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by
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1. Introduction

Let X},...,XN... be an i.i.d. sequence of random variables, with continuous
distribution function F(x), and let Y]"“’YN be another sequence of independent
random variables with distribution functions G](x),...,GN(x)-.- We suppose that
{Xi} and {Yi} are mutually independent.

Let

' Zi = min{Xi,Yi} and 61 = [Xi j_Yi ] i=1,2,...
/[A] denotes the indicator of the event A/.

As it is well known, for this problem the Fﬁ(x) product limit estimator of
Kaplan Meier [5] is maximum likelihood estimator. For i.i.d. Y.-s it was

recently proved [3], that if F(x) is continuous and G(TF) < 1 where

TF = {sup x;F(x) < 1} then

(1) P oswp [Fa(x) - Fx)| = o(/Teg1og Nyy - g,

—0 X <too

The case of variable censoring (i.e. Yi's have different distributions) was
discussed in [2] where the following result was proved:
Let P(Z, < x) = H.(x) F(x) = 1-F(x) and define éi’ Hi similarly.

Denote

N N _
My(t) = kZ] [z, > t] my(T)= F(T) kZ]Gk(T),

N _
H (T) = F(T)G (T) and op(T) = kz]Hk(T) (1-H,(T)).

_ N

G(N,t) = kz1 Gk(t).
*Mathematical Institute of the Hungarian Academy of Sciences. This research
was done while the author was visiting the Departments of Statistics and
Mathematics at Purdue University. The author would like to acknowledge the

financial assistance of the two departments.




Theorem [2]. Suppose that
(i) The distribution functions F, G]""’GN"‘ of X, Yy,..us¥y... are
continuous on (-=,T].
(i1)

(1.12) n*/4(10g 1) /"

my (T)

= 0(1).

(iii) {aN} is a sequence of nonnegative numbers for which 0 < ay <oy

«

2 2
and ) exp{~- = ay} < + =.
N=1 g N
Then
(1.13)  P( sup |Fy(u)-F(u)] = o(N3/2“‘° Noyy = 1
cocu<T N My M=oy

Recently Gi11 [4] oproved that sup |Fx(u) - F(u)|> 0 if M (t) » + =
~< Uf_t N P N P

and F(t7) < 1. /where ; denotes stochastic convergence/

We shall prove the following

Theorem 1 Suppose that

(i) F 1is continuous

(i) —e9 N oy,
G(N,Tp)
Then

(1.4) P sup [Fy(u)-F(w)| = o(/720) = 1.
—co< i<t G(N,T¢)

Corollary 1  Suppose that
(i) F(t) is continuous in (-=,t]

(11) o9 N o
G(N,t)



Then

1.5) P( sup |Fx(u)-F(u)| = o( /229 MNyy = 1,
( (_wiagtl f(u)=F(u)| = of /G(N’t)))

Our technic is somewhat similar to the paper [3]. Theorem 1 gives a much
stronger result under less restrictive conditions than the above mentioned
Theorem in [2]. It is important to emphasize that in course of proving
Theorem 1 we need some theorems on strong uniform behaviour of empirical
distributions of nonidentically distributed random variables, which seems

to be new.

2. Definitions, notations.

In what follows we list all the necessary notations. /Fbr the readers

convenience we repeat the earlier given ones too./

(2.1) X35y 1.1.d. rov's with P(X, < t) = F(t) for i =1,2,..., F(t) is

i
continuous. F(t) = 1-F(t).
(2.2) {Yi}?z] independent sequence of r.v.'s P(Y; < t) = G (t) i=1,2,..
The sequence {X1}7 and {Yi}? are mutually independent. |

(2.3) Zi = min{Xi,Yi}, P<Zi < t)=H.(t) i=1,2,...

(2.4) H,(t) = F(t)éi(t) i=1,2,...
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sup{t; F(t) < 11, TG- = sup{t; Gi(t) <1} i=1,2,...
j

(2.7) 1, = sup{t;Hi(t) <1y i=1,2,...
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(2.10) 8.(t) = [Z. <t, s, =11 i=1,2,...

3
N
(2.11) BN(t) = 2

(t
i ]>B1( )
N ot
(2.12)  by(t) = E(By(t)) = .z] [ 6;(u7)dF(u)
']: -0
(2.13) TN(w) = max{Zj(w)}

J<N

N
(2.14)  G(N,t) = 21 G, (t)
k=

The definition of the product limit estimator Fﬁ(t) is the following;

Definition 2.1.

0 if t»> TN(m).

In what follows (as in [2]) we will use the modified product limit estimator

Fg(t).

Definition 2.2.

N M (Z)+1\ B (u)
H <M—:\\:—(Z_JW> ) if u < TN(m)

0 if u> TN(w).

FR(t) =

3. Uniform Properties of Empirical Distribution of Nonidentically Distributed

Random Variables.

Our basic tool is the following exponential bound (see Petrov [6] page 52).

Lemma 3.1 Let g],...,gN be a sequence of independent random variables.
N

SN = 3 £y Suppose that there exist As Aoseeeshy and U positive real numbers
i=1

such that
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172
(3.1) E(eugk) . e( M

k=1,2,...,N for 0<uc<lU.

N
(3.2) Let A= § a,. Then
k=1 K

2
(3.3) P(SN > X) < exp{- %K} if 0 < x < AU

(3.4) P(SN > X) < exp{- %5% if x > AU
X2
(3.5) P(ISyl > x) < 2 exp{- 573 if 0<x<al

(3.6)  P(ISyl > x) < 2 expl- 2 Af x> 4L

For further application we need the following lemma.

o]

Lemma 3.2. Let {a.}; 1 be a sequence of independent Bernoulli variables

jli=
N -
P(a1=1) = ay, P(ai=0) = 1-a;. Llet Ay = 121 a;. For any Ay 3-AN
N N K k-2
(3.7)  P(| } “i'ANI 3_¢%ax(AN, 2°1og N)2"1og N) < 2 exp{-2" “log N}.
i=1
Proof: The proof is based on Lemma 3.1. Denote IR NT E(Ei)
i=1,2,
UE; 2.2 2.2 20,2
(3.8)  E(e ') < E(T+ug;+utey) = T E(g]) < exp(u®E(g]))
if only
- 1

2y _

uEy 2 1
(3.10) E(e ') < exp{u a;} if 0<uc<o.

Using the notations of Lemma 3.1 we got



(3.11) U=% . >2a  i=1,2,... A= 2A

To prove (3.7) for an arbitrary AN 3_AN,1et A = ZAN, UA = AN. Apply
k

Lemma (3.1) for x = J&ax{AN, 2" 1og N}2k1og N. First suppose that AN 5_2k1og N,

then x = 2k1og N, that is x > Up = A., therefore from (3.6)

N’

N 2109 N
(3.12) P ] ai-Ayl > x) < 2 expl- =520

i=1 ! - .
On the other hand if AN.Z 2klog N then x = v ANZk]og N, that is x 5~AN hence
from (3.5)

N Ay2¥10g N -
(3.13) P(| ) ai"ANl > x) < 2 exp{- ———=—} = 2 exp{-2" "log N}

i 2-2A,

(3.7) now follows from (3.12) and (3.13). O

In Lemmas 3.3, 3.4, and 3.5 we consider a sequence of independent random

variables Z]”“’ZN”" Let
N N
MN(u) = 1_Z][Zi > u], my(u) = 121 P(Z; > u)
N N
Oy(w) = LIz <ul () = ] P(Z <)

We prove some uniform properties of MN(u) and DN(u). /Though we use the same
MN(u) notation here as in the rest of the paper for the empirical of Zi = min(Xi Yi)’

in these 3 Temmas we do not suppose anything about Zi'/

Lemma 3.3.
. 2
(i) If < e < /m (t), and my,(t) > 1 then
qﬁ;(gy N N -

MN(u)-mN(u)
/mNiui

2

(3.14)  P( sup >e) < AN exp {—2-75 1.

~o<y<t




lTog N

(ii) If NG ~ 0, then

MN(u)-mN(u)
VmN(u5

(3.i5) P( sup = 0(/Tog N)) = 1.

~o<y<t

Proof: For fixed N and t let - @ = ug < uy <...< Upn) = t be a partition of

(-~,t] such that

(3.16) GN(i) = mN(ui_])—mN(u;) <1 i=1,2,...,k(N), and k(N) < N-1.

/Both MN(u) and mN(u) are right continuous, hence mN(u) = mN(u )/

Since mN(u) is monotone decreasing and mN(-w) = N, such partition always

exists.
My (u)- k(N) My, (u)-my (u)
p( sup _N_(E)_M > s) < 2 p( sup _N__li_.m_N__E_ > e:) <
~w<us<t vy (u) =1 u_q<u<uy| Vi ()
sup My (u)-mg(u)
k(N) u._]§y<uil N | |MN(t)-mN(t)|
3 p(— > ) + P( > e) <
i=1 ‘mN(u:‘-‘) YmNit;
(3.17)
k(N) e¢mN(u;) - 6N(u)
< .Z] (P(My (uy_q)=myCuy_4)] > > )+
]:
} } stN(u;) - 6N(i)
P(IMN(ui —mN(ui)! > 5 )} +
M -
. P(l p(E-my (0] ,
/mNZtS
In the last line of (3.17) we used the monotonicity of MN(u) and mN(u).
Let
(3.18) 2_ e« /T



Then

eJmN(u;) - 8 (1) my(u)

0 < — 5 < — < mN(ui_1).

We estimate both terms of (3.17) by Lemma 3.1. Using (3.11) and (3.18)

e/m (u;) - 8y(1)

N
P(IMN(UT-])—mN(ui-])‘ > 3 ) +
} _ e/my(uz) - 8 (1)
(3.19) + P(IMN(ui)'mN(ui)l > 5 ) <
| (c/my(u]) = §y(1))° emy (u])
4 exp{- Edom (u. 2) 1 < dexpi{- —g————————}.
NYEi-1 2 mN(u. )
i-1
From m\(t) > 1 follows that
- my (u) 1
2mN(u1-) 1mN(u]._]) hence Wi§ .
Consequently
My (u)-my (u)
P( sup [T o) < k(N)-deexpi-277E?) +
-eo<y<t /mNZu5
e 72
+ 2 exp(- z—) < 4N exp{-2 "&"}

which proves (i).
2 S
Let ey = J291og N. Then by condition ;O tN + 0 forn > N, - < ey <.ﬂ“N(f7-

N /my, (2]
Therefore
bt M, (u)-m,(u)
I P osup [ 15 SY10g W) <
N=Ny  -w<ust| Vg (u)
< ¥ (4N+2)exp{-4 Tog N} < + .
N=N

0
Hence (ii) follows by Borel-Cantelli. O



Lemma 3.4.

(i) Suppose that for the point t, mN(t) > 2. Then for an arbitrary 1 > 2,

my (u)
(3.20) P( sup may > A) < Nexp{-2 A % (t)}
N

.. Tog N
(i1) If ——%—7-+ 0 then for almost all w
mN t

T 2 . .
(3.21) MN(u) < (u) for all u < t, if N.Z_No(m), that is;

my (u)
(3.22) P( sup ——1—7-— 0(1))

—oo<u<t

]

It

Proof: For fixed N and t let - o Ug < Uy <...< uk(N) = t be the same

partition of (-»,t] as in Lemma 3.2. As both mN(u) and MN(u) are monotone

decreasing
(3.23) b ~ my(u) b k(g) " my (u) )+P(mN(t) X
. Su —-(—-y Su —(—T> A _—(—7> <
-w<u8t i=1 ui_]gﬁ<ui MN u MN t B
(V) my(us_q) my (t) ‘
< P(————— > + P > A).
<k (MN(u;) M ey )
(u; ;) myfu. <)
(3.24) p(I=1 s ) = p T () =
MN(ui)
my{u: 1)
= P - ]) > My (]) - my ()
: my(u: 1)
= P(mN(u;) - MN(U;) > mN(U;) - —ﬂ"xl:l—ﬁ-

By condition mN(t) > 2 and (3.16) we get that

(3.25) 2my (us 1) < 3my(u3),

Hence as A > 2,

(3.26) my(u7) - 2 > m (u3) (T - %—) > N
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From (3.25) and (3.26)

my (us ) _ _ m, {us)
P(—N**%"l—'> A) < Pmy(us) - M(uy) > N2A1 ) <
MN(u.)
i
2,
my(us)
(3.27) < expi- N2 ! } = exp{~2°4x'2mN(u;)} <

4x -4mN(u1)

exp{—2’4x'2mN(t)}

| A

where we applied again Lemma 3.1 and (3.11). It is easy to see by a similar

but somewhat simpler argument, that

my(t) -2, -2
P(METE7-> A) < exp{-2 “A mN(t)}.
Hence
my(u) -4 -2
(3.28) P(_mixgt M§T37'> A) < N exp{-2""a mN(t)}

which proves (i).

log N ' 8
If m (E > 0, then for N > Ny m(t) > 2"Tog N, thus
(3.29) T p( () 2) < T N expl-4 Tog N}
. sup > < expi- 0g <+
NoN,  -mcust My (u) = NN,

that is, for almost every w there exists an No(w) such that for N z_NO(m)

(3.30) 1 2 for each u < t.

MN(u) -mN(u)

which proves (ii). O

The next Temma will not be used in this paper, we just give it for

completeness.
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Lemma 3.5. (i) If for an arbitrary t(< + )  2<e f-4dN(t) then

2

(3.31) P( sup [Dy(u)-dy(u)| > &) < (2N+1)exp{- -
—eo<u<t 2 dN(t)
(i1) Let dﬁ(t) = max{dN(t), 24109 N}. Then

(3.32) P( sup IDN(u)-dN(u)l > 4/dﬁit5109 N) < (4N+2)exp{-4 log N}

~o<y<t

that is

(3.33) P( sup IDN(u)-dN(u)l = O(Vdﬁitilog N)Y) = 1.

-o<y<t
Proof: Observe that both DN(u) and dN(u) are monotone nondecreasing.

Let

- oo = uO < u.l <ouo< uk(N) =t

be a partition of (-=,t] for which k(N) < N

(3.34) GN(i) = dN(u;) - dN(ui~1) <1 i=1,2,...,k(N).

Since dN(t) < N for all t, such partition exists. By the above mentioned

monotonicity

P Dy (u)-d > g) <
<-m§3§;l n(u-dy(u)] > ¢) <
k(N)
(3.35) < ) P( sup [Dy(u)-dy(u)] > e) + P([Dy(t)-dy(t)] > ) <
=1 u_qsu<u;
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k(

) €'GN(i)
; 2

] {P([Dy (u3)-dy(up) | >

1 nags =t

5-6N(i)
+ P(|DN(U1_])'dN(U1_])I > _"'T‘"“)} + P(IDN(t)"dN(t)I > e).
By condition ¢ > 2

e-éN(i) .
5 2

1

£

€
> .
=4

[pS I

Apply again Lemma 3.1 and (3.11) for any %-g_dN(t)

(N)
P(|Dy(t)-dy(t)] > ¢) = 'Z]{P(iDN(u;)-»dN(u;)[ > 8+
1=
(3.35)  P(IDy(us_q)-dy(uz_)| > P+ PUD(E)-dy(t)] > D <
2
§~(2N+]) exp{- —E—E*——}
2°dy (t)

which proves (i).
To prove (i) let

- aJax(t)2" Tog N

EN N

and apply Lemma 3.2 for each summand of (3.36) with AN = dN(t) and k = 4,

P( sup |Dy(t)-dy(t)] > aJax(t)2% 0 N) < (2N+1)-2 exp(-2°10g NJ.

~w<u<t N

Hence

§ P( sup lDN(u)-dN(u)l > 4Jdﬁ(t)241og N) < + =

N=1  -w<u<t

and (3.33) follows by Borel-Cantelli. O

Remark 1 The last lemma is in some sense a generalization of a theorem of
Singh [7]. Lemma 4.3. is a very weak generalization of Lemma 1 [9] of

Wellner which deals with i.i.d. r.v.'s.



4. Lemmas
Lemma 4.1. /An elementary inequality/ (see i.e. Renyi [8] p. 517).

For arbitrary |as| <1, |es] <1 i =1,2,...,N real numbers

N N N
(4.1) I T1 CP II L lag-c.l.

i=1 i= 1=1
Lemma 4.2. Suppose that F is continuous. Then

_ . ]
(4.2) sup lF* u)- F ()] < [ ——— dBy(u).
2 N
~o<u<t - (MN(U)H)

y then F(u) = Fﬁ(u) = 0. From Definition 2.1 and 2.2

and Lemma 4.1, for s < Ty

Proof: If u> ¢

N M (Z) \8i(s) N /M(Z.)+1\s.(s)
) ll[l(;N(i%jii) Y- II(;y(z%71§) ’ <
J=TNNTS J=I\NYT]
N M (Z2) \8s(s) My(Z;)+1\8:(s)
N N }
. jZ] ’(rN(z§711> ! i <MN(Z§712> ’ i}
N 8:(s) N 8.(s)
J S AR
ik TRIEPIORTEIY = ik Gy
B:(t) t
sup [F&(s)-F3(s)| < z —l—— J ——— dsy(
~eo<y<t j=1 (M (Z )H) -0 (MN(u)+])

which proves the lemma. [
Let
(4.3) RN(u) = f WNTET dBN(s)

(4.4)  R(u) = | ET%ES'de(S)'
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Observe that for u < TF

u - -
(4.5)  R(u) = dbo(s) = [ 85 ) 4r(g) = Zl0g Flu).
(u) = J m(s) ns) = J T (s) = -log F(u)

Moreover

(4.6)  |Fa(u)-F(u)| < [Fa(u)-FR(u) [+]Fy(u)-F(u)]

and

~Ry(u) ~Ry, (u)

(4.7)  FO(u)-F(u) = (' FoCu)_g ) + (e e Ry,

N

Applying the Taylor expansion for the two terms we get

o, | = RE(u)
BOu)-F(u) = e T (Tog F(u)#Ry(u)) +
(4.8) , -REe(u) ’
Flu) (Ry(u)-R(u)) + e (Ry(u)-R(u))
where
min{(~Tog F°(u)), Ry(u)} < Ré(u) < max{(-Tog Fy(u)), Ry(u))
(4.9)

min{R(u), RN(u)} g_Rﬁ*(u) < max{R{u), RN(u)}.

From (4.6)-(4.9) follows, that

[ (u)-F(u) | < [Fx(u)-FO(u) | + [log Fy(u)+Ry(uw)] +

(4.10)

+ Fu) [Ry(u)-R(u) | + %'F(U)exp!RN(u)—R(U)I'IRN(U)—R(U)lz.

Observe that

u u
Ry (u)-R(u) = dBy (s)- [ —roy dby(s) =
(4.11) s yfe) ” 'i e

41 1 Yo
= _i(MN(S) - mN(S))dBN(S) + _i ST d(By(s)-by(s)).

Suppose that :—193~ﬂ-+ 0, and T
BN,TE)

of points: T], T2,...,TN... defined by the equation

F is finite, and consider the following sequence
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(4.12) F(ry) = /18—
G(N, )
/This sequence is well-defined if N > N* by the above condition/

Lemma 4.3. If F is continuous, TN is defined by (4.12) and

(4.13) logN
BINT,)

then for almost all w there exists an No(m) such that if N > No(w) then

1 2
(4.14) MN(u) E'mN(u) for all u < Ty.
That is
P( W o)
sup = =
MNZu5

..oo<u_<_TN

Proof: We apply Lemma 3.4. (i) for the points Ty (N > N*).
By condition (4.13) we may choose an N] (independent from w) such

that for N i_N1

G(N,T.) > 210 109 N.

F)

Then for N > N,

(4.15)  my(T) = BLTORT) = /19K Ty >
G(N,T¢)

8

>/ log N G(N.T;) > 2%Tog N

hence the condition of the Lemma is satisfied. Let A=2 then by (3.20) and

(4.15) if N > N]

my, (U)
N -6+8
P( sup ——T—7~> 2) < N exp{-2 log N}.
_w<u5IN MN Y _
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Hence

(4.16) T P m—(—yN(u) 2) < T N expl-22l0g N}
. sup > exp{-2°log N} < =
N2N] ~eo<y<T MN u N>N

i

and by Borel Cantelli follows (4.13). O

Lemma 4.4. If F is continuous and Ty is defined by (4.12) and

(4.17) logN_
BINT,)

then for almost all w there exists an No(w) such that, if N 3_N0(w) then

M, (u)-m, (u)
(4.18) sup | N SO n
‘”<U§TN /mN§u5

Proof: Apply Lemma 3.3. (i). Let ey = J291og N. By (4.17) if N> N, then

1
(4.19) B(N,TE) > 218109 N.

Hence if N 3_N]

]81092N = 29109 N.

- /log N gyt 2
G(N,Tg)

From (4.20) follows that if N > Ny then gy < /g (Ty)s and if N > N, > Ny then
2
iy (Ty)
Hence by (3.14)

(4.20) My (Ty)

Ty Nz

< ey is also hold.

o«

I P( sup
Ni_N2 -m<U§TN

My (u)-my (u)
valu5

and our statement follows from Borel-Cantelli. O

JZ Tog N) < 4N exp{-4 log N} < + =
N

ZNZ

Lemma 4.5. Suppose that F is continuous, T, is defined by (4.12), let

1 <o < 2 arbitrary, and suppose that
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(4.21) logN_ ¢,
BN T)

Then for almost all u there exists an No(w) such that, for N > No(m),

t /Tog N
(4.22) sup 1 d(By(u)-by(u)) 5.]2 4
el L Gy O (my (1))% (2 1)

for any T 5-TN'

Proof: We prove the statement in two steps. At first we give an exponential

bound for fix t and then estimate the sup in (-=,T]. First observe, that

N B8.(u) N 8. (u)

(.23) o dBy(s) = ] - D) _‘N—il”g_"_ :

- mN(S) J=] mN(ZJ) J—] (kZ]Hk(Zj))(x
Moreover

u N uG.(s)

I dby (s) = [ —L— dF(s) =

— mﬁ(s) j=1 -e mﬁ(s)
(4.24) -

N u G.(s") N B:(u)

b dR(s) = ] B

U= (VR (s))® FUCT R 2O

(LT (s)) QRACHD
Hence introducing the notation
B.(u)
(8.25)  gi(u) = —pl——— and  £5(u) = &;(u)-E(g;(u))
Ho(Z. )
(k§1 Al J))
@26)  f = algys)by(s)) = | exu)
. -by(s)) = g*(u
aatyls) N g

where gg(u) J=1,...,N are independent nonidenticaily distributed zero mean

random variables. At first we estimate the probability

N
P([% gj(t){ > ¢) by Lemma 3.1 and then we estimate
N
P( sup |} €.(t)| » €). Using the elementary inequality
—o<t<u |1 J
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2

(4.27) KT rx+i it |x <5

Ugg(t) 2 2

E(e ) < E(1+UE§(t) ey (t)) =

(4.28) 2 2

tnle(es(n) < e FEF ()
if

1
(4.29) ugk(t)] < 3 -
Observe that for t < T
8.(t) sj(T)
(4.30) 0 < g5(t) = — J i .
(L Hy ( (J Az
k=1 K

Moreover, if Zj < T then Bj(T) < 1 and ﬁk(Zj) Z_Hk(T)- On the other hand if
Zj > T then Bj(T) = 0. Consequently
(4.31) 0 < £.(t) < 1 — for any t < T.

T e ye mym® B

() HAT)) N
k=1 K
Hence (4.29) valid if
(my (T))°

(4.32) 0<u<—>

For any t < T we have

s?(t)
E(g3°(t)) < E(g5(t)) T = -
Ho(Z.))¢®
(1 Fizy))
-3 =E< N el >= j Néﬁg) aF(s) =
H 2o ~° Y 20
(3 B@D™ (T )
t G ) t (g )
=W ] I - : SN dF(s) = = : 20-1 qu )G(N : dF (s)
(L G ()2 = an(S)(kZ]ék(S)) 6(N,T)) (s)G(N,s
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Hence for any t < T

N
1 Gi(s7)
N t L5073
2 1 j=1 -
E(e%"(t)) < — < — dF =
;121 A )“<G<N,T>>2°“ F2%(s)G(N,s) (=)
t = - t
(4.38) = —1 6Ns ) gr(s) = — L dr(s) =
(6(n,T))2"] IFZ“( Ns) (a2 IFZ%) =)
_ 1 ). 1 . ]
(20-1)(6(N,T)) 271 " (F (1)) GOLDFTNZT (m(1))2 !
Hence using the notations of Lemma 3.1, with
™° N
U= (mNé ) , A= Z A = 2 Uan =1

N £
(4.35) P(| } e*(t)] > €) < 2exp{- i 1.
=19

To estimate the supremum in (-=,T) observe that

N t 1
(4.36) ny(t) = 321 aj(t) = _i o () dBy, (u)
and
N t 1
(4.37) gy (t) = jZ] E(e;(t)) = | ) dby (u)

are both monotone nondecreasing functions of t. Suppose that mN(T) > 1 then

- 1
ey (t) < [Tog F(t)]. As by my(T) > 1, 1 <a <2, 2,(t) = _i =) dby (t) <
¢ N
/ ﬁ_%Ej'de(t) = |log F(t)|. For a fix 0 < e < 1 consider a partition of the
N

interval (-=,T)
- @ = Ug < Upe-o < uL(e) = T

such that
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(1) apluy) - ayluyq) < 5 i=1,2,...,L(e)
and
(4.38) L(e)'fgﬁﬁliﬁ%;iilll + 1.

Since RN(t) is continuous such a partition easily can be constructed.

If

[

Iy (ugop) = ayCug )l <3 and Iny(ug) = ay(ugd] < 3

Then by the monotonicity of nN(t) and QN(t) and (4.38) for any U <t <ULy
(4.39) Iy (t) - 2y (t)] <g5+25=e.

Consequently, if  sup }nN(t)—(—1og E(t))| > ¢ then for some
—w<t<T

0 <i<L(e)

ITIN(U]-) - ZN(UTH > % or |T]N(U;) - QN(u.

€
1)| >3

Applying (4.35) - (4.37) we have*that if mN(T) > 1

t t
1 1
P( sup dB, (s) - db, (s)| > €) <
-w<t5Tl—£ my (s) N -i mﬁ(s) N
€2m§a-1(T)
(4.40) 2+2L(e)exp{- --*——7?———} <
4.3
3|10g F(T) mgt (1)
5_4(—1—992———~l-+ 1) expi- -——§g—*——}.

Consider now the sequence TN defined by (4.12).

Observe that

(4.41)  my(T)) = é(N,TN) F(Ty) = G(N,TN)q//é%i—g—;-i / og N G(N,T) > 1
F

if N > Ny (> N*) by (4.21).

*A similar but weaker inequality is proved in [1ol.
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Consequently for any T i_TN, mN(T) > 1, if N z_N]. Thus (4.40) valid for

any T < Ty, if N > Ny

Let
(4 42) e = V4‘36 ]OQN .
" (my(ryEEeT)
Then for any T E-TN
7 3]70g F(T))|
(4.43) 4(§ll£ELflI)l.+ 1) 5_4(”'—“""‘”‘E”—'+ 1) <
N N
20~-1
4(__§_193_ﬂ__.N 2 4 1) E.NZ
v4-36 log N

if N 3_N2(3‘N]) /(4.43) holds as mN(t) < N for any t, G(N,T) < N, for any T,
@ < 2, and by the definition of Ty [log F(Ty)| < log N if N is big enough/

Consequently for any T g_TN we have

o t
1 12v1og N
Y P( sup | d(By(s)-by(s))| > T T) <
N> Ny -oo<tcTl oo mﬁ(s) N N (mN(T))é(Za 1)
(4.44)
< 7 NPexpi-4 log N} < + =
Nz_N2

which proves our statement.

Lemma 4.6. Suppose that F is continuous, TN is defined by (4.11), 1 <a < 2
arbitrary, and

(4.45) logN_

Then for almost all » there exists an Na(w) such that for N 3_N6(w)

T
1 2
(4.46) / dB, (u) < ——=——— forany T < T,.
o) T (e (T) "
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Proof:

T T
(4.47) LI = 14 B -b
0{ N(U) o{ ( N(u) N(u + -O{ m (u)

de(u).

The first term of (4.47) can be estimated by Lemma 4.5. On the other hand

T T G
[t dby(w) = fBMU)  grq <
o - (F(u)G(N,u))®

:
dF (u) < ’ - N

=GN )P (e “1(r)

(4.48) < — _
T (G(N,T))! ! F*(u)

From (4.47), (4.48) and Lemma 4.5 for almost all w there exists an NO(m) (>N*)

such that for N i.NO(w)

I
1 ]2/109 1 -
dB, (u) < + - =
! O "mN( (21 (o -1)my '
E:“—‘-—~—l——— (1 + 12/10g N ) for any T < T,,.
(1)1 (T) My (T)? - N

By condition (4.45) there exists an N6 (Z.No) such that if N > NX then

]ZV.:OQ)‘?'N < 1, which proves (4.46)- i
T

5. The strong uniform consistency theorem on the whole line

Lemma 5.1. Suppose that F(t) continuous, l1og N, ¢ and suppose that
T 6(N.T;)
(5.1) sup [RN(u)—R(u)l 5_%— a.s.
~<y<T
—N
where TN is defined by (4.12). Then
(5.2)  sup_ [Ff(u)-F(u)] <
~oco<ly<T
— N
T,
<4 f S dB(s) + 3 sup_ F(u)[Ry(w-R(W)|  a.s.
—e MN( ) —°°<UiTN
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Proof: From (4.6) - (4.10) in Section 4,

(5.3) [Fy(u) - Fu)| < |Tog Fy(u)+Ry(u)]+F (u)|Ry(u)-R(u)|+

R -R
N % F(u)el N(U) (U)llRN(u)-R(U)Iz-

By the elementary inequality

exx2 <x for 0 <x <-§

N =

and the condition of our theorem we have for any u 5-TN that

(5.4)  [Fp(u)-F(u)] < |log F+Ry(u)] + 3 F(u)|Ry(u)-R(u)|  a.s.

Observe that, by the definition of ?ﬁ(u)

N
[Tog Fy(u)+Ry(u)] = | ] 85(u)log(1-

J

4Ry (u)] =
391 NiZj*2 N

o 1 7 N
= |_£1og(]— M&zgjig)dBN(S) + _f Mﬁ?§7-dBN(S)I =

(5. 5) U o u
- | JI- ; (24 () "1y (s)  + Ma%gy-dBN(s)l.s

u
1
Sy - 2+MN( P dBy(s)] + f

|A

(2+MN< 2 )

was majorized by a geometric series having

00

/where the sum Z 7 zg;ﬁlz—;gz

quotient less than ?-/

Hence

- u 2
[1og Pyl < [ sy tsywey 9Buls) *
(5.6)

P R N ().
- M )

Consequently as the last integral is monotone nondecreasing in u
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T

i N
(5.7) sup |log FO(u) + Ry(u)| <3 f —5
N N 2

—m<uiTN -® MN(S)

dBN(s).

From Lemma 4.2, formula (4.6), and (5.4), (5.6) we get that under the

condition (5.1)

dBN(s)+ %— sup F(u)[RN(u)—R(u)I a.s.

(5.8) sup |F¥(u)-F(u)| <4 f
—m<u§TN

—w<u5TN N T e Mﬁ(s)

which proves our statement. ]

Proof of Theorem 1

First observe that

sup IFﬁ(u)-F(u)] < sup lFﬁ(u)-F(u)[ +

~w<y<to —w<u§TN
+  sup |F§(u)-F(u)| = sup !F§(u)-F(u)| +
T, <u<teo -m<u<TN
N .
(5.9) + _sup [FR(u)-F(u)] < sup_ [Fj(u)-F(u)] +
TN§y<+w —m<U§TN

+ |F*(TN)-F(TN)[ + F(TN) < 2 sup [Fﬁ(u)-F(u)] + F(TN)

-w<u§TN
as both ?ﬁ and F are monotone nonincreasing. By the definition of TN
(5.10)  F(T)) = JIGN _ /for N> N* this is well defined/
G(N,T)

hence it's enough to consider

sup |Fﬁ(u)-F(u)|.
-e<u<Ty

From Lemma 4.3 and Lemma 4.6 follows that



.
(5.11) jN«—él—— dB, (s) < 2° fN S dBy(s) =
"o M Ss) VT e mi(s)
0lz—r) < O — a.s
NTN J1og N B(N,T;)
as by (4.41) mN(TN) 3'Jﬁog N é(N,TF), if N> N](Z_N*)-

Observe that from (4.11)

S u [My(s)-m (s)]
IRy(u-RD T < [ ¢ rsym (57— @Bnls) =

(5.12)

For the first term of (5.12) apply Lemma 4.3, Lemma 4.4 and Lemma 4.6 with

a = %, and for the second term apply Lemma 4.5 with o = 1. Then for any

u fvTN
‘ u 2IMN(S)-mN(S))I
IRN(u)-R(u)I < > dBy(s) +
! - mN(S)
(5.13)
d B <
~miggul_f —NT§7 (By(s)-by(s))] <
< 2,09 Tog N dB,(s) +
_i m3/2( ) N
b <
+ s ke oo
34,9 1 12v10g N 1 /log N
< 2°/2710g N + 9N . gf /% ) .s.
- > (Y /g () ( ﬁ%ﬂ a.s
Hence

F
N
jeh)
w

(5.14) sup_ [Ry Wl = <%/J9%Jif> <0 é(N T

-00< U_<_TN F

25
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by (4.41). Hence sup lRN(u)—R(u)I 5_%— a.s.
~w<t§TN

if N2 N
Hence by Lemma 5.1, and (5.11),(5.13)
T

N
sup |FE(u)-F(u)| <4 [ ——— dB (s) +
cocucTy L M ( ) N
%— sup  F( u)IR R(u)| 5_0( 1 ) +
me<u<Ty Dog N BN, TE)

—

(5.15)  sup_ F(u) of /190 io( 1 >+
me<usTy N /iog N G(N,TF)

sup_ F(u) o( Jrosk ) < : > '
~o<u<Ty u)G(N,u) J Tog N G(N,Tp)
0 -O 0 ] 0 ,M =
_miﬁgTN <GN, ) ( G(N,Tp) )+ < GN.T

- o(/1og N a.s.
6(N,Tp)

From (5.9), (5.10) and (5.15) follows the theorem. O

Remark 1. From our proof it is clear that we may give a concrete bound

instead of using the 0 symbol. But this bound would be very crude.

Remark 2. Corollary 1 easily follows from Theorem 1. For this it's enough
to observe that all of the lemmas and statements are valid for (-»=,t] using

conditions of the corollary instead of the conditions of Theorem 1.
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Corollary 2. If F(t) is continuous and
BN T,)
lim ———=a >0
A0 T
for any 0 = o < 1, then

P( sup [Fx(u)-F(u)| = o( [128 0 y) = 1.

—o< <o N*

Remark 3. Corollary 2 covers the i.i.d. censoring case (a=1) and gives

slightly weaker result then (1.1).
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