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Abstract

On the Exact Distribution of Wilks' Criterion

by

S. Sylvia Chu § K. C. S. Pillai
Purdue University

The distribution of Wilks' criterion W(?) has been studied based on.

variable transformation. Exact distributions of W(p) were given explicitly

for p=3 and 4.
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by
S. Sylvia Chu and K. C. S. Pillai

Purdue University

1. Introduction. The joint distribution of p non-zero characteristic roots of

a matrix in multivariate analysis given by Fisher [1], Hsu [2] and Roy [7] can Le

expressed in the form:

p .
(1.1) C(p,myn) T bT(1-b.)™ T (b.-b.), 0 <b_<...<b, <1,
_ 421 1 i i< i) - op—""="1
. SR
where Clp,m,n) = {v** T T[z(2m+2n+p+i+2)]}
i=1

P
/ {0 T[30Cm+i+1)]T[3(n+i+1)]T(31)},
i=1

and the parameters m and n are defined differently for various situations as

described by Pillai [4,5]. Now Wilks' criterion W(p) may be defined as

a2 w® - § . |
| i=1 *

The moments of W(p) are obtained readily from (1.1) and (1.2) as follows:

(1.3) Efw®)P) = c(p,m,n)/C(p,m,n+h).

Using (1.3), Wilks [9] showed that W(p) can be expressed as a product of p

independent beta variables and obtained the density ofbw(z), [10]. Schatzoff

[8] has used the convolution method to compute exact percentage points for p

up to 10 and values of n such that p(2n+p+1l) < 70 through computer algorithm,

but has not given the distribution explicitly for any p. Pillai and Gupta [6]
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have found the exact distribution of -log W(P) for p=3 to 6 by successive

convolutions and extended the tables for these values of p and selected

degrees of freedom for hypothesis. Lee [3] has also obtained the exact
distribution of (W(p))% for odd p in the form of an integral which could not
be evaluated except numerically. In this paper, an attempt is made to obtain
the exact distribution of W(p) by variable transformation. Explicit expre-

ssions for the distribution are given here for p=3-ahd 4,

2. Method of derivation of the density of W(p).' Consider the transformation

a; bl,q =b. /b 1,1 =2, ..,p-25qp_l=bp_1/bp_2,q bp/bP 2

Then from (1.1) the joint density of ql,...,qp is given by

@) cEmm T alu- q)m o "y m
. p,m,n)[ T a; 1- H q ( q)" [ I (1-1 JI[1-C I q.) ]
j=1 7 k=1 K “p-1% J =2 i=2 k=i X j=1qJ -1

p-2
[1- ( H q )qp] { H [1 ( I q )(qp 1 qp)+( H q )qp 1% 13- "G ) a- qp)(q 1 qp),

where 0 < q.i <1, i=l:"'3p_2: 0 < q-p i qp_l <1 and kO = (P'j"‘l)n + (P‘J) +

i _= o . = _ ._ = .
s(p-j+1) (p-j). Further, transform t Q1 qp_l)(l qp) and g qp—lqp’ Then the

joint density of ql,...,qp_z,g,t is obtained as

P2 kg 3 o, P2 p-j i+j-2
(2.2) Clpom,m)[ 1 q,°(1-T q)"]g" [T T (1-T 91
j=17 k=1 j=2 i=2 k=i

p-2 .
{'n[(1-a,)(1-a,g)+a.t]}[(1-a,) (1-a, g)+a, t]™¢,

j=2 j j iR 1 1 1

| | p-2

<1and a, = 1 q;,j=1,...,p-2. Now

i
f+
Wik

where 0 < q; < 1, i=1,...,p-2, g*
p-2 p-j+l

integrate out t and transformw = ( II a )g which is in fact Wilks'
j=1

criterion W(p). Then the joint density of ql,...,qp_z, w is given by



p-2 3(p-i+1) (p-j)-1 j p-2 p-j itj-2
(2.3) C(p,m,n)[ Il q. (-7 qk) Mw" [ Iom (-1 q)]
j=1 7 k=1 j=2 i=2 k=i

o -2 :
(3 pZS(h+2+2)'1dhC2(1-w% Pr R 20 D)
h=0 2=0. j=11

P -
where d, = (x)[(1-a))(l-a w I qJP+J 1ym-hy,

j=1 1’
p-2 p=2 2 p-2 p-2
Cp= 1 .. Z ( I a, )[ i (1 ak)(l akw i q 11, 2=0,...,p-3
j, =2 J =2 i=1 Ji
1
je >, if x>y K # 3ysenesdy
4 .
and w 1/3 P ’ —(p /3 2 < 1, 1/4 p —(p AN q,_3 < 1,
J]-J - J]_J P

, wl/(pfl)qip/(p-l) <q, <1, wi/P < qi <1, 0 <w< 1,rwhere integration

is in the order qp_z, qp_s,...,qz,ql. From (2.4), the density function of
. . . §3)) . . R
1
Wilks' criterion W can be obtained by integrating out qp-2’ qp_s,...,qz,q1

successively. We may illustrate the method by considering p=3 and 4.

3. Exact distribution of W(S). Putting p=3 in (2.2), we get the joint density

of 9, & t as

3n+5

C(3,m n)q1 (1-q))"g"[(1-q;) (1-q;8) + q,t]1"t,

R
-

where g= + t* < 1. Now integrate out t and transform wﬁqig, the joint density -

of q.W becomes

1, 3 s _3 2
C(S,m,n)XIKlwn+k+§hq?+2 i+j-2k h/’O <w < qf < 1, where

m m+i 1 2m-2i+4

i+2)7t 2m-2i+4 k+h
b iZO jZO kzo hZO K = (o) (?)(m;l)(k)( R IC 1)J+,+



(3)

Now integrate out q;, We get the density of W as follows:

- 1 1
(3.1)  c(3m,m){], K2 1w“+k+2h(1-wa/3)-21 %Klw“+k+4hzn-w}
a#0 a=0

s

. where a=m+3-i+j-2k-3h/2.

m=0: Put m=0 in (3.1) and we have the density

(3.2)  C(3,0,m)w" [1-8w% 8w 26w an w]/6,

and the exact cdf

. ™ < W) = c0,mW™ Y (e1)]- (367 (2003 1w 2 [16/ (2045) 1w 2
C[1/ (e 3) Twl- [ow/ (n+2) 2] [(n+2) tn w1116,

m=1: Put m=1 in (3.1) and we have the density

2 5/2. 3

(3.4) C(3, 1,mw" [1- 16w 2-65wr 160w 2-65w2- 16w 2ew®-30m(1-w) 2n w]/30,

and the exact cdf

.5 P LW = e, LmW™ Y [1/ (e 1)1 132/ (204 3) Tw 2- [657 (v 2) w
+[320/ (2n+5) 1w 2= [65/ (n+3) Jw?- [32/ (20+7) 1> 24 [1/ (n+4) ]
- [30w/ (n+2) “] [+ 2300 w-1]+ [30w%/ (0+3) 2] [ (n+3)n w-1]} /30.

m=2: Put m=2 in (3.1) and we have the density |

(3.6)  C(3,2,m)w" [5-128w"/ 2= 1428w+ 4480w 2 4480w> 2414280341287 2 51t
-420wE1-5wrw?) an w]/420,

and the exact cdf

(3.7) pan® Ly = C(3,2,mw™ Y [5/(n+1)]- [256/ (2n+3) 1w 2= [1428/ (n+2)w
+[8960/ (2n+5) 1w/ 2~ [8960/ (2n+7) 1™ 2+ [1428/ (ne4) 1w+ [256/ (2n+9) 1w/ 2
—I5/(n+5)]w4—[420w/(n+2)2][(n+2)zn.w-1]+[2100w2/(n+3)2][(n+3)2n w-1]

‘[420W3/(n+4)2][(n+4)2n w-1]1/420.



4. Exact distribution of W(4). Putting p=4 in (2.2), wé get the joint density

of q;,4,,q,t as

4n+9 3n+5
C(4,m,n)q, (1-q,) "(1- qlqz) g [(1- qlqz)(l qlng)+q1q2t]

(l'qz)[(l'qz)(l'ng)+q2t]t:

(Sl

L1 | :
2 < 1. Now integrate out t and transform w =.qiqgg, the joint density

where g< + t
of qysQys W becomes

c a+5 b+2 ¢ _a+5 b+3

C(4,m,n) [L,K, (1-a) 21 -way L) Kgwoay 9y (-apls

1l 4

3 3 % '
where w q; <9y <1, we< q; < 1, 0 <w<1,

m m m+i i 2m-2i+4

= AL LYy s @ DO H QM (It
1= J= =0 ¢= ==
moomomil 1 2m-2i+6 ~1.m, m i, i, 2m-2i+6. . - j+k+2+h
by= 2 L 1 L 1 K= @i QOO D :

i=0 j=0 k=0 2=0 h=0
a = m-i+j+k-32-2h, b=m-i+k-20- 2h,c=n+¢ + % h.
Now integrate out q, to get the joint density of qq,w: (Each summation is

taken such that the denominator of the factor does not vanish.)
' K

2
C(4,m,n) [J,00c + Jgegs(4n w-gn ap) + Lgapy + Iyoyp (40 w-tn 93)-2; 553 Bgo

2K K K, 2K, K, Kg ' Ky

) 2
* 22”6127314’22»5*5 Z@ 5T Yoo 22575 5+2 Yl4 22 B2 Y28" E3 e B14*2'3b+5 s]'
' K 2K, K K

2 3 3
where z4 = 22 b+3 Zz b+4 z2 b+5 z3 B+d ~ z3 b+5 °*

Ls ='%'(22 Ky=l, 2K, + z2 Ky+ Iz Kl Kq),

b+3=0  b+4=0 b+5=0 b+d=0  b+5=0
K 2K K |
K 2 Ry 1 )
=Lt b Ly L=3d %L, 2+, k),

b+1=0 b+2=0 b+3=0



r=c+ (b+3)/3, s = c+1+(b+1)/3, d = a+5-4(b+3)/3, e = a+1-4(b+1)/3,

o ,CHi a+j - Gr+i/3.d-3/3 - S*i/3 e-j/3.
T ST By W T gy = e

Finally integrate out q;, we get the density of W(4) as follows:

1 4 1 1
(4.1) C(4,m,rﬂ{[24 a+6 + Zs 2]¢06 + 25 a"+_'6 €01 -~ 24 %:'601-25 '8' 802
(a+b)
-a+6=0 a+6=0

1
rs - -
11 z7 g €12

1 1
g g5+ 1y = 2]¢12 L 57 €117l
(a+ a+2=0 a+2=0

2)

K2 6K2 : 3K

- 3
by D %,-4* L T GBED ‘Zs B G 1

" 3K, 3 3K, . K, e
2 +5) (3d-5) 43 b+5) (3d-5)-°25 * L2 b+D) (v 1) “0,-4

6K, 3K, K, .
‘zz B+ (3e-1) 211 * L B+3)(3e-5) 25 * I, g3
d+1=0
(Z Z KS W r+1/3 (z 2 z 3y r+2/3
T2 b+4 3 b+4 2 b+5 43 b+5
3d-1=0 3d-1=0 . 3d-5=0 3d-5=0 -
2 s ) iK_g s+1/52- E&_ s+2/3 :
“Zz b+l ¥ 2 b+2 2 b3 14n w/4},
e+1=0 3e-1=0 3e-~-5=0
. 1 . r+i/3 1 .
= Gt a(a+]) = Wt j _ _,2(d-3)
where ¢ij =W (1-w ),e.. = (&¢n w)-, 13 =w 1-w ), eij =
s+i/3 .
w (l—w%(e—J)).

m=0: Put m=0 in (4.1) and we have the density



1/2 2 3

(4.2) C(4,0,n)wn[1—24w -375w+375w +24w5/2-w —90w(1+240w1/2+w)2n w]/180,

and the exact cdf

@.3) ™ < W) = c4,0,mW 1/ (1) ] 148/ (20+3) Tt/ 2= [375/ (ne2) Tw
+[375/ (n+3) Tw’+ [48/ (2n+7) Tw/ 2= [1/ (n+4) Jw>- [90w/ (n+2) 2] [(n+2) n w-1]
—[480w3/2/(2n+5)2][(2n+5)2n w—2]—[90w2/(n+3)2][(n+3)2n w-111/180.

The special cases are exactly the same as those from the results of Pillai and

Gupta [6]. However, tbere are some additional terms in the general formulae

derived here in comparison to theirs but they cancel out under specialization.
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