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SUMMARY

Some of the probability distribution models for precipitation totals
and their applications are briefly reviewed. The general properties of
a probability distribution model which is a mixturg of gamma and Poisson
q1str1butions are discussed. A new approximation is é%ven for the solu-
tion of 1ikelihood equations and the efficiency ;f %he estimators is

obtained. An application is also made using the monthly precipitation

totals.

1. INTRODUCTION

Various functional expressions have long been proposed as theo-
retical probability distribution models for rainfall totals by many
meteorologists and statisticidns. Some satisfactory models have been
found to describe historical rainfall data. Among Epese probability
models, the gamma distribution has been extensiQe]} used for some of
its desirable properties. _

Thé gémma distribution with two parameters is the special case of
the Pearson Type III distributions when the location parameter is zero.
It's probability density function is given by the equat?pn ’

f(x) = 1 xY']exp(-x/s) vs8 >0 x>0

8T (y)

where v and 8 are the shape and scale parameters respectively. T is the

usual gamma function.
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For a given data set, moment estimates of y and B may»bé_obiained

as

32752 and B = s2/% .

Y
Here, x and 52 are the sample means and variance respectively. In earlier
times these estimates were used but later maximum 1ikelihood (ML) estimates
of the parameters replaced them. ML estimates can be obfg}ﬁed by solv-
ing the following equations:

AA

Y8 = X

Tog v-v(y) = A, T

- . ) - _an

where y(y) is the digamma function and A = Tog x- ("J-log xi)/n. Thom
' k =1

(1958) obtained the approximate solution for vy by using the asymptotic

expansioﬁ of the lefthand side of the above equation as

~ _ 1+V/T+4A/3
A T S

A satisfactory approximatﬁon ig obtained for large va]Qes of y. But,
for small values of vy some corrections or modifications are necessary
in order to obtain a more reliable estimate. Greenwood and Durand (1960)
derived some numerical computation formulas to find moreprecise estimates. _
On the other hand Bowman and Shenton (1970) proposed a simple correction
factdf'{orAtHé computed Y. Moreover in 1973 they derived nearly unbiased
estimators.(Shenton and Bowman (1973)).

The gamma distribution has been used or verified as a model by
Barger and Thom (1949), Mooley and Crutcher (1968), Neyman énd Scott
(1967), Schickedanz (1967), Schickedanz and Decker (1969), Simpson (1972),
Thom and Vestal (1968), and others. Some known techniques relative to

gamma distribution were reviewed by Gupta and Panchapakesan (1980).



Apart from the gamma distribution some other distributién»func— ,
tions have also been used especially for particular purposégé;-§uzuki
(1980) summarized some of these distributions. The log-normal distribu-
tioﬁ is often fitted to the amount of precipitation for short time inter-
vals caused by some factors such as cumulus clouds or weather modifica-
tion experiments (Mielke and Johnson (1973)). In order®o explain the
long tailed property of the distribution of rainfall amodgfé Mielke
(1973) introduced a positively skewed 2-parameter distribution model as

CF(x) = (a/8) ot (x/8)°1 e s g

Suzuki (1964) proposed a 3-parameter model as a generdlized form of the

gamma distribution: -
) =[e8Y/ Y (v/a) Texp(-x)x"TT x> 0

where o, 8 and v are the parameters of the distributions.

A remarkable distribution model was suggested by Fisher and Cornish
(1960) for rainfall over arid regions. Todorovic and Yevjevich (1969),
Bernier and Fandeaux (1979) appﬁied this model to various sets of rain-
fall data. Buishand (1977) used the same model for monthly totals of
some stations in the Netherlands, Germany and Belgium. He obtained a sat-
isfactory fitting and concluded that especially for:the_gata sets with a
large proportion of zero values, the underlying q1sfribution fits the data
well and could be preferred over the gamma distribution.

The objectives of the present study are to introduce and explain some
properties of the distribution suggested by Fisher and Cornish (1960) and
obtain an approximate solution for the ML estimators oféthe'parameters.
The derivation of the probability density function of the distribution is
given in seciton 2. In section 3, the two different approaches, namely,
numerical solution and approximate solution for the ML estimators are ex-
plained. The asymptotic efficiency of the moment estimators relative to

the ML estimators is discussed in section 4. The last section is
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devoted to discussing the results of an application of the,deeJ to a

long period record of monthly rainfall totals.

2.  DERIVATION OF THE MODEL

The derivation of the probability model which is considered here

—__was described by Buishand (1977) as follows:. ”Iié‘fi;ei;sﬂrﬁéii;
that rainfall occurs as instantaneous showers according to Poisson pro-
cess with mean intensity,or rate,1/u, so that the number of showers in
a time interval with 1ength t is Poisson distributed with mean t/u. Rain-
fall amounts of single showers are assumed to be =~ -

( i) dindependent of the process of their occurrence,
( ii) mutually independent,
(iii) exponentially distributed with mean 1/p .
Assumjng-the.constant rainfall amounts for each occurrence of rain-
fall instead of exponentially distributed rainfall amounts, DeBoer (1958)
used a similar process to-describe the distribution of rainfall totals
for a period of Tength at least 30 days.
If the stationary assumption of the Poisson process holds, the prob-

ability of getting at least x amount of rainfall in the time interval of

Tength t can be obtained as
o P(X<x) = P(N=0) + J P(X<x|N=k)-P(N=kK). (1)
k=1

whére the randbmvvariable N indicates the number of showers in the same

interval. For a given value of N = k, X is the sum of k .independently

and identically distributed exponential variables. Therefore, the distri

bution of X is gamma with shape parameter k and scale parameter 1/p. On

the other hand, N is Poisson distributed with mean 6 = t/u. Thus (1) be-

comes



w k -6 x k k-1 -
P(X<x) = e ¥4 ¥ fe pl, % e ™dy - T

k=1 )

From the equation above, it follows that the random variable x has a posi-

tive probability at x=0 with

P(x=0) = e”° | . -

‘W

and has a density for x > 0 given by =

AX
o - X k k-1
6 A
flx) = e ! wreemr x> O

where A = p6. For x » 0 the probability density functton can also be

expressed as - .

ER-Y

AX
% /2
f)=e  ° /A1 (2/A%)
Here 11 stands for a modified Bessel function of order 1.
Cumulants of the distribution are given by the relation (Fisher
and Cornish (1960))
r!er+]

r }\Y‘

From this relation, central moments can easily be obtained:

2

w= ol = 0%/ V_ : (2)
- _ Mo = 263/A2 (3)
by = 6672
ug = (2494—1292)94/A4 -

The coefficient of skewness is

y = u3/ug/2 = 3/V/28

This shows that the distribution is positively skewed and that the amount

of skewness depends inversely on the square.root of the parameter 6.



3. ESTIMATION OF THE PARAMETERS ' I
The easiest way of estimating the parameters is by_the method of

moments. Equating the first and second central moments to sample moments,

the moment estimates of the parameters can be found as

W

6= 2x% /82 -7 (4)

X

ax3 st (5)
Although the method of moments is easy to apply in fitting frequency dis-
tributions, it-is the exceptional‘case when this me@hod proves to be ful-
ly efficient in estimating the parameters (Thom (]958))} However, asymp-
tética]]y efficient estimators may be obtained as-fo;ﬁéwéiby the method-
of maximum 1ikelihood.

Suppbse that there are n independent observations of which m are

non-zero and n-m are zero. Let also the observations be denoted ~

The 1ikelihood function may be written as

by x]’XZ""’Xn'
N -6-ax./e
L(r,0) = 1 e h(x; 1) (6)
i=1
where
' o Akx$_1
» o= L e X O
= X =0

The Togarithm of the likelihood function becomes
. . . }\ n - i ]
log L(%;0) = -no-~ zox, + 151 Tog h(x;,1) (7)
ML estimates of the parameters are obtained by maximizing (6 ) or equi-

valently (7). The ML equations are

n.
éﬁg_l‘z_n+_)\_. szo



I, N h'(x;.A) o
alog L _ _°% i -
3A 5 +1.§1 [XePPPye :

where h'(xi,x) is the derivative of h(xi,A). Solving the

first equation above for 6 and substituting it in the second equation

gives e
(1) % YZ] ) 0 - (8)
G(x) = -vnx./» + = 0. 8
| i 5 h(xi,xi

The solution for A can be found by the iteration formula of Newton-Raphson

as - -

Ay T A ”'G<?2—1>//<bgﬁx)>x=x2_; e

After solving for A by iteration, the ML estimate of 6 is obtained by the

formula

i - g ©

As may be seen from the equations above, computational procedure
for estimating the parameters is rather tedious. It is also noted that the -
success in obtaining convergence depends on selecting good initial values

of A.

~

By considering the difficulties in the computational procedures and
some other disadvantages, we developed approximate solutions of the ML
equations for the distribution. Writing h(xigx);and h!(x{;A) in (8):-in terms

of the modified Bessel function of order 1 as

nx;a) = /2 1, (2/3%) .

R'(x.,2) = —) I, (2/A%) + 1" (2/3%)
t 2/2x

we obtain the expression for their ratio as follows



h(xs2) g T(2/%) o
Wﬁ*/;?(zﬁ =2 (o)

where'Ii stands for the derivative of I]. It can be shown that for large

values of ax the asymptotic expansion of the ratio above is given by

I'(2/3%) s -
SRREMSHALINS B 3§;X_ . T (17)
1, (2/3%) 4% 61/ 33 :

Derivation of this expansion is given in the appendix. The approxima-
tion increases in accuracy with larger A and x. However we are not in-

terested in approximating the ratio but A. Taking the first four terms

.

in (11) it follows from (10) that s
h'(x;,1) .
Ter il (12)
s
Substituting this in (8) we find after simplification
(2/x; - /hix; )e L +-£k + (é%—z Ly s 0.
Z T
This equation can also be rewritten as
BB 3, m 2 _
3—26 +2]_"6 +As§ =0,
where
i A= (z/x; - vhix) (13)
B =.z-—l—
and oy
6:1_
5

Besides 81 = 0, the other two roots of (13) are given by



o . -4m4/n’-6Ap =
2,3 3B : o

Using the pertinent root we finally obtain an approximate solution for

A as

8A - (14)

- gm+ﬁéz-6AB E 2
Together with the equation (9), the equation (14) gives the ML estim-

ates for the parameters of the distribution cansidered here.

Discrepancies between the exact values and the approximated values
may occur due to using only the first foyr terms 1n (1%) A satisfactory -
approx1mat1on can be obta1ned for 2/ax > 1, or equ1va1ent1y for X > ]/(4A)
As it turns out for the prec1p1tat1on tota]s of a given per1od in our case
this 1nequa]1ty almost always holds. Therefore under general conditions,
it may be expected that equation (14) provides a good approximation to the

exact value of the ML estimates.
4. VARIANCES AND COVARIANCES OF ESTIMATORS

Approximate variances and covariances of the moment estimators may
be obtained by expanding equations (4 ) and (5 ) in Taylor series about

the population mean and variance as

2
S - 2 2
52 (B + (k=) + (s7- ) (-85
. - 42 M2 Mo
3 2 3
Yo~ - 2 8
V2 )+ k- )+ (57, (- 2
#2 H2 H2
Using the results in (2 ) and (3') we obtain =
2 4 3
Var(8) = ﬂ%Z—-Var(i) + ~AE-Var(sz) - Z%—-Cov(x,sz) (15)
0 4o 8
. 4 6 5
Var(a) = Q%F-Var(i) + AB—Var(sz) - Q%T-Cov(x,sz) (16)

e 0 0
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L. 3 _ 5 4 _ e :
Cov(6,2) = 48% Var(x) + ]62 Var(sz) - Eé%— Cov(x,sz) S Y
Hy Hs My -

For sufficiently large n, it can be shown that

_. W 3
Var(x) = 7§-= 297 -
ni e
u -u2 5 —
Var(s2) = 472 - 8o (e23)
ni
_ L H 4 -
Cov(x,sz) = 7$-= §9§ . -
na )

[ —

Substituting these in (15), (16) and (17), we finally get

Var(e) = Eﬁﬁgill
.82 .3
VaY‘()\) = —n—(] +E)
A(46+3)

The asymptotic variances and covariances of the ML estimators can be ob-
tained from the expectation of the second derivatives. The inverse of

the variance-covariance matrix is given by o~

-1

vl = 19y . (18)

where ¢ is defined by

.. 2
OU = _E{§__1_()_g_l-.} (]9)
Bociaonj

and o's are the parameters of the distribution (Kenda]ﬁ%and Stuart (1973)).
Considering the number of nonzero observations as random variable,

frem (2) and (7) it can easily be shown that

2 .
_E{a__l_cz)_g_l-_} = % (20)
96
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@t lealy 0 R (21

ELER x ]
2 n X h (X ,)\)
R PR CEE) I
2
= n[% (3,0)- &1 T
A

covariance may be obtained as

[AZ@ (A,e)-ezje

Var(g) = 5 5 -
n[2x"¢ (1,0)-26°-6] =
X 2 ) ,f‘-;':_~
Var(i) = ——-2A
n[2 "¢ (1,6)-26"-0]
Cov(,8) = A9

n[2x2¢ (A,e)—Zez-e]
For the equation (22) using the result of (12), the approximate expression

for the expectation becomes

2

9 _Tog L, ~ n 2 3
-E{ } = (6" + 5+ 25).
NG 238 AN

This together with the equations (20) and (21) g1ves the _following resu]ts

for the approx1mate variances and covariances of the ML estimators of the

parameters -
) 2
2y 6 326
Var(e) = 25 (Ygozg * 1)
2
Var(i) = 0420 .
n(166+3)
2

~ 228

Cov(6,\) = h(6+3776

The asymptotic efficiencies of the moment estimators compared with

maximum Tikelihood estimators may be obtained as

—_where” ¢ (x,0) = E[h' (x,3)/h(x,1) 1%, _From (78) and (19) variances and the 7"
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- .
Eff(5) = 80 140+3/4 I~
1667+196+3 S
- 2 -
EFF(X) = —50 : |

166 +156+9/4
It is interesting to note that the efficiency of the moment estimators de-
pends on the parameter 6 only. The asymptotic efficiencies’for both of

the estimators tends to 50% approximately when 6 is 1é}égf,fFor small o,

efficiencies of 6 and A approaches 1/4 and 0 respectively.

5. AN APPLICATION OF THE PROBABILITY MODEL USING THE MONTHLY RAINFALL
TOTALS T

In order to make an empirical comparison between the different meth-
ods of estimating the parameters only one meteoro]ogi;;] station was se-
lected. n=83 years of records for monthly precipitation totals were
available for Whitestown meteorological station, Indiana. Parameters of
the underlying probability distribution were estimated for each month of
the year by applying the three estimation precedures namely exact ML pro-

cedure, approximate ML precedure and method of moments. Results are

shown in Table 1.

TABLE 1 LT
ESTIMATES OF THE PARAMETERS .

Month -Exact ML Procedure Approx. ML Procedure Method of Moments
Lambda Theta. Lambda Theta Lambda Theta

1 9.3853 5.1552 9.1162 5.0808 5.5758 3.9735
2 22.6896 6.8996 22.4118 6.8572 21,7178 6.7502
3 15.5620 7.6969 15.3675 7.6487 12.7395 6.9640
4 22.3245 9.1267 22.1952 9.1003 17.3463 8.0450
5 13.1039 7.3752 12.9647 7.3360 10.0259 6.4511
6 12.1472 7.0333 11.9710 6.9821 9.5798 6.2459
7 8.6973 5.6250 8.4290 5.5375 6.9034 5.0114
8 23.4771 8.7617 23.3223 8.7328 19.6982 8.0256
9 7.7397 4.9370 7.4677 4.8494 5.7828 4.2674
10 15.4991 6.6659 15.2529 6.6127 17.2310 7.0284
11 21.9159 7.9184 21.6219 7.8651 25.4992 8.5412
12 5.9370

14.9519 6.3624 14.7238 6.3137 13.0193
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As may be seen from the table, parameter estimates obtainedﬂé%:gﬁe ap;
proximate method are very close to the exact values obtained b&-ihe num-
erical method. The discrepancies between the exact values and the approxf;ﬂ
mate values for A and 6 are almost within the 3.5% and 1.8% Tevel respec-
tively. It will be noted that the approximate methodw§1gays underestim-
ates the parameters of the distribution. | — Sl

The method of moments seems to give poor estimates for the parameters.

The estimates have large differences from the exact values obtained by the -

numerical method.

6. SUMMARY AND CONCLUSION S
A mikture of Poisson and gamma distributions have been presented.

An approximate solution for the likelihood equations and the efficiency

of the estimators were obtained. Because of the simplicity of the formu-

las given in (9) and (14), it is useful in fitting data when the exact

solutions for the parametérs aré not required. The definition of the

distribution leads to a more efficient estimate for the probability of

zero amount of precipitation.

~
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APPENDIX

THE ASYMPTOTIC EXPANSION OF h'(x, A)|h(x,x)

The equation

2

Py .1 d

2 x Fraa A N (1)
5 :

is called a modified Bessel equation of zero order. A solution of this
equation except for a constant factor that remains finite when x=10 is

denoted by Io(x) and is given by

+ 2.+ + X + e L (2)

which is called the Modified Bessel function of the first kind of zero

order. For large x it can be shown that the asymptotic expansion of Io(x)

is (Bowman (1958))

2.2
(8x)

X
: 1- .1
In(x) = S— {1 + o+
0 J21x 8x 2!

5t e} (3)

Taking the derivative with respect to x we obtain

U 3 15 105

I(‘)(X)= {1 "8y - 3;..:‘}. (4) )

/2 128x2  1024x°--

Assumingifhat the ratio IO(X)/Ib(X) can be expanded in a series of the

form -

Lo(x) Cr  C3

X c]
=1+ —+5+-—5+...
Ié(xi X X2 X3

, (5)

we substitute (3) and (4) for Io(x) and Ib(x) respectivély in the above

and obtain, after collecting the Tike terms

1 9 75 3y 1 15, 1
1+ o+ + =14 (cy - D)l (¢, - o - 2
8x ]28x2 1024x3 1T 8'x 2 8 128 X?
3c 15¢
2 1 105 1
tleg- 35 - "o 3 (6)
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By equating the coefficients, it follows that the equat1on 1& forma]]y

satisfied by the series, provided the coefficients are given by_

¢ = 1/2, Cy = 3/8, Cy = 3/8 (7) -
and, hence,
I5(x) :
3 3 -
+ 5 + + ==+ ... - Z (8)
'(xi 2X g;? 8X3 o

(Bowman (1958)). On the other hand, the modified Bessel function of the

First kind of first order is defined as

1](x>=22‘—+ S o (9) .
254  2°.4°.

The relation between I](x) and Io(x) can be expressed‘a%

(10)

I3 (x)
I](

Iy(x)
x) 1

o(x) ~

1
X
and, therefore, the asymptotic expansion for I (x )/I (x) can be written as

I; (x)

1 3 3 -
ot st St L. (11)
1(X5 S 2x g2 g3 )
Writing
0= Arem - - (12) _
LR (xa)) = 1 (2/A%) + 13 (2/A%) (13)
- 2/AX
we have
WWU=L+ﬁ,HmW) (1a)
RIC R I, (2/3%) L
From (11) we finally obtain
h'(x,2) _ fx , 1 3
e s (1)

32/i3
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