.91
23.92
25.93
27.94

(13.49)
(15.55)
(17.60)
(19.64)
(21.67)
(23.70)
(25.73)
(27.75)

0.05

14.16
16.18
18.20
20.21
22.23
24.24
26.25
28.25

(13.87)
(15.92)
(17.97)
(20.00)
(22.03)
(24.06)
(26.08)
(28.10)

11

0.50

15.81
17.83
19.85
21.86
23.87
25.88
27.89
29.90

(15.77)
(17.80)
(19.82)
(21.83)
(23.85)
(25.86)
(27.87)
(29.88)

0.95

17.47
19.49
21.50
23.51
25.52
27.53
29.54
31.55

(17.56)
(19.57)
(21.58)
(23.58)
(25.59)
(27.59)
(29.60)
(31.60)

0.975

17.78 (17.89)
19.80 (19.90)
21.82 (21.91)
23.83 (23.91)
25.84 (25.91)
27.85 (27.92)
29.86 (29.92)
31.86 (31.92)



p=5r7r1 a— 0.025 0.05 0.50 0.95 0.975

0.2 51.05 (-52.96) -45.59 (-47.22) -23.13 (-23.15) -9.45 (-8.01) -7.66 (-5.99)
0.4 2529 (-27.16) -22.55 (-24.13) -11.22 (-11.28) -4.15 (-2.88) -3.18 (-1.72)
0.6 -16.60 (-18.43) -14.76 (-16.30)  -7.11 (-7.19) -2.16 (-1.04) -1.45 (-0.16)
0.8 11217 (-13.96) -10.78 (-12.29)  -4.94 (-5.04) -1.02 (-0.02) -0.43 (0.72)
1.0 945 (-11.20)  -8.33 (-9.80)  -3.56 (-3.67) -0.23 (0.68) 0.29 (1.33)
1.2 759 (-9.29)  -6.64 (-8.07) -2.56 (-2.69) 0.38 (1.20) 0.86 (1.80)
1.4 620 (-7.87) -5.38 (-6.78)  -1.80 (-1.94) 0.88 (1.64) 1.33 (2.20)
1.6 514  (-6.76)  -4.40 (-5.77)  -1.17 (-1.32)  1.32 (2.01) 1.74 (2.54)
1.8 427 (-5.85)  -3.60 (-4.93)  -0.65 (-0.80) 1.70 (2.35) 2.11 (2.85)
2.0 354 (-5.08)  -2.93 (-4.22) -0.18 (-0.34) 2.05 (2.66) 244 (3.14)
2.2 291 (-4.41)  -2.35 (-3.61) 0.23  (0.08) 2.38 (2.95) 276 (3.42)
2.4 -2.37 (-3.83)  -1.84 (-3.06) 0.61 (0.45) 2.69 (3.22) 3.06 (3.68)
2.6 -1.88  (-3.30)  -1.38  (-2.57) 0.96 (0.80) 2.98 (3.49) 3.35 (3.93)
2.8 -1.44  (-2.82)  -0.96 (-2.11) 1.28 (1.13) 326 (3.74) 3.62 (4.17)
3.0 -1.03  (-2.37)  -0.57 (-1.70) 1.59  (1.44) 3.53 (3.99) 3.89 (4.41)
3.2 065 (-1.96) -0.22 (-1.31) 1.89  (1.74) 379 (4.23) 414 (4.65)
3.4 030 (-1.57) 0.12 (-0.94) 217 (2.03) 4.05 (4.47) 4.40 (4.88)
3.6 0.03 (-1.20) 0.44 (-0.59) 2.44  (2.30) 4.30 (4.70) 4.64 (5.11)
3.8 0.34 (-0.85) 0.74 (-0.25) 2.71  (2.57) 454 (4.93) 4.88 (5.33)
4.0 0.64 (-0.52) 1.04  (0.07) 2.96 (2.83) 478 (5.15) 5.12 (5.55)
4.2 0.93 (-0.20) 1.32  (0.38) 3.22 (3.09) 5.02 (538 536 (5.77)
4.4 121 (0.11) 1.59  (0.67) 346 (3.34) 525 (5.60) 559 (5.99)
4.6 1.48  (0.41) 1.85  (0.96) 3.71 (3.58) 548 (5.82) 582 (6.21)
4.8 175 (0.71) 211 (1.25) 394 (3.83) 571 (6.03) 6.05 (6.42)
5.0 2.00  (0.99) 2.36  (1.52) 418  (4.07) 594 (6.25) 6.27 (6.63)
5.2 2.26  (1.27) 2.61  (1.79) 4.41  (4.30) 6.6 (6.47) 6.50 (6.85)
5.4 2.50  (1.54) 2.85  (2.06) 464 (454) 639 (6.68) 6.72 (7.06)
5.6 2.74  (1.81) 3.00 (2.32) 487 (477) 6.61 (6.89) 6.94 (7.27)
5.8 2.98  (2.07) 3.32  (2.57) 510 (4.99) 6.83 (7.11) 7.16 (7.48)
6.0 3.22  (2.33) 3.56  (2.83) 532 (5.22) 7.05 (7.32) 7.37 (7.69)
6.2 3.45  (2.59) 3.79  (3.08) 554  (5.45) 7.26 (7.53) 7.59 (7.90)
6.4 3.68  (2.84) 402  (3.32) 577  (5.67) 748 (7.74) 7.81 (8.11)
6.6 3.91  (3.09) 425  (3.56) 599 (5.89) 7.70 (7.95) 8.02 (8.31)
6.8 414  (3.33) 4.47  (3.81) 6.20 (6.11) 7.91 (8.16) 8.24 (8.52)
7.0 436 (3.58) 470 (4.05) 6.42 (6.33) 8.13 (8.36) 8.45 (8.73)
7.2 458  (3.82) 492  (4.28) 6.64 (6.55) 8.34 (8.57) 8.67 (8.93)
7.4 480  (4.06) 514  (4.52) 6.85 (6.77) 855 (8.78) 8.88 (9.14)
7.6 5.02  (4.29) 5.36  (4.75) 7.07 (6.99) 877 (8.99) 9.09 (9.35)
7.8 524  (4.53) 5.57  (4.98) 7.28 (7.20) 8.98 (9.19) 9.30 (9.55)
8.0 546  (4.76) 579  (5.21) 750  (7.42) 9.19 (9.40) 9.51 (9.76)
8.2 5.68  (4.99) 6.01  (5.44) 771 (7.63) 9.40 (9.60) 9.72 (9.96)
8.4 589  (5.22) 6.22 (5.67) 792 (7.84) 9.61 (9.81) 9.93 (10.17)
8.6 6.11  (5.45) 643  (5.89) 8.13  (8.06) 9.82 (10.02) 10.14 (10.37)
8.8 6.32  (5.68) 6.65  (6.11) 8.3¢  (8.27) 10.02 (10.22) 10.35 (10.58)
9.0 6.53  (5.90) 6.86  (6.34) 8.55  (8.48) 10.23 (10.43) 10.56 (10.78)
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p=5r1 a— 0.025 0.05 0.50 0.95 0.975
9.5 7.07  (6.46) 7.39  (6.89) 9.08  (9.01) 10.75 (10.94) 11.08 (11.29)
10.0 759 (7.02) 791  (7.44) 9.60  (9.53) 11.27 (11.45) 11.59 (11.80)
10.5 812  (7.56) 8.44  (7.98) 10.12 (10.06) 11.79 (11.96) 12.11 (12.31)
11.0 8.64  (8.11) 8.96 (8.52) 10.63 (10.58) 12.30 (12.47) 12.62 (12.81)
11.5 9.16  (8.65) 948  (9.06) 11.15 (11.09) 12.82 (12.97) 13.14 (13.32)
12.0 9.68  (9.19) 10.00  (9.59) 11.67 (11.61) 13.33 (13.48) 13.65 (13.82)
12.5 1019 (9.72) 1051 (10.12) 1218 (12.13) 13.84 (13.99) 14.16 (14.33)
13.0 10.70 (10.25)  11.02 (10.65)  12.69 (12.64) 14.35 (14.49) 14.67 (14.84)
13.5 11.22 (10.78)  11.54 (11.18) 13.20 (13.15) 14.86 (15.00) 15.18 (15.34)
14.0 1173 (11.31) 12,05 (11.70)  13.71 (13.67) 15.37 (15.50) 15.69 (15.84)
14.5 12.24 (11.83) 12.56 (12.22) 14.22 (14.18) 15.88 (16.01) 16.20 (16.35)
15.0 12.75  (12.36)  13.07 (12.74) 14.73 (14.69) 16.39 (16.51) 16.71 (16.85)
15.5 13.26 (12.88) 1358 (13.26) 15.24 (15.20) 16.90 (17.02) 17.22 (17.36)
16.0 13.77 (13.40)  14.09 (13.78)  15.75 (15.71) 17.41 (17.52) 17.72 (17.86)
18.0 15.80 (15.47)  16.12 (15.85) 17.78 (17.74) 19.43 (19.54) 19.75 (19.87)
20.0 17.83 (17.53)  18.15 (17.90)  19.80 (19.77) 21.45 (21.55) 21.77 (21.88)
22.0 19.85 (19.57)  20.17 (19.94) 21.82 (21.79) 23.47 (23.56) 23.79 (23.89)
24.0 21.87 (21.61) 22.18 (21.97) 23.83 (23.81) 25.48 (25.56) 25.80 (25.89)
26.0 23.88 (23.65) 24.20 (24.00) 25.85 (25.82) 27.50 (27.57) 27.81 (27.90)
28.0 25.89 (25.67) 26.21 (26.03) 27.86 (27.83) 29.51 (29.57) 29.82 (30.90)
30.0 27.90 (27.70)  28.22 (28.05)  29.87 (29.84) 31.51 (31.58) 31.83 (31.91)
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