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Abstract

Let Xi,...,X, be n mutually independent, nonnegative, integer-valued random vari-
ables such that for each ¢ = 1,...,n,X; has a probability function fi(z) = f(z;6;), where
f(z;6;) >0forallz =0,1,.... We show that conditional on the event that X; — X;y; >0
for all 4 = 1,...,n — 1, the necessary and sufficient condition for the random variables
X:1—X,,...,X,_1—X, and X, to be mutually independent is that foreach: = 1,...,n, X;
has a geometric distribution.
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1. Introduction

The problem of characterizing the geometric distributions have been intensively stud-
ied by many authors. Among the many papers in the literature, the reader is referred to
Nagaraja (1988) for a nice review over this research field and to Nagaraja and Srivastava
(1987), and Nagaraja, Sen and Srivastava (1989) for certain recent development on some

related problems.

This paper is dealing with the problem of characterizing the geometric distributions via
conditional independence. Let Xj,...,X, denote n mutually independent, nonnegative,
integer-valued random variables. It is assumed that for each ¢ = 1,...,n, X; has a probabil-
ity function f;(z) = f(z;6;), where f(z;0;) > 0 for all z =0,1,2,.... That is, the n prob-
ability functions fi(z), 2 = 1,...,n, have the common form but their values depend on the
respective parameter 6;. Let E denote the event that X; —X;41 > 0forall: =1,...,n—1.
Given E, we seek a necessary and sufficient condition for X; — X,,...,X,—1 — X, and
X, to be conditionally mutually independent. We find that the necessary and sufficient
condition is: for each ¢ = 1,...,n,X; has a geometric distribution. The main result is

given in the next section.

2. Main Result

Let Xi,...,X, denote n mutually independent, nonnegative integer-valued random
variables. It is assumed that for each ¢ = 1,...,n,X; has a probability function f;(z),
where fi(z) > 0for all z =0,1,2,.... Let E denote the event that X; > X, > ... > X,..
A characterization of a geometric distribution via conditional independence is given as

follows.

Lemma 1. Conditional on the event E, the following are equivalent.
(a) X; — X2 and X, are independent.

(b) X has a geometric distribution.

Proof: (Sufficiency) Suppose that X; — X3 and X, are conditionally independent on the
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event E. For any nonnegative integers b and ¢, we then have the following:
P{Xl bt X2 Z C, X2 Z bIE} = P{X1 ot X2 2 CIE}P{X2 2 b|E},

which is equivalent to
P{Xl _-X2 207 X2 2 b7 X2 _X3 ZO)"'7XT&—1 _Xn Z 0}
P{X1-X220, X2—X3>0,...,Xn_1 — Xn >0}

P{Xi—-Xp2¢ X22b Xo—X320,...,Xp-1 — X5 20}
- P{XI—X2ZC7 X2”‘X3207"'7X‘n—1_Xn20}

S P{X1>z+¢, Xs <z, Xg— Xy 20,...,Xn_1 — Xp > 0} fu(2)
=:c=b
S P{Xi2z+e Xs<z, Xs—X420,...,X51 — Xy >0} fo(z)
=0
S [L— Fi(z + ¢ — D]G(@) fo(e)
=”;b = H(b,c),
> (1= Fie + e - DIG()fa(e)

(1)

(2)

where G(z) = P{X3 <z, X5 — X4, >20,...,Xpn_1 — Xn > 0}, which is positive for all

nonnegative integers z, since fi(y) > 0 for all y = 0,1,2,..., and for all : = 1,...,n.

The third equality in (2) is obtained by the assumption that Xi,..., X, are mutually

independent. Since the left—-hand-side of (2) is independent of ¢, for each fixed b, H(b,c)

can be viewed as a constant function of the integer—valued variable c. Therefore, H(b,c) ~

H(b,c+ 1) =0, which yields

0= {Zb[l —F(z+c- 1)]G(fv)f2(w)} {Z[l — Fi(z + C)]G(w)fz(fc)}

=0

- {Z[l - Fi(z + C)]G(w)fz(x)} {Z[l —Fi(z+c- 1)]G($)f2($)}
z=b

z=0
= k(b,c)
for all nonnegative integers b and ¢. Thus,

0=Fk(b+1,c)— k(b,c)

=[1 = Fi(b+c)]G(0)f2(b) {Z[l —Fi(z+c- 1)]G($)fz(m)}

z=0

—[1 = Fi(b+ ¢~ 1)]G(b) f2(b) {Z[l - F(z + C)]G(fv)fz(-'r)} :

z=0
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for all nonnegative integers b and c.

Letting ¢ = 0 and from (4), after simple algebraic computation, we can obtain the

following:

f1(b)
—_ b=0,1
T Fi(5= 1) — B for all 0,1,2,. (5)
where B = { - Fl(w)]G(m)fg(a:)} / { Y[l - Fi(z — 1)]G(:17)f2($)} Note that B is
a constant 1ndependent of the variable b and 0 < B < 1. The assumption that fi(z) >0

forall z = 0,1,2,... and the fact of (5) together implies the following: X has a geometric
distribution with probability function fi(z) where fi(z) = B*(1 — B), £ =0,1,2,...

(Necessity). Assume that X7 has a geometric distribution. Then the right-hand-side of
(2) is a constant function of the variable ¢, which implies (1). Thus, conditional on the

event F, X; — X, and X, are independent. O

We now assume that for each 1 = 1,...,n, X; follows a geometric distribution with
probability function f;(z) = 6*(1 —¥6;), ¢ = 0,1,...,and 0 < §; < 1. Let ¥; = X; —
Xit1, t=1,...,n—1, and Y, = X,,. We have the following conditional independence
property regarding the random variables Y1,...,Y,.

Lemma 2 Conditional on the event E,Yi,...,Y, are mutually independent and for each
i =1,...,n, Y; has a geometric distribution with conditional probability function f;(y|E)

where
¥

i i
rwE =16 ) (1-T[6 ), v=0.12,..
j=1 j=1

Proof: Straightforward computation yields that

= f[[(l —6:;)(1—6y...6:)7"]. (6)

Let ay,...,a, be n nonnegative integers. By the definition of the random variables
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P{Y;=ai, t=1,...,n} =P{X,'=2n:aj, i=1,...,n}
> a;
_H[(I—G)HJ_' -

(7)

From (6) and (7), it follows that
P{Y;=a;,i=1,...,n|E}=P{Y;=ai, t: =1,...,n}/P{E}

() (i) ©

which implies that conditional on the event E, Yi,...,Y, are mutually 1ndependent

13
also, Y; has a conditional probability function f;(y|E) = (H ) (1 — H 9]-) , Y =
=1 j:l
0,1,2,...,foreachi =1,...,n.

We now state our main result as a theorem as follows.

Theorem 1. Let Xj,...,X, be n mutually independent, nonnegative, integer—valued ran-
dom variables such that X; has a probability function f;(z) = f(z;6;) where f(z;6;) > 0
forallz =0,1,2,.... Let E={X; > X2 > ... > X,}. Then, the following are equivalent.

(a) Conditional on the event F, X; — Xa,...,Xp—1 — X, and X,, are mutually indepen-
dent.

(b) For each : = 1,...,n, X; has a geometric distribution with probability function
fi(z) =6*(1-6;), z=0,1,2,... for some §;, 0 < 6; < 1.

Proof: (Sufficiency) Conditional on the event E, the mutual independence among the
random variables X; — Xs,...,Xp—1 — X, and X, implies the conditional independence
between X; — X2 and X, on the event E. Then by Lemma 1, X; follows a geometric
distribution with 6; = B where B is defined in the proof of Lemma 1. By the assumption,
the probability functions of Xj,..., X, have the common form, which implies that X; also

has a geometric distribution for each : = 2,...,n.

(Necessity). See Lemma 2.
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