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by
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ABSTRACT

The estimation of weighted distribution functions by weighted empiri-
cal distribution functions is extended to random censoring. For a sequence
{Fi} of distributions with associated positive weights W., an empirical

~

estimate Fn is proved to converge uniform almost surely to

on the interval [0,T] as n >~ « under suitable conditions. The converg-
ence rate of [ﬁn—Fnl is established. In the case in which all F; = F,
this estimate reduces to a weighted generalization of the product-limit esti-

mator of Kaplan and Meier [J. Amer. Statist. Assoc. 53, 457-481]. In the

case of no censoring the results reduce to a special case of Singh's theo-

rem [Ann. Probab. 3, 371-374]. In the case of equal weights Wi =W, a ’

duality argument obtains a weaker result than Foldes [Z. Wahrscheinlich-

keitstheorie verw. Gebiete 58, 95-107] for estimation of a distribution

function under variable censoring.



A GENERALIZED PRODUCT-LIMIT ESTIMATOR FOR WEIGHTED
DISTRIBUTION FUNCTIONS BASED ON CENSORED DATA
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1. Introduction. Let X],Xz,... be independent random variables,

with X; having survival distribution function Fi(x) P{X;>x}. LetY

’]3

Y2,... denote independent censoring variables, with Yi having survival dis-

tribution function Gi(y) P{Y,>y}. It is assumed {X.} and {Y;} are in-
dependent. Define

Z;

It

min(Xi,Yi) i=1,2,..

In the special case in which Fi = F and Gi = G for all i, Kaplan and Meier
(1958) generated the product-limit estimator to estimate F. Foldes, Rejto,
and Winter (1980), Foldes and Rejt6(1981a) have obtained uniform almost sure
“rates of convergence of this estimator to F. In the more general setting
of F1 = F for all i but variable G's, Foldes ahd Rejto (1981c) and Foldes
(1981) have proved almost sure uniform convergence of [0,T]with specified
rates for some fixed T.

The approach in.this paper is more general. Let Wy 0 be the weight

n n
for F, and let F_ = ( § w;F.)/ ] w.. With no censoring, Singh (1975)
i n s T L T

proved uniform almost sure convergence of an estimator to IFn on the whole
real line under certain conditions. The purpose of this paper is to ob-
tain such convergence on [0,T] for some fixed T under random censoring with
G. = G for all 1.

i
Section 2 develops the necessary notation and introduces the estimator

>

Fn' Section 3 develops five crucial lemmas. The main theorem in Section 4



PN

proves that under certain conditions, sup an(u)-IFn(u)l converges almost
‘ —e<y<T

surely to zero at a specified rate.

The final section discusses the special cases of this theorem. If
Fi = F for all i, a weighted generalization of the product-1limit estimator
of Kaplan and Mejer (1958) is obtained. If the labels "death" and "loss"
are interchanged, a weighted but weaker generalization of the variable cen-
soring result of FGldes (1981) is obtained. Two applications of the estima-
tor are mentioned.

2. Notation. For convenience this section includes a repetition of

the notation of Section 1. The variables X1’X2"" are independent, with Xi

having continuous survival distribution Fi(x) = P{Xi>>x}. Also, Y,,Y

'l,
are independent, identically distributed with survival distribution

IR

Gly) = P{Y>y}. It is assumed {Xi} and {Yi} are independent. Define

Zi = min(Xi,Yi) and Tet Hi(z) = P{Zi> z} denote the survival distribution.

Note that by independence
Hi(z) = Fi(z)G(z).

For the sequence of positive weights {wi}f . let
":

n
W = ) w, and K = max w..
n =1 ! n T<i<n !



Estimate Hwn(u) by its weighted empirical
(=}
M (u) = w.l ,
n jop 1 {Zg>ul
where Iy is 1(0) if ueA(ug¢A). Note that if v, denotes a random variable
which is Z, with probability w;, for i=l,....n, then Mn(zj)/[Mn(ZijjJ is

an estimate of P{Vn:>Zj[anij}. This Tleads to ﬁn for the estimation of IFn

J~(u)
n M (Z.)
I WTY%“T%W" if u< max Z
j=1 n‘"j’ "j 1<i<n
(2.1) Fo(u) =
0 otherwise
where g.(u) = I .
J {ngp,xigyi}
Additional notation is also required. let
n
By (u) = ) wg;(u)
i=1
n u u
B (u) = E(B (u)) =- ) w, [G(s")dF.(s) = - [ G(s)dLL (s)
n n iz1 VS i o n
The additional estimator Fn will prove useful:
B (u)
n Mn(ZJ.)+wj J
Il M (Z. )W K u < max Z,
j=1 M Zj +Wj+Kn 1<i<n !
(2.2) Fo(u) =
0 otherwise .
Finally, define
¢ W)= ] wlE (welu) - v, (u)
n j2p 1 i



3. Important Lemmas. A lemma due to Petrov (1975) is used extensive-

1y throughout this section.

Lemma 3.1 (Petrov (1975) p.52). If g],...,gn are independent random vari-
n

ables with mean 0 with Sn = ) £; and if A],...,An and U are positive real
i=1 '

numbers such that

for k=1,...,n; 0 < u < U.

exp(- %K-) if 0 <x< AU
i) PLS > x} <
exp(- == ) if x> AU

2exp(- -%K-) if 0 <x<aU
ii) P{[Sn[>x}_<_
2exp(- —5—) if x> U .

Lemma 3.2. i) If A > 2 and if mM(T) > Kpys

™ (U) _ M (T)
(3.1) Pzﬁi‘—? ﬁ(ﬂ” 52nexp3 - ‘(;A]) ngn ’

ii) If Kn log n/BWn(T) + 0, then for almost all w there

exists an No(m) such that for n > No(w)

1 2
Mn(UT < IMn(u) for all u < T.

Proof. let -w= Up < Up < oen < uk(n) = T denote a partition of (-«,T]
such that D4n(u1_]) - M (uy) = Gn(i) < K,/2 and such that k(n) < 2(n-1).

Since IMn(—w) =W, < nk,> such a partition always exists. Then



: M, (u) % k() P; M (u) ; P% M, (T)
sup _(u) > A < sup M_(u) > At M (T > A
u<T My L i=] Uj_q<u<u; My (u Mo (T

| A

k(n) M (u; ;) M (T)
pl__mi-17 g Pz___n N %a
Z 3 Mn(u;) T METTY '

the Tast inequality from monotone nonincreasingness of Hdn and Mn'

Now
IMn(u1-1) - -y . -y ]
Pl——o> A% = P{mn(ui)_Mn(ui ) > Mn(ui)' T ]Mn(ui
Mn(u.)
;
. - . - Kn
But since ™M (u, 1) = Mpug) + 8 (1) < M (ug) + -, it follows for » - 2
and D4n(u;) > Kn that
MW -1 W (u ) s (- Yym o) - o 3 ) s (A :
nt i PR Rt P A W A L W (1- ?X>E4n(ui) g (?X*)an(u])
Thus,
.2)  ploup i) S pm w w) > Ew w
. sup >l < { u; )-M (u;) > 53 Uy
i Mn(U5 57 n‘Yi n‘i 2X n' 1

+ P{D“#Td—Mn(T)>(1--%HMn(T)}.

Recall for [x| < % that 1 + x f_ex <1 +x+ x2 so for fixed u
(3.3) Efexp(sw. (I SHo(W)))T < 1+ sPWlE[I -H. (u) 1
: PASW, {Z>u} = Ttz sur
<1+ szw?Hj(u)

exp{szw?Hi(u)},

A

provided s < é%—g. Therefore
n

n
E[exp{s 'Z] w1[1{2.>u}_Hi(U)J}] ivEXP{SZ‘Pn(U)} ,
i= i



6

w]Z.Hi(u). Now apply Lemma 3.1 with the identification

Il o~

where T, (u) =

i=1

- - 2 - =
U ]/8Kn, A 2w1.H1.(u), and A 2<Pn (u). Let £; wi[I{Zi>u}'H1(u)] and

hence Sn = Mn(u) - an(u).. For s such that |s| < 1/8Kn,

SW.E.
Ee ') iexp{szngi(u)}

by (3.3). Thus

POM (U)-M (u) > x) < eXPL-x/16K 1 for x > ¢ (u)/4K .

From the above and (3.2), if » > 2 such that %;—] an(u;) > cPn(Ui)/ﬂfKn and
1 q'n (T)
(]" XQIMn(T) > ——EK;"‘,

-t

M (u) k(n) A\ M (uy) 1 M (T)
PsuP ’_M:('u) g *§ ii__z_] exp;' <%‘> ToK. 5 * exp;‘O' I) TER g

§ 7
< 2n exp(— <—27

N’
=t
=
Lty
—
N
e —

To prove ii), if K, Togn/ ]Mn(T) + 0 then for ¢ = 28 there exists on
NO such that for all n > NO

IMn(T) > 28Kn log n.

Applying the result in i), with a = 2,

A

Il ~1 8

{ an(u) ef 2 Kn1ogn
P {sup —TY>2 < 2nexp3-————£
n=Ng u<T Mn u n=Ny 64K,

I 2n exp{-4logn} = 7 203 < e,

n=NO n NO

A

Now apply the Borel-Cantelli lemma to complete the proof. ]



Lemma 3.3.  Assume that Fi is continuous for i=1,2,... and that there
exists a y > 0 such that W < n' for all n>N;. Llet 1 <a <2 be arbitrary

and define v = 20 - 1. If Kn1og n/IMn(T) + 0 then

t /Knlogn >

1
d(B -B =
2L ey (BB @<<mnm)v72

Proof. First an exponential bound for the almost sure absolute value of
the integral is obtained for fixed t. Observe that

t 1 & W - E szj(U)

Q n - o
- M (u) j=1 an(ZJ-)

and

nd
o
&=
jun
—
[y
e
il
i
i~
=
S
llgz
oy
I
Q.
M
—
fong
e

H
)
Il t~13
—_
=
[a)
m
P
2l w
Q |ca.
—— "
~N N
s
S o
~——

So let nj(u) = Bj(u)/BWﬁ(u) and n¥(u) = nj(u) - E(nj(u)). The nﬁ(U) are

independent for j=1,2,... and

n . t 1
J_Z] wjnj(t) = —ofo ]Mz(u) d(Bn(u)—IBn(u)).

To apply Lemma 3.1, identify ¢, = n?(t). For s such that [swjnﬁ(t)[ <

<

then

Ee 99 ) < E[1+swjn§(t)+52w§n§Z(t)li 1+ szng(n§(t))2 .

v

If Bj(T) =1, then Zj < T and Bﬂn(zj) Hwn(T); it follows that

1

n3(8)] < [n¥(M)] < for all t < T.

“(T)



Now for any t < T

B.(t) t -
E( *(t 2 < E 2t = E<—_..\J.“*_ = _ MdF_
(306)%) < 6000 = £ )> I w5

noj
t
1 1
- / dF.(s)
6'(T) -> nl(s)
Hence
2
n n W t
2 2 J 1
WE((n¥(t)") < - 7§ J dF. (s)
i.-zq 3 =1 G(T) - IL:”(s) J
Kn } 1 ( )
c._n_ —dIL (s
T EY(T) e IL;’]”(S) n
K K
STyl St
MM T mYT)
since v < 1. Apply Lemma 3.1 with U = M(T)/2K, 0 = 2K /]V(T).
For 0 < ¢ f_IM;_a(T) and any t < T,
EZIM;;(T)

To bound the supremum over the interval (-«,T], note that the functions

1

t
dBn(u) and qn(t) = f ! dIBn(u)

t
t) = w (t) =
it ] e - M%)

3
IMn
are non-decreasing in t. Further, for a>1, t <T, and n Z.NO’

t
U (t) = [ —— 6L (u) <

) dL _(u)
- Ga(u)ﬂ_ﬁ(u)

t
i G(u H.
< [Tog L (T)],

for an(T) = G(T)ILn(T) > 1 for all n > Ny since Kn1ogn/]Mn(T) + 0.
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0 1 L(e)
that
£

a,(u;) - a (usq) <5 1=1,2,..,L(e)

and
q,(T) 3[Tog L (T)|
n
L{e) < =73 +1 < __—E_—M+],

Since qn(t) is continuous, such a partition can always be constructed.

£

If o (us_7) - a(u;q) 5_%-and o, (u7) - a (u7) < 5 then by monotonicity

of pét) and qn(t) for any u;_q <t < ou

Consequently, if

sup }pn(u)-qn(u)' > ¢ then,for some 0 < i < L{e),
u<T

Lo, (ug)-ap (ug)] > %- or e (uy)-a,(u;)} > %».
]

a~-1
IMn (M)

Apply inequality (3.4), for any 0 < e < and Dﬂn(T) > 1,

(3.5)  Psuplo, (u)-q (u)]> e} < 2[2L (e)+1Jexpl-e” M (T)/36K )

u<T n
20y V
) 6Hogﬂm(T)| ) £ MH(T) .
n
Let
9CKn1ogn
ey " — o for some C > 0.
M (T)
n
K logn

..'n
By hypothesis _TW;TTS'+ 0 so for n 3-NO’ HWn(T) > 9CKn]og n and



3/C&Jogn

10

0<e, < = = .
R
3/CKnlogn M (T)
Therefore inequality (3.5) must be satisfied for n Z-NO' Moreover, for
n >N, 3_max(NO,N]), W < n' for some y and hence
6/1og L _(T)]| ezﬂwv(T)
2 ———0 4 3|exp(- —I%ﬂﬁ%———
®n n
—
<2 [_Z_Y_Jgg_n MY/2(r) + 3] exp{ - £logn n

/CKn

YV
iZ[ZWiogn nl 4 3J exp{— C]o4gn}

/CKn

Therefore if we choose C > 4( §l-+1) > 4( L +1) then

2 2
L Pesuple (u)-q (u)]>e
n=N2 u<T n n n
which implies our statement. O
Lemma 3.4. If Fi is continuous for i=1,2,...

G(T) > O then for g > 1,

} L 4B (u) =0 —
- m) " Ml

}<+oo

, and if T is such that
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Proof. For g > 1
T T -
1 _ G(u™)
dB (u) = dL (u)
-i M) " ) -i (L (We)? " )
T — } 1 an (u)
EECICH LIRS R (D I
1 1 1 _ 1 . .
“emf AT LA Cg(nwﬁ‘](wo > ”

Lemma 3.5. If Fi is continuous for i=1,2,..., if T is such that G(T) > O,
K Togn
if there exists a y > 0 such that wn <n’, and if —%W;TT) >0 asn—-w

then
. v Ky
(3.6) 33$ ]Fn(u)-Fn(u)I =G <‘ﬁf;(fy> a.s.
Proof.
R v n Mn( Bj(U) n Mn(ZJ)+Kn %J(U)
|Fp(u)-Fp(u)| = | 321 < [NeAET > JH] < M (2 )+ +K |
B (u)
n Wan J(u
< b st [(Mn(z oY, (25 R )]
n o w.g:(u) u
< K JJ < K 1 48 (
< ik wo(z) T B ME(v) " !

Apply ii) of Lemma 3.2; then there exists an NO such that for n > Ny

(3.7) IF

Taking sups on both sides of (3.7)
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o ¥ ) u
3;@ |Fp(u)-F ()] < 4K Egg _ofo mﬁ(v) d(B,(v)-B (v))

u 1

+ dIB
e mZ(v) ”(V)t

(S5 ) i)

< 4K
- 1Mr3]‘/2(T) n

This last inequality follows from Lemma 3.3 with o = 2 and Lemma 3.4. By

/K logn K
hypothesis‘/#ﬁwﬁrTy—— + 0 so the overall rate is o—<jﬁg%fy> . m

) 2 o (T .
Lemma 3.6. i) If —=—— < ¢ < —g— and if ¢ (T) > K then
— n =™n
a7 n
M (u)-M_(u) _
P{sup | 2—-T— |>el < (4n+2)expq{-2 7s2} .
u<T ¢, lu

i1) If (K2)?log n/g, (T) > 0 where K* - max(K 1) then

Mn(u)-]Mn(u)
(3.8) ' Pi{sup | —————1| = 0(VTogn )} = 1.
u<T %, (u)

Proof. For fixed n and T, let -« = Ug < Up < e < “k(n) = T denote a

partition of (-~,t] such that

8,(1) = M (u;_7) - M, (u3) < K for i=1,2,...,k(n)

and k(n) < n. Such a partition always exists since M (u) is decreasing in

u and since an(-ad = W, < nK . Now
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u<T (pn (u

ik§n) : - M (u)-B(u) I I M, (T)-11, (T)]| .
151 [ uy_q<usu, Yo, (u) pp(T)
(n) sup M (u)-DM_(u)] ()M (1))

n <u<u. -
(3.9) < .ﬁ p) 1121 > e+ P’ n n . e!

=1 ¢ (Us) #n ()
k(n) e/% (u;) -8 (1)

<1 [%!%J% DM )] > {

+ P

B} _ : (uy) -5, (1)
My ()= ()] > PPy §]

+P;]Mn(T)—IMn(T)]>e /& ; ,

the last inequality following from the monotonicity of D4n(u).

Let g, (u) = I{Zi>U}’ e¥(u) = g;(u) - H;(u). If |swie(u)] < % , then

(3.10) E(eswig?(u)> <1+ szwa(a$(u))2
<1+ szwa(gf(u)) i.exp{szw?Hi(u)} .
Since |g?(u)( < 1 then {swig?(u)| <11if0<s fﬂzl . From (3.10) for such
n :
an s
E[es(f“ln(u)-an(u))] B eXp{Sz(Pn w3 .

In order to apply Lemma 3.1, let U = (2Kn)_], A= ZCFn(u) then for
(u)/K

0 <x<Unr= 9, n

(3.11) P{[Mn(u)-ﬂdn(u)[ > x}_i 2exp{-x2/4cpn (u)t .
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The condition ¢ < / qh(T)/ Kn of the Temma implies

(312) LS (u) (1)) < L/ T e, (03) /K6, (1))
¢y (ug)/2K < Pplus_y)/2K

and also

(3.13) £ /‘Pn (T) < cPn (T)/Kn.

Expressions (3.12) and (3.13) guarantee that (3.11) can be applied for all

terms of (3.9) to obtain

= cvn 2
My (u)-1 (u) l}g; k§n> Z[EXp;_ (e/ oy uy) -8, (1)) {

P{sup |

UET /cpn (U;

=ik LEMCRY

(c fog(u7) -5 (1))

16¢, (us)

+ exp;—

eve, (T)
+2exp{~ T‘F‘n(ﬁ
Since ZKn/ /qﬂ1iT$ < g, it follows that 2Kn/ /q%(u;) < ¢ and hence
-1 - ) -1 = -
Ky (e /¢ (u)) =6,(1)) > K (e /o, (u;) =K ) > e/ % (uz) /2K > 1

since ¢ /q%‘(u;) > 2Kn. Moreover, since qh(ui_]) - ¢ (u;) = Zw?(H(ui_])—H(u;))

n
- 2 . .
5~Kn(ﬂqn(“i—1)"m1n(ui))-5 K, and since ¢, (1) > Kn’ it follows that

<Pn(u1-) X crn(u]-) o,
¢ (U5 _7) e (U

From (3.12) and (3.13)

My ()= (u) k) 1 fe (u)
Plsup | ———— | >¢ < ) 2lexp] - &7 -
u<T /@n(u§ i=1 | ‘ Pty
fe (u) )] 2 s
texpj-—m— +2exp ;~ ji—g < (4n+2)exp{-2""¢“}.
645, (u7) | |

This proves i).
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9

To prove ii), let €y = 27 logn . Then by hypothesis there exists an
Ny such that for all n > NO
20 2
CPn(T) > 2 (K;) log n
Thus,
2 2 _ »=9 1 -9 1
< 770 =2 < 2
//qh(Ti 2 7K*/Tog n K;/iog n yTog n
and

1

T /O 2%kxTogn

E z E* > K* > 29V]Og n
n n n
Apply i) since 29 1 — < g, =V 29109 n o< 29/1og n :
vY10g n
© Mn(u)—]]‘/ln(u) /T—— o
) Pisup | —r—-T—|> 27Togn | < ) (4n+2)exp{-4logn} < « .
n=NO u<T /’@n (u) | n=N0
Then 17) follows by application of the Borel-Cantelli lemma. O
4. Main Theovem. If the Fi's are continuous, if T is such that

G(T) > 0, if there exists a y > 0 such that W< n', and if

(K;)2 Togn/¢ (T) + 0

where K; = max(K_,1) then

n
s R Kn1ogr1 )
P? 33$|Fn(u)-IFn(u)! = c9< jW;TT7—'>£ = 1.

Proof. By Lemma 3.5,

32$;ﬁn(u)-xpn(u)| 5_3g$|;n(u)—IFn(u)| ¥ 3;?|En<u)-F(u)[

i Koo K log n
fi”p”M“*FnW>l+O<m;%7>=&Qf%ﬂxﬂ—>.

u<T
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Using the well-known inequality |x-y| < |log x-logy| for 0 < x,y < 1,

T <

[Fp()=F ()] < |Tog F, (u)-Tog FF (u)] .

But by a series expansion

W.
s.(u)]og<1 - —ﬁ—-)
19 M (Zj +Wj+Kn

log Fn(u) -

I
He~13s

J
2

(‘”2%<M‘(TV;JW>
2 N3’ 3 n

Io~18

o e ]
Tk W R L 5
=1 0 MpUZgwarK o aoy T3

J

Dn + En'

Observe that the condition of the theorem implies that

Kn logn/M(T) -~ 0

. 2 02
as n >« since (K*)"logn/¢ (T) > (K¥)"Tog n/Knan(T) > K Togn/M (T).

W.
. J 1
For the second term, since < 35,
MniZj5+wj+Kn

2
n g, (ulws u
En < .z J J 5 < Kn f 2] dBn(V).
j=1 (Mn(Zj)+wj+Kn) o0 Mn(v)

By Lemmas 3.2, 3.3, and 3.4, forn > NO’ under the hypothesis of the theorem,

g Y ]
E < 4K d(B_(v)-IB_(v))+ dIB_(v)
n-— n[_o{ ]Mﬁ(v) ntV nv _0{ IMﬁ(v) n
K /K logn K K /K logn
_Gnn-31 +@<1MnnT>=@nn§
(M (1))° (m_(1)°
s Knﬂogn
M (T)
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n 8. (u)w u .
[D,-Tog F_(u)| = |- ;;;1 W2, T ¥ + _[ RO} dB, (v)]
g BJ(U)WJ . n BJ(U)WJ
=1 e WG s ()
7 T 1
v - Tty 4, (0- )] + |- IEERORE: (V)>dIBn(v)‘
n BJ(u)w (wj+K ) u 1 t
< by W T, (2, 47K, | Sy 46, (v-B ()]

u
1
< 2K ~0{ Mi(v) dBn(V)+ _f Wd(Bn(V)‘IBn(V))
M -IM
. }J’ ln(v) n(V)l 1 dIBn(V).

S ET0 ()

Since Kn]Mn(u) > 9, (u), Lemma 3.6 can be applied to the last term. Then

repeated application of Lemmas 3.2, 3.3 and 3.4 results in:

u
0,108 Ty (w)] < 2K, [ i (8, (v)-B ()

u
+ 2K, o{ 7]— dB (v) + 2@</Kn1og n/IMn(T)>

Kn Knlogn
T) "o ]Mn(Tj T o ]Mn:Tj

A
G
T

-~
=
\

wi =
I3
[ ST —
/\o
w0
=
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Thus
sup[? (u)-1Ir (u)] < sup]g (u)-TF _(u)] + sup[ﬁ (u)-F_(u)|
u< n n u<T n n u<T n n
Kn]ogn Kn Kn1ogn
<G W+GW>=G —HWT—T a.s.
The theorem is proved. ]

5. Discussion and Applications.  Theorem 4.1 is a limited extension

of Singh (1975) to randomly censored data. If the result of Singh (1975)
is specialized to positive weights W, with Singh's weight o = 0, then the
result is that

sup Eile"(u)—m4”(u)l = cs(an) a.s.,

u

: N oo\ 2 .
provided a_ > < ) Wi> and provided
=]

W Za2
—_n_ exp{- — I <o

) TR

Note that the supremum is over the entire range not merely u < T. If Wy = 1,

He~18
9]

n

the above result implies that

sup malen(u)-ﬂ.n(u)I = o (/nTogn) a.s.;
u N<n

the result of Theorem 4.] here is

o V1
agg ann(u)-IFn(u)l = o <f;}ffl#—-> a.s.

n
If T is such that v FT(T) > Cn, the two results agree.

1=1

As a special case of Theorem 4.1, if W, = 1T and if Fi = F for all i,

then En is merely the Kaplan-Meier product-1imit estimator and the rate
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result of the theorem is

sup| F(W)-F(u)| = o ( /log n ) a.s.

u<T N
This is the uniform almost sure convergence of Foldes and Rejto (1981a).

In this paper the censoring distribution denoted by G has been fixed
and the Fi's vary. Suppose the labels "death" and "loss" are interchanged
so that G is now the survival distribution to be estimated and the Fi's are
variable censoring distributions. Let én denote the weighted estimator de-

fined implicitly by the relation:

—
[$2]
—

N
jom g

-~
o

Nt

1

—
f o

o

il
-

_——
<

g
[<p

=
~~
o
g
1
g
-1
>

—~
o

-
o

-
<

g

= (F (u)-TF , (u))G, (u) + IF (u)(G (w)-6(u)).

It follows that

(5.2)  sup|§ (u)-G(u)] iﬁﬂ [sug]Hn(u)—]}{n(u)]+sup|f:'n(u)—IFn(u)|}
n us<

u<t u<T
Now apply Theorem 4.1 twice, once to the Hn(u) - D%n(u) term in the case

in which G(T) = 1 (no censoring) and once to the final term. The result

. Kn1og n 1
3;;“%#u%ﬁ(uﬂ = G / HWJT) IFnUV a.S.,

This extends in some sense the result of Foldes (1981) for variable censor-

is

ing to the case of unequal weights. If W, = 1 for all i,

a generally much weaker rate than that of Foldes (1981).
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Consider the following application of this weighted estimator. Suppose
that the survival functions for males and females are thought to be identi-
cal or alternately that the overall survival function is of interest. Fur-
ther, the random sample contains disproportionate representation of males
and females. Then one could use as weights for males and females the actual
proportion of each population in the sample, and obtain the weighted estima-
tor. Note that this estimator in general differs from the estimator

(P FtPefe)/ (pytpe)
where Pp> P denote the known sampled proportions of populations and Fm,Ff
the separate Kaplan-Meier (unweighted) product-limit estimators for males
and females, respectiveiy.

A second application of this weighted product-1imit estimator is in
the development of a nonparametric bivariate estimator of a distribution
function in which the weights are probabilities that certain individuals
survive to a fixed time. This estimator, the topic of another paper, would

improve the estimators of Campbell and Foldes (1982).
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