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ABSTRACT

The exact null distribution of the Wilks' LVC criterion for testing
the hypothesis H: T = 02[(1-p) I +pee']l, 0>0, o and p unknown against

the alternative A # H where e' = (1,1, ..., 1) in a p-variate complex

normal population CNp(E’ %) has been derived in a gamma serie;-form and in
an alternate series form using contour integration. Percentage points for
p = 2(1)8 for various Tevels of significance and various degrees of free-
dom have been computed and tabulated.

Keywords and Phrases: Exact null distribution, complex normal popu-
-1ation, Tikelihood ratio criterion, Meijer's G-function, contour integration,

Mellin transform, tables of percentage points.
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EXACT DISTRIBUTION OF WILKS' L, CRITERION AND ITS
© PERCENTAGE POINTS IN THE COMPLEX CASE
BY .
ANITA SINGH |

1. INTRODUCTION

Let Z], ZZ’ ""ZN be independent complex noi'mal random
p-vectors with unknown mean vector £ and positive definite
hermitian (p.d.n.) covariance matrix g, i.e., %i CN (g, ). Let
Then Zﬂ?cN(g; u, £), (see Goodman [1]), where

2= (2 Zyr -n2

2’ ~N)'
the complex multivariate normal distribution is defined by

eN(Z; s 2) = (M) Vg Nexp(-teg (-0 (T 1)) (1.1)

and L1=(§, g,-...;g) is a pxN complex matrix. Let us define

—zo) (g._go)l' (]-2)

_1 , '
Then N k(go -£)~CN(Q, £) and S has an independent complex Wishart

distribution which is defined by
CH(ss po N 2) = [0 (M7 21751 Pexp(-trz™'s) (1.3)
with n=N-1 and
Ty(n) = (myPp-1)/2 p fn-i+1) e

i=1



and S is a p.d.h. matrix of order p. In this paper, we obtafn

the exact null distribution of Wilks' [6] LVC criterion for testing '

H: Z==02[(]'-p)£ + pee'], >0, o and p unkrown against the
“alternative A#H where e'=(1, ];.5.,1). In Section 2, we present

the distribution of L . in terms of Meijerfs [2 1 G-funcf?eh, where

as in Section 3, using the methods similar to those of Pillai and Singh [4],
obtain the distribution of LVC in two series forms which are.usefu1

to compute the percentage points of ch .to a desirable degree of
accuracy.. The percentage points of LVC have been tabulated for

p=2(1)8 and for various values of the significance level inTable (3.1).

2. DERIVATION OF THE DISTRIBUTIOM OF ch

In this:section, we obtain the null moments and the exact distri-
bution of Loc in terms of Meijer's [2v] G-function using Mellin's
integral transform. |
As inSingh and Pillai [5] the test of H: g=02[(1 - p)I + pee'] reduces

to that of H: = 0% 0 1, 0,>0, g,>0

2
0 021

~

P2

‘and unknown, against the alternative l\fH; p2=|)-1. The likelihood
ratio criterion for testing H versus A, can be expressed in terms

of the following statistic

N p -
_ 2+
where
S 312!
S =
S, S

A2 222|P2 -



“The following lemmas are direct consequences of theorem (3.2) of

Singh and Pillai [5].

Py -
Lemma 2.1. The h-th moment of ch-|§|/[s]1(tr(522/p2)) Tgf under

“the null hypothesis H is given hy _
h_Poh P2 P2
E[L, .1 = p,T(np,) M r(h+n-1i)/[T(p,(h+n)) T r(n-i)] (2.2)
ves 2 A 2 =1

where h israny‘ébmplex number.

Lemma 2.2. The null density of L,c s given by

| -(pyt1) P, 0 41> dps ""épz
p(ch) =D](P2, n)(ch) Gp p ch (2.3)
' 2 2 bys bys ..., b
17 72 Po
where
o (pp=1)/2 “h=np, . = Py _
D,(p,, n) = (2m) p I'(np,)/ T i(n-i) (2.4)
14P2 2 2/
and

L » . -1
ai—p2+n+(1-1)p2 ’ | |
_ . (2.5)
biép2+n-1 4 1=1,2,.”,p2-

Special Cases In particular for p2‘=1 and p2==2, respectively, we

have p(Lyc)==(ch)n_2F(n)/r(n- 1) , . (2.6)

and

p(Lye) =722 2z} /r(n - 207 pm) (L, )% &I, (2 ™y (2.7)

Using the duplication formula of gamma functions this can



be written as

Pllve) * I‘(n—g:zif;;/:z/ ) (ch)% (1- ch)!;/2 ZFI(%; s s 1~ Lv‘c) (2.8)

3.  EXACT DISTRIBUTION OF ch IN TWO SERIES FORMS

" This section has two parts (a) and (b), In part (a) we obtain
the distribution of ch using method of contour integration. This
: form of the density is well suited for the compdtafioh of percentage
points of Lyc for small values of GN, .the-sample size. In part (b),
we obtain the distribution of L, . as a gamma series. This form of
the density has been used for the computations of percentage points

for large values of N.

(a) Distribution of LVC through Contour Integration

Using Mellin Integral transform on (2.2), we have the density of

L in the form

Ve
2 (h-1)
. II-r(h-1
. PN e, -1 (CH1 ohoied
p(Ly) =D(pys ) by © (L, )" (2mi) (L™ E——an (3.1)
' C-io ,F(pzh)
where Py | |
D(p,, n) =T(np,)/ T T(n-1i) (3.2)
. P2
and L]'ch/pz
The poles of the integrand are at points
h=-t, £=-pys..us=1,0,1,2, ... C(3.3)

The residue at these points can be obtained by h=t-£ 1in (3.1) and



then finding the residue at t=0. Making this transformation; the

integrand in (3.1) can be written as o

' Pz |
6(t-2) = (L])[' H]F(t £—1)/F(p2(t O =pys oes-1,0,1, ... (3.4)
1— .

Two cases arise (A) £=0, (B) £<0. e

CASE A: £>0. After expanding the gamma function in (3.4), we have

-(py-1)
6(t-£) = ag(Lbe(t) 2 (L), | (3.5)
where |
p,(p,+1)/2 P2
= (e PP YT (249)! (3.6)
and
Po pzl | | P2 p+i
A(t) = (L) 7S (B 1)) Gn]u-pzt/a)/[r(tp2+1> IXUELDINER)
1_

From (3.5), we note that we have a pole of order (pé- 1) at t=0.

Using (4.36), (4.37), (4.38) of Pillai and Singh [3] we can write
log A(t) as ' :

Tog A(t) =ajt + ayt?/2t + agt/3t + ... , (3.8)
where
'p2 4+i pt
=1 1 (/8) - 109L] L (pp/8) (3.9)
i=1 &=1 é=1
and for q=>2
| o P2 gsi Pyt
ag = WM [pp- 1 + (-1 DRFNUDAE _Z](DZ/G)q]

Now using (3.8) in (3.5) and lemma (4.1) of Pillai and Singh [3], we



get the residue R, given by

R£3=‘(L1)£300p2-é(L]; a)/r(pz-]) . v (3.10)

where D, is the same as the right hand side of (4.28) of Singh and
2 o | .
Pillai [5] with aés defined by (3.9).

CASE B. £<0. As;before, after the expansion of the gamma functions

in (3.4), we have

-(p,+e+1) )
G(t-£) = by(L, ey T2 e (3.11)
where
(p2+/&)<p2+e+1)/2 P2 |
by-= (-1) / 0 (£+1) (3.12)
j=-£ .
and |
¢ bl -1 P2 g+
B(t) = (L) (r(t+1)) mr(t- /&-1)/[P(p2(t £)) w1 (1-t/8)].

i=1 i=-2 6<1
| (3.13)
_Frbm (3L11) we notice thdt we have a pole of order (p2+11+1)
at t=0 and as before using (4.36), (4.37), and (4.38) of Pillai and

Singh [3] TogB{t) can be written as

TogB(t) = Tog by + byt + byt?/2! + ..., | (3.14)
-where -1 .
by = 121 r(-£-1)/r(-p,L),
-2-1 P2 i :
by=-Tog L+ (py +£+1)y(1) - p ol -p,t) + )3 p=£=)+ T T (8)
1 2 2 2 i=g 821

(3.15)



and for q=2, we have

-£-1
= —f - % - q ol
by 121 Vg (== 1)+ (pp+ £+ Ty (1) -p3u g ( Ppt) +

Py g4
(q-1)1 7§ 7 (/78)d 7
i=-£ §&=] -

Now using (3.14) in (3.11) and appealing to 1emma (4.1) of Pillai and

Singh [3] we have the residue R2 in the form
- )4 . L : :
R, = by(L,) Dp2+£(L], b)/r(p2+£+1).,_ | (3.1.6)

where b6:=b6fb8 and the determinant Dp2+£(L]; b) is of order
p,+£ and is the same as the one on the R.H.S. of (4.28) of Singh and
Pillai [5] with elements aés.freplaced by bés , Where bés sare defined
- by (3.15). Hence for any p,>1, we have from (3.1) and (3.2) and
Cauchy's residue theorem, the exact distribution of 'ch in the
form

-n

, - P2 n-1 -1 ’ v
p(L, ) =D{pys n)p, “(L,.) zgoRﬂ + £=-zp Ry | | (3.17)
' - 2

where Rés are given in (3.10) and (3.16) respectiveiy.

(b) Distribution of LVC as a gamma series

We shall now obtain the distribution of Lvc in a_gamma series
form.  Let A:=(ch)n and A*=-2plogi, where ¢ 1is chosen s0

that the rate of conyérgence of the resulting series can be controlled,



O0<p<1. Let ¢(t) be the characteristic function of A*. Then

ot) =E(L St (3.18)

Now using (2.2), (3.18) can be written as o .

¢(t)==D(p2; n)exp(logG(t)), where _ (3,19)
' -2np2it P2 o
6(t) =p, GE]F(np(l- 2it) +n(1-p) - 8)/T(npyp(1 - 2it) + p,n(1 - o))

(3.20)
- and D(pZ’ n) 1is given by (3.2). . '
Taking 1ogarithm on both sides of (3.20) and using the expansion

(5.7) of PiTTai and Singh [3] for each of the'gamma functions involved

.in-(3.20), we obtain,

1096(t) = (p, - 1)/210g2 - (p,n - llz)lbgpz - (py (pg - 1)/2)10g(np(1 - 2it))

m : C
Cv Y o ., - :
+ 7 (on(1-2it))"w_ + R {n, t) (3.21)
_ r=1 r m+1
where the cosfficients W, are given by

P2 - _ |
= [Bray (00,1 - )79} - LBr(n(1-0)- 0] (Nt - (.22

Thds G(t) can be written as

ppm1)/2 ~(p+(p2-1)/2) ~(pon-) o
6(t) = (2m) : (np(1 - 2it)) 2 P2 ‘ zOwr((l- 2it)on) "
| , P
. * Rr;1+](n? t).-,' | (323)

where wr is the coefficient of ((1 - Zit)pn)-_r 4in the expansion of

(Q1- Zit)pn‘)'rwr).’
1

exp(
r

He~3



Lét u = p,+p5/2-"%. Now from (3.19) and (3.23), we have

o8) =0y (0 M) T ((1-2i0om™ ™ empin 0 (320

' (py-1)/2 (*/-np,)
where D](pz, n) = D(p2, n)(2w) 2 Py K .

Now (1-igt)™® being the characteristic function.of the gamma

density ga(B, x), we have the density of Lic in the form

[es]

)=0,(p,n m) T (on) (r*)y g

v ; - (n) (3.25)
Y‘:

(2, x*) + RY

p(L m+1

Hence the probability that A* is larger than any value, say

AO is
i} v -(r+u)
P[A*1>A0]-Dl(PZ,-n)rZO(pn) wrGr+u(2’ AO) + Rm+1(n) (3.26)
where Gr+u(2’ AO) = ( 9r+u(2’ x)dx apd (3.27)
Ao

OO

Rmﬂ(n) = (2']’]’)-]D.|(p2, n) J I e"it}\*:gowr(pn)"(r‘*’ll)(] -2 it)—(r+u)
KO -0

[exp(R%;](n)) - 1]dt dx*. (3.28)

The choice of p=1 does not give rapid convergence of the
series in (3.26) for small values of N. Therefore, we chose p such

that w, =0 which is obtained by taking p as

1
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p=1- [(2p§(p2-+1)(p2-+2)-fpg-i1)ﬂ§np2(p§*-2p2— . (3.29)

Thus from (3.26) we obtain the distribution of A* as a series of

gamma distributions.

4.  COMPUTATIONS OF PERCENTAGE POINTS

In this section, we tabulate the .005, .01, .025, .05, .1, and

.25 percentage points of L] =L2/N

for p=2(1)8 and various values
of N wusing (3.17), (3.26) and (3.29). These percentage points

have been presented in Table (3.1) upto four sigrificant digits. Al1
the computations were carried out on CDC 6500 computer at the Purdue
Univérsity Computing Center. The accuracy of the results have been
checked by computing the percentage points for'the case p= 3 in two
ways (i) using the exact distribution of ch given by (3.17) and
(i1) using the chi-square series form of the distribution of LVC

given by (3.26). The results obtained were in complete agreement

at least upto four decimal places.
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Table 3.1
Percentage Points of Wilk's LVC Ci:iterion (Complex Case)

p =2
f\?rfL.oo5 .01 .025 .05 1 = .25
3 .0°5000 .01000 .02500. .05000 .1000 .2500
L .o7071 .1000 .1581 .2236 .3162 . 5000
5 .1710 L2154 0 L2924 . 3684 642 .6299
6 .2659 - .3162 . 3976 4729 .5623 .7071
7 3466 3981 4782 .5493 .6310 .7579
8 .h135 JL6u2 . 5407 .6070 .6813 .7937
9  .h691 .5180 .5904 ~ ,6518 L7197 .8203
10 = .5157 .5623 .6306 .6877 . 7499 . 8409
11 .5551 5995 .6637 .7169 L7743 .8572
12 .5887 .6310 .6915 L7411 L7943 . 8706
‘13 .6178 .6579 .7151 .7616 .8111 .8816
14 L6431 .6813 . 7354 .7791 .8254 .8909
15 .6653 7017 . .7530 . .7942 .8377 -8989
16  .68k49 L7197 .7684 . 8074 . 8483 .9057
17  .7024 . 7356 .7820 . 8190 .8577 .9117
18 .7181 . 7499 L7941 .8293 . 8660 .9170
19 .7322 .7627 . 8049 . 8384 .8733 .9217
20  .7450 L7743 8147 .8467 . 8799 .9259
22 .7673 L7943 .8316 ~ .8609 .8913 .9330
24  .7860 .8111 . 8456 . 8727 .9006 .9389
25 7942 .8185 .8518 . 8779 . 9047 L9415
26  .8019 . 8254 .8575 .8827  .9085 .94 39
28  .8156 .8377 .8677 .8912 .9152 .94 81
30 .8276 . 8483 . 8766 . 8985 .9211 .9517
35 .8517 .8697 . 8942 .9132 .9326 .9589
Lo  .8699 . 8859 .9075 .9242 9412 9642
4s  .8841 . 8984 .9178 .9327 L9479 .9683 ~
50  .8955 .9085 . 9260 .9395 29532 .9715
55  .9049 .9168 .9328 . 9450 9575 L9742
60  .9127 .9237 .9384 .9497 .9611 .9764
65  .9193 .9295 L9431 .9536 L9641 L9782
70 .9250 c9345 L9k72 9569 .9667 .9798
75  .9300 .9389 .9507 .9598 .9690 .9812
80 .9343 9427 .9538 - .9623 .9709 .9824
85 .9382 . 9460 .9565 - .9646 .9726 .9834
90  .9416 . 9490 .9590 .9665 9742 9844
95  .94L6 .9517 L9611 .9683 .9755 . .9852

100  .9474 .9541 .9631 - .9699 .9768 . 9860
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Table 3.1 (Continued)

p=3
\\R\<i.005 .01 .025 .05 d = .25
b .0°1011  .0%2028 025128 01045 02167  .06003
5 02051 .02951 .04824 .07077 .1055 .1869
6 06311 .08122 L1144 <1497 .1984 .2978
7 1158 .1407 .1835 .2260 2814 . 3863
8 1702 .1995 2479 .2940 .3519 4586
9 ,2222 2542 .3055 .3532 4113 .5131
10  .2703 .3039 .3565 Lok43 4615 . 5594
11 . 3143 .3485 4013 4485 . 5043 .5978
12 .3541 . 3884 4408 4871 . 5410 .6302
13  .3901 243 4758 .5208 . 5729 .6579
b 4227 564 .5069 .5506 .6007 .6817
15 L4523 4854 .5346 .5769 .6252 .7025
16 4792 .5116 .5595 .6005 . 6469 .7207
17  .5037 .5354 .5820 .6216 .6662 .7369
18  .5261 .5571 .6023 . 6406 .6836 .7513
19  .s5467 . 5769 .6208 .6579 .6993 L7642
20 . 5656 .5950 .6377 .6735 L7135 .7758
22  .5992 .6271 L6674 .7010 .7383 .7960
24 6280 .6546 .6926 .7243 . 7591 .8128
25  ,6410 .6669 .7039 L7346 .7684 .8203
26 .6531 .6783 714y 'y, . 7769 .8271
28  .6750 .6991 .7332 . 7614 .7923 .8394
30 6944 <7173 . 7498 .7765 .8057 . .8500
35 7341 .7546 .7835 .8070 .8327 .8713
Lo 7648 .7832 .8092 .8303 .8531 .8874
bk 7891 .8059 .8294 . 8485 . 8691 .8998
50 8089 .8243 .8458 .8632 .8819 .9098
55 .8253 .8395 .8593 .8753 .8925 .9180
60  .8391 .8523 . 8707 .8855 .9013 .9248
65  .8509 .8632 . 8803 . 8941 .9088 .9306
70 .8611 .8727 . 8886 .9015 .9152 .9355
75 .8700 .8809 .8959 .9079 .9208 .9398
80 .8778 . 8881 .9022 .9136 .9257 L9436
85 .8848 .8945 .9078 .9186 .9300 . 9469
90 .8910 .9001 .9129 .9230 .9339 .9499
95 . 8965 .9053 9174 .9270 .9373 .9525
100 .9015 . 9099 .9214 9306 . 9404

9549



Table 3.1 (Continued)

13

p=4

~.005 .01 .025 .05 A .25

5 .0J3016 .075898 .0°1467  .0%2980 026277 01822

6 .0%6977  .01016 .01696 .02546 .03915 .07392

7 .02530  .03307  .04778  .06B09  .08765  .1k0o

8 .05264 .06498 . 08690 .1097 L1407 2044

9 .0B515  .101k .1291 -1567 21929 -2634
10 .1199 .1393 1713 .2023 .2419 .3162
11 .1551 .1769 .2120 .2453 .2869 -3631
12 .1897 .2131 .2505 .2852 - 3280 -Loké
13 .2229 2176 . 2861 - 3220 -3652 b1k
1h 254k .2800 .3197 .3557 .3990 472
15  .2843 .3104 -3506 -3887 .4247 -5036
16 .3123 .3388 .3792 G151 4577 -5300
17  .3387 -3652 4056 4413 4832 "5539
18 .3833 -3899 -4301 4653 -5065 .5955
19 .3865 4130 4527 4875 .5279 .5952
20  .Lo82 4305 4738 .5080 -5476 6131
22 476 L4734 .5117 . 5447 .5826 L6448
24 L4825 .5076 5Ly . 5764 .6127 L6717
25 4984 .5232 . 5596 .5908 6262 .6837
26 .5135 .5379 - 5736 L6042 .6388 .6948
28 .5411 .5647 .5992 .6286 6617 -7150
30 .5659 .5887 .6220 .6502 .6819 .7327
35 L6177 .6388 .6692 L6047 .7233 . 7686
L0 - .6587 .6781 . 7060 .7293 .7552 - 7960
4s .6919 .7098 . 7355 .7569 . 7806 .8177
50 .7192 7359 . 7597 L7794 .8012 .8352
55 L7422 7577 . 7799 .7981 .8183 L8496 .
60  .7617 -7762 - 7969 .8139  .8327 -8618
65  .7784 .7921 .8115 .8275 . 8450 .8721
70 . 7930 .8059 .8242 .8391 .8556 .8810
75 .8058 .8180 .8352 . 8494 . 8648 . 8887
80  .8171 .8287 .8450 .8583 .8730 .8955
85 .8272 18382 -8536 . 8663 .8802 .9015
90  .8362 .8467 - 8614 -8735 . 8866 .0069
95 . 8443 .8543 . 8684 .8799 . 8924 .9117
100  .8517 8612 .8747 .8857 .8976 .9160
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Table 3.1 (Continued)
Pp=>5

\\ﬁ\ix.od5 .01 .025 .05 a1 = .25

6 .02123u .022238 .0J5162  .021014  .0%2091  .026124

7 .02510 093677  .0%6227 .079493 01492 .02947

8 .01029 .01361 .02006 .02743 .03845 06424
9 .02379 .02975 . 04061 .05224 .06865 .1041
10 .04188 .05053 .06563 .08115 .1022 L1454
11 .06322 07435 .09323 .1120 .1368 .1858
12 .08659 .09990 .1220 .1435 .1712 2245
13 .1111 .1262 ©.1510 1746 L2046 .26088
14,1359 .1526 .1795 L2049 .2365 .2949
15 .1607 .1787 .2073 .2339 .2668 . 3265
16 .1851 .2041 .2340 .2616 .2954 .3558
17 .2089 .2287 .2597 .2879 .3222 .3830
18 .2319 2524 2841 .3128 3474 4082
19  .2541 .2750 .3073 .3363 ©.3711 4316
20 2754 .2967 .3293 .3585 .3933 4534
22 .3153 .3371 .3700 . 3993 4337 - .b926
24,3519 .3737 4067 4356 4695 .5268
25 . 3689 .3908 L4236 4523 .4858 .5423
26 .3852 . 4070 .4396 L4681 .5013 .5568
28  .h157 4372 4694 4973 . 5296 .5834
30 4435 4648 4963 .5236 . 5550 .6070
35 .5033 «5237 +5535 .5790 .6083 .6560
Lo .5521 .5713 . 5994 .6232 .6503 .6943
hs  .5924 = .6105 .6369 .6592 .684L .7250
50 .6262 L6433 .6681 .6890 .7125 .7502
55 .6550 L6711 L6944 .7140 .7360 L7711
60 .6797 L6949 .7169 .7353 . 7560 .7888
65 .7011  .7156 . 7364 .7538 7732 . 8040
70 . 7199 .7336 .7533 . 7698 .7881 .8172
75 . 7364 . 7495 .7683 .7839 .8012 .8287
80 .7512 .7637 7815 .7963 .8128 .8388
90  .7762 .7876 - .8039 L8174 .8324 .8559
95  .7870 .7979 .8135 . 8264 . 8407 .8632

100 . 7967 .8072 .8222 .8345 .8482 . ,8697
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Table 3.1 (Continued)
p=26

<\TF<1.005 .01 .025 .05 .1 .25

39465  .02138%  .022354  .023620  .0%5772. 01177

8 .0
9 .0°k201 .0%5607 .0%8393 .01165  .01665  .02886
10  .01062 .01342 .01864 .02437 .03266 .05135
11 .02019 .02462 .03254 .04087 .05245 .07720
12 .03249 .03862 .04925 .06009 .07473 .1048
13 .0L697 .05476 .06796 .08111 .09847 .1331
14  .06308 .07243 .08798 .1032 .1229 .1613
15  ,08035 .09111 .1088 .1257 L1475 .1889
16  .09835 .1104 .1299 .1484 .1718 .2157
17  .1168 .1299 .1510 .1708 .1956 2hh
18  .1354 .1495 1719 .1928 .2187 .2661
19  .1539 .1689 .1924 .2142 .2410 .2896
20  .1723 .1880 .2125 .2350 .2625 .3119
22  .2081 .2249 .2509 2745 .3030 .3533
24 .2423 .2598 .2868 .3111 .3401 .3907
25  .2586 .2765 .3038 .3282 .3574 4079
26  .2745 .2926 .3202 L3447 .3739 Ry 0
28  .3048 .3232 .3511 .3758 .Lokg 4548
30 .3332 .3517 . 3797 4043 4332 L4842
35  .3961 B147 Al22 L4662 49k2 .5410
Lo 4493 L6774 RT3 .5172 .5438 .5881
Ls Lol .5119 .5376 .5596 . 5849 .6266
50 .5331 . 5499 .57uh . 5954 .6194 .6587
55 . 5664 .5825 . 6060 .6260 .6487 .6858
60 .5955 .6109 .6333 .6523 .6739 .7089
65 .6210 .6357 .6571 .6752 .6957 .7289
70  .6435 .6576 .6781 .6954 .71h49 L7463
75  .6636 L6771 .6967 .7132 .7318 .7617
80 .6815 .6945 .7132 . 7290 .7468 .7753
- 85  .6977 .7101 .7281 L7432 .7602 .7874
.90  .7123 .7243 L7415 .7560 .7723 .7983
95  .7255 L7371 .7537 .7676 - .7832 . 8082

100 <7377 . 7488 . 7648 .7782 .7932 L8171



Table 3.1 (Continued)

16

p =7
a
‘\Tk\\\.oos .01 .025 .05 .1 .25
9 .023774  .0Js468  .0J923h  .051420  .0%2278=. .0%A7us

10 .031725  .052315  .033504  .0%4921  .0%7143  .01275
11 .0Z4689  .0%5981  .0%8427  .01117 .01522 .02465
12 .0%9547  .01176 .01577 .02008 .02620 .03971
13  .01631 .01957 .02533 .03132 .03959 .05711
14 .02482 .02921 .03678 .ObLL6 .05482 .07611
15  .03485 .04039 .0Lo7h .05906 .07139 .09612
16  .04615 .05280 .06387  .07472 .08887 .1167
17  .05845 .06616 .07884 .09111 .1069 .1374
18  .07153 .08024 .00kl .1080 .1252 .1581
19  .08518 .09481 .1103 .1250 L1436 .1784
20  .09922 .1097 .1264 L1422 .1619 .1984
22 .1279 .1399 .1587 L1761 1976 .2369
24 ,1568 .1699 .1903 .2090 .2319 .2730
25  .1710 .1846 .2057 .2250 .248h .2901
26  .1852 .1992 .2209 .2405 L2644 . 3067
28  .2127 .2275 .2501 .2704 L2949 .3379
30 .2393 .2545 .2778 .2987 .3235 . 3669
35  .3006 .3166 . 3407 .3621 .3872 4304
4o  .3545 .3708 .3950 . .4163 b1 4832
Ls ~ .4018 4179 ALh19 L4627 4869 .5275
50 4433 4591 4825 .5027 .5261 .5651
55  .4797 k952 5179 -5375 . 5600 .5973
60  .5120 .5269 . 5490 .5678 . 5895 .6252
65  .5406 .5551 . 5764 . 5946 .6153 .6495
70 .5662 .5802 .6008 .6183 .6382 .6709
75 .5892 .6028 .6226 .6394 .6586 .6899
80  .6099 .6230 L6421 .6584 .6768 . 7068
85  .6287 L6414 .6598 .6755 .6932 .7220
90  .6458 .6581 .6759 .6910 . 7080 .7358
95  .6614 .6733 .6905 .7050 . 7215 . 7482

100 .6757 .6872 - 7039 .7179 . 7338 . 7595



Table 3.1 (Continued)

17

p =38
a

X\N\\\.oog .01 .025 .05 1 = .25

10 .0%1597 .032284 .0J3803  .075810 .0J9305 .051957
11 057175 .059652 .051470 .022080  .053053  .0%5577
12 .0352056  .052641 053764 0550k 096970 .01159
13 .ozuuus 055519 .097500 .0°9663 .01279 .01989
14 .0°B022  .079711 .01273 .01593 .02042 .03021
15 .01282 .01522 .01940 .02373 .02966 .04219
16  .01879 .02195 .02738 .03287 .04027 .05548
17 .02583 .02979 .03648 .04315 .05198 .06976
18  .03383 .03860 .04 654 .054135 .06456 .08475
19  .04266 .04822 .05738 .06628 .07779 .1002
20 .05218 .05851 .06884 .07878 .09150 .1160
22  .07283 .08059 .09307 .1049 .1197 L1477
24 .09492 .1039 .1183 1317 .1483 .1790
25  .1063 .1159 .1310 L1451 .1625 L1944
26 .1178 .1279 .1438 .1585 .1765 .2095
28  .1409 .1519 .1691 .1849 L2041 .2387
30 .1639 .1757 .1940 .2106 .2307 .2665
35  .219% .2327 .2528 .2708 .2923 . 3299
Lo  .2709 .2849 .3059 L3246 L3467 .3847
bs  .3177 .3319 3534 . 3722 3oL L322
50  .3598 L3741 .3956 RS 4363 4733
55  .3976 L1119 4332 4517 731 .5092
60  .h4317 A58 L4667 4848 .5057 .5408
65 624 L4763 4967 L5144 L5347 .5687
70  .4901 .5037 .5237 .5409 .5607 .5935
75 .5153 .5286 .5481 .5648 .5839 .6156
80 .5383 .5512 .5701 .5863 . 6049 .6355
85  .5592 .5718 .5902 .6059 .6239 .6535
90  .5784 .5906 .6085 .6238 L6412 .6699
95  .596C .6079 .6253 L6402 .6571 .6847
100  .6123 .6239 .6408 .6552 L6716 .6983
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