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) - ' 3 -
Of Wilks LVC Criterion.

by

Anita Jain and K. C. S. Pillai

1. Introduction and Summary. Let Xp» Xps vo00 Xy be a random sample of size

N from a p-variate normal population with unknown mean vector X and
covariance matrix r, i.e., P N(H’E)’ L is symmetric and positive definite.

Let
N

N
- -1 - -
D f=NT ] oend §= ) Gy QR
i=1 i=1 .
Then % has a normal distribution N(g,N-zé) and S has an independent Wishart
distribution W(Z,p,n) with n = N-1. Wilks [17] likelihood ratio criterion
L 2 . | .
LVC for testing H: I =0 [(1-p) 1 f p e e'l, p,0 unknown, against the

alternative A + H can be expressed as

(1.2) Lyo = |s] [er(E-8)/p) 7Y/ [er G -B)s/pP 1P,

where E = e o' and ¢' = (1,1,...,1) and y is unknown. Wilks [17] derived

the exact null distribution of L, . for the special cases p=2 and p=3.

\IC
Varma [16] obtained the exact null distribution in a series form using
Mellin integral transform (see [14']) and factorial series expansion [11],
and computed some percentage points for specific values ofp. Nagarsenker
[12] derived the null distribution employing Box's chisquare series
apprdximation‘and tabulated percentage points for p=4(1)10. Khatri and

Srivastava [8] obtained the exact non-null distribution of L na

ve *
series form involving Meijer's G-functions [9] and certain aG(J) coefficients

which are not easy to compute. In this paper, we derive the distribution of



LVC in three series forms and compute powers for p=2 and 3 for five percent
critical points for various values of N and the parameters. In section 2
we present some definitions and lemmas which are needed in the.seQqu.

We derive in section 3, the non-null density of ch as a series involving
Meijer's G-functions using Mellin integral transform. Some special

cases have also been discussed which are used to compute poWers for the
case p=2, In section 4, we.obtain the non-null density in an alternate
series form through the method.of contour integration and in section 5, the
non-null moments of the criterion are used to obtain the distribution as a
éhisquare series employing methods similar to those of Box[2]. Section 6
is devoted .to power computations. The densities derived in sections 4 and
5 have been used for power computation for various alternatives for the

case p=3 and various values of N,

Some definitions and results. In this section we give a few definitions

and some lemmas which will be used in the sequel.

Definitions. Let k be a non negative integer and let « = (kl’ké""’kp)
be a partion of k such that k, > k, 2 ... 2 k_ > 0, E k. = k and let
1 2 P jop 1
P
(2°1) (a)K' = I_-[ (a-(1-l)/2)k = g (a,K)/II; (a), where
i=1 i
(2.2) (a)k = (a)(a+l) ... (a+k-1) and
- p ’
(2.3) ra) = PP D4 Y raiio1/2)
p i=1
Now Meijer's G-function [9] may be defined by
m n
‘o n a .2 a it P(bj-s) I F(l—aj+s)
> IR ] - s = oo asYl . o
(2.4) G IR GO ES  r
Pq bysbyseessby C g T(1-bs+s) T (aj-s)

j=m+l jsn+l



where an empty product is interpretedas unity and C is a curve
m n
separating the singularities of @I T(b.,-s) from those of I F(l—aj+s),

371 A =1
q>1,0 sn<psgq, 0smsg q; X + 0 and Ix{ <1 if g=p; x + 0 if q > p.
The definition above is on application of lemma 2.4 below.

Also we need the following special case

2 0f |3, a,] b, (l_x)‘11‘“""24’1'1’2'1
(2.5) G- 1 x = X . F.(a,-b,,a,-b,,a +a -
2°1%2 72°71 T2°%1 72
2 2 b. b I'(a,+a,-b,-b,) :
1 72 17271 "2 b.=b.;1-x)
1 72
(2.6) where ,F (a,bic;x) = J (a), (b). x%/(c). k!
271 L k k ™ k
k=0
Futher, the hypergeometric function of a matrix variate (see James[G])
T ; e () el (a) C(8)
: 17k P K K

(2.7) F_ (a,,a,,...,a 3b,,b,...,b iR) = ) 7

pa 1% p’l172 q k0 £ BPo-.. 0J K
where CK(Q) denotes the zonal polynomial of the symmetric matrix A of
degree k corresponding to the partition «. In particular, we have

-a
(2.8)  (Fo§) = exp(tr§) and F, (a;8) = |1 - §|
Lemmas: We now state a few lemmas without proof which will be used in
the following sections.
Lemma 2.1, Let % be the matrix having the form & = a% tp g g' where
e' = (1,1, ...,1). I can be represented in the form £ = H' D H where H is
: N Y N VY

),
any p x p orthoginal matrix having first row p-zs, and p = diag ((o+pP), 0,0,...0).

Now using lemma 2.1, we note that the test of hypothesis H: £ =
2 , . . s :
o [(l-p)% tog g'] 1s equivalent to that of L= dlag(al,oz,...,cz),

0150, > 0 and unknown. (see [5]).



Lemma 2.2. If R is a positive definite mx m matrix then

1 .

v T (t,c) I(u)

[ der D2 (der gt D/2 ¢ g gy ag - BT ¢ .
’Q- Pm(t+u,K)

- Proof. see Constantine [3].

Lemma 2.3. Let R be a complex symmetric matrix whose real part is positive
definite and let T be an arbitrary complex symmetric.matrix. Then

t-(m+1)/2

[ exp(-tr R §)(det §) C (S Mg =r_( ,«) (det R C. X R,

Y
the integration being over the space of positive definite real m X m matrices,

and valid for all complex numbers t satisfying R(t) > (m-l)/2.:

Proof, ' See Constantine [3].

Finally we give a lemma defining the Mellin integral transform (see [14]).

Lemma 2.4, If s is any complex variate and f(x) is a function of a real

Variatebx, such that
F(s) = [ x5 fdx
0

exists, then under certain regularity conditions
1 C+ieo s
£(x) = (2m1)™" [ x~~ F(s)ds
C-iw
F(s) is called the Mellin transform of f(x) and f(x) is the inverse Mellin

transform of F(s).

Exact Non-null distribution of LVC' In this section, we derive the non-

nullrdensity of LVC as a series of Meijer's G-functions [9] using Mellin-

integral transform (lemma 2.4). Using lemma 2.1, the test of

2
al 0

2

H: %=02[(1—p)% tpg g'] reduces to that of H: L=
| o2 &p

0
0150, > 0 and unknown, and p2=p-1. The LVC can be expressed as

P
(3:1) Lyc = |8l/[s;, (e $,,/p,) °]



f1 0 R
where S = : » Py = p-1, n = N-1,

:
12 R221P2

N'being the size of a sample from N(E’%)’ & > 0. Now we make a transformation

B
X1 h/o1 1 ,
- / - Under this transformation the problem reduces to that of

%o| (%!, | A

J 11 0

testing le % = 0 ’é versus A1 + H1 where
- 11
1 _ )512/0102
L= : > 9 and qz belng unknown.

L
k127919, kpp/0," b,

From now on we assume ‘that this has been done and we are testing H1 versus

At H . Let us define
‘ -2 -1 -z
o _ [} )
.2 T=sp ,é;z Rz R12 511
Then, the ch'can be written as

p
(3-3)  Lyc = 18,,] A-D)/(tr §,,/p,) 2

we now need the following lemma in order to compute the non-null moments of LVC

Lemma 3.1, The joint p.d.f. of T, §11 and §22 is-gifen by

B R R Ky pgems®) Iy | O 2 | 0D 2o gl

xp (3tugy 1 18,) |14 ] PL P22 g (Pympy 1072
I —% -1 1y —1 3 : '
kgo Z Cc®Ri1 R1.28 R12 8'% 1 ST/ K ,/2) 1,

R <% Rk 0

. _ _ vl -1
where Fi.o T AP R'120 B2.1 = EooEiok1181208 “X12%22°



% 5 P1 s 1”1
k11 K12 Ri1 Rz | !
T = “and S =
V] n,
1 .
%12 ka2 |p, Rz Raa e,

p, * p2 = P> Py 2Py 2 1 (without loss of generality), k-l(plgpz,n,é)vz
n(p,+p,)/2 /2y, /2
M (P "By _‘Iil(pz/ZfL gn—pz)AZJsz /2 (515171555

d .

S,

§11 S12 m22 m12 (Sll) (see Khatri and Srivastava [8])

Now before flndlng E[Lgc], we will prove the following theorem.

Theorem 3.1.

(5.6) Elexp(-t tr gzz/éjlgzzlh (1_T)h]=K3(p2,n;é,h).jzb §
I O e )
k=0 « '

oo

-1 -1 ' .
Cy-2,.1 * %1l 8 B)/K!S!
pyh '
(3.7) where Ky(py,n,5,h) = 2 ° I ((n+l)/2+h)/[rp§(n-1)/2)IEZZ

a-nh

|n/2

Proof, Let W = exp(-t tr §22/2) |§22'h

Using lemma (3.1) with P; = 1 we obtain

I
(3.8 B = K(Lppn, ) [ [ [0 (s pn/2el g [M/ER (D2

51170 R22”R L0

exp( trzll2 11) exp(- tr(Z2 1+t £)§22/2)|TE(P2 Py- 1)/2 |% xl(n P-P,y- l)/2+h.

kZO Z ¢ (5112 1- 2% NZZQ Zl 2 11T)/[(P2/2) kl] lldSZZdT

Now using monotone convergence theorem, the interchange of the integral and
summation signs is valid and using lemma (2.3) in order to integrate with

respect to T, one obtains
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(3.9) E[W] =k, )
- 11 2278

z / s n/2-1 exp(—trzljésll/Z) [ |§22|n/2+h-(P2+1)/2
K S

L exp (-t (e )80/ 20C, (51 B BET LR/ 4)/ (k1 GG + 1) ) ds, ds
wh‘ere'
(3.10) K, = k(1,p,,m, )T (p,/ 2T ((n-p,)/2+h) /T (n/2+h) .

Now usingﬂlemma (2.3) to integrate with respect toé22 and then in turn
using monotone convergence theorem and the relation OFO(§) = exp(tr ),
we get
(1/2+h) W 2-1 -1 -2
(3.11) E[W} = k '(t1+ X2 1)/2| | £ >0511 exp(-(2y ,-BZ;
11

we get

where k, = ké r‘(n/2+h); Now integfating with respect to 511’
p .

4
2

(3.12) E[W] = k,|(eLegst )/2) (n/2+h) 1 1 /2y (ORI AN Sl lgry/2)2,

Rewriting (3.12); one obtains

P -1 n/2
(3-13) BN kg omafiohy) (68 | 168018 85 Ll

Now adding and subtracting I inside each of the two determinants and using
(2.8) we have

(3.14) E[W] = k (PZ’H,Z’h)’(t+1)—p2(h+n/2) Foch;(t+1)‘1(£-§5¥1)).

Fo(m/2;(e+1) " YI-350 #5708 D)

which can be expressed as (3.6) after using (2.7)

Theorem 3.2. For any finite p, the p.d.f. of LVC is given by

(3.15) P(ch)=C1(Pz’“;%)(ch)'(p2/2+l)k§0 ] I e, 09
=0 k j=0J



2p2 ‘ 0 _ 12 22°° > PZ: d ,dz, ,dpz
A(J’ K,Pz',n,,%) G LVC
: 2p2 2p2 al’aZ""’apz;'bl’bZ""’bpz
‘where' o Py

(3.16) C (pz,n )= (2m) (P~ 1)/2 (1 HPZ)/a/(lT ?Qn 1)/2)]2

M3,

A(J;K,pé,n )= (n/2)J P(np2/2+k+J)C (% m2 1)C (I I ll+.zi.2 Q'%) jlk!

(3.17) a;

i}
(]

v(pz—i+l)/2 + ki’ bi

-i+1)/2 and di

c; = (, (Py#n)/2 + (k+j+i-1)/p,;

(n+py-1)/2; i = 1,2,...,p,

i =

Proof. .First we evaluate the h-th moment of L as the method of

VC

derivation of the density of'LVC

1

»2

Mellin-transform. Integrating both sides of (3.6) with respect to t,

,...,p2

depends. on lemma (2.4) concerning the

th times under the integral sign and putting t = 0 in the final result we

get

1

(3:18) Elycl = kg g 0/2P2" T T T T /2t C gyl
k=0 k j=0 J

“1 -1 . ) ‘
CJ(£"52-1+21-2§'Q)/(J!k!(“P2/2+k+3)hpz)'
Py

(3.19) Now .let C(pz,n,g) =1/( 0 r({n-1)/2) |2
i=1

22|n/2 . then

o pzh
Z L AW,k,py.n,0)p,

(3.20) E[L,.1" = C(p,m,2) T
ve 2°™% k=0 k §=0 J

| =0 « 3
Py Py ) -
I T'(n/2+h-i/2) T (h-(i-l)/Q)k /F(pz(h+n/2)+k+j),

i=1 i=1 i

where A(J,k,pz,n,%) is defined by (3.16). Now using lemma (2.4), take the

Mellin integral transform on both sides of (3.20), we get the densify of

LVC in the form



<] [e]

(3.21) p(lyg) = CopnD L I I T Alswepy,n.g) (2mi) ™
: k=0 ¢ j=0 J

Py
I T(n/2+h-i/2)
i=1
T p, R/ 2) vk+3)

C+iw p,h P2

[ a0 ™ 1 m-an/2), dh.
1

C-iw 2 i=1

we now need Gauss -Legendre's multiplication formula given by
‘ I ‘ ' 1
(3.22) I T(z+(r-1)/n) = on(n-1)/2 2-nz I'(nz).

r=1

Applying the transformation h - h+p2/2 and using

(3.22) on P(pz(h+n/2)+k+j), (3.21) can be written as

(3.28) Pllyg) = @B Ly P72 T T T T au.cp,mD
. - k=0 ¢ J=0J

. Py
o P(h+(p2-i+l)/2+k.) Jif P(h+(n+p2—i)/2)

)—h i=l ’ 1 i:l :
VC P, ) ' pé
I I'(h+(p-i+1)/2) T I(h+(py*n)/2+ (k+j+i-1)/p,)
i=1 i=1

. C.+ix
p, ¥ )™ [T
e C,-i

dh

where C1 =C + p2/2 and Cl(pz,n,%) is given by (3.16). Now (3.23) can

also be written as

(3.24) p(LVC) = Cl(pZ’n’E)(ch)-(p2/2+l) z Z z Z pz-(k+j)
' ' k=0 « j=0 J
p2 p2
' I TI(h+a.,) T T(h+b,)
A, 6ppm D) 2r) T [ 0™ sl SO i ah,
| ¢ : - P Py

I T(h+c,) T T(h+d.)

i=]1 1 i=1 1

where a;, bi’ s and di i=1, 2, ...,“p2 ére defined in (3.17) noticing
that the integrals in (3.24) are in the form of Meijer's G-functions, we
can write the density of LVC in the form given in (3.15).

We now discuss special cases fér P, = 1 and 2.

= 1, Putting P, = I in (3.15), we get
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(L™ 2 e 5 0 (n+1)/2+k,%
VC I'(n/2+k) 2 2..k
(3.25) p(L,.) = —————mo SELTRS (Lpf/ (- G L
Pve) * a2 koo K (o /id=07) 22| lasz , x|,

1p

where I = ‘| Now using (2.5), (3.25) can be written as
(n-1)/2-1 3-1 -
(Ly,) (1-Ly,-) ® :

(3.26) P(lye) = — Y& ] (n/24K) (-0°/ (1-0°)) 4 JF, /2, K,

e T'(n-1)/2 T(3) k=0 o

1
2,1-LVC), 0 < LVC <1,

In particular, under the null hypothesis Hl:p = 0, the null density is

given by
R _ 137, (m-1)/2-1 -1
(3.27) pchvc) I(/2)/ [M((n-1)/2)T (3 ]- Ly, (1-Ly) "% 0 < Lye < L.
' B co |
, o 1 Pr2 P13
= ‘- = C 'C:
P, 23 - In this case,”%. rp12 | 1 oz s 03/02.
—— . o S 5
c c c
Lf13 P23
Putting P, = 2 in (3.15), we get
1-n | 2§ oy § g (k)
(3.28) p(LVC) B Lt /Z(LVC) kzo Z jzo § i ®/2)
n = =
B(n/2)T((n-2)/2) |§,, | S
I'(n+k+j)C (1-2"1 )C (1-2’1 syl '8)/klj!
FC %5, )0 R%5. 178108 't
40 L+(nvk+j)/2 , 1+(nvksj+1)/2 , 3 1
G4 . e
n/2 ,  (n+1)/2 , k2+% kel
In particular, under the null hyPoth§51s HI: Plg = Py3 = Ppz = 0 and c =1,
the null density is given by :
20 1+n/2,(3+n)/2

. _,l-n - 26 :
(3.29) py (Ly)=n 2 r(m)T(n/2) [T, (n/2)T((n-2)/2)] (Ly) G2 ) Lyc n/2, (n+1)/2
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Now using Legendre's duplication formula, namely
2s-1, 4
I'(2s) = I(s) (s+d) 2 s /m* and the well known result
-1 (CHie ~-s v—l. ‘
(3.30) (2ni) f [x "T(8)/T(s+v)] ds=(1-x) /T(v), 0 £ x<1,C>0,
© C~io B '

(see Titchmarsh [15]), we can write (3.29) in the form
' 1(n-2) 1
(3.31) py(Lyc) = T/ (2r(n-2)) (Ly)* (1= (Ly)®), 0 < Ly = 1,

as was derived by Wilks[17].

The exact non-null distribution of LVC through contour integration.

From (3.21) of section 3, we have the distribution of L in the form

VC
- C+ie
(4.1) P(ch) C(Pz’“ ) Z 117 A ey, gD
k=0 « J =0 J . C-ioo
p2h Py P,
i=1 - =l |

For simplification, make use of the transformation h+n/2 + h. Then (4.1)

can be written as

| Y orv oy n/2-1 _ -np,/2
(42) Py C@pn,p) 1 1 1T AC R, m0) ) /271 p, s
7 k=0 « j=0 J
| C#n/2+ie 4 PR P2 P2 dh
(2mi) ™ f Ly ™ p," I (h-(n+i-1)/2), T I(h- =i/2)/T (p i+ )

. C+n/2-iw= i=1 1i=1

where
Py

(4.3) CHp,on, )= 1T ((@-1)/2) [, 1™, ana
- i=1

AW ,k,P,0n, 2)=(n/2) T (p,/ 2+k+3)C, (13- l)c (1- mzll 457 2@ BI/KIj1.

(4.4) Let L, = L Then (4.2) can be written as

p
1 vc/Py 2

(4.5) P(ch) C(p,om, 1) I 17 L AU, <.ppm, é)(ch)n/z PPl e

)
k=0 ¢ j=0 J ve
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C1+iw

NPT | _ :
(4.6) fJ,K(LVC)—(2n1) fcl-iw GJ,K(h)dh ,» €y = C+p/2,

T (h-(n+i-1)/2), T F(h—i/Z)/F(p2h+k+j).

(4.7) 65  ()=(L) N
i i=1

i=1

Throughout the rest of this'paper,’functions fJ |<(-) and GJ |<(-) will be
written as f .and G respectively. We now start with a special case..

p2 = 2. We have from (4.7

=N

(4.8) G(h)=(L1)'h (h—(n+i-1)/2)k. T (h-3) T (h-1)/T (2h+k+j).
. 1

i=1
Using the 'duplication fomrula for gamma function in (4.8), we obtain
' 2

I

(4.9) G(h)=(L,) ™" b
I

(h-(n+i-1)/2), I (2h-2)/T (2h+k+j)
1 i

where D = S(N)%. The integral in (4.6) will.be‘evalﬁated by contour
integration. The poles of the integrahd (4.9) are at the points
(4.10) h=-2/2, L = -2, -1, 0, 1, 2, 3, ...

The residue at these poles can be found by putting h = t-2/2 in the
integrand (4.9) and taking the residue of the integrand at t = 0.
Substituting h = t-£/2 in (4.9), we obtain

(4.11) 6(t-4/2)=(1,0) M2 p

(L= 3}

(t—(2+n+i-1)/2)kr T(2t-2-2)/T(2t-2+k+j).
1 i

i
To evaluate the integral (4.6), we need to consider separately the cases
(A)2 2 0 and (B)2 < O.

CASE A: Let c¢= k+j-2. We consider two subcases (Al) c¢x O‘andv(AZ) c® 0.

Subcase Al: & > 0 and c< 0. In this casé, the integrand (4.11), after

expanding the gamma functions can be written as

—t+)2 2 _ S 2+2
(4.12) G(t-z/2)=(LVC) D I (t-(2+n+1—1)/2)k_ I (2t-8)/ 1 (2t-i),
i=1 ' 1 6=1 - i=1 :

22k + 3.
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The'integrand (4.12)'does not have any pole at t = 0. Therefore integral
(4.6) will be 0 for & > k+j.
Subcase A2: £ 2 0 and ¢ > 0. In this case after expanding the gamma

functions 74.11) can be written as
2

(4.13) G(t—2/2)=(LVC)_t+£/2(D/2) T (e-(4eni-1)/2), T2e+1) (-1 (¢ T(2tre)
_ T sl i
2+2
In(i-2t)) , L=0,1, 2, ..., k+j-1..
i=1 .

The integrai,in'(4.13) has a sémple pole of first order at t = 0 and the
residue at this point is given by

Ry=tinm £.6;  (t-4/2)
£+0 _ |
212 ﬁ

ve) T

(4.14) Ry= -1 0/2) (L
: | i

(-(2+n+i-1)/2), /(T (k+j-2) (2+2)1),
1 - i :
2 =0,1, 2, ..., k+j-1.

CASE B. £ < 0. Here ® = -2, -1 and the integrands are

: 2
(4.15) G(t+1j=(LVC)"t‘{1/t)(D/2) I (t+1—(n+i-1)/2)k I (2t+1) /T (2t+k+j+2),
: i=1 i

and ‘ .
2 :
(-1/t)(b/2) 1 (t+l-(n+i)/29k F(2t+1)/((1-2t)T(2t+k+j+1)).
i=1 i :

1
(4.16) G(t+%)=(LVC)'t‘“'2

Thus for & = -1 and & = -2, we have a simple pole of first order at t =0

and the residue at these poles are given by

2
(4.17) R_2=(LVC)—1(D/2)i£l((3-n—i)/2)ki/F(2+k+j) and
. _%- 2 -

Hence finally from (4.14), (4.17) and (4.18) and using Cauchy's residue

theorem, the integral (4.6) for this case is given by

. k+§—1 N

(L 0

. ) =R + R +
Jttve) TR TR L
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1 1 2 ' 1
(4.19) £ (Ly)=4n"[(Ly) liEl((3-n—i)/2)ki/r(2+k+j)+(LVC) 2-1).
2 k+j-1 _ ‘2/2 2
T (-ei)/2)y Tk ) DMy 2 I ()2,
i=1 i " 2=0 i=1 i

((2+2) ! T(k+j-2)).
Hence from (4.5) and using (4.19) the non-null density of LVC for P, = 2
is given by

n/2-1 "0P,/2 E

(4.20) p(Ly)=ClpyHm,2) (Lyc) P, E ALgssPp R £ | (Lye)

-where‘fJ,K(LVC) is as.in (4.19).

Thisfform of the density is useful for power computations and the
power thus computed fromv(4.20) are given in table (6.2). The null density
of LVC frpm (4.20) reduceg-to that-given‘in (3.31)..

Now for finding the density of chnfor P, 2 3, we still use the method of
contour integration but the density will involve psi functions and their
derivatives. We will make use of the following lemma due to Nair[10]

in this connection.

Lemma 4.1. Let (ai) be a sequence of numbers, finite or infinite and let

(4.21) F(xt,a,,a ) = exp(xt+a, t2/2!+a3 £3/314...).

gy e

Then the n-th derivative of F(x;t,az,as,....) at t = 0 is
X -1 0 0 0 oo 0
a, X -1 0 0 ...‘ 0
2, 2a2 X -1 0 .ee 0
(4.22) D_(x;a)=
a, 3a., 332 X -1 .o 0
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Now we proceed to derive the densities of L C for the folldwing two cases

V
separately, namely (i) p, = even and (ii) P, = odd. We specify hefe that
all the empty produéts in the follgwing derivation will be interpreted as unity

and all empty sums will be regarded as 0.

CASE (i): P, = 2r, T 2 1. Now starting with (4.7) withvp2 = 2r we have the

integrand given by

T 2r
(h—(n+i—1)/2)k I T(h-i/2)/I'(2rh+k+j).
i i=1

[ S

(4.23) 6(m)=(L)""
‘ i=1
Using duplication formula of gamma function, (4.23) can be written as

T T
(h-(n+i-1)/2), T T(2h=21)/T (p,h+k+j),
1 i=1

(4.24) G(h)=(L1)‘h 2=2Th

n =38

i=1.

r/2 2r(f+2)’

Let L = lezr = L. 2°T p,P2

where D = 7 Ve

r r . .
I T(2h-21)/T (p,h+k+j).

i=1

(4.25) G(h) = L™

= N

(h-(n+i-1)/2),
1 1

i
The poles of the integrand G(h) are at the points
(4.26) h = -2/2, & = ~2r, -2r+1, ..., =2, -1, 0, 1, 2. ... , T 21 and the
residue at these points is equal to the residue of Gtt-2/2) at t = 0.

Now (4.25) can be written as

P,
(4.27) Gee-2/2) = LM% p 1 (t-(4n+i-1)/2) L% Gp(t), where
i=1 1
r
(4.28) GP(t) = T (2-2-20)/T(p,t+<), & = -2r, -2r+l, ..., 0, 1, 2, ...
i=1 |

and g

k+j-rf. Three cases arise: (A) £ > 0, (B) # <0, & = even and
(€) % <0, & = odd.
CASE A: £ > 0. Two subcases: (Al) ¢ < 0 and (A2) e > 0.

~ SUBCASE Al: % 20 and €50 i.e., k+jsre.

Expanding the gamma functions in'(4.28), we have
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' -¢ ' r L+2i
(4.29) GP(t) = (P2e+1)) 1 (pot-i) - C D p /g ten) 1 1 (2t-6) 25)
| i1 2 R o

Thus for £ 2 0, and k+jsry, the.pole of G(t-2/2) ié.of order r-1, rewriting

(4.29), we have
c T

(4.30) Gp(v) = (-DXp, " E D C BT T (1-p,t/1)/(Ppyes1) T (2320)!
- i=1 i=1
r R+2i
I 0. (1-2t/8)25).
i=1 6=1

Hence-from (4.27), we have

2/2 ' K P2 ' T
(4.31) 6(t-2/2)=L7% pp,(-1)TF (=)l T (-(ean+i-1)/2), /(27 T (a+2i))
o o i=1 1 i=1
‘ P, ki-l _ _ _ r
-(r-1) -t C(1+t/ (a-(2+n+i-1)/2)) (T(2t+1))" T - (1-p,t/i)/(T(p,t+1)
t (™" n1 [ } o1 2 2
©i=1 a=0 .
r &+2i '
n 0 (1=2t/8)).
i=1 6=1

This can be written as

_ &2 -r -(r-
(4.32) G(t-2/2) = L D P, a, 2 T (-1 exp(log A(t)) where
‘ k+ 5 . .
(4.33) aj = (-1) I (-(an+i-1)/2),  (-e)!/ T (8+21)
- i=1 1 i=1
Py K-t -
(4.34) AK) = L5 0 T (Iet/ (- (Bn+i-1)/2)) (T (26+1))7 T (1-p,t/i)/
i=1 8=0 i=1
T 2+2i
(F(p2t+1) n o (1-2t/8)).
i=1 6=1

Now the residue at the pole t = 0 of order r-- 1 is given by

T-2

. . d
D P, uo/(zl (rg) Gﬁ; =0 exp(log A(1)).

(4.35) R2=L2/2

Using the formulae (see Erdelyi; [4])
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(4.36) log T(x+a) = log T(a) + xp(a) + x* ¥(a)/21 + X0, (@)/31 + ...
d J.
(4.37) where w(a)=a§-log P(x) x=a ?nd'?j(a) = ef%) w(x)-x=a and

-1 2™/ @e1) for |z] < 1,.
0

(4.38) log(l+z) =
n

I o~—18

Now log .A(t) can be written as

(4.39) log A(t) = a .t + azt2/2! + a3t3/3! i

1
where
Py k. -1 o
(4.40) a; = -log L + (2r-p)y(1) + | ‘I 1/(a-(i*n+£-1)/2)
| i=1 a=0 ‘
-C r R+2i
- z' (pz/i) + Z Z (2/8) .and for s 2 2, we have
i=1 i=1 8=1 '
_ Py ki"_l —Ci.
a, = 2%pv_ (=D T L DT e Ginen1)/2)5- T (py/0)°
i=1 «a=0 i=1
r 2+2i s
+ )Y ) (2/8)7].
i=1 $=1

using (4.39) in (4.35) and lemma (4.1), we get

/2 T .
(4.41) RR—L “D p2_a0/(2 I'(r-1)) Dr_z(L,a) s where
a, -1 0 . 0
a2 al -1 0
(4.42) Dr_z(L;a) =
a3 232 a1 . 0]
L) . » 0
N r-3 r-4 \
- - a
r-2 1 [2r-3 2 r-4 1

where a's are defined in (4.40).
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SUBCASE A2: & > 0 and ¢ > 0 i.e., k+j>re Expanding the gamma function in

(4.28), we get

: r 2+2i v
(F(2t+1))r(Zt)-r/(F(p2t+c) I I (2t-6)).
i=1 §=1

(4.43) GP(t)

Thus for ¢ > 0, we have a pole of order r at t = 0 and from (4.27) and (4.43),

we have
. [ _. -
(4.44) G(t-2/2) = L2/2 Db, 277 t77 exp(log F(t))
where .
. P
1 -y S2 T
(4.45) bO = (-1) il (—(2+n+i-1)/2)k / I (2+21)! and
L i=1 i i=1
R | - - r 9+2i
(4.46) F(t)=L " I 1 (1+t/(a;(£+n+i;1)/2))(r(2t+1))7[r(p2t+c) I I (1-2t/8)]
i=1 a=0 i=1 8=1
Thevreéidue-at the pole t = 0 is given by
r-1
e R/2 ro_-r d
(4.47) Rz—[L D bO 2 /T (x)] It Je=0 exp(log F(t)).
Now using (4.36), (4.37) and (4.38), log F(t) can be written as
: 1 2 3 '
(4.48) log F(t) =b _ + bt + b,t°/2! + b_t /3! + ....
0 1 2 3
Further, using (4.48) in (4.47) and lemma (4.1), we obtain
_ . %/2 -r . .
(4.49) Rl_ L D 2 bO/P(r) Dr—l(L’b) for 2 2 0 s.t.rf<k+j,
where
L I | '.' t R . .
(4.50) bo—bob 0’ b 0= -log (¢) and bO is given in (4.45)
Py k-1 o roge2i
by=-logl+ ) I 1/(e-(i+n+2-1)/2)+2ry(1)-pe(c)+ | 1 (2/6)
i=1l  a=1 i=1 8=1
and for s-> 2, we have
. _ R+2i Py ki'l v
ber 2% (-pSh_ (+(s-DI[ ) L /8% T ] (oS!
S s-1. 2's-1 . 8= s 4 ol
CT i=1 o©=1 i=1" o=0

(a—(i-l+n+2)/2)s] '



and the determinant Dr_l(L;b) is equal to the determinant on the right hand

. ]
side of (4.22) with x replaced by bl’ n by r-1 and as's by bsS ;s =1, 2,

CASE B: 2 <0 and & = -2u, u=1, 2, ... r, with p, = 2r. For this case we
can write (4.28) as

(4,51)- GP(t) = P(2t+2u—21)/r(p2t+g), u=1,2, ..., rand ¢ = k+j-r2 >0

expanding the gamma function in (4.51), we obtain

u-1 T 2i-2u

19

(4.52) GP(t)=(r(2t+1))T u+1 I T(2t+2u-2i) (2t)'(r'u+1)/[r(pzt+c) I 1 (2t-8)]

i=1 | i=u+l §=1

(A1l empty products are treated as 1 .and empty sums as O)' It is clear from
(4.52) that we have a pole of order r-u+l at t = 0, u=1, 2, ..., r. It is

easy to checkuthat G(t-2/2) can be written as
J _-u 'y~ (r-utl) ‘
(4.53) G(t+u) = L.° D C0 (2t) exp(log H(t))
where after using (4.36), (4.37) and (4.38) log H(t) can be written as

(4.54) log H(t) = C,.

S t o+ C2t2/2! . c3t3/3! R

+ Cl

Now using (4.54) in (4.53) and appealing to the lemma (4.1), we get

the residue as

(4.55) R_ = L™ D Co 2’(r‘u+l)/f(r-u+1)Dr_u(L;C); u=1,2,...,7r T21,

where the determinant Dr-u(L;c) can be obtained from the right hand
side of (4.22) with x replaced by Cl’ n by r-u and as's by Cs's s

s =1, 2, ... r-u. The coefficients Cs's are given by

: ‘ T
(4.56) C, = (u-(n+i-1)/2) _/ I (2i-2u)!,
1 kl i=u+l
l N B 2

Ch= T (2u-2i)/T(e), Cy = CyC,
1 ' -
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| _ u-1 r 2i-2u
- Cp=-log Le2(r-u+)p(1)-pw () +2 | ¥(2u-2i)+ ] ) (2/8)
i=1 i=u+l  §=1
) L 1/ (o-(i-1+n)/2+u),
i=1 0=0 )
and for s > 2
' u-1
C=(r-url)2%%__ (1)-pSy_ - (c)+ J 2% (2u-2i)+(s-1)1]
[ : s-1 27s-1 i=1 s-1 v
T 2i-2u Py ky-1 "
LoD @] T 1% (- (i-14n)/240) 5],
i=u+l 8=1 .. - i=1  a=0

CASE C: % <0 and & = -2v+l, v=1, 2, ..., r. Now (4.28) can be written as

U =r

(4.57) GP(t)=

F(2t+2v-1—21)/P(p2t+C), v=1, 2, ..., r.
SA . : : .

1

After the expansidn of gamma functions, one obtains

L L v-1 r 1+2i-2y
(4.58) GP(t)=(T(2t+1) )7V (2g)~ (T-v+1) 17 F(2t+2u-2i-1)/(P(pytsc) T §  (2t-6)).
sl i=v  6=1 |

Thus, here we have a pole of order r-v+l at t = 0, v=1, 2, ..., r. Proceeding

as beforé, we have G(t-2/2) in the form
‘ o ' o
(4.59) G(t+v-2)=(L)™"" p d . (2t)" TV Dexpiog 1(1)), where
e 2 ' 3
(4.60) 1log I(t)=dO + dlt + d2t /20 + d3t /30 + ...
Now using (4.60) in (4.59) and applying lemma (4.1), we have the residue Rv
given by
l" -
(4.61) R=(1) ™" pa 27C “*1)Dr_v(L;d)/r(r-v+1), v=1,2, ..., T,
where Dr_v(Lid) is equal to the determinant on the right hand side of (4.22) with

X replacéd by dl’ n by r-v and aq's by dq's} q=1, 2, ..., r-v. The coefficients

dq's are given by
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P
' r-y+l 2 , . r .
d,=(-1) I (v-(n#i)/2), / I (1+2i-20)1,
i=1 ii=y :
vy V-1 '. 'R
dO —izl r(2v-2i-1)/r(c¢) and d0 = dOdO
. Py k-l v-1
d,=-log L+ ¥ Y 1/(a-(2+n+1 1)/2)+2 ) (2v- 2i-1)-p,¥ (<)
i=1 =0 i=1 .

L o r 1+42i-2vl
+2(r-v+1)y(1)+ ) Y(2/8)

i=v =1

and for s > 2, we have
vil s : S s
ds=iz1 279 1 (2v-2i-1)-p, b, (@+(x-v+1) 27y (1)+

r  142i-2v Py k-l

- LY T @8% ) T 1% (arv- i) /25,

i=v  é=1 i=1 a=0

Hence, for the case pz—even we have from (4. 5) and Cauchy’s résidue theorem,

the non-null den51ty of L Ve in the form

oo

(4.62) py=Clomp) I T T T ACLkpymp) ()™ 27 p; P2 2
=0 J k=0 «

T r

L R+ ] R, + ] R + ] R
220 ©220 u= =

rizk+ j - ri<k+ j

where Rz, Ru’ RV are given in (4.41), (4.49), (4.55) and (4.61) respectively.

In particular, if we put p2=2 in (4.62), we get (4.20).

CASE(ii): p2=25+1,‘s > 0 (s=0, covers the case p2=1). Once again in the

foflowing discussion, all empty products will be interpreted as unity and empty
sums as 0. The functions fJ,K’ GJ,K ’GPJ;K s RJ,K will be written as f, G, GP
and R respectively. Now starting with (4;7) and using the duplication formula for

gamma functions, we have
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\ o,
(4.63) 6(L)=L"" D 1 (h-(n+i-1)/2)

s
I T(2h-21)T (h-5-3) /T (p,h+k+j),
i=1 =

ki 1 :

i

. . 2s h
(4.64) where D = /2 5S(5*2) “and L = Lyc 2 /sz

The poles of the integrand G(h) are at the points

(4.65) h=-2/2, & = -2s-1, =2s, ...} 0, 1, 2, ... and the residue of
G(h) at these points can be obtained by fiﬂding‘the residue of G(t-2/2)

at t = 0. Now
A >,
(4.66) G(t-2/2)=L2/2D Jif (t—(n+2+i—1)/2)k L-tGP(t), where -
' o=l i ,

s . .
H:F(Zt—(2+2i))F(t—SA(2+1)/2)/P(p2+k+j—p22/2).
=

(4.67) GP(t) =
: =1

We have to consider separately the cases (A) & = 0, & = even, (B) 2 2 0,

% =-odd, (C) &2 <0, 2 = even and (D) 2 < O, % = odd. Let d=k+j-p22/2. Now

(4.66) can be written as
Py Py K;-l

DI (F(n+£+i-1)/2) II I (l+t/(a-(n+z+i—1)/2))L-tcp(t)_
i=1 i=1 a=0

(4.68) G(t-2/2)=1"2

CASE A: Two subcases arise (Al) d s 0 and (A2) d > 0.

SUBCASE Al: 2 20, & = 2u2, u, = 0, 1, 2, ..., d < 0. After expanding the gamma
functions in (4.67), we have
| s 1 -s . ~-(s-1) ~d u2+5 1
(4.69) GP(t)=(T(2t+1)) F(t+§)p2 27t i (pzt—,é)/(l'“(pzt+1) il (t-s-3)).
§=1 : 8§=0" ’

- So we have a pole of order (s-1) at t = 0. Proceeding as before, we have

u

(4.70) G(t-u))=L 2

Dp,27° g(s-1) ¢ 'exp(log P(t)) and the residue R
_ 2 0 . u,
- u, ' ‘;s

is given by
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where the determinant DS_Z(L;f) is the same as the one in (4.22) with n
replaced by s-2, x by f and aq's by fq's, q=1, 2, ..., s-2 and the coefficients

fq's are giﬁen.by.‘
P2 . s s+u2

(-d)! I (-(n+a+i-1)/2), /(0 (2+2i)! T (§+3))
i=1 i i=1 : 6=1

; |
(4.72) £y=(-1)** 571

M [} 1 :
and f, = £ T(3)

0 o ,
| Py K-l - d
fi=-log Lep()+ [ [ (1/(o-(in+h-1)/2)v(1)- [ (p,/8)
i=1  a=0 §=1
s 2+2i Upts
Y Y /8)+ ) 1/(84+h)
i=1 é=1 . 6=0 ,
and for q 2 2, we have :
: P, k-1
T O O 2@ T T DY G (ienee1) /2
1=1 a=0
-d s i upts
-1 %l T et T /Nt .
§=1 i=1 8=1 §=0

SUBCASE A2: & >0, %=2u,, d >0, u, =0, 1, 2,

2’ 2

Expanding the gamma product in (4.67), we have
' s+u

. s 2+2i - 2
(4.73) GP(t)=(T(2t+1))°T(t+3) (2t) >/ (T(p,t+d) T T (2t-§) T (t-6-3)).
: 27 74a1 s=1 §=0 S

In this case, we have a pole of order s at t = 0, Following the same procedures

e

- as earlier, we have

o u ,
(4.74) G(t-u,)=L %p 8 exp(log Q(t))/(2t)>, where

[ '
log Q(t)=g0 +g1t+g2t?/2!+.... and the residue
R is given by
u
2
u, _
(4.75) Ru2 = L D2 SgODs_l(L;g), uy =0, 1, 2, ..., Pp,u,<k+j where

the determinant D,_1(L;g) is similar to the determinant on the right hand side of
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(4.22) having (s-l) rows and the elements aq's replaced by gq's and x by g1

where gq's arei

L P u,+s
' u2+s+1 2 s 27 o
(4.76) g0=(-l) - . I (-(n+2+i-1)/2)k /LT (e+2i)1 T (8+R)],
' i=1 i 6=1 =0
|'_ 1 d B |} 1t
go -P(z)/P( ) and go = go go >
o , P, ki—l
g,=-10g L+2s9(1)+$(2)-p,v(d)+ ] Y 1/(a-(i+n+2-1)/2)+
- L i=1 =0
s 2421 "2
I 1 @o+ 1 (6B
i=1 6§21 §=1
‘and for q > 2, we have
Py Kyl s g+2i 4B

gt |1 ] DY @-(imee-1)/2% T 0% ] s

CASE B:

(4.77) GP(t)

(4.78)

220, 2 =2v

i=1 =0 i=1 $=1 §=0

1y .4 q (1)
W1 BV pg¥gy @rs 2% g, T

+1, v, 2 0, The gamma product in (4.67) can be written as

2 2

T(2t-(2+21)) r(t-vz-s-l)/r(pzt+d-%), ~ where

i=1

1}
[ I—7

d

k+j—s—p2v2.

Two subcases arise (Bl) d < 0, (B2) d > 0.

SUBCASE Bl: & 2 0, = 2v2+1, v, 2 0 s.t. Pyv, 2 k+j-s. Now (4.77) can be

written as

- | -d
(4.79) GP(t)=(r(2t+1 15w (e+1)2 3¢~ D) (p,t-5-3) /(T (p,t+3)
§=0
v2+s+i s  f+21
n (t<8) I T (2t-8)).
§=1 i=1 §=1

So we have a pole of order s+1 at t = 0. As before, we have
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. N .
(4.80) G(t—vz-%)=Lv2 D m0'2 s exp(log R(t))/tS+1 and using lemma (4.1), the

residue Rv is given by
) :
1

L V4T
(4.81) R, =D(L) 2 s

, mg 2 DS(L;m)/F(s+1), vy 2 0, S't"szZ 2 k+j-s

with DS(L;m) being the determinant of order s and can be obtained from (4.22) by

replacing x by m, and aq's by mq's, where mq's are given by

1
P | .
, kejes 2 _ d s
(4.82) m0=(—1) . *;H ((—n—2-1+1)/2)k_ I (a+2)/(fv2+s+1)J I fe+21)1)
- =l 1 oas=0 i=1
C/r@) and
m.= m 2 an
0 "0 | . P, ki-l -d .
m =-logL+p, v (1)-p v (3)+ ) ) 1/(a-(i-1+n+8)/2)- } p./(0+2)
17 2 2 . . 2
i=1 a=0 oa=0
V2+S+l s 2+2i
L We+l L)
6=1 ~ i=1 é=1 -
and for q 2 2, we have i
: P, ki—l
mo=p (D [+s2Ypdy Br@D! [ L DT (-1 /)9
q a-l 27q-1 i=1  a=0 |
-d L . s w2i vprstl |
SR YACE DR N N ¢ R SR e V) il I
a=0 i=1 §=1 §=1
SUBCASE B2: 2 20, & = 2v2+1, v, 2 0, P,yv, < k+j-s. Now (4.77)‘can be written as
| s +2i vprstl ool
(4.83) GP(D)=T(t+1) (r(2t41))°2 %/ [T(p,yt+d-3) T T (2t-6) I (t-8)t>"].
i=1 §=1 . 6=1

Here also we have a pole of order s+1 at t = 0, and an earlier using lemma (4.1),

we have
AV ) ' _ _
(4.84) G(t-vy-3)=L * Dy 27 70" exp(log s(t)) and
i
(4.85) R = D(L)* 'n, D_(L;n)/(2°T(s+1)), v, 2 0 s.t. p.v, < k+j-s
v, 0"s 2 272 © X
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where the determinant DS(E;n) is defined similarly as in (4.81) with m's

replaced by n's and the coefficients n's are defined as

' “V,y*l Py s ‘
(4.86) ny=(-1) I (-(n+2+i-1)/2), /[ T (&+ 2i)1 (v *rs+1) 1],
o i=] : i i=1 '
n0=n;/Ffd-%) and
' o P, ki-l
n1=‘1°gL+P2lP(U'Pz‘l’(d"%)* z Z 1/ ((1- (1—1+n+2)/2)
: : i=1 =0 '
s 2+2i : . v2+s+1-.
)Y Y @e)e T /e
i=1l  8=1 §=1
and for q. 3 2
o ‘ q q - -i S r A+2i q
nq=wq_1(1)[;+s2 1-p3¥y.1 (@-2)+ (-1 igl 621 (2/8) %
v2+s+l  - P, ki:l : .
I o] 7 DY@ i-1m)/2)d
- 8=1 . izl =0

CASE C. 2. <0, £ =-2u,u=1,2,3, ..., s. For this case the gamma product

in (4.67) can be expanded as
u-1

T T(2t+2u-24) (T (2t+1)) 3% r(ead)
isl :
(4.87) GP(t)= soutl s-u ,. S 2u-2i
(2t) P(p2t+p2u+k+j) I (t-a-3) I I (2t-6)
o=0 i=u+l 6:1 .

-

We have arpole of order s-u+l, u =1, 2, ..., s. Proceeding as before, we have
. - ' 1
(4.88) G{t+u)=L uDyO exp(log V(t))/(2t)S utl

and the residue Rubis given by

s-u+l

(4.89) R = L-uDyODS_u(L;yJ/(Z' I(s=u+l)), u =1, 2, ..., s
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where the determinant DS_U(L;Y) is equal to the R.H.S._of_(4.22)'with s-u
TOWS and.x replaced by yl and aq's by yq's, q=1, 2, ..., s-u, and the

- coefficients yqfs are given by

I-)2'_ ‘ 41, S-U s
(-(m+a+i-1)/2), D/ (0 (ad) T (2u-2i)1)
i = )

1
(4.90) Yo~
i a=0 i=u+l

=1

, u-1 :
Yo<¥o T T(2u-2i)T(Z)/T (p,u+k+)),
i=1
u=1
yy=-logl#2 ] ¢ (2u-2i)+2(s-u+1)y(1)+p(F) -p¥(purk+j)+
i=1 .
s-u L s 2i o Py Ryl
L @™ § 1 @+ I 1/(a-(i+n#e-1)/2)

a=0 i=u+l 8=1-. i=l  a=0
and for q > 2, we have _
- ,q P _ a, SRS I q, )
Y= L 2 gy (u-ai)e(surl) 2 (D B)-plu, ) (pyuvkss)
p2 k.-1

1 .
IT DY (- (neaei-1)/2)9
=1 a=0- '

s-u S 2u-2i
@D L ™ ] ] e

a=0 i=u+l 6=1

1

CASE D: 2 <'0, £ =-2v+l, v =1, 2, ..., s, s+1. The gamma product in (4.67) can

»

be written as
L s-v+l V-1
2 T(t+1)(r(2t+1)) I T(2t+2v-2i-1)

(4.91) GP(t) = =1

s—v¥2 , X S+1-v s 1+2i-2v
(2t) T(p,t+tk+j+p, (v-2)) I (t-8) I i (2t-6)
2 2 .
v 8=1 i=v . 8=1

So here, we have a pole of order s-v+2 at t =0, v =1, 2, ..., s+l and as

earlief, we have
. - [}
'
0

(4.92) G(t+v-3)=2L7""D 2, exp(W(t))/(2t)5™"*? and using lemma (4.1), the

rcsiduc:Rv is given by
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1. .
~V+3 ] S=-v+1
Z0 Ds—v+1(L’Z)(2

I(s=v+2)). v =1, 2, ..., s+l

(4.93) R =D L

where the determinant Ds-v+1(L;Z) can be obtained from (4.22) by replacing n

by‘s¥b+1,'x‘by Z, and aq's by Zq's where the Zq's are givehiby

. Py , s .
(4.94) Z= 1 (;(z+n+i-1)/2)k /((s=-v+1)! T (1+2i-2v)!),
oi=l : i ; » i=v '
S v_l
Zo=Z, ifl’f(2v-21-1)/P(k+j—p22/2)
v-1
Zl=-10g L+ (2(s-v+1)+1)y (1) +2 z w(2v-2i—1)—pzw(k+j-p22/2)
o , i=1
Py Kol . s+v-1 s 142i-2v
+ ) ) 1/(o-(i-1+n+2/2)+ § 1/8+ ) )  (2/8)
i=1  a=0 . §=1 i=v §=1
and for q 2 2, we have
zq=[1+2q(s-v+1)]¢q_l(1)+zq izl boq (2v-21-1-pgu ) (k+j-p,2/2)
Py ki_l +l. ~ s+v-1 s 1+2i-2v
s@-D L ] GV Gty ] /o] T @l .

i=1 o=0 =1 i=v §=1

Hence, when p is odd, the density of Lv is given by

C

: v n/2-1 -n 2
(4.95) p(Ly)=CrymE) L I I T AWK, ppn ) (Ly™?) p, P2/

v k=0 x j=0 J . e

) R+ ) R+ ) R+ y R+
u2=0 2 u2=0 2 V2=0 2 92=0 2

p2u22k+J p2u2<k+j p2v22k+j-s p2v2<k+j-s
E s%l
R + R

u=l Y y=1 VY

where R: , R, R, R_are given in (4.71), (4.75), (4.81), (4.85) and (4.86)
U2 \)2 u \Y) _
and {4.93) respectively.
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Remark. Putting 7= in (4.62) and ‘(4.95), we can deduce the results

of Nagarsenker [12] and Wilks ['17].

Distribution of LVC as a chisquare series: In this section we express the

dens1ty of L . as a chisquare series using methods similar to those of BOX [ 2]

VC

n/2

*
Let L=(L and A = -2ploglL where p is chosen so that the rate of convergence

VC)

of the resultingHSéries can be controlled, 0 < p < 1. Let'¢(t) be the
. .

characteristic function of X , then

(5.1) o(t) = E(LVC) Titen

In section 3, we obtained the non-null moments E[LVC]h for integral values of h,
But the result (3.20) can be extended to any complex number h by analytic

continuation. So we have for any complex number  h

I1i 2
(5.2) E[L,1"=C(p,,n, Z) A(J,k,p,,n,Z)p
ve 2 F0 J k=0 « 2 E 2
P2' PZ ‘
ITr((n-1)/2+ h)n (h-(i-1)/2) /F(pz(h+n/2)+k+j)
i=1 i=1 K
Now using (5.2) in (5.1),.we obtain
—1tpnp2
(5.3) ¢(£)=C(p,,n,E) 1111 A(J,k,Pp,1,2)P, r P((n(1-2it)-8)/2)
FO0 J k=0« §=1
P, |
I ((l—G-Zitpn)/Z)k /F(np2(1-2itp)/2+k+j).
§=1 ’ 8
For t = 0, we have ¢(t)=1 using 22; = %;1 El , 8'8 and for t 0 (5.3) can

be written as

8

it~ 8

(5.4) ¢(t)=C(p,,n,2) ]} 1}

, L AWJ,k,p,,0,Z)exp(log G(t)),
- J=0J k K

0
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where GJ K(t) is denoted by.G(t) and is given by
‘ s ‘ . .

-itpnp Py ' Py
P, 1 r((n(1-2itp)-6)/2)T I((n(1-2itp)+1~8-n)/2+ky)
(5.5) 6(t) = oe — e
’ o Py .
P(npz(l-Zitp)/2+k+j) I T((n(l-2itp)+1-6-n)/2)
’ 8=1 .

In the following derivation, function G, W, w, R, all depend upon J and «, for
~ simplicity of notation the subscripts or the superscripts J,« will not be

explicitlylgiven uniess;necessary. From (5.5) taking logarithm on both sides,

we get
T Py - |
(5.6) log G(t) = »mitpnpgog_P2+ ) log I((n(1-2itp)-8)/2)
= RPAH | Tel
: P, _
~ log T(np,(1-2itp)/2+k+j)+ | 1log I((n(1-2itp)+1-8-n)/2+k)
. : =1 \ |
Py
- )} log T ((n(l-2itp) * 1-6-n)/2).
=1

we now need the following expansion for gamma function (see Anderson (1.

m
(5.7) log I'(x+h)=logV/2m +(x+h—%)log X-X- z (—l)rBr+1(h)/(r(r+1)xr)+Rm+l(x).
r=1 ’

where R is the remainder such that |R x)| < A/lxm+1|. A is a constant
m+1 m+1
independent of x and Br(h) is the Bernoulli polynomial of degree r and order

unity defined by

ht
Te

eT—l

= ) < B_(h)/r!
- r=0

where the polynomials are given by

- 1 2 3 .2
BO(h).; 1, Bl(h) = h-z, Bz(h) = h"~h+1/6, BS(h) = h™-3h"/2+h/2
and in general we have

T . : .
B (h) = § 1*ls hr-l, where B, are the Bernoulli numbers and %)= r!/ ((r-2)! &!).
r Pty L1 A £ Ll
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Now using (5.7) in (5.6), we obtain
(5.8) log G(t) = ((p-1)/2) log 2n-((np,-1/2+k+j) log p,

- ((pz-l)/2+p2(p2+1)/4+j) log(n(1-2itp)/2)+

+r§l (n(1-2itp)/2)-r W + R$+1(n,t), where the coefficients wr are
given by ‘ : _
ey o | | P2 |
W= 2 [Br+1((1—6—n)/2)-Br+1((1—6-n)/2+k6)] +Br+1(k+j)/P; - z Br+1(—6/2) (-l)r/(r(r;lJ)

8=1 §=1

Therefore G(t) can be written as

(p,~1) /2 (1-np,) /2~ (k+j)

. , | '[(Pz-l)/2+P2(P2+1)/4+j]
(5.9) G(t) = (2m) .. ° P, ] (n(1-2itp)/2) ;

pd - 1]
Z Wr((l—Zitp)n/Z) Ty Rm+1(n,t), where Wr is the coefficient of
r=0 : . ‘

m

o r | . , r
((1-2itp)n/2) in the expansion of exp Z' ((1-2itp)n/2 Vol
: =1

Let u = (pz-l)/2+p2(p2+l)/4 + j. Then (5.9) can be put in the form

(0,-1)/2 (1-np,)/2-(k+5) =
(5.10) 6(t) = 2m) ° " p, Z I Wo((-2itpdn/2)"TWarr (n,t).
r=0

‘ *
Hence the characteristic function of A is given by

) 9(t) ( E ) E L A( | ) ")
(5.11) ¢(t) = C P,>n,L). AC 3x,p,,0,2)D
1M j=0 J k=0 « 2 V2

) wr((l-éitp)n/z)'(r+u) + R;ll (n,t) where
r=0 -~

€y (py,n,8) = Clp,,n,J) (2m) P,
Since (l—iBt)-a is the characteristic function of the gamma density ga(B,x) where

(5.12) g (8, = [8% r()]™! x®71 X8,
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% . '
the density of A can be derived from (5.11) in the form

8

(5.13) p() = ¢;oymp) I I T I AG,kp,.0,0)p,” KH)
A = 2k
s . r+u e
§=0(2/p) Wy Erpy (2052 DR ).

. _ . o |
Hence the probability that A is larger than any value, say AO is.

<«

(5.14) P[A > AO] =C (pz,n g) Z ) kXO Y ACgx <Pg:1, »2)p, “(e
K

r+u

y (2,n) +u(2p,>\.0) + Rm+1(n) where:.

(5.15) G, (20,}) = fA 8,y (20,%) dx and

0
(5.16) R, m=(2m "¢, (p,.m, D) ZO L I 1 acpynpp, 9
S T W emTae2ie) T ep @ L m))-1] de dr”
A, = : r=0 r o m

*
From (5.14), we obtain the distribution of A as a series of gamma distributions.
: ' *
In particular, taking p = 1, we see that the distribution of A may be expressed

as a series of chisquare distributions. Now

(5.17) P[A" > 1 ]=P[-2plog LW E PILyo < exp(-Ay/np)]

. *
Therefore, once we know the distribution of A ,» the distribution of LVC can be

obtained by using (5.17).

In particular, the null distribution of LVC is givén by

r+u0
(20,27 + Ry —or

(5.18) p;(A) = C,(p,n, )T (np,/2) Loem Oy e,
r:
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Wherc
| : P2
(5.19) C;(p,,m,g) = (2m) P271)/2 o (0P)/2) 4 psy)o,
“ , ’ i=1
which is the same as thc one obtained by Nagarsenker [12]. WO r being the
. m ’ : :
coefficient of ((1—2itp)n/2)—r in the expansion of exp]| z ((1-2itp)n/2)_rw0 r],
. | r=1 ’
where
up = (pz-l)/Z * pz(p2+%)/4 and
P)
_ T _ T . o
(5.20) wb,r = [Br+1(o)/p2 - 521 Br+l( §/2)1(-1)"/(r(r+1)), Ro,m+1(n) is defined

similarly as in (5;16) with j = k = 0.

"Power Computations of L, . Criterion. The distributions obtained in sections 3,

VC

4, and 5 were used to study the power behavior of Wilks!' va criterion. Powers

have been computed'for p = 2 using (3.26) and for p = 3 using (4.20) and (5.14)

which have been presented in tables (6.1) and (6.2) respectively.  The computations

.involve conal polynomials of degree 0 to 9 (see [7]). Lower five percent

points of LVC Criterion (see Wilks [17]) have been used for our computations. All
the computations were carried out on CDC 6500 computer at the Purdue University
Computing Center. Before computing the power for specific values of the para;
meter, the total probability for that case has been computed‘and the number of
decimals included in the tables were determined depending upon the number of
Places of accuracy obtained in the total probabilities. The accuracy of the
results have been.checked by comparing the powers for speCific values of the

parameters based on (4.20) and (5.14).

From table (6.1), we observe that power incrcases with the sample size N
as well as the only parameter involved, p. For the casce p = 3, we obscerve from
table (0.2) the power increases with N, each of the parameters c, P and P39

but decreases with p23'
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Table 6.1
Power Computations For Wilks' LVC Criterion
p=2 |
ﬁ\g\gi- Lot ,0°1 041 0% 01 .05 .1
-3 1.0500005 .050005 .05005 .05025 .05050  .05258 .05534
4 1.050001 .050014 ',05014 .05070 ,05140 .05727 .06523
5 ].050002 .05002 ,05024 ,05123 .05247 .06288 .07721
6 |.050004 .05004 .05036 .05179° .05359 .06883 .08999
7 1.050005 .05005 .05047 .05235 .05474 .07493 .1031
8 '|.05006 .05006 .05058 .05293 .05590 .02111 .1165
9 1.05007 .05007 .05070 .05350 .05706 .08735 ,1299
10 £.050008  ,05008  .05081 .05408 .05822 .09362 .1434
15 ].050014  .05014 .05138 .05698 .06409 .1234 2115
20 1.050020 .05020 .05196 .05989 .,06999 .1576 .2789
25 |.050025 = .05025 .05253 .06281 .07593 .1899 .3443
30 |.050031 .05031 ° .05311 .06573 .08190 .2223 .4070
40 |.05004 .05042  ,05426 .07161 .09392 .2864 .5217
60 |.5007 .05065  .05657 ,08347 .1182  ,4086 .7030
70 |.05008 .05077  .05773 '.08944 .1305 - .4654 .7704
80 .05009 .05088 .05889 .09544 .1429 .5188 .8243
110 §.05012 - .05123 .06237 .1136 .1802. .6566 .9254
120 .05013 .05134 .06353 .1197 .1926.  .6951 .9448
140 = [.05016 .05157  .06586 .1319 .2176 .7617 .9703
200 .05023 .05226 .07289 .1689 .2917 .8926 .9959




Table 6.1 (Continued)

P .15 .2 25 .3 .35 .4 .45

-05831 ,06153 ,06503 .06886 .07308 .07777 .0830
<07400 .08371 .09450 ,1066 .1202 .1356 .1533
.09320 .1111 .1311 .1537 .1792 .2080 .2408
<1137, 1404 ,1702 .2037 .2411 .2829 .3295
.1349 1704  .2100 .2539 .3024 - 3555 .413
.1562 .2006 .2496 .3034 .3616  ,4240 .4899
1777 .2307 ,2887 .3513 .4179 .4875 . 559
.1992 .2606 .3270 .3975 .4709 .5459 .621
-3052 .4029 .5012 «5962  .6846 .763

00~ O\ BN
COOOCOVNOUIOV®IGU St

.4051  .5283. .6417  .7403 .821 .9
4966  .6340 7489  .8383  .903
5782 .,7203 .827  .902
7114 .8427 .923 993
.8753  .9556 .99
.9206  .9774
.9502  .9889
110 .| .9887 .99

120 .993
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Table 6.2
Power Computations For Wilks' LVC Criterion
p=3
c 1,0 1.0 1.0¢ 1.0 1.025 1.025
Pys .05 .05 .3 o4 .005 .05
P13 .05 .1 .3 .3 .005 .05
Py .05 2 0. . 0. .05 .05
n .
3 .0502 .052 .057 .061 .05006 .0502
4 .0505 .057 .067 .076 .0502 .0506
5 - .0509 .062 .079 .093 .0504 . .0510
6 .0511 .067 .087 .109 .0506 .0513
7 .0516  .080 .103 .134 .0508 .0518
'8 .0519 092 T .117 .157 .0511 .052
10 ..053 .125 .146 -.207 .0516 .053
17 .055 .210 .207 .289 .053 .058
22 .057 .292 . 261 .371 .056 . 061
c 1.025 1.025 1.025 1.025 1.05 1.05
Pi2 .05 .1 .3 .3 .005 .05
013 .1 .15 .3 .3 . 005 .05
n Po3 .2 .2 .05 0. .05 .05
3 .0516 .0522 .057 .057 .0501 .0502
4 .054 .0542 .067 .067 .0502 .0506
5 .057 .058 .078 .079 ~0504 .0510
6 .059 .061 .086 .087 .0507 .05111
7 .065 .066 .102 .103 .0512 .0518
8 .069 .069 .115 .117 .0514 .052
10 .077 .079 .142 .145 .0517 .053
17 .14 .153 .22 .24 .055 .059
22 .17 .19 .29 .31 © 059 .067




Table 6.2 (Continued)
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c 1.05 1.05, 1.05 1.05 1.05 .05
°1o .05 .2 .4 2 .25 .0
03 1 .15 .1 .2 .25 .3
0 Pz .2 .2 .1 .2 .25 .0
3 .051 .052 .051 .054 .056 .054
4 .052 .055 .052 .059 .065 .058
5 .056 .058 .053 .065 .075 .063
6 .058 .062 .055 .068 .082 .066
7 .061 .066 .057 .077 .092 .074
8 .064 .070 .059 .084 .109 .079
10 .070 .078 .063 .098 .12 .091
17 .14 .151 .077 .15 .20 .13
22 .17 .186 .097 .21 .25 .16
c 1705 ©1.05 - 1.05 1.05.. 1.05
P .3 .3 .o.._ 4 .4
P13 .3 .3 .4 ‘ .3 | .4
0. Paz - 0 - .3 0 .0 0.
3 .057 ©  .058 .056  ..0607 064
4 .068 .069 .066 .076 .086
5 .079 .082 .076 .093 L1110
6 .087 .090 .083 .109 .134
7 .103 .102 .097 .133 .170
8 .118 .113 .108 .155 .202
10 .15 .14 .13 .20 .27
17 .26 .22 .22 .37 .50
22 .34 .29 .28 .50 .60
c 1.2 1.2 1.2 1.2 1.2
P .005 .1 .05 .1 .2
P13 .005 .1 .1 .15 .2
0 P23 .05 1 .2 .2 .2
3 .0507 .053 .053 .054 .058
4 .055 .057 .059 .060 .069
5 .059 .063 .065 .067 .081
6 .061 .068 .070 .073 .091
7 . 066 .078 .081 .084 .108
8 .081 .087 .090 .094 .12
10 .098 .105 .108 .114 .15
17 .18 .20 .22 .23 .25
22 21 .22 .25 .26 .28
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