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INTRODUCTION
ANAAAAAAAN

o~

Let X,X],Xz,... be independent random variables with the common distri-

bution function F{t) = P{X < t), and let S, =kt vk n >0 n
studing the rate of convergence in weak Taws of large numbers, the con-
vergence of the series

(oo

(1.7) nzl P(|Sn| > ne)
for some ¢ > O, was found to be connected with the existence of second
moment of X (see Hsu and Robbins [6], Erdds [3] or Révész [9]). In particular,
Erdos [2] has shown that the series (1.1) converges for some ¢ > 0, if and
only if, EX® and |EX]<e.

Subsequently, number of authors (notably Heyde and Rohatgi [5], Chow

and Lai [2] and Lai and Lan [8]) analysed the convergence of the series
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of the form

(1.2) c, P([Snl Z_an)

1

N ~18

n

for various {cn} and {an}, again connecting it with the appropriate moment

conditions.

Certain considerations arising in stochastic modeling for the growth
of cancer tumors (see [1]), led us to the analysis of convergence of series
of type (1.1) with the index of summation restricted to a subsequence.

The problem of this note may be formulated as follows. Let {Kn} be

a sequence of integers satisfying

(1.3) 1<K <K < ...

and

(]'4) ]-im Kn=oo.
Fi—>oo

Consider the series
(1.5) Y PEIS, | > e K3}
n=1 Ky =
for some ¢ > 0. By grouping the terms corresponding to identical indices
K,» we may write (1.5) as
(1.6) nZ] cnP{]Sbn| >e b}

where the sequences {bn} and {cn} are defined by

(1.7) ¢y = 0, C oy = min{r: K,.> Kcn+]} -T-cy-.eo-c



and

(1.8) b =K

n+l c0+c

+,..+c +]
1 n

for n = 0,1,...

Note that since Tlim K = = we have 1 <c¢, <= forall n>T1, and
1 f_b] < b2 < ...

We shall now drop the condition that cn's are integers, and consider
generally the problem of convergence of series (1.6), where {cn} is some sequence
of positive real numbers and {bn} is a strictly increasing sequence of positive
integers.

Clearly, we have here an 1hterp1ay of three types of conditions: (i) con-
vergence of series (1.6), (ii) an appropriate moment condition and (iij) a
condition imposing constraints on the behaviour of the sequences'{ch} and'{bn}.
We shall prove three theorems, in each of them two among (i)-(iii) implying the
third, with theorem 1 being valid for the general case where the random variables

involved are not necessarily independent and identically distributed (I.I.D.).

We start by presenting a Temma due to von Bahr and Esseen, which will be

needed below.

LEMMA 1. LgE_Y],...,Yn be a finite sequence of random variables.

Denote Si = Y1 L Yi and assume that E(Yilsi-l) = 0, E|Y1|1+A < oo,

i=1,...,n, for some X with 0 < < 1. Then there exists a constant c{(xr) > 0,

such that

(2.1) Els, | <cn) _31 EfY, |1
1:



In fact, as pointed out by Rubin [10], we have

- 14
(2.2) C(x) = sup ['HXI b
with 1 <C(x) <2 for0<ax<1.
We shall first prove
THEOREM 1. Let Y1,Y2,... be a sequence of random variables with

E(Y1|S-_]) =0, i=1,2,..., where SO =0, Si =Y, + ...+ Yi’ i=1,2,... .

1 1
-Assume that for some sequence {2} with 0 < A, <1 we have E|Yi|]+x <

i=1,2,..., where » = sup Ap> and the sequences {cn} and {bn} satisfy the

n

condition
o _ v—}\n
(2'3) nZ'l Cnenbn < oo
where
_ 1 bn 1+An
(2.4) en = b X EIYJI
n j=1

Then for every € > 0 we have
(2.5) 2 cnP{|Y]+...+Yb | 3-€bn} < @,

n=1 n

Proof. We may estimate the terms of the series in (2.5), using

Markov inequality and Lemma 1, as follows



| s ey
(2.6) Cnp{|Y1+"'+Ybnl-i eb } = cnP{ISbnl > (ebn) }
1+A
Els, [ "
n
= Cn I E5Y
(ebp)
Lo Ay —(1+An)
¢ Cr) b e

The theorem now follows from (2.3), since sup C(An) < 2, and
n

‘(1+An) - -2
€ < e or e 7 depending on whether e <1 ore > 1. O

In particular, in the case of I.I.D. random variables X,X],Xz,... we

obtain

COROLLARY 1.  Assume that E[X|"™ < = for some  with 0 < 1 < 1.

the c¢ondition

o )\
(2.7) nZ-I Cnbn < o©

Then the series (1.6) converges for every e > 0.

Observe that: for t < O,Ljf'we p_ut,cn = nT,‘b"‘]'v:v= n and_i~> 1'+.f,’we obtain

the sufficiency part of Theorem 1 of Katz [7].

We shall now prove



THEOREM 2. Assume that T1im inf c, > 0. If for some A > 0 we have

N>

A
bn+1(bn+1_bn)

(2.8) 1im sup < w

N->o 0Pn
and the series (1.6) converges for some ¢ > 0, then E|X|]+A < « and
|EX] < e.

Proof. Using the inequality (see Feller [4], p.149)
' -n[1-F(t)+F(-t
(2.9) P{|X1+...+Xn|_>_t}_>_ %(T-e [1-F( ( )]>
we infer from the convergence of series (1.6) that

o -b_[1-F(eb, )+F(-eb_)]
(2.10) Z]cnﬁ-e n n n )<m
n=

Since bn +'m and cn's are bounded away from 0 for n large enough, we

must have

(2.11) ;iz bn[l—F(ebn)+F(-ebn)] =0
and hence

(2.12) nZ]cnbn[l-F(sanF(-ebn)] < w

Again, (see Feller [4], p.151), we have E]X|]+A < o iff

(2.13) [ X MI=FOF(-x)Tdx < =
0

Also, from (2.8) it follows that for some constant M we have

(2.14) b2

n+1(b

n+'l_bn) < Mcnbn: n=1 ,2,... .

Since the sequence {b,} 1s strictly increasing, while 1 - F(t) + F(-t)

is nonincreasing, we bound the integral in (2.13) as follows:



T+

(2.15) Z x* [1-F(x)+F(-x)]dx < Of](ebnﬂ))\[]-F(ebn)+F(-ebn)'](bn+-l
n=

4 of cnbn[l-F(sbn)+|=(—ebn)]+-(eb1)1-ﬂ

n=1

< Me

The fact that the last sum is finite in view of (2.12), implies that
EX <o
Let u = EX. In the case |u| > ¢, we can find an interval of the form

(u-8,uts) < (-e,e)€ for some s > 0, such that by the weak law of large num-

-]

This means that the series (1.6) cannot converge, since 1lim inf > 0,
N>

leading thereby to a contradiction. The argument in the case with |u| = ¢

bers we have

Sp

B “H

b
n

Sp
(2.16) 1 =1im P

N—>oo

N>

< 8 < Tim P -

being similar, proves that we must have |EX| < e. _ C
For the next theorem we shall use the following lemma (see Feller [4],

p.277).

LEMMA 2.  Suppose that A ../x -1 anda +« asn->w. IfUisa

monotone function such that

(2.17) 11m[AnU(anx)]= (%) < =

N>

exists on a dense set, and X is finite and positive in some interval, then

U varies reqularly and x(x) = cx” for some -» < p < = .

We shall now prove

THEOREM 3. Let bn/bn+1 + 1. Assume that for some A > 0

(2.18) Tim x P L1-F(x)+F(=x)]

X



exists and is positive, say equal to c. Then the convergence of series (1)

for some ¢ > 0 implies (2.7).

Proof. As in the proof of Theorem 2, convergence of (1.6) imp]iég

(2.12). Let us write the series in (2.12) as

(2.19) T b, [1-F(eb, )+F(-cb )T = L(c b7 )by P [1-F(eb, )+F(-<b, )1}

We now apply Lemma 2 with Ag = bl+x, a, = b2 u(t) =1 - F(t) + F(-t)
and x = . As a result, Tim a U(anx) becomes T1im bl+x[1-F(ebn)+F(-ebn)],

which exists and is positive in view of the assumption of the theorem.

° for some p. In fact, replacing

Consequently , the latter Timit equals ce
x by ex in (2.18) we infer that p = -(1+1). From the convergence of (2.19)

it follows now that zcnb;A < o , as asserted. O

As an example, consider the case when X has the central t-distribution

with 2 degrees of freedom, so that EX® = = and E[X| < » . Here the Timit

(2.18) exists with A = 1 and ¢ = 1/2, so that Theorem 3 applies.
Note that since the sequence {bn} is strictly increasing, the condi-

tion (2.8) may be written as

-2
c b
(2.20) lim inf nn

b -
N->o0 Nl

> 0.

Now, if (2.7) holds, then cnb;A -+ 0, so that condition (2.20) (and
hence (2.8)) may hold only if bn+1/bn - 1.
Let us also note that the existence of the positive 1limit (2.18) im-

. 1+
plies E|X| A =« , although E|X|]+0 <o, for all 0 < o < A. Conversely, if



(2.21) 09 = supfo: Z X® [1=FOO+F (-x) Tax< o
and

(2.22) Z x O [1-F(x)}4F(-x)]dx = = ,
then

(2.23) im ' 1R (x)+F(=x)] = 0

for all ¢ < gp- Here we cannot say that the Timit (2.23) is positive or

0 in the case with ov=.oo;.-
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