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Improved Estimators of Normal Tail Probabilities

Abstract

The estimation problem of normal tail probabilities is considered. This study shows
that the best unbiased estimator is generalized Bayes and it is asymptotically admissible
within the class of estimators whose risk functions depend only on the ratio of mean and
standard deviation. Improved estimators are found for large values and small values of the
parameter.

1. Introduction

Let z1,%2,...,Zn,n > 2 be a random sample from N (u,0%) where 1 and o? are un-
known. In many practical situations arising in reliability theory, quality control, insurance
problems, etc., it is important to estimate tail probability § = P(z; < a) = ®((a— pu)/0),
where a is a given constant. It is sufficient to consider a = o.

n

Let X =3} z;/n, S?= Z’lz(:vj—X)z and Z = X/S. Different forms of the uniformly
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minimum variance unbiased (UMVU) estimator 6y has been given in Kolmogorov (1950),
Folks, Pierce and Stewart (1965) and Rukhin (1985). Generalized Bayes rules for a family
of prior densities are obtained, and some of them substantially improve upon UMVU
estimator for small values of the parameter and the others for large values of the parameter.
The specific form (1.1) is used in Theorem (2.1) to show that 6y is generalized Bayes
estimator, for n > 3. :

Iy (1+t2)"‘1 /B(%32%,3) if|Z]< (nT_l)l/z

1 if 7 < — (2s1)Y? (1.1)
0 otherwise.

u(X,S) =

nZ

where V = Tenz7)il5

2. Generalized Bayes Estimators

Let A(p,0) = exp{%(f:)z}a"a,o < ¢ < n, be the generalized prior density for parame-
ters u and o. The corresponding generalized Bayes estimator §g.(X,S) for quadratic loss
has the form

Sl Jo @ u/o f(X 5)A(k,0)dpZ
f—oo fO a ﬂaa)dﬂF

dpc(X,S) =

where
J(X,8) x ainexp{—[n(X — u)? + 8% /20%}8™ 2,



Let n = p/o and y = S/o. Then,

o0 Jo7 ®(—n) exp{—~[n(yZ — n)? + y?]/2} exp{$n?}y"+>2dndy
[l [ exp{~[n{yZ —n)? + y?]/2} exp{En2}yn+to-2dn dy

/00 exp{—n(yZ—n)z/Z}exp{%nz}dn = (27r)1/2( —c)” 1/2exp{1 ne y2Z2}.

0pc(X,S) =

(2.1)

—oo 2n—c
(2.2)
The denominator of (2.1) can be written using (2.2) as
(27r)1/2(n— c)—1/2/ exp {l < nc y2 7% — y2) } yrre—2qy
0 2\n—c
nt+a—1
n+a—3 -1 nCZ2 - 2
— (95)1/292% —e) /2 nte-i 1— 2.3
(2m) /2222 (n - ) c nel (2:3)
for |Z| < (%)1/2.
Now,
/ ®(—n) exp {—n(vZ — n)?/2} A(n)dn
oo oo o0
= (2m) /2 / / exp{—[(t+77)2—|—n(yZ—77)2 —cnz]/Z} dn dt
—oo JO
oo
= (n+1—c)"12 / exp{—-[t2+n(yZ)2 (- nyz) ]/2} (2.4)
0
Let ¢ = y£. Then the numerator of (2.1) becomes, using (2.4),
o0 oo
(n+1—c)"t/2 / / exp {—y2[1 + 62 +nZ®— (Z+ ff)c ]/2} nta=1l de dy
1/2 2, "¢ "2 y2)/9\ ynta-tgg g
=(n+1-—2¢)” / / exp{ cZ)+n+1—c(e+n—c) 1/2¢y y
2™ (nte) de
= 1/2 z nta (2'5)
(n+1-c)2 Jo  [(1-2522) + A7 (0+ 2E)2]%=
for |Z| < (%)1/2.
From (2.3) and (2.5),
oo n—c 1/2
fV]_ (1+t2)n+a/B(n+a 1,; lf |Z|<( ) 6
= 2.
8pe(X,8) =, 7 < ncc)1/2 (2.6)
0 otherwise



where v 7
n
= . 2.7
" (n+1-¢)1/2(n—c—ncz2)1/2 2.7)

Theorem 2.1

0y is generalized Bayes estimator with respect to the prior

A(u,0) = exp {1/2(u/0)2} /o, for n > 3.

Proof
a=1,¢=1in (2.6) gives 6y.

If ¢ — 0, which corresponds to the uniform, non-informative prior for u, one obtains
> dt n+a—11
6p:(X,S) — —_——— /B ——, = 2.8

where h = (;_’*‘_—1) e Z

The risk of (2.8) has been studied in Rukhin (1985). For ¢ — n, one obtains

1 if X/S <0,
65¢(X, 5) — {o if X/5 > 0.

3. Admissibility of Generalized Bayes Estimators

In this section, estimators of § as a function of Z are considered. Let A(n) =
exp { 2172} 0 < ¢ < n. Then the corresponding genera.hzed Bayes estimator is

I3 ®(—n) ity (A(n)dn

Poel8) = e T Am)dn
where oo
7 (Z) o /0 exp {—[n(SZ —n)? + $?]/2} S™'ds.
Thus,
§5.(2) = J2o0 Jo~ @(—n)exp{—[n(SZ — n)? + §% — en?]/2} S"Ldn dS (3.1)

22 1 exp{~[n(SZ —n)2 + 52 — en?]/2} S»~1dn dS
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Note that, (3.1) is equivalent to (2.1) for & =1 and y = S. Therefore,

1/2
fvl arver/B(3,3) if12] < (%52)Y

if 7 < — (2=2)?
0 otherwise

6pc(2) =

where V; is as in (2.7), and V; = V for ¢ = 1.

Theorem 3.1
16B1(Z) — 6u(Z)] — 0 as n — oo.

Proof
Integration by parts gives,

io1(2) = [ e 1B )

v (1+2)2

n—2 [ 4t 1 14 n 1
= -1 1 /B(5>5
n—1Jo (1+t%)253: n-1(1+4+V2)2fL 2’2

" oo
dt n—2 1

|| /B
v (1+e2)mg= 2 2

1 T2 14

1 14
B [n—1(1+V2)1'2"—1/B(

>J

D | =

n
2

»0 as n — oo.

= 6i7(2) — .
v(Z) n—1T(%)rl/2 (1_|_V2)"T+1
r(=) n\1/2 1
T(Z) ~(§) (1—%) as n — oo.
Thus,
2 r(*5) 14

n—1T(m/ 1+ V=R

Hence the result.

Remark

It is known from Rukhin (1985) that

R(0,6y) ~ [27(n — 3)] 71 - % + o(n™1)] as n — co.

Therefore by Theorem (3.1), R(0,8p1) has the same asymptotic behavior as n — co.

4
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Theorem 3.2

ch is admissible within the class of estimators whose risk functions depend only on

Proof
From (AS),
~ c
R(n,6pc) ~ Fpyexp {—5772} /n"12 as |n| — oo

where F,; is a constant depends only on n. Thus,

/oo R(n,6c)A\(n)dn = /oo R(n,6p.) exp {%nz} dn

— 0o —00

< o0,

Therefore, the Bayes risk is finite for ch. Hence ch is admissible.

Remark:

0y is asymptotically admissible, because of Theorems 3.1 and 3.2.

4. Comparison of Risks

From (A4) and (A5), as || — oo,

c
R(n,6pc) ~ Fro exp{—§n2}/nn+2a+1

and 1
R(n,6y) ~ Fu—1) eXP{—Eﬂz}/fl"_l-
Thus,
R(n,6Bc) < R(n,6y) forc>1,
and

R(n,6p:) > R(n,6y) forec<1.

Because of the fact that the risk at n = 0 increases as « increases (fixed h) for estimators

of the form - P a1 1
| arrmr (U a):
R(0,6p1) > R(0,6y) and
R(0,651) > R(0,6y) V a> —L1.
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5. Numerical Results

It is shown in Rukhin (1986) that for any integrable function g(y),
v =n1/2X)/(nX? + 57)172,

Eeg(y) = 2exp{—¢%/2} /01 9(W) (1~ y3) T 71 (y€)dy/dn_s (5.1)

where ¢ = nl/2|p| and,

Tm(y) = (27)1/? / v™ exp{—v?/2} cosh (vy) dv, ¥y >0
0

_ { .5d—‘§m—,,7 exp{y?/2} m—even

.5$I—mm(exp{y2/2} erf(yZ_l/z)) m—odd (5.2)

All estimators 6 considered in previous sections are bounded functions of Z such that
6(—Z) =1—6(Z). The quadratic risk depends only on 5 and is symmetric:

R(fla5) = R(—naa) (5'3)

Therefore, it is sufficient to take n > 0.
Hence from (5.1) and (5.2),

R(8,n) = D{ /01 82(y)(1 — y?)*F 11 (Ey) dy

- / 6(U)(1 — )3 (ma_1(E9) — erfe(n2V2)r,_,(¢y)) dy}

+ % erfc?(n2=1/2%) + —;— erfc(¢271/2) — % erfc(¢27Y/2) erfe(n2™1/?)  (5.4)

where erfc(y) = 1— erf(y)and D = —,;_3—2(,,—_1-;- exp{——%ﬁz}.
25T p——

The representation (5.4) facilitate numerical evaluation of risks of 6y and ép,.

Figures I, II and III respectively show the risks for n =3, 4 and 5. These figures show
that for n > 1.0, _
6p1 is better than 6.

When ¢ = .1, ch is better than 6y for n < 1.7. The same result holds when ¢ = .2 for
n = 3 but not for n = 4 or 5.

R(O,gB.z) > R(0,6y) from Figures II and III. Thus the optimal choice of ¢ is .1 for
small values of # and 1.0 for large values of 7.



Appendix

Asymptotic behavior of R(n,6) as |n| — oo is considered. Because of (5.3), it is
sufficient to assume n — oo.

Let
t=+vnZ/\V1+nZ?
£ = +/nn

[y (057

Bpo = An(n—c+1) =

_1/B<n+a—1 1)

2 2

nt+a—1
V2r n 2
Dna = Bna ( )

2 n—ec
2 n4ta—1
Dh =LY () s
2 n—ec¢
n_3 n-2 _
Ena=Dna(£)T(l—£) 2 r(n+a+1)2n+g L
n n 2

n=s _
Faa=Da (2) 7 (1 )P I(n+ a)2mt

65(t) ~ Bra(l - —

$2) ™%
-t%)

=0  ift>(1— )2
n

5 ast T (1— %)1/2 and

E(épc) = Anexp { } 6pc(t)(1 — t2)“T [/ exp {—%(82 + 2£tl)} ride| dt
0

1 c/n Btx—1
~ Bna‘v 27 exp { } (1 _ - i ctz) (1 _ t2) 2 exp { (gt } (ft)n—ldt
1—c/n n—38 n—2 2
n—1 n+g—1 [ P _ .E 3 _é’_
~praeton (e [T o0 )T (1) T e { S
~ Epno exp —cg—2 Jextt (41)
na o



nt+a—1

2 1 n : 1 ¢? 1=e/n 1
E‘sBc ~ Dna ( — c) Sn_ €Xp {—657—]’}/(; yn+a—

(+2) T (=97 e -5u} w

n

~ Fraerp { o} jgraess (42)
o~ ap{-/e (43)

From (A1), (A2) and (A3)

R(n,6Bc) ~ E'612_c,c as |n| — oo

2
~ Fpo €Xp {_c%} /£n+2a+1 (A4)
a=—1, c¢=1gives R(n,6y) and a = 1 gives R(n,ch) in (A44).
Therefore,

62 n—1
R(%&_U) ~ Fn(—l) exp Y /f (A5)

3 62 n+3
R(n’ 5Bc) ~ Fn(l) €xp Y /6 (A6)

References

Erdelyi, A. (1956), Asymptotic Expansions, New York: Dover.
Rukhin, A. L. (1985), “Estimating Normal Tail Probabilities”, Technical Report #84-46.

Rukhin, A. L. (1986), “How Much Better are Better Estimators of a Normal Variance”,
Technical Report #86-9.



(RISK]IX100

FIGURE I

10.00 '
\ - DELTA U
NG DELTA Bl.
\ ———__ DELTA B.1
\ ——___DELTA B.2
8.00 \

6.00 —

4.00

2.00

0.00 |

0.000 .650 1.300 1.950
(MU/SIGMA)




(RISK)X100

7.000 .

5.600 —

4.200 —

2.800 -

1.400

§.000

FIGURE II

——— DELTA U

_________ DELTA Bt.
_____ DELTA B.1
. DELTA B.2

0.000

10

|
3.900



(RISKIX100

FIGURE III

6.000 — :
& DELTA U
_________ DELTA Bi.
_____ DELTA B.1
e — . _DELTA B.?
4 .800
3.600 —
2.400 -
1.200 -
0.000 I I 1 ] = s |
0.000 .650 1.300 1.950 2 .600 3.250 3.900
(MU/SIGMA)
11



