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Abstract
Some Complex Variable Transformations and Exact

Power Comparisons of Two-Sided Tests of Equality
of Two Hermitian Covariance Matrices

by

S. Sylvia Chu and K. C. S. Pillai
Purdue University

Power studies of tests of equality of covariance matrices of two
p-variatevcomp1ex normal populations 2] = zé against two-sided alterna-
tives have bean made based on the following five criteria: 1) Rdy's
largest root, 2) Hotelling's trace, 3) Pillai's trace, 4) Wi]kﬁ' cri-
terion and 5) Roy's largest and smallest roots. Some theorems on trans-
formations and Jacobians in the two~sample complex Gaussion case have
been proved in order to obtain a general theorem for establishing the Tocal
uhbiasedness conditions connectjng the two critical values for tests 1)
to 5). Extensive unbiased powéf tabulations have been made for p=2, for
various values of Nys Ny, A and Ay where n. is the df of the SP matrix
from the i-th sample and Ai is the i-th latent root of Z]ZE] (i=1,2).
Equal tail areas approach has also been used further to compute powers
of tests 1) to.4) for p=2 for studying the bijas and facilitating compar-
isons with powers in the unbiased case. The inferences have been found
similar to those in the real case. (Chu and Pillai, Mimeograph Serijes

No. 500, Department of Statistics, Purdue University).
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Some Complex Variable Transformations and Exact
Power Comparisons of Two-Sided Tests of E?ua]ity
of Two Hermitian Covariance Matrices
by

S. Sylvia Chu and K. C. S. Pillai
Purdue University

1. Introduction and Sunmary

In the complex mu]tivariate norma] theory [Goodman, 3 ], the
study of distribution problems concefning MANOVA, canonical correla-
tion and equality of two covariance matrices was made by several
authors, notably by Khatri [6 ] and James [4 ]. The non-central
distributions of the characteristic roots concerning the various
test procedures were explicitly given by James [4 ] in terms of
zonal polynomials of complex hermitian matrices. Here, we consider
the problem of testing the equality of covariance matrices of two
complex normal populations.

Let gl(pxn]) and gz(pxnz) D s_n], n2,rbe independent complex
matrix variates, columns of X] being independently distributed as
CN(Q,Q]) and those ofX2 ihdependently distributed as CN(Q,gZ). Let
0<cy=.. < c, <= be the characteristic roots of IX]Xi—cXZYé|=O
and AT,...,Ap, the characteristic roots of lglv— Agzl = 0. To test

p

£y = L, or equivalently Ap o= A =1 againét o 7 Zy (two-sided),
the following five criteria are considered: |
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1) Roy's largest root, cp, [Roy, 13] or Lép) = cp/(1+cp),
2} Hotelling's trace, u{P) = §n1, [Pillai, 9 ],

i=1

3) Piliai's trace, y(P) - [c /(1+C )1, [Pillai, 9 ]

T

HL\/'U

i

ll =]

4) Wilks' criterion, w(p) (1+c ) » [Wilks, 167,

1
5) Roy's largest-smallest roots, c](pr) = c]/(1+c])) and

i

cp(Lép) = c /(1+c ))s to be denoted by LS( p) defined in

terms of L(p) and L( s [Roy, 14].

Power studies of tests of Z1 = I, against the alternative of a one-

sided nature:
A > 1, E Ay > P, 1= T,00.,p,

were carried out by Pillai and Hsu [10] based on the first four
criteria. Exact power tébu]ations were made in the two-roots case
for various (A},Az) and different degrees of freedom ny and n,
(actually in terms of m = ny-2 and n = n2-2).

In this paper, . a power comparison study has been attempted
for tests of the hypothesis L1 = I, against 3, # L, (two-sided)
based on the above five criteria. A theorem similar to the real
case [Chu and Pi}]ai, 2} is proved first obtaining the condition
of local unbiasedness for a class of tests of which 1) to 5) are
specia]kcases. Using the theorem, relations between the two criti-
cal values for each of the five tests are obtained as Specialbcases

for tests 1) to 5) for the two-roots case. Further, critical



values for level o .05 (five percent points) for the five tests

are computec for p = 2 and values of n, =2, 3, 4, 7 and n, = 7,

2
17, 32, 62 and are given in Table li Also, powers of the criteria
1) to 5) have been tabulated for various vé]ues of (A],Az),
ny = 2, 3, 4, 7 and n, = 7, 17, 32, 62 and these are presentéd in
Table 2. In addition, poWer tabulations have also been carried out
from thé equal tail areas point of view, of tests 1) to 4) which are
observed to be biased. These tabulations are aTso available in
Table 2 for the same va]ues of (A],AZ), ny and n, as before facilitating
comparisons with powers in the unbiased case. The critical values in
this case are also given in Yable 1. (Table 1 is available in Chu [1].)
A few findings seem to emerge from the numerical results of
powers tabulated and there is a general agreement with those discussed in
the real case [Chu and Pillai, 2]. In general it is observéd that |
the largest root has some power advantage over the other criteria
studied. These findings are presented in Section 6.
Some results on transformations and Jacobians in the two-
sample complex Gaussian case are proved in the next section which

are needed in the sequel.

2. Some results on transformations and Jacobians

Lemma 1. If M(pxp) is hermitian and at least positive semi-definite
of rank r(< p), then there exists a unitary matrix A with real first

row such that M = A QC E‘ where ?c is diagonal with elements the

k k
characteristic roots ck's of M,



Proof. From linear algebra, we know that there existé a unitary
matrix B such that M = B Qck B' where the columns of B are the
unit characteristic vectors of M. If each column of B is multi-
plied by some constant of absolute value unity, the resulting
matrix preserves the properties of B, i.e. the reSu]ting matrix”
is unitary and diagonalizes M. Therefore, if we multipie the jth
column of B = (bij) bny]j/]b]jl for j = 1,...,p, and denote the
resulting matrix by A = (aij)’ (ai =X b1J ]J/[b1J]), then A is
unitary and diagonalizes M, and moreover, the first row of A is

real. Hence the lemma.

Lemma 2. If M](pxp) is hermitian and at least positive semi-
definite of rank r(f_p) and @Z(pxp) is hermitian positive definite, -
then there exists a non-singular matrix A with real first row such
that M] A D, A" and M, = AR', where cp are the roots of the

¢, ~ U
equation [My - cM,| = 0.

Proof. Since M2 is hermitian positive definite, there exists a lower
tr1angu]ar matrix T with real diagonal e]emenbs such that M2 TT'
Now T M T' -1 is hermitian and at least positive semi-definite. By

Lemma 1, there exists a unitary matrix B with real first row such

that T” -1

M]T' aLe = B D B' where ck s are the characteristic roots of
~ ~ k~
M]MZ]. Let A = TB. A is non-singular with real first row. Then

M] = TBD B'T' = AD A 2 =TT' = TBB'T' = AR'.
A ~ee” AL P, bo- 1



Lemma 3. The matrix A of Lemma 2 will be unique, except for a post-
£]

factor D, = ( ), if My 1s positive definite and all the charac-
. .i']

teristic roots ck's are distinct.

Proof. Suppose there are two non-singular A's with real first row,

say 5] and 82’ satisfying the conditions of Lemma 2. Then we have

U D S

My = MA = AR,
Thus Aap = RET - p ala

~2 “1%¢ ~Cp~2%1 ~Cy~2 21°

k K k

. o S P
i.e. @pck Pck? where B = A, A (Bij)'
And this implies g, .c, = Ci855- |
S0 we have Bjj =0 if i# j and C; Fa cj.

Thus B = p“k (say) where a =3 *+ib, k=1,...,p.

So leg ] =1 for k =1,...,p.
Therefore A, = AoD, where fa | =1, k= 1,.. ,p.
A “2<a, | .

Since the first row elements of hoth A] and @2 are .real, so ay must
be real, i.e. b, = 0 and a = #1, k= 1,...,p. Thefere A = gzgk

where D, = (i]. ). We note that A can thus be made unique by
~ .i'] . ~ .
choosing the real first row positive. The transformation is now one

to one.

Lemma 4. If X](pxn]), gz(pxhz), (p S_n],nz) are each of rank Py

then there exists a fransformation-X](pxn]):g(pxp)pngb(pxp)gi(pxn])



and Xz(pxnz) = A(pxp)gz(pxnz) where A is non-singular with real

first row, ck's are the roots (all poritive) of the equation

,¥1Xi - c}zgél = 0and LI, = gzgé = 1. If all ¢, 's are distinct,

then this transformation is unique except for a post-factor Pk to go

with A.

Proof. By Lemma 2, there exists a non-singular A with real first

i

row such that X]Yi AD, A' and X, X5 = AA'. We now define L](pxn])
A/ e, - Al ]

~2~2

and Lz(pxnz) by Xy = gpyEkL] and X, = AL, and note that, given X1 %5

and Lzbare uniquely solvable. Also L]
= I and EZEZ = 6'1523é5'-] = I. This proves

~

E] =

the existence of the transformation. Notice that if all cP's are

distinct, then by Lemma 3, A is unique except for a post-factor

-1

Dk and that g] and 22 will go with A being defined by Ly=D _1 A 51

“x
- p=]

and L, = A",

Lemma 5. If X](pxn]), Xz(pxnz)(p <'Nysny) have the joint density:

-P(n]+n2) nyoen, | R
m 3L Il fexpl-tr(zy X Kizg X001,

where Zys I, are hermitian positive definite, then the distribution
of the characteristic roots of (X]Xi)(xzié)'] involves as parameters

only the characteristic roots of z]zél (to be cal]ed Ak's).

~ The proof follows from Lemma 2 and is available in Chu [1].



Lemma 6. The Jacoblan of the transformation X (pxn ) = A(pxp)D/E
Tk
(pxp)L (pxn]), gz(pxn ) = A(pxp)Lz(pan) where A is non-singular

with positive and real first row and L]li = szé = 1 is given by
J(Z(] ’2.(2: A’ Ck S I:]I’I:ZI)
2(X1.%,5L L0 L)

~1-1 °=2-27
slhsc ", 00T A, sC 'Sskqpsl

a('L ['

21

P ldet( ),Z(n n, P+—) P n;-p ( I 3L, L) a(L,L5)
= 2 |det(A)] I c; I (c;-c e ,
- =13 ek X BZLID) B(EZD; Loy

The proof is omitted here and is available in Chu [1]. It may be noted
that when compar1ng with the proof of Roy [15] for an analogous theorem
in the real case, in the power of |det (Q)l » there is a factor %, in
view of the fact that for the uniqueness of the transformat1on, the

first row of A was assumed pos1t1ve and real.

3. The condition of Tocal unbiasedness

The acceptance regions based on criteria 1) to 5) with local
unbiasedness property and o level of significance can be written in
one form:

R:alp.ny.n,) 5_w(c],...,cp) < b(psnysny),
where a and b are so chosen to satisfy

(3.1) ('l) P(a im(C],...,Cp)‘f_bIA] »=-..‘.= )\ = '.:) = J-q,

) 3P(a < w(cy,.insc ) < blag,...,0.) . '
(3.2) (i) e 1T =0,i=1,...,p,
i by =...=Ap=]




where;w(c],...,cp) = cp/(1+cp) for test 1), ié]ci for 2), i;][ci/(1+ci)J
p -
for 3), 1 (1+ci) 1
i=1 .
In this section, we will show that the p equations given in (1)

for 4) and c]/(]+c]), cp/(]+cp) for 5).

are really equivalent to one équation and are in turn equivalent to
2Pl 5;“(C1"'jscp) 5_b|A1=...=Ap=A)

(3.3)  (ii") 5

= 0.

A=1

We call (ii) or equivalently (ii') “the condition of local unbiasedness".

Theorem 1. The p equations given in (i) are equivalent to one equation

and are in turn equivalent to (ii').

Proof. The joint density of 51 and 52 is given by .

-p(n.+n,) -n =N i P
e B R T A IS )]
By Lemma 5, we may, without loss of generality, start directly from

the following canonical form:

-p(n,+n,) p -n . _

T 172 T, ]exp[-tr(D X, X3 + X, X7,
. i < =112 ~2~2

i=1 Ak

where D = diag (1/x,). Then
~ =1 k
P(a iw(c]""’cp) ibl)‘]"."")‘p)
'p(n'|+n2) p "n'l

= J n s ‘exp[-tr(D _,X Xq+X
a§p<C],...,Cp)§b i=




—p(n]+n2) | p ] _ -
=75 f I )‘J [n (X]{( ). ]CXP[ tY‘(, 14 ]2(
afp(C],...,C )<b j=1 Ay

* %03 1d,0x,.
By Lemma 4, we may transform X] = AD/EkE] and X2 5E where Q =
(ajk+ibjk) is non-singular with real first row and L]Ei = LoLo=1.

And by Lemma 6, we have

| 2P 2”]+2n2 2p+] P ny-p 2
J(Xy5X50 Asc c'ss L]I’LZI) = 27| (det A)] jflcj jgj'(cj—cj.)
a(L4L;) o(LyL5)
RCTUN W
Therefore, (3.4) becomes
'p(n]+n2) p ‘n] - - =
(3.5) 2Py [ 1, [n]Ai-(AQ A');ilexpl-tr(D JAD_ A'+AR")]
CRx =1 M A Sk
n+2n,-2p+1 p ny-p 2 P
[ (det A)] RN LA (ci-c.)? 1 d
"j=1 J j>j" JJ j=1 J
f g J _~EE?I
LyLy=I ‘?(Llﬁi) LoLamTjallyly) |
. a{L 8“_)
~10% gy ~eD Ly,
p p -ny
-2 - é Le¥ ][n]Ai—(QQC At Jexpl- tr( _1AD, kA +AR)]
; * =
rp(n])rp(nz) =1 K Ak ,
2n +2n,-2p+1  p n.-p p
|(det A)] 12 dA e m (c.-c..)? 7 dc.,
) EREENE S I I

where R* is a < w(c],...,cp) <band - » < all ajk’bjk < » and

- K -1} P ‘
rp(n) = ﬂ;P(p ]).n]r(n-jfl). Thus we have
. j=
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aP(a < w(c],...,cp)_i b[A],...,Ap)

(3.6) ;

2 Ay=e o= =1
oP
=z . f [n,- (AD_ A® );;1exp[- tr(AD A'+AR )]
rp(ngdr(ng) Re b=~k S

2n +2n2~2p+]

1 P Ny-p 2 P
|(det A)] ! dA 1 C; n (ci-c.,)° 1 dc..
- I S

The only term in the above integrahd which depends on i is

: 2] Cytees a]?pcp fpc ) and the 1ntegra] is

taken over R*. Thus the integral is invariant under a change of

2
(AQCkA )i (a1]c +b

]

the subscript i for i 2,...,p. For i =1, the integral is half

of the integral for i = 2 (note that b]k 0 for k = 1,...,p). Hence
ap(a-f_w(C],...,C < bfx

cesA)
the p equations _]p P =0 are

3 . = o =
i 1A]—...—Ap 1

really equivalent to one equation. Now adding up integrals like

(3.6) over i = 1,...,p, we have

P v -
(3.7) =5 | [np-tr(AD_ A')lexp[-tr(AD_ A'+AR")]
rp(n])rp(nz) R* k Sk

‘ 2n]+2n2-2p+1 p ny-p o P
| (det A)] S dA el (cimc, )2 1 de..
" LIRS TR R AR

It is easy to see that (3.7) is actually equal to

aP(a i_w(c],...,cp) 5;b|A1=,..=Ap=A)

! A=l

Hence, (ii) is equivalent to (ii").
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Theorem 2. Condition (ii') can be written as

p n'l"
cp)l J mp Ic,
agw(c],...,cp)fp j=114

Y '(n]+n2)
(]+cj) I (c;-c,,
>3’ U

p n]"p :
. Li+C.
1< (1+c,)

_ ~{(n,+
f _ (n]+n2)[ E Cj/(]+cj)]. 1

aj@(C],...,Cp)fb j=1 J

n (c,-c.,)"
J->J"l J ’ J J'-_-'] J
where C(p) =

p
ty(ng ) (ny)F, ()

Proof. Starting from (3}7) and transforming A = BD 4» Where
T T (M4, ) =
k

B is non-singular with real and positive first row if the matrix

1>

in Theorem 1 is taken with real and poéitive first row. J(A: B)

_ p el '
|D _JIZP 1o g (1+c:)™P™%. Then (3.7) becomes
T4, ) 3=1 J
P n _ _
(3.8) —E——— 7/ [np-tr(sD _18")Jexp[-tr(8B")]
ro(ny)T (ny) R+ ¢, (1+c, ) | -
P P : ' 2n]+2n2—2p+1
| (det B)| dB
P ny-p =(ny+n,) p
x I c.] (1+c.) 172 ) (C.-C..)2 if dcy,
j=14J J j>j J J j=1 J

where R** is. a 5;m(c1,...,cp) < b and B is hon—singu]ar with real
and positive first row.

Further, transform B = TL where T is lower triangular with real and
positive diaQOna] and E is semi-unitary with real and positive first

row. MWe shall now find the Jacobian J(@: T,L). Ditferentiating both

sides of B = TL, we have (dB) = (dT)L + T(dL). Pre-maltiplying by T"



3
la L_I) p .
= TP [ e | ) w2
| o/ fLp = !
= 2p-2i 3(~ ')
(1 t5R NP gL LF'_ .
s=p 11 1 ‘a L) LI)
Th al il (
en - — n.p-tr(BD B')]exp[-tr(BB")
1 B 18" ) Jexp[-tr(BB")]
fp(mIry(ny) B e {1+ey)
2n]+2n2-2p+]
| (det B)| dB
(3.9) 2% [ I I
9) = - _ n,p-tr(TLD L'T*)]exp[-tr(TT"
. 1 JLL bl p ryil )]
Fp(ny)p(ng) LLt=1 T o 14e,)”! |
- n,n p-!\.c b 3 '(I—L')
TT] ' ¢ T t2P 21'deLI/,\ =
I I S R L
20 et
= - - [ nyp-tr(TLD LT ) Jexp[-tr(TT"
o (n)ry(ny) LLT=1 T Tl ) =
. l' _
ny+n,-p p TR /43(LL')
T e e [
i=1 "AzD L
°1
_ p _ o '
Transform S = T'T, J(T:S) = 2 p.”]th?mm-]' Then {3.9) is
i= |
3.1 al |
(B:10) s [ J Dptr(SD ) Jerpl-rS]
ptM/Iping) LL7=1 550 ¢ (1+¢;)
ny+no-p /“’.“:5')
ISP s e[|

12
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Apply the following equation of Khatri [ 8]:

exp[-trs]|S|"PC (AS)dS = & (r,«)C ,
J PLErslIs PG (aS)as = £ (re)E (h)

where fp(r,x) = fp(r)[r]K, then (3.10) becomes

2PF (n,+n ) ' : ﬂ : | ; o
=212 oo (nn, ) er(Lp AE3a /)
Fp{mIry(ng) LU= ek (T*cy) / 1P |
P P-1); (ny+n,) p

=z .,»p. . [n]p"(n]ine)y CJ/(]+CJ)].
rp(n])rp(nz)lp(p) 3=1
Therefore, we get
aP(a iw(c],...,cp) < b|>\] =, .= Ap =)l
| T | A=
| PP i) 2
= c(p)l f L MP eyt (1) Con (cj-c.,) .
afp(c],...,cp)ip ERED J J>3" J
n d
I dc. -
=10
P P ny-p =(ny+n,)
/ _ (n]+n2)[ L.c:/(Mc )l me.' (1+c.)
aiw(C],...,Cp)jb j=1 4 J j=11 J
' p
it (c_-c..)2 m dc.].
NENR A S

Now equating the above to zero, we have Theorem 2.
Thus, the acceptance region based on criterion m(C],...,Cp) with Tocal
unbiasedness property (2up) and o level of significance can.be written

as

R:a(psnysn,) 5_w(c],...,cp)_5 b(p,ny.n,),



e R S P S e K L e S i A2 B A d e
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where a and b are so chosen as to satisfy:

' P n.-p ' ~(n;+n,)
(i) c(p) / mel () 12 n (eoc.,)?
a§@<C],...,Cp)§b j=11 J >3 J
p
Idc, = 1-q
j=1 !
and
' P n-p  ~(n,+n,)
(ii) c(p)[ / n]pHc.] (1+c,) 1 2" (c.-c.,)?
aj@(C],...,Cp)fb j=19 J j>jt J
P'd
mdc. -
j=1 J | .
p p n'l"p '(n]+n2)
v (n]+n2)[ yc:/(1+c.)] 1 c. (1+c.)
aip(C],...,Cp) <b = §=1 Y 3= 9 J
p
il (cj~c..)2 1 dcj] = 0,
AN LS
where C(p) = -

4. The acceptance regions based on the
five criteria with wup for p =2

In this section, we will consider the acceptance regions of

tests 1) to 5) in that order,

1) Roy's largest root, Léz) ='c2/(1+c2). By using Theorem 2 in the

previous section, we know that

aP(a f_Léz) j_b]A] =X, = A)

b A=1

(4.1)

= C(2)[ [ 92(C]’C2;"]’n2)dc]dcz‘ / -hZ(C]’CZ;
afyéz)ib , ajLéz)jb

n],nz)dc]dcz],

S T e S e L e T and L Al .
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-2 —(n]+n2)

[(1+c])(]+c2)] and

n
where gz(c],cz;n],nz) = 2n](c]c2) 1 (c]-cz)2
n,-2
hy(cqscyinyan,) (n]+n2)[c]/(1+c])+c2/(]+c2)](c]c2)
-(nytn,)

[(]+C])(]+C2)] (C'i_cz) .

x

Now transform 2 = c]/(]+c]) and by = c2/(1+c2). Then (4.1) becomes

b *2 b %2
(4.2) c(2)[£ é g3(£],22;n],n2)d£]d2 g / hy(2;,4 ,n],nz)dl ds, ],
n, -2 n2-2 2
where 93(2],22;n],n2)=2n](2]22) [(1-2])(1-22)] (R]-ﬁz) ~and
o ny-2 | Ny~
h3(£1,zz;n],n2)=(n]+n2)(11+£2)(2,22) L(1~z1)(1~z2)] (24-2,)"%

Further, note that by making the same transformation,

2
(4.3) P(a < Lé ) §_b|A1=A2=1)
b %2 -2 | n,-2 )
= g é (2]22) [(1-21)(1-22)] (2]~22) dgqdz,.
Khatri [5] has shown that
*2 n,-2 -2
[(1fz])(1-22)] (2]—22) dzldz2

X
[ (2,0,)
00 172
Bx(n]fl,nz—])Bx(n]+1,n2—1)-BX(n],n2—])Bx(n],n2-1),
X ' -
where Bx(r,s) = | tr_](1-t)s']dt.
-0

%2 n]-z_
Now f f (2 +2,)(2,2,)

2
Ll—(l-z])(1-22)+z]22J(2122) !

1]
O— X
Ot— =
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= Bx(n]f],nz-l)Bx(n]+1,n2-1)—BX(n],nZ-T)BX(n],nZ-])

- Bx(n]-l,nz)BX(n]f],n2)+BX(n],nZ)Bx(n],nz)

-+

B (n],n2 )Bx(n]+2,n2-1)—Bx(n]+1,n2-])Bx(n]+1,nz-l).
Thus, we have proved the following:

Theorem 3. . Let T](x) = Bx(n]-],n2-1)BX(n]+],n2-1)~Bx(n],nz—l)Bx(n],nz—])

and T2(x)=T](x)-Bx(n]-],nZ)BX(n]+1,n2)+BX(n],nZ)Bx\n],n2)+Bx(n],n2-1)
B (n +2,n2—])-B (n +1 n2-1) (n]+1 n2—1) Then the acceptance region
based on Roy's largest root, Léz) = c2/(1+c2) with 2up and o level is

given by a < L(2) <b where a and b are so chosen as to satisfy:

(i) C(Z)[T](b)-T](a)] = 1-a and
(i1) C(Z){Zn][T](b)-T](a 1-(ny#n )T, (b)- -T,(a)1} = 0.
2) _

2) Hotelling's trace, U( .= c]+c2, From the previous section,

(4.4) P(a < u(2) ibIA] =X, = 1)

-2(n]+n2) -2n, 1o o
m _ o x lexpl-tr(a X, X558y )]dx dX2
asc;te,<b :

_1 '2n ' o
Now transform A" % X] Y, and X2 Y2' J(Y ]) 1 and let:

0 <d; <dy, <= be the characteristic roots of Y4 ¥i-d d¥,¥5] = 0.
Then (4.4) becomes

(d,-d.)2dd. dd

]"2
)
172 1772

“(ny )
CLrea) (150, "2

(4.5) c2) [ (d]dz)
ag)d]+xd25p

Let u = d] + d2 and g = d]dz. We get



;U N, -2 —(n]+n2)

1
5 s
6 g (T+u+g) (u2—4g)2dgdu.

aP(a < U(z) < b]>\1 = A =))
TSl

A=]

% b n]-2 —(n]+n2) 2 ER & a2 n,-2
=c<2)[bg g | (1+b+q) (b°-4g)2dg-a
. 0

-(ny+n,) 3
17 (2 :

(1+atg) a -4qg)=dg]

= sz(b)-aTz(a),

where Tz(u), the density function of U(Z),'has been found by Pillaij

and Jouris [12] as follows:

-(n;+n,) 2r+2n, -1
LS TORES T

2r+2n1+2n

I
(4:6) Tylu) = c(2) ] (- 4r+n]-1

(1+u/2) 2

X

1 ‘ '
(r+3/2)(rf5/2)...[r+(2(n]-3)+5)/?]'
Furthermore,

P(a §_U(2) < b[x =2 = 1)

(n]fnz)

b 1y .
c(2) )/ g ]+u+g) (u2—4g) dgdu
a

T,(b)- -T,(a),

where T](u) is defined as follows:

17



) o® r "(n]'*"nz)
(4.7) T](u)=C(2) Y (-1 , )(n]—2)! 4B (2r+2n],2n2)
r=0 5%5

| 1
o TF¥3/2)(%+5/27Ti.[r+(2n]-1)/21'

Therefore, we have proved the following:

Theorem 4. The acceptance region based on U(Z) = Cyte, with qup
and o level is given by a 5_U(2) < b where a and b are chosen

as to satisfy:

(i) T](b)-T](a) = 1-a and (ii) bTZ(b)—aTz(a) = 0, where T,(u)

and Tz(u) are defined in‘(4.7) and (4.6) respectively.
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3) Pillai's trace, V(Z) = [C}/(1+C])]+[C2/(]+C2)]. From Theorem 2,

aP(aiV(z)ibl)\fAf}\)

a1

the integrals in (4.1) by V(Z), Now transform £]=c]/(1+c]) and

(2)

we obtain

22=c2/(1+c2). Then

2
(4.8) oP(ast! )5b'*1=*2=A)’
A

ax‘] =1

=CL [ g.(%y.2,501.0,)dode. - [ holeg,0.;
as e,p 3 171232 Mt st te,eb 12

n],nz)dzldzzj.

Let v = z]+12 and g = 2125 Then (4.8) becomes

vz n,-2 n,-2

1 276, 2 2
C(2)[2n, g = (1-v+g) (v7-4g) =dgdv

VD~ T
O%l.hp—'

=1 by replacing L2 *in the 1imits of
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b Zve n,-2 n,-2 ]
-(nyin,)f é vy~ (T-v+g) © (v-4g)*dgdv]
a
)
And P(a < v(2) f_b[A]=A2=])
b 2v° ny-2 2,
= ¢(2)f fo g (1-v+g) ° (v°-4q)Zdgdv.
a .

Therefore, we have the fo]]owihg theorem:

Theorem 5. Let

. Nn,-2
| "2% (27 )(nyar-2)1 | |
RS By (2ny¥2r,nyor-1) if Osxel,
20 35..(2(ng+r)-1) -
n,-2 : '
-2 ﬁ ) (ny+r-2) ! \
r§0 'n]+r—1 v _ B](2n1+2r, n2-r-])+
: 2 3.5...(2(ny#r)-1)
: ' N,=-2 natr
Iz (T )2 2 (n4r-2)1 Mr-2 Ny -2
2 7 (-1) ! r 2 ;o230 )
o 3.5..¢(2(n2+r)-1) 20 J

. [Bx(j+],2(n2+r))-81(j+],2(n2+r))] ifl<x<2,
L 2 2 '

and
i 5 N,=2
"272 (2 ) (nyr-2) -
.Tz(x).= ZO T Bx(2n]+2r+1,n2—r-]) if 0<x<1,
=2 3.5...(2(ny+r)-1)
n,~-2
"27% () (nyr-2)

L : By(2ny+2r+1,n,-r-1) +
r=0 2n1+r']3.5...(2(n]+r)—1) [ 2

N\

n] -2

-

r=0

2 )2 % (nptr-2)t M2 g

MEOTORY 12707 )

n]-2 n2+r
» J=0

(-])n]—f- ( ,
* 2.5
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2 2

{x (B, (342,2(ny#r))-By (§+2,2(ny#r))] if 1 < x < 2.
I‘:
Then the acceptance region based on V“)=[c]/(1+c])]4{c2/(1+c?)]

with gup and o level is given by a S_V(Z) < b where a and b are so

chosen as to satisfy
(1) C(Z)[T](b)—T](a)] = ]-a and

(1) C(2)12m [Ty (b)-T; (a)1-(ny#n,) T, (b)-T,(a)] = 0.

4) Wilks' criterion w(z) = [(1+c])(]+c2)]"]. Again from Theorem

dP(a f_w(z) < bJa =A2=A),
2, we obtain = |
IA A=]

limits of the integrals in (4.1) by w(z). Now transform z]=c]/(]+c])

by Fep]acing ng) in the

and 22=c2/(1+c2).

op(a < w(?) < b[A;=x,=2)
Then

oL A=1

= C(2)[

' 9.{% 52,30, ,n,)de.de.,-
_65(1-2]{(1-22)93 1272 Sy

, h3(z],22;n];n2)d21d22].

The dehsity function of N(Z) has been found by Pillai and Jouris I12]
as follows:
=vT2(”]+”2) ® (?])k(n1_])k ny-2 2n]+k—1
~ L Zn ’
Pz(nZ)P(Zn]) k=0 17k

f(w)

Thus, the distribution function of w(z) is
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o (ny+j-2)! .
] STy - ’ .
2] 1 — - T 0K R 2 (2(n,4k-1),2(n +2)-1)
J=0 4x31 (G- %) ... (ny+j- 5) K e
2 1Y 2
1 ©
where J' = J if j = 0 and J' = ) if j > 0. Therefore, we
k k=0 k k:O

have the following:

Theorem 6. Let

w (ny+j-2)1 . :
T,0) = -2 ] . ] -E'(—])k(_2ﬂ+])8 (2(n,4k-1),
‘ J=O 4XJ!(J“ “2_)----(n]+j' '2_) | ' w—‘?—
2(n]+23)—1),
. (n,+j-2)! .
T,0) = -2 ] ik DR s (2,
320 4x31(3- 5). ... (n 4= ) i
2(ny+23)-1)
and
2 (nyr3-1)1 k-23+1,
Ty(w) = -2 . TEDNCYTYE (2(n4k-1),
st =2 031 G- D (s £ TR S (2ngrken)

2(n]+2j)+]).

Then the acceptance region based on w(z) = [(1+C])(1+c2)]'] with

fup and o level is given by a §_H(2) < b where a and b are so chosen

as to satisfy

(i) C(Z)[T](b)—T](a)] = 1-a and
(i) C(Z)[(n]‘nz){T](b)-T](a)}+(n]+n2){T2(b)-T2(a)}—(n]+n2)
{T3(b)4T3(a)}]‘= 0.

5) Roy's largest-smallest roots, LS(Z) = c?/(]+c2), c]/(]+c]).

From Theorem 2 in the previous section, we have
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aP(a 5_LS(2) < blag=,=1)

ax'] A=1

(4.11)

= C(Z)[jgz(c],cz;n],nz)dc]dcz-[hé(c],c2;n]5n2)dc]d02].

agp]/(]+c])592/(1+c2)§b aip]/(]+c])§p2/(1+c2)5p

Now transform ¢, = c]/(]+c]).and 2

1 5 = c2/(]+c2). Then (4.11)

becomes

b *2 b *2
c(2){y s 93(2],22;n],nz)dz]dgz-f‘f h3(z],22;n],n2)dz]d22].
aa a a ;

Further, note that by making the same transformation,
Pla < 1518 ¢ bpa =)

£ __ -
b *2 n,-2 n,-2 9

=C(2)f [ (2122) 1 [(1—21)(1—22)] 2 (1]—22) dg,de

aa 2

Use the technique as in Khatri [5], we have

o ny-2

n,-2
(-2 (1-29)1 % (1y-2,)%dn, o

XK

2

= Bx’y(n]—1,n2-1)Bx’y(n]+1,n2-1)-BX’y(n],n2-1)Bx’y(n],n2—1),

- r-1 _+35-1
where Bx y(r,s) = [t '(1-t) dt.

X<

y %2 n,-2 n,-2

Now [ [ Gy (ap) | L0-2) (14,03 2 (-0, 2l ds,
X X .

y *2 n-2 o ny2
= i £ [1—(]—11)(1-22)+2122](2122) [(1-2))(1-2,)] (5,-2,

de

)2

de

1772
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= Bx’y(n]—l,nz—])Bx’y(n]+],n2—1)-BX’y(n],n2~1)BX,y(n],n2-])
(n] -1 nz) (n] 1.n ) B ,y(nl’"Z)Bx,y(”1’n2)
+-Bx’y(n],n2—1)BX’y(n]+2,n2~])-Bx,y(n]+1,n2-1)BX’y(n]+],nz-]).

Thus, we have proved the following:

Theorem 7. Let T](x,y) = Bx,y(n]—l,n2-1)8 (n +1,n2-1)~BX,y(n1,n2—1)

x,y( 1 -1un, ) XSy
2
Bx,y(n1’n2)Bx,y(n1’n2) +Bx,y(”]’”2'])Bx,y("]+2’”2'])'Bx

Bx,y(n],nz-l) and Tz(x,y) = T](x,y)—B (n]+1,n2)+

’y(n]+1,n2—1).
Then the acceptance region based on Roy's largest-smallest roots,

2)

LS( =c2/(1+c2), c]/(]+c]) with 2up and o Jevel is given by

a §_LS(2) < b where a and b are so chosen as to satisfy
(1) c(2) T,(a,b) = 1=
(ii) C(2)[2n]T](a?b)-(n]+n2)T2(a,b)] = 0.

5. P(a < [c /(1+¢ )] < [cz/(1+c2)] < b) in the
nori- nu]] case

The non-null distribution of c],...,cp was obtained by Khatri

[7 7 in the form

~(ny#n,)

MMy . =1 -1
(51 <)l e ! e 1Folnynys1-nle(ra) )
| n (c]-c )2
'I>J

0 < ¢y 53"5-Cp < w,
where the complex hypergeometr1c function of a matrix argument is

defined by James [4]:
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[ os]
=

[a]]K....
0 g [b]]K....

Il 0~1 8

) a
SFt(a],...,as;b],...,bt;{\, b1

|

)=
K

where a],..,,as,b],...,bt are real or complex constants and the

coefficient [a]K is defined by

=T

= ~i+]
[a]K I (a-i+ )ki

where (a)k = afatl)...(a+k-1) and « of k is a partition of k,

»<=(k],....,kp),k.l b

complex zonal polynomials CK(A) are expressible in terms of elementary

>...> k_ > 0 such that k]+...+kp = k and the
symmetric functions of the characteristic roots of the hermitian matrix

A. Now putting p = 2, in (5.1), the joint density of C1s €, s given

by
-n, n, -2 | -(n]+n2) 2
(5:2) C2)0py) Negey) T (e, )(14c,)] (c,c)
.11/, 0o . ¢y/(14¢;) o
] [ny#n,], ¢l o 1-1/AZ’CK( 0 c2/(1+c2))
k=0« K | C_(1)

Using the relation EK(S 8) = Yy b (r,s)(a+b)r(ab)s, where the

r+2s=k ©

BK(r,s)'s were given by Pillai and Hsu [10] up to k = 6, (5.2) becomes

- 1=-1/x 0
. C ( 1 .
_ Ty [n]+n2]K ) 1-1/2
(5.3)  C(2)(22,) kzo Kl =
= K

' - ny+s-2
x r+;5=ka(r,S)[C/(]+C])+C2/(]+c2)]r(c]cz) ]

'(n]+n2+S) '-.)2
i

x [(]+C])(]+C2)] (C —CT
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Now transform L = c]/(1+c]), Sy = c2/(1+c2), then the joint distriby-
tion of 2y Lo is '
- 1=1/a
C (
[n]+n2]K w0
k!

0
]~]/A2)

C (1)

1
-n]

C(Z)(A]AZ) .

i~ 8

0«

N N,+s-2 N,=-2 '
Xr+22 ka(P,S)(2]+22)r(£]£2) 1 [(1-21)(1—22)] 2 (22-21)2.
= |

Now let

br2 n,+s-2 ny-2. )
hr,s(a,b) = g g (z]+22) (2122) | [(]-2])(]—22)J (22—2]) dsz]dz2

n,-2 2

i
G

]
t~1
—_——
=
p —
~N
Il p~ng

i=0 ' j=0

i+j+n]+s-1

x{[Ba’b(2n1+25+r+j,n2-])—a Ba,b(n]+s+r—i+],n2-1)]/

(i+j+n]+s-])
i+j+n]+s
-Z[Ba’b(2n1+25+r+j,n2-1)—a Ba’b(n]+s+r—i,n2-1)]/

(1+j+n]+s)
| i+j+n]+s+]
+[Ba’b(2n]+23+r+j,n2“1)fa Ba,b(n]+s+r-j-],n2_])]/
(i+j+n]+s+1)},
| A DR
where B y(r,s) =1 t" )5 Mg,
’ X

Then we have, in the complex non-null case,

P(a

A

[C]/(]+C])] f_[cz/(]+C2)] f_b]

=P(a <4 24, <)
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~ ]']/)\-I 0

_ C ( )
ny [n]+n2]K k' 0 1—1/A2 :

L.l —

k=0 ¢ ¢ (1)

= @) 0py)

X b (r,s)h_ _(a,b).
r+2§=k oS

6. Numerical study of power

The results in the previous sections were used to obtain five
percent pdints for the tests of HO: Ly 7 I, against Z 7 Lo based on
criteria 1) to 4) in the unbiased as well as equal tail areas cases
and criterion 5) in the unbiased case for p =2, values of ny = 2,

3, 4, 7 and n, = 7, 17, 32, 62, and are given in Table 1.

The next step was to compute the powers of the various tests
using the percentage points evaluated and the non-nul) distributions.
For tests 1) to 4), non-null distributiOns were available in Pillai
and Hsu [10 ] and for test S), it has been obtained in Section 5.
Before computing the powerrfOr a specific value of (A],AZ), the total
probability in that case over the whole range of the respective
statistic for all the terms included in the formula was calculated
and the number of decimal places included in the tables was detérmined
depending on thé number of places of accuracy obtained in the total
probability, at least as many decimal places as in the tables. Powers
for tests 1) to 5) in the unbiased as well as equal tai] areas cases
for p = 2, for values of ny = 2,3;4,7, n=17,17,32,62, and variéus

(A1,2,) are presented in Table 2.
1°72
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A few findings seem to emerg2 from tabulations of opowers in
Table 2, and they are in general agrecinent with those discussed
before in the real case and are stated below for convenience.

1. A > 1, Ao > T It may be seen from Table2 that egqual tail

arcas tests based on 1) to 4) generally seen to perform better
than corresponding unbiased ones except when very close to HO
in which case bias is observed in some instances, mostly when
ny is close to no.

2. Ay < 1, Ay > 1 or Ay > 1, Ay < 1. For tests 1) to 4), unbiased

test is better than équa] tails except when Ayt A? > 2. MWhen
A*A, < 2, bias is observed. |
3. A <1, Ao < 1. For tests 1) to 4), unbiased test seems to be

better than equal tails. There exists some bias when close to'HO.

>1. %, > 1. In regard to comparative performance.of the
1 = 2 =

'criteria, findings in the equal tail areas case are as in the
one-sided case for 1) to 4) described by Pil1ai and Hsu [19],

whose findingsare similar to those in the real case by Pillai and
Jayachandran [11], in the unbiased case when Ay and A, are far apart .

but both greater than unity, in-terms of power, U(z) > w(z) > V(Z) >

Lé?) g Ls(z)"b“t with only one large positive deviation,.Léz) . u2)

w(z) > V(z) > LS(Z). But if A] and AZ are close, then V(Z) > W(Z) >
o) £2) 502 |

5; A] <1, AZ > 1 or A] > 1, 12 < 1. In the unbiased case, U(z) >
w(2) Léz) > v 5 1502 hen Nt A, <2, Ls2) ng) . u(2)

=2, L8 5 @) y2) L g(2) (@)

N(Z) > V(2) when A, + 2

1 2
when Ayt Ao > 2. In the equal tail areas caée, Léz) >.U(2) >
$(2) L (2)
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J, X, < 1. In the unbiased case, V(Z) > W(Z) > U(Z) >

» and in the equal tail areas case, Lé2> > U(z) >

Léz) seems to be Teast biased, then U(Z), then w‘z) and lastly
v(2),

If a single test has to be recommended or an overall basis over
the whole barameter space, Roy's largest root seems to be the
proper candidate.. In the two-sided case as well as when both
Ay and A, are less than unity, among tests 1) to 4), largest
root performs best in the equal tail areas case. Since the
]argest root is the least biased, even equal tail areas could
be adequate. However, for the tWo—sided case, the unbiased
Targest root test compares favorably with LS(Z) when A]+A2=2

and is even the best when A]+A2 > 2.
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List of Symbols

Greek letters:

]ine 19)

) ‘u.c. sigma - (e.g. p.1,

S A “1.c. lambda (e.g. p.1, 1ihe_2])
) 1.c. alpha - (e.q. .3, line 1)
B 1.c. beta ~ (e.g. p.5, line 9)
m ‘1l.c. pi " (e.g. p.6, line 16)
w ~1.c. omega - (e.qg. p.7, line 16)
) u.c. pi (e.g. p.8, line 13)
T u.c. Qamma o (e.g. p.9, line 15)
K 1.c. kappa _ (e.g. p.13, Tine 2)
A u.c. lambda ~ (e.g. p.23, line 17)

Non-italic symbols: -
exp - (e.g. p.6, line 16)
tr (e.g. p.6, 1{ne 16)

det ~ (e.g. p.7, line 6)

Short title: _ ;
Two-Sided Tests of Equality-of Hermitian Covariance Matrices.



