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CHAPTER 1
POWER COMPARISONS OF TWO-SIDED TESTS OF EQUALITY OF
TWO COVARIANCE MATRICES BASED ON SIX CRITERIA

1. Introduction and Summary

Let X, (pxn]) and xz(pxnz), p<n;s i=1,2, be independent

matrix variates, columns of X] being independently distributed as

N(Q,gl) and those of X2 independently distributed as N(O,ZZ). Let
0 < C Seens €y < be the characteristic roots of |X X' - XX |
and Maeeesdpys the characteristic roots of |z - Ago| = 0. Power
studies of tests of Ly = I, or equivalently Ay ... Ap = 1 against

the altérnative of a one-sided nature:
p
o> 1, ) A >p, d=T1,...,p,

were carried out by Pillai and Jayachandran [29] based on the following
four criteria:

1) Roy's largest root, Cyo [Roy, 36] or Lép) = cp/(1+cp),

i

p
é] Cis [Pillai,20],

2) Hotelling's trace, U(p)
;

Hi~1 O

3) Pillai's trace, v(p) = [Ci/(]+ci)]’ [Pillai,20],

i=]
(p) b -1 ,
4) Wilks' criterion, W = (]+Ci) , [Wilks, 43].
i=1



Exact power tabulations were made in the two-roots case for various
(A1,A2) and different degrees of freedom n, and n, (actually in terms
of m = (n]—p—1)/2 and n = (nz-p—1)/2). Power comparisons were also
made of tests of the above hypothesis against the one-sided alterna-
tive, based on each c; (equivalently Ci/(]+ci))’ i=1,...,p, in the
two- and three-roots cases [Pillai and Al-Ani, 24]. In this chapter, a
power comparison study has been attempted of tests of the hypothesis

Iy = I against Iy # L, based on the above four criteria as well as

5) Roy's largest-smallest roots, c](Lgp) = :]/(1+c])) and c

p
(Lép) = cp/(]+cp)), to be denoted by LS(p) defined in terms
of Lép) and L%p), [Roy, 371,

6) Modified Tikelihood ratio (mer), z(P) -

P4
n [c®1/(1+c.)
i=1 !

z(nq*n,)
], [Anderson, 1 ; Bartlett, 2 ].
Sugiura and Nagao [41] have shown the unbiasedness of the mar test
Z(p). The distribution of Z(p) for p =1 and z and ny =0, in the
null case has been available in the literature for sometime
[Anderson, 1]. Powers of 2(2) for ny =N, have been tabulated by
Pillai and Young [34], after deriving the appropriate non-central
distribution. Conditions for the unbiasedness of the 1argest—sma1]ést
roots test LS(p) could be obtained from the treatment of Roy [38].
Since the critical values a and b obtained through the “condition
of Tocal unbiasedness" are difficult to compute, Thompson has

suggested an approximate approach [42] given by



2 _

(1.1) pla < LIPy =1 - 14 and p(a <P Lép) <b)=1-a.

(actually Thompson has suggested the approach for the one sample i.e.
Wishart case). This will be called Lsgp). A variation of LS%p),

called LSép), is also considered in this chapter, which is given by

(1.2) P(Lép) <b) =1 -paandpa<tiP) <L) p) 2

Further, Krishnaiah [40] has suggested the following alternate

approach:

(1.3) P(1-b 5_L§p) 5,..5_Lép) < b) = 1-a.

This will be called L), obviously, Ls{P), Ls{P) ang Ls{P)
provide biased tests. Similarly the tests 1) to 4) are biased.

In this chapter, a theorem is proved first obtaining the condition
of local unbiasedness for a class of tests of which 1) to 5) are
special cases. Using the theorem, relations between the two
critical values for each of the five tests are obtained as special
cases for tests 1) to 5) for the two-roots case. Further, critical
values for Tevel o = .05 (five percent points) for the five tests are
computed for b = 2 and values of m = 0,1,2,5 and n = 5, 10, 15, 20,

25, 30, 40, 60, 80, 100, and are given in Table 1. Also, powers of
the criteria 1) to 5) have been tabulated for various values of
(A],Az), m=0,1,2,5 and n = 5, 15, 30, 60, and these are presented
in Table 4. In addition, power tabulations have aisn been carried
out from the equal tail areas point of view, of tests 1) to 4) which

are observed to be biased although the bias is not serious. These



tabulations are also available in Table 4 for the same values of
(x],xz), m and n as before facilitating comparisons with powers in
the unbiased case. The critical values in this case are also given
in Table 1.

For studying the mer test Z(p) and comparing its powers with
those of others, the non-central distribution of Z(Z) is obtainad
using zonal polynomials up to the sixth degree forAn2 = Zn]. Tabula-
tions of powers of Z(Z) are carried out obtaining the lower five per-
cent points for n, = 3, 5, 7, 13 and for comparison those of *est 1)
to 5) in the unbiased case and 1) to 4) in the equal tail areas case.
These are given in Table 5. The critical values are given in Table
2.

In order to compare the largest-smallest roots test with the
three approximations as well as the largest root, a serarate study
has been made and the results on the powers of these five tests are
given in Table 6 for selected (A],AZ) andm=20,1, 2, £Eand n = 5,

(2)

15, 30 and the critical values in Table 3. The approximations LS] s

Lsgz) and LSéz)

better than all except for the largest-smallest roots for two-sided

are all biased and the largest root seems to fare

larger deviations.

A few findings seem to emerge from the numerical results of powers
tabulated and in general it is observed that the largest root has some
power advantage over the other criteria studied since it is less (very
slightly) biased, and except for two-sided larger deviations, has

better power generally than Z(z) and the largest-smallest roots.



These findings are presented in Section 7. In view of this, condition

of Tocal unbiasedness for p = 3 has been studied for the largest root

and critical values obtained in the unbiased as well as equal tail areas
cases which are presented in Table 1. The conditicn of local unbiasedness

has been explicitly obtained in Section 4 for U(3) as well.

2. The condition of local unbiasedress

The acceptance regions based on criteria 1) to 5) with local unbiased-

ness property and o level of significance can be wrilten in one form:

R: a(p,n],nz) g_w(c],...,cp) < b(p,n],nz),

where a and b are so chosen as to satisfy

(2.1) (i) P{a i_w(c],...,cp) f_blA] =, ..= Ap = 1) = 1-qa,
P(a < wlcyseevsC ) < blAysevasr)
. = 1 — 1 p .

(2.2) (ii) P . o, =170, i=1,...,p,

oA ; A]—...—Ap—]
p p
yeeesC ) = + t 1), . , /(1+c.
where w(c] cp) cp/(l cp) for test 1) 1Z]c1 for 2) 1_Z][q/(l c1)]

P -1
for 3), 1 (]+Ci)

I for 4) and c]/(]+c]), cp/(]+cp) far 5).

In this section, we will show that the p equations given in (ii) .

are really equivalent to one equation and are in turn equivalent to

3P(a < w(c],...,cp) i_blx]:...=x =x)]

oA y=1 -0

(2.3)  (ii")

This enables us to compute a and b in a much simpler way for each of the

five criteria. We call (ii) or equivalently (ii') "the condition of local

unbiasedness".



9P(a < w(CqysevvsC ) < BAqseensnr )
1 p 1 0
A Ay=e..=h 1

Theorem 1. The p equations

i=1,...,p, are equivalent to one equation and are in turn equivalent to

= 0.
A=1

aP(a ij(C],...,Cp) §‘b|A1=...=Ap=A”
)\ |

Proof. The joint density of X], 32 defined in the Introduction and
Summary is given by

-2p(n +n,) -4 ~1n _ _
(2r) =T my | T eyl T % expl-ste(zy XM+ 25 X001

Without loss of generality, we may start directly from the following

canonical form:

3
-2p(ny+n,) P
(27) S s exp[—%tr(p _]§]§i + ¥2§é)],
= A

k

where D R diag(]/xk). Then
A
k

P(a E_w(c],...,cp) §‘b|x],...,x )

-1p(n,+n,) P -in
U g Tenlatr (0 XKl s,
1= A ]

GEW(C]s...,Cp)ib k

OP(a<W(CyserasCr) < blAysenush )
(2.4) 1 - 1 2
3)\1-

—lp(n]+n2) p —Qn]

- 1 _1 '
=(2n) / jglAj [zn]xi z(X]X])
afw(c],...,c )<b k

p
XpX5) 1 x dXdXs,.

ﬁ]“p["f-t’“(DA RIS



Transform X, = !Q/EE Lys Xy = UL,,

1

where U is non-singular and E]Ei = EzEé = I and integrate out over
Ly and LZI’ the independent elements of L] and L, respectively
[Roy, 38]. Then (2.4) becomes

p 'in]
(2.5) ¢ Jpae Ty T[anga;-3(UD, UY) .4 Texpl-1tr(D U0, UtHuyt) ]
j=1 k A k
n]+n2'p p i(n1-p—1) p
X|Q[ du 1 c; i (cj—c..) m dc.,
“§=1 i>3 j=1 9

where R* is a j_w(c],...,cp) <b, -« <all u1.j < = and ¢ is a positive

and constant factor of proportionality. Thus we have

aP(a f_W(C],...,Cp) < b|x EXEERL )

(2.6) P o
a)\.] A]_.-._Ap - ]
1
n]+n2~p
= ¢ Jpaldng-3(UD, U"); Texp[-2tr(UD_ U'+UU") 3] du
e, ” 2le, 2 YN
P z(ny-p-1) ( : b
XHC' H C.—C-. H C.,
j=1 J I j=1 4

where R* is a j_W(C],...,Cp) <b, -« < all ujj <= The only term in

the above integrand which depends on i is (UD U|)ii =

k
(uilc] + u?zc2 +...t u§pcp) and the integral is taken over the domain
R*. Therefore, u”,...,ujp are just dummy variables. Thus the integral

is invariant under a change of the subscript i. %o



P(asw(cy,. ., ) < b|Aysen.srr)
1 ?] 1 P is the same for i=1,...,p.
8)\1. >\]=...=z\ =]

Hence the p equations are really equivalent to cne equation. Now
adding up the p formally different looking integrals like (2.6) over

i=1,...,p, we have

n,+n,-p
172 du

(2.7) ¢ [in1p-%tr(gpc g')]exp[-itr(ggc U'+uu'} U]
R* k k™ 77

i(n]"p"])
C.
1 J

X

P ( ) p d
H H C."‘C-| H C
j= j>j| J J j:

where R* is a i_w(c],...,c ) <b, - = <all u;,, <o We claim that

p 1]
P(a < wlcy,...hc ) < blAy=...=a_=1)
this is the same as 1 p 1 P L.
-1 A=1
oA

In order to see this, consider

P(a f_w(c1, ,cp) < blA]= =Ap=x)

-2p(n;+n,) -Zn.p }
= (am)” 12 v expl- 2t (a7 X,X5 ) TdX dX,

oP(a < w(cqy,...,c ) < blay=...=1 =))
(2.8) 1 e p
A A=1
_%p(n]-*‘nz) 1 i 1 y i i
=(2n) [U2nqp-2tr(X,Xq) Jexpl-2tr(X X +X,X5) JdX, dX,.

]
aiw(c],...,c ) <b



Now make the same transformation as before and integrate out over L]I

and Loy- Then (2.8) becomes

L MNP
¢ [pxlEnp=2tr(UD_ U')]Jexp[-tr(UD_ U'+UU')]jU] dU
R 1 ..~Ck~ 2 ~~Ck~ bt bt

p 2(ny-p-1) : )
X H C . H C"’C-l
=1 9 j>it 3

]dcj,

I =

J J

where R* is a j_w(c],...,cp) < b, - = <allu;; <=, which is the

J
same as (2.7). Hence (ii) is equivalent to (i+').

Theorem 2. Condition (ii') can be written as

p - - p
c(p.m,n)[ f Ip(2mptl) 1 (1w, ) MR ey nde,-
afw(c],...,cp <b =1 J J jsit = J

J

p c ER
(2.9) (mtnt+p+1) [ E c./(1+c.)] 1 M1+, (m+n+p+1)
asw(cys. .. sC )<b jF1 9 37521 J
<! p)< p
n (c.-c.) mdc.] =0,
A

where m = (n]-p-])/Z, n = (nz—p—])/Z and

="

(2.10) c(p,m,n) = 2P rli(em+2n+p+i+2) ]/ {r[Z(2m++1)]r[1(2n+i+1)]

i=1

Proof. If U in Theorem 1 is taken with a positive first row,

9P(a<w(Cys...5C_) < b|Ay=...=x_=1)
(2.11) ] P 2
A A=l
= ¢ [pulEnyp-2tr(UD, U')lexp[-2tr(UD_ U'+UU")]1|U] du
22, 2 e, 2 T S
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p 2(n;-p-1) P
X i CJ It (C -C l) I des
J'='| j>j' J=]
— » %pn]—%p(D"W) ﬂ%pnz'ip(p'])
where ¢ %p(n]+n2) D
(2r) T r[3(ng-i41)1 1 r[3(ny-i+1)]

1 i=1

and R* is aﬁW(C],---,Cp) < b, U is nonsingular with a positive first

-1. Then (2.11) becomes

row. Now transform U = BD
U= B(14c))
Ny+N,=p

(2.12) ¢ [peslingp-4tr(BD 18" ) Jexp[-1trBE" ]|B| dB

c, (1+c - ot -

k k
p 2(n,-p-1) -1(ny4n,) P
x 1 cj 1 (1+cj) «12 n (c.-c.,) 1 dcj,

j>it I e

where R** is a fvw(c],...,cp) < b, B is nonsingular with a positive

first row. For integration with respect to B, use the result [see

Roy, 38, Appendix]

1 1.2
faexpl-2tres'1[8|%p = 22P (PYA)PEP" 1 o3 (qup-i+1)1/r[4(p-i+1)1.

o

We get

p
(2.13) ¢ [pexinp exp[-%trBB']|B dB 1 c.
R 1 =2 407 2.

p - p
=c(p,m,n) | 2p (2mp+1) c?(1+cj) (m+n+p+1z”. ( 57C;

agw(c],...,cp)ip j=1 J>J j=1
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where m, n and c(p,m,n) are given in (2.10). Now consider

' n,+n,-p
(2.14)  [pitr(BD B')expL3trBB'1[B[ & ¢ .

12
ck(1+ck)
Transform B = TL where T is Tower triangular, EE' = I(p) and the first

row of L is to be positive. Then (2.14) becomes

1 -
, 2(ny*n,-p)
(2.15) 2P { itr( TLD
LL'=1

) L'T')exp[eitrTT'][T]‘|
1+ck) - T

oLL!

D)

== T

tp ‘dT dL./

i=1

Furthermore, transform S = T'T, J(T:S) = 2 H t;?+1 ]. Then (2.15)
M S -

becomes

i(n]+n2-P—1)
(236) J ] (s L expl-3513] dsdL/
E.N':I §>O ' Ck(]‘*'ck) aLLl

iy

Ly

iy T M
(2 dL./ |-
Pt ~cp (T*ey) T L

Apply equation (1) of Constantine [3], (2.16) becomes
oLL'
{ ir (2(ny+n,),1)tr(2D
L1 . ’

2 . p
—2 P ap(p-1), rA(p-1+1) 1Hr  (2(ny#n,) 1) tr(20,
i=1

-1)
(T+c, )~
K k2~p(”1+”2)

21 + -
2{2%p(n] n,) P 3

I~

= o

rl2(ny4ng-i+1)1/r[2(p-1+1) 13 i(ny+n,) [

] ; cj/(1+cj)]-

; 1
Thus we get

n,+n,,-p
, . 17
(2.17) ¢fpyultr(BD, k(]+ck)f1§ Jexp[-7trBB'|B]

F(H]-P-1)
C.
j=1 4

a

'%(n]+n2) p
(1+c.) n (c.-c.,) 1 dc.
J j>j" NN j=1 J

:J'D

X
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P P
= c(p,m,n) f (m+n+p+])[ Z c./(1+c.)] 1 cm(1+c.)’(m+”+P+])
aiW(C1’---an)§b j=1 9 3775213 J
( )pd
It C.~C::} I C-.
>3 = Y

Therefore, by subtracting (2.17) from (2.13), we get

aP(a < w(c1,...,cp) g_b[x]=...=xp=x)
-1

A A=1

m(]+c.)-(m+n*p+1)
J

p p
=c(p,m,n)[ / Ip(2mtp+1) 1T c. n (c.-c.,) n dc.-

afw(c],...,cp)gb j=1 AEVAREE I E I
P P m -(mtn+pt1) P
/ (mintp+1)[ § c./(T1+c.)] 1 c;(1+c.) P n (c.-c..) I dc.].
GEW(C],...,Cp)fb j=119 3775=1 9 EVAEEE

Now equating the above to zero, we get (2.9).
Thus, the acceptance region based on the criterion w(c],...,cp)
with local unbiasedness property (sup) and o level of significance can

be written as

R: a(p,m,n) 1W(c],-..,cp) < b(p,m,n),

where a and b are so chosen as to satisfy

p ]
(i) c(pmn) [ n M(1ec,) M) e e )
asw(cy,...,c)<b 3= 3o j>jt 9
’ d 1
i C. = |l~a
=1

and
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p ]
(1) clpamml [ B(amprt) x e ) (M) )
aiw(c],...,cp)ib j=1 J I
p d
I C.-
=1

P p
[ () ] e /()T 1 < (T4 ) (MR
aiw(cj,...,cp)ib j=1 3 J 37 J j

J>J"

3. The acceptance regions based on the five criteria with 2up for p=2

In this section, we will consider the acceptance regions of tests

1) to 5) in that order.

1) Roy's largest root, Léz) = cz/(1+c2). By using Theorem 2 in the

previous section, we know that

] 2
aP(aipé ) 5»blx1 =%y = A)

(3.1) 7
A A=]
= c(2,m,n)[ [ ” g(c],cz;m,n)dc]dcz— / ) h(c],cz;m,n)
a<L,“’<b a<l,“’<b
dc]dczj,
where g(c],cz;m,n)=(2m+3)(c1c2)m[(1+c])(1+c2)]'(m+n+3)(c2—c]) and

h(C],Cz;m,n)=(m+n+3)[c]/(]+c])+c2/(]+c2)](c]Cz)m[(]¢c])(]+C2)]~(m+n+3)
(cz—c]).

Now transform 2 = c]/(1+c]) and fy = c2/(1+c2). Then (3.1) becomes
] )

b "2 b "2
(3.2) c(2,m,n)[£ é g](Q],QZ;m,n)dz]dlz—g é h](z],ﬂz;m,n)dzldzzj,

where gy (21,255m,n) = (2m3)(242,)"[(1-2)(1-2,)1"(1,-%;) and
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h](z],zz;m,n)=(m+n+3)(2]+zz)(z]zz)m[(1—z])(1~22)]n(22—2]).

Further, note that by making the same transformation,

(3.3) Pla <t cbpy =, =)
b'Q’Z m n
= c(2,m,n)f é (2122) [(1—2](1—22)] (zz-z])dz]dzz.
a .

Now using Pillai's reduction formula, [Pillai,19,21],

b %2
(3.4) é g (212)"T(1-29) (1-2,) 1" (25-27 ) deqds,
b b
- [Zéﬁgm+](1-22)2n+]d22—bm+](1—b)n+] éz?(1—z])”dz]]/(m+n+2),
and : 22
(3.5) [ [ (ay+sy ) (2929)"[(1-21) (1-25)1" (2,72, )d2ds,
b 2m+2 b
- [Zézz (1—22)2”+]d22-bm+2(1—b)n+]é M1-2)"dz,
b 2 i
+(m+2) é é ])(1-22)] (22-2])d2]d22]/(m+n+3),

we have proved the following:

Theorem 3. Let T,(x) = ZBX(2m+2,2n+2)—xm+](1—x)n+]BX(m+],n+1) and

X
Tz(x)=ZBX(2m+3,2n+2)—xm+2(1-x)n+]BX(m+1,n+1) whare Bx(r,s)=ftr']
0

(]_t)s—T

dt.
Then the acceptance region based on Roy's largest root, Léz) = cz/(1+c2)
with 2up and o Tevel is given by a E_Léz) < b where a and b are so

chosen as to satisfy

(i) C(Z,m,n)[T](b)-T](a)]/(m+n+2) = 1-o0 and
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(1) c(2,m,n)([Ty(b)-T; () IL(m+1)/ (mn+2) 1-[T, (b)-T,(a) 1} = 0.

2) Hotelling's trace, U(Z) = c]+c2. From the previous section

(3.6) Pla<U® <=0, =)

~(ny+ny) N ,
= (2n) / A exp[-4tr(x X]X]+X XA )]dX dX2
aip]+c2§b

1 -n
-2 _ . _ 1
Now transform A 5X1 Y] and X2 YZ' J(Y].X]) A and Tlet

0 < dy <d, <= be the characteristic roots of | Yq75-dY YZI 0, then

(3.6) becomes

(3.7) czimn) [ (dd,)"[(1+d )(1+d2)]‘(m+”+3)(d2~d])dd]ddz.

a§)d1+xd2§b

Let u = d]+d2 and g = d]dz. We get

br~! %uz
c2,mmn)f [ d"(1+urg)™™3 dadu.
- 0
ax !
3P(a §U(2)§b|A1=A2=A)
Thus 0
I =1
le QaZ

+ +n+
)m n+3 )m n 3dg].

(3.8) =c(2,m n)[bf g™/ (1+b+g dg- aj g"/(1+a+q

Furthermore, transform t = g/(1+b+g), (3.8) becomes

b%/(b+2)?

c(2,m,n) Cb(1+b)~(M+2) M(1-t) ™ dt-a(14a)" (M42)

Ot

2

; 2
|
0

/(a+2
(a+2) £M(1-t)" 4t
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And furthermore, P(a 5_U(2) <blay =2, =1)

2

b Zu

(3.9)  =clzmn)f [ g"/(1+urg)™ ™ 3dgdu.
a 0

Now using integration by parts, (3.9) becomes

)2

2
b/ (b+2) b tm(1—t)”+]dt]

C(Z,m,n){[zé t2m+](]‘t)2n+2dt—(]+b)"(n+])f
0

/ (b+2

2 2
/(at2 et
_[22 ¢ )t2m+1(1—t)2n+2dt—(1+a)_(n+1)Z o t"(1-6)" et]y/ (ne1).

Therefore, we have proved the following:

Theorem 4. The acceptance region based on U(Z) = c1+c2 with geup and
a level is given by a 5_U(2) < b where a and b are sc chosen as to

satisfy

(1) C(Z,m,n){EZBb/<b+2)(2m+2,2n+3)—(1+b)'(n+])B » (m+1,n+2)]

b?/(b+2)2

-[2B (2m+2,2n+3)-(1+a)‘(ﬂ+1)

B, 2(m+1,n+2)]}/(n+1)=1-a and
a/(a+2) a )

/(a+2

n+2) n+2)

(i1) c(2.m,n)b(1+6)"("2)p

2(m+1,n+2)—a(1+a)_(
b/ (b+2)

x B (m+1,n+2)} = 0.
az/(a+2)2

3) Pillai's trace, V(z) = [c]/(1+c1)]+[c2/(1+c2)]. From Theorem 2,

BP(a§y<2) <b[ay =25 =) (2)
by replacing L2 in the

we obtain -
3A

A=1
limits of the integrals in (3.1) by V(Z). Now trensform 2]=c]/(]+c])

and 2o = c2/(1+c2). Then
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2p(a < v{2)

< blay =2, = 1)

ax'] A=1

(3.10)

=c(2,m,n)[ | g1 (275255m,n)de,des- [ hy(2q,0,3m,n)
st 1445 1447247 12 e 117

dz]dzzj.

Let v = 2,%2, and g = ¢42,. Then (3.10) becomes

b b2
c(2,m,n)[(2m+3)f [ g (1-v+g) dgdv-(m+n+3) ([ vg (1-v+g) dgdv].
a 0 a0
2
1
(2) oy - A N
and P(a < V i_blx]—A2—1) = c(2,m,n)ff g (1-vi+g) dgdv.
00

Therefore, we have the following Theorem:

Theorem 5. Let

2/ )] L (T B, (2m2ee3,20-2)

|
! Y Y Y Z
% if0<x<1,
i n n m+Y+]
Ty(x) =y [2/(m+1)] ZO(~1)Y[(Y)/( . )11 (2m+2y+3,2n-2y+1 )+
2 Y= “
| m
| [2/(n1)] 20(—1)Y[(?)/(”*l*‘)J[B%X(Zm-zy+1,2n+2y+3)—89
; ! (2m-2v+1,2n42y+3)] if 1 < x < 2,
and
3 0 Ny,  mty+l
To(0) = [4/(m1)] ] (1Y) CF ) 1B, (2me2y+d,2n-2y+1)
! v=0 if0<x<1,
E n
L [a/(m+1)] ZO(-1)Y[(z)/(m+l+])]B?(2m+2y+4,2n—2y+])+
Y= =
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f m

47T T DYI /(MY I8, (2m-2v42,2n42443) B L 2m-2y 42,

: =0 Y Y 2X E

' 2nt2v+3)] if 1 < x < 2,
Then the acceptance region based on V(Z) = [c]/(]+c])] + [cz/(1+c2)]
with 2up and o Tevel is given by a i_V(Z) < b where a and b are so

chosen as to satisfy

(i) c(2,m,n)[T](b)—T1(a)] = T-a and

(i) c(2,m,n) {(2m+3)[T, (b)-T; (a) I-(m#n+3)[T,(b)-T,(a) I} = o.

4) Wilks' criterion, w(z) = [(]+c])(1+c2)]_]. Again from Theorem 2,

BP(aiW(Z)ibl)\] T Ay T A) (2)
by replacing L2 in the Timits

22" A=T
of the integrals in (3.1) by w(z). Now transform 2 c]/(1+c]) and

we obtain

I

2y = c2/(1+c2). Then

2

aP(agw( )5plx] =y = 1)

ax_]

(3.17)
‘ A=1

=c(2,m,n)[ g](ﬁ],zz;m,n)dz]dzz -

65(]-2]{(]-22)5b

hy(eys2,5m,n)dede,].

ag(]—z]){1-22)<b

Let w = (1—21)(]—22) and g = 2725~ Then (3.11) becomes

1.2 12
b (1-w*) m b (1-w=) nn
c(2,m,n) [ (2m+3) [ é g wndgdw-(m+n+3)f / g w (1-w+g)dgdw],
a a0
and . i}
(2) b (]_WB)Z mn
P(a < W 5_b[x] =1 = 1) = c(2,mn)f é g w dgdw.
a
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Therefore, we have the following theorem:

Theorem 6. The acceptance region based on W(Z) = [(1+c])(]+c2)]_1

with 2up and o level is given by a f_w(z) < b where a and b are so

chosen as to satisfy
(i) c(2,m,n)Z[Bb%(2n+2,2m+3)-8a%(2n+2,2m+3)]/(m+1) = 1-a and

(ii) c(2,m,n)2{(mn+3)[B ,(2n+4,2m*+3)-B

J(2n+4,2m+3) 1/ (m+1)
b:':_ a2

~(n-m)[B 1(2n+2,2m+3)-B (2n+2,2m+3)]/(m+1)
b.’c‘ a::‘

-(m+n+3)[B
b

12

(2n+2,2m+5)-B ;(2n+2,2m+5)]/(m+2)} = 0.
a2

oy

5) Roy's largest-smallest roots, LS(Z) = CZ/(1+CZ),C]/(]+C]).

From Theorem 2, we have

3P(a < LS(Z)

<b = = 2)
(3.12) SRl Bl Bl

ax'] A=1

= c(2,m,n)[ | g(c],czgm,n)dc]dcz— [ ﬁ(c],cz;m,n)dc]dczj.
a§p1/(1+c1)5p2/(]+c2)§b afp]/(1+c])§p2/(]+c2)§b

{

Now transform 2 = c]/(1+c]) and by = c2/(1+c2). Then (3.12) becomes

b %2 | b *2
c(2,mn)1f [ gy(2q2,5m.n)deqde, - [ [ hy{eqs855m.n)degde,].
aa aa

Further, P(a §_LS(2) j‘blk] = = 1)

Ao
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)
2
c(2,m,n £ g ])(1—22)]n(22—z])d21d22.

CT

Now using the same technique as in Pillai [j9,21. 22],

=

2
[ (i) L0 -20) (1-25) 1M (12 )ty

Y~

b b
= 1225 (1-0) 2™ g, - (0™ (1-0) ™ 4a ™ (122) ™ T a0 (120 ) s 1/
a a

(mtn+2)
2

and f j L, 1zz)m[(1fz])(1—22)]"(22-£])d21d12

¢ b
= [2f£§m+2(1—22)2n+]d22—{bm+2(1—b)n+]+am+2(]_a)”+]}fz
a

(1- z]) de
a

1 1

=

2

+ (mk2)[ [ ( 2])(1—22)]n(22—21)dzldzz}/(m+n+3).
a

QJ“\U_

Therefore, we have proved the following:

Theorem 7. The acceptance region based on Roy's largest-smallest

(2)

roots LS = c2/(1+c2), c]/(1+c]) with 2up and « level is given by
a f_c1/(1+c]) §_c2/(1+c2) < b where a and b are so chosen as to

satisfy

(i) c(2,m,n)[2B, b(2m+2,2n+2)-{bm+1(1-b)”+1+am+‘(1-a)”+]}3a :

(m+1,n+1) 1/ (m+n+2)
= 1-a and
(1) c(2,mn)i[28, (2m2,2n+42)- (6™ (1-6)" T+a™ T (1-0)™ s b
(m+1,n+1)]
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[(m+1)/(mtn+2)]-[28 b(2m+3,2n+2)—{bm+2(1—b)n+]+am+2(1—a)n+]}

Ba,b(m+1,n+1)]} = 0,

_ r-1 s-1
where BX y(r,s) = [t (1-t)7 dt.

3

X

4. The acceptance regions based on two criteria with qup for p=3

In this section, we consider the acceptance regions of Roy's
largest root and Hotelling's trace for p = 3. Largest root is taken

up first.

(3)

1) Roy's largest root, L3

= c3/(1+c3). From Theorem 2, we have

aP(a§L§3)§b|A] =y T g T A)

ax']

3
(4.1) =c(3,m,n)[ <£) 3(m+2) 1 c?(1+cj)—(m+n+4)‘ 1 (cimc.)

J

j=1
3 3 3
[, ()l T cor(ive )] mcTae ) M) n e e
b 3= J=1 j'<j=2
3
mdc.].
=1

3
Il

Now transform zj = cj/(1+cj), j =1,2,3. Then (4.1) becomes

b *3 %2 3 .3 3
c(3,m,n)[f é g 3(m+2) 1w oei(T-2.)" @ (25-250)
a =1y ) g2
b 3 %2

/ é 6 (mtn+4) (

3 3 3 3
Y es) z?(l—n-)n i (2.—gj.)_n

de.].
R R A L

a J
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Following the notation of Pillai [21],denote

%
X 2 m t‘21 2)
U(x;m+],n,m,n;t)=é é (2122) [(1—2])(1 22)] (zz—zl)dz]dzz.
Then from (3.4) we know that
X QZ n
(4.2) U(x;m+1,n,m,n;0) é é 2122 [(1—21)(1—22)] (22—2])d2]d22

=[2B_(2m+2,2n+2)-x"" (1-:)™ 1B (m+1,n+1) I/ (men+2).
X X

And also from (3.5), we have

=

2
é (2]+22)(2]22)m[(]'21)(]'22)]n(22'2])

sU(x;m+1,n,m,n;t) =}
ot =0 0

(4.3) dz]dz2

=[ZBX(2m+3,2n+2)-xm+2(1-x)n+]Bx(m+1,n+1)+{m+2)U(x;m+1,n,m,n;O)]/
' (m+n+3).

Now from Theorem 2 of Pillai P21]

U(x;m+2,n,m+1,n,m,n;t)

x *3 %2 3 . . 3 ) 3
= me.(1-2.)exp(te.) m (2.-2.,) 1 do.
é é é j=] J J J jl<j=2 J J jz] J

=[—xm+2(1—x)n+]etxu(x;m+1,n,m,n;t)+ZBX(2m+4,2n+2;2t)BX(m+1,n+1;t)

L1

-ZBX(2m+3,2n+2;2t)BX(m+2,n+1;t)+tU(x;m+2,n+1,m+1,n,m,n;t)]/(m+n+3)

X
where Bx(r,s;t) = 6 ur_](l—u)s~]etudu. Therefore we have

(4.4)  U(x;m+2,n,m+1,n,m,n;0)
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x *3 %2 3 . o3 3
=[] [ zj(l-zj) il (zj-zj.) i dzj
00 0 j=1 j'<j=2 3=1

- [—xm+2(1—x)n+]U(x;m+1,n,m,n;0)+28x(2m+4,2n+2)-Bx(m+1,n+1)
-ZBX(2m+3,2n+2)-Bx(m+2,n+1)]/(m+n+3).

aU(xsm+2,n,m+1,n,m,n;t)

And also
ot t=0
? }3 ;2 3 3 - L3 | 3
(4.5) = [ ) 2. ]mae.(T-2)" n (2.-2..) 1 de.
00 0 =197 35=179 jlej=2 3 J =1 Y

= [—xm+3(1—x)n+]u(x;m+],n,m,n;O)—xm+2(1—x)n+] 5%~U(x,m+],n,m,
"3t |-

+ 4Bx(2m+5,2n+2)8x(m+1,n+])-ZBX(2m+4,2n+2)BK(m+2,n+])

ZBX(2m+3,2n+2)BX(m+3,n+1)+U(x;m+2,n,m+1,n,m,n;O)

- U(xsm+3,n,m+1,n,m,n;0) ]/ (m+n+3).

Note that —a%U(x;m+2,n,m+1,n,m,n;’c)ltzO = U(x;m+3,n,m+1,n,m,n;0).

aU(x;m+2 ,n,m+1 ,n,m,n;3t)

So (4.5) gives P

(4.6) = [—xm+3(1-x)n+]U(x;m+1,n,m,n;O)—xm+2(1—x)nP] E%AU(x;m+],

n,m,n;t)l,‘::O

+ 4BX(2m+5,2n+2)Bx(m+1,n+])—ZBX(2m+4,2n+2)Bx(m+2,n+1)

ZBX(2m+3,2n+2)Bx(m+3,n+l)+U(x;m+2,n,m+!,n,m,n;O)]/(m+n+4).

Therefore, we have the following theorem:
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Theorem 8. The acceptance region based on Roy's largest root, L§3)=
c3/(]+c3) with 2up and o Tevel 1is given by a §_L§3) < b where a and

b are so chosen as to satisfy
(i) c(3,m,n)[U(b;m+2,n,m*+1,n,m,n;0)-U(a;m+2,n,m+1,n,m,n;0)}=1-o and
(i1)  c(3,m,n){3(m+2) [U(b;m+2,n,m*+1,n,m,n;0)-U(asm+2,n,m+1,n,m,n30)]

-(mn+4)[

d . . .9
SE-U(b,m+2,n,m+1,n,m,n,t)|t=0 e U(a,m+2,n,m+1,

naman;t) lt:O]}
= O’

where U and 5%—U are given in (4.4) and (4.6) respectively.

(3)

2) Hotellings' trace, U =cy 7 <, + Cqe From Section 2, we have

(4.7) Pla <0 by =, =y =)

2 3
3nyiny) 3 1
=(2m) [ exp[- §-tr(x X7 X1+X,X5) 1dX dX,,.
a<cy+c,+C,<b
-1 72 “3—
-3
“E - %) =2 21 and Tet 0<d
Now transform A" * X,=Y; and Xo=Ys. J(Y].X]) =A and Tet O<d;<

d2 §_d3 < = be the characteristic roots of [Y -dY Y | = 0. Then

(4.7) becomes

3 3
(4.8) c¢(3,m,n) i I dm(1+d.)'(m+”+4) no(d.-d.,)
a§}d1+xd2+xd3§p j=11 J jl<j=2 9 J
3
nodd..
-1 j=1 Y

After a proper transformation, (4.8) is [ Tz(u)du where T2(u) is
-1 '
ai

the probability density function of U(3). Then
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= bT,(b)-aT,(a).
I =1 2 2

Note that T2(u), the density of U(B), and T](u), the distribution
(3)

function of U'"’, are given in equation (4.9) and (4.11) respectively

of Pillai and Sudjana [33]. Therefore we have the following theorem:

(3) .

Theorem 9. The acceptance region based on U = c]+c2+c3 with sup

and « level is given by a 5_U(3) < b where a and b are so chosen as

to satisfy (i) T](b) - T](a) = J-q and (ii) bT2(b)-aT2(a) = 0.

5. P(ag[c]/(1+c])]§[c2/(]+c2)]5b) in the non-null case

The non-null distribution of c],...,cp was obtained by Khatri [12]

in the form
1
“mi—dp_ 2 5V - -
(5.1) clpmon) 2] ™ H M 1ae] 2R (GvsT-aTTe(140) )

H(C'"C')90<C*‘ f_..._<_C <°°,
i>J p

where v = n]+n2 and the hypergeometric function of a matrix argument
is defined by James [8]:

5 (a])K...(aS)
b (b]) "'(bt)

K

Ho~18

Ft(a],...,as;b],...,bt;S,T) =

7 k=0

C
K K

S C
K

K

where a],...,as, b]""’bt are real or complex constants and the

coefficient (a)K is defined by
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> K

| v

...> k_ > 0 such thet k, +...+ kp = k and

2 p
the zonal polynomials CK(S) are expressible in tarms of elementary

symmetric functions of the characteristic rocts of S [James, 8 ].
Putting p = 2, the joint distribution of Cys G is

3 ]
-m- -5V
(5.2) c(2,m,n)(xy2,) §(c1c2)m[(1+c])(1+c2)] ¢ ]FO(%V;I-Q~]

,c(1+¢)7)

4

(cz—c]).

Pillai and Jayachandran [ 28] have shown that by transforming
2 = c]/(1+c]) and 2, = cz/(]+c2) and using zonal polynomials up to
the sixth degree, the joint distribution of 2152, can be written as
6

KO T et (g+e,)  (g2,)
PTLANEF i i il

j+m+...)[(1—21)(]—z?)]n(22—21),z1<g2

3
...m_.———

[T no ¥ .
where K c(2,m,n)(A]A2) and the cj;'s are functions of As Aos

nys N, as given in terms of constants A;j by Pillai and Jayachandran.

i
given by Pillai [19, 21, 22], we have

The A$j'5 and ci.'s are given in Appendix A. Now using the technique

hg = 0,
b *2 .
h = £ g (292)"T(1-29) (1-2,) 1" (2-29)dg dn,
= [28, (21432042 - 6" (1-0) eI (1) i (mene)
(m+j)hj_]]/(m+n+1+j),'
i=T,...,7
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)

.. - i m+j _ _ n _
Now defining hij g (21+22) (2]22) [(1 2])(1 22)] (22 zl)dﬁldzz,

VY T

then

- : BTN VIR 1 BN 1150 RN PR
hOj [ZBa,b(2m+2+23,2n+2) (b (1-b)" '+a (1-a) }Ba,b

(m¥i+3,n+1) ]/ (m+n+2+3),
j =‘]92,3’

- . m+2+j n+l, m+2+j n+1]
h1j [ZBa,b(2m+3+23,2n+2)—{b (1-b)" " "+a (1-a) }Ba,b

(m+1+j,n+1)+(m+2+j)h0j]/(m+n+3+j), J=1.2,

- . RS  antl L m3+j, ynt]
hp;=1[28, | (2m+4+2§,2n+2)-(b (1-b)"" '+a (1-2)7" 718, 4

(me T3 one T )+ (343 )hy 1/ (mimedbd) 1hocg s 3= 1,2,

1

h31={[28a’b(2m+7,2n+2)—{bm+5(1—b)n+]+am+5(1—a)n+]}Ba,b(m+2,n+1)
+(m+5)(h2]—h02)]/(m+n+6)}+2h]2,

h4]={[28a’b(2m+8,2n+2)—{bm+6(]—b)n+]+am+6(1-a)n+]}Ba,b(m+2,n+1)

+(m+6) (h ]-h]z)]/(m+n+7)}+3h

3 227 Mp3>

where BX y(y,s) = tr'](T—t)s"]dt.

E]

> <

Then we have, in the non-null case,

P(a < ¢q/(1+cq)<c,/(T+c,)<b) = P(a < 2y < 4, < b)
; | 22( 1 )3 (1-2,) )" )
=K" ¢, 2.+2,) (248 1-2.)(0=2,)1" (2 ,~04)do-da,+. ..
i+2j§k=0 Jg g 17 %27 292 1 2 27174 %

=K"Legohyteyghytesg(hathyy)teg hgrtesg(hyt2hy g )+ehy,
*caoihg

*eyghyptegolh

(h +3h2]~h h,,+cnoh +cg0(h6+4h3]—3h!2)+ o1h

02)*¢2121+ 0002 €31N37

+5h4]—6h +h,.)tCh h4]+c” h,,tca h 3]+... .

7 2270377y 221227030
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6. The Tikelihood ratio criterion, 2(2)

In order to study the density of Z(Z), starting from (5.2),

Pillai and Jayachandran [29] have shown that by transforming a, =

298, and w = (1—21)(]-22) and using zonal polynomials up to the sixth
6
degree, the joint distribution of a, and w is given by K" z
i+2j=k=0
. . --:‘ ;1 ?
cgja%+mwn(]—w+a2)1+..., 0 i_a§ + w2 < 1. Now Z(“) (to be denoted
1, .
=N 2N
by Z in the rest of this section) = (2122) ][(]~Q])(]—22)] 2 -

[\"L—l

%n] %nz
W

a, Let y = w=. Then the joint distribution of Z and y is

2 R '] "‘2”2 . + n2 2— —Zn
n, n .
(4/n])K” ) c$jz y (1-y2+z ]y 1 YU,
i+2j=k=0
n n
24t 1
Ny ny n
where y -y 'tz < 0.

2

Now putting n, = Zn], the joint distribution ot Z and y can be written

as
6 et oL
(/)K" ] ez L I 2 LTS
1+23=k=0
1
where y3 - yz + zn] < 0.
1
Note that the area bounded by y3 - y2 + zn] < 0 is the area bounded
by 0 < 7 < (4/27) 1 and :
%—cos(%—+ ﬂ%) + %-g_y 5_%-cos(%)+ %—where cose = 1- g%-zn].

Now integrate out y to obtain the density of the mgr Z:
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2 .1 2
) n n, b . n .
f(z) = (4/n])K“ ) c¥jz 1 1 [y 4‘](1-y2+z ]y 4)1dy+...,
i+2j=k=0 a 1
2 1 1. ny
where a = g‘cos(%-: ﬂ%)+ oL b = %~cos(%)+ §-w1th cose = 1 - g%vz [
and 0 < z < (4/27) ]. Now let
2
b . n .
-4 2 -4
9;5(2) = [y (0-y" + 2 v ay.
a
Then the density of Z can be written as
2 .
6 ny Ty "
f(z)=(4/n])K“ ) cg.z gi.(z)+...,05;§(4/27) .
i+2j=k=0 1 !

j(z) may be found in Appendix B. The method

for determining the gij(z)'s will be illustrated by considering

The expressions for 9;

9]0(2) which can be written as

2
910(2) = ?(1—y2+zn1y'4)dy
a 2
-(b-a)- 2p%-ad)- 1215 3ad)
2 2 2
“(b-a)- 30%-a%)- T2 'z Mba)z b2
= %—(b-a),

where we have made use of the relations

1

n
K gk = (pk1gk=1y_ "1 (pk=3_ k-3

b™-a for any integer k.
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Note that the g..(z)'s are expressed in terms of z, b-a= 2_
1] /3'
9 2 2_ 4 8 .
cos(§-+ %J and b“-a“= ———-cos(%-+ %)[cos(%—— §J+!J where cos 6 =
3/3
1
27 .M
]-—2-2 .

7. Numerical study of power

The results in the previous sections were used to obtain
five percent points for the tests of HO: §] =1, against Zy # g
based on criteria 1) to 4) in the unbiased as well as equal tail
areas cases and criterion 5) in the unbiased case for p = 2, values
of m=20,1,2,5and n =5, 10, 15, 20, 25, 30, 40, 60, 80, 100,
(2)

and are given in Table 1. For mer Z2'%7, Tower five percent points
were obtained for n, = 2n] and for values of ny = 3, 5, 7, 13 and
the five percentage points were also computed for tests 1) to 5)
in the unbiased case and 1) to 4) in the equal tails case for the
same values of N and all these are presented in Table 2. In addition,
five percent points were also computed for LS%Z), Lsgz) and Lsgz) for
m=0,1,2,5and n = 5, 15, 30, 60 and are given in Table 3. Finally,
for p = 3, five percentage points were computed for test 1), namely,
Roy's largest root, in the unbiased as well as equel tail areas caées,
which are also presented in Table 1.

The next step was to compute the powers of the various tests
using the percentage points evaluated and the non-null distributions.
For tests 1) to 4), non-null distributions were available in Pillai

and Jayachandran [29] and for tests 5) and 6), they have been obtained
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in Sections 5 and 6. Before computing the power for a specific
value of (A],AZ) using series involving zonal polynomials of degree
0 to 6, the total probability in that case over the whole range of
the respective statistic for all the terms included in the formula
was calculated and the number of decimal places included in the tables
was determined depending on the number of places ¢f accuracy obtained
in the total probability at Teast as many decimal places as in the
tables. Powers for tests 1) to 5) in the unbiased as well as equal
tail areas cases for p = 2, for values of m= 0, 1, 2, 5, n=5,15,
30, 60 and various (A],Az) are presented in Table 4, (to be continued
in the Appendix C).Further, powers for tests 1) and 6) under the
condition n, = Zn] are given in Table 5 for p = 2, for values of
ny =3, 5,7, 13 and various (A],AZ) in the unbiased case and also
in the equal tail areas case for tests 1) to 4). Again, in order to
compare the largest-smallest root tests (LS(P)) with the approxima-
tions, a tabulation of powers is presented in Table € for LS(Z),
LS%Z), Lsgz), Lsgz) and Roy's largest root Léz) for m, n as in
Table 6 and various (A],Az).
A few findings seem to emerge from tabulations of powers in
Tables 4, 5, 6.
1. M > 1, Ao > 1. It may be seen from Table 4 that equal tail
areas tests based on 1) to 4) generally seem to perform better
than corresponding unbiased ones except when very close to HO in

which case bias is observed in some instances, mostly when m is

close to n.
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Ay < 1, Ay > 1 or A > 1, Ay < 1. For tests 1) to 4), unbiased
test is better than equal tails except when Aty > 2. When

At oA, < 2, bias is observed though small.

A < 1, Ay < 1. For tests 1) to 4), unbiased test seems to be

better than equal tails. There exists some bias when close to

H

0
ng) seems to be least biased, then U(z), then w(z) and lastly
v(2),

2 -
criteria, findings in the equal tail areas case are as in the

Ay >1, %, >1. In regard to comparative performance of the

one-sided case for 1) to 4) described by Pillai and Jayachandran

[29], in the unbjased case when M and Ay are far apart but both

2)  ,(2)

Léz) > LS(Z), but with only one large positive deviation, ng) >

>

greater than unity, in terms of power, U(Z} > 2(2) > w(

U(Z) > W(Z) > 2(2) > LS(Z) > V(Z). But if A] and AZ are close,
then V(Z) > W(z) > U(Z) > Léz) > LS(Z) > 2(2).

A] <1, Az > 1 or x] > 1, A2 < 1. In the untiased case, U<2)>
w2 L2 @) 2(2) 62 en Mot <2, 2(2) . 15(2),

2
2o 0@ () (2D ey =2, L) s (D) (2,

LS(Z) > 2(2) > V(Z) when Aot oA, > 2. In equal tail areas case,

LD (@), (@) @),

A] <1, AZ < 1. In the unbiased case, V(Z) > N(z) > U(

Z(Z) > LS(Z), and in the equal tail areas case. Léz) > U(z) > w(2)

v(2),

=2, L

In comparing LS(Z) with the approximate methods Lsgz), Lsgz) and
/
LS%Z) from Table 6, it is observed that LS%Z) to LS§3) are
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2)

all seriously biased and Lsg especially so.

The bias in the tests 1) to 4), LS%Z) and Lsgz) disappears
gradually with increasing m. Tests are practically unbiased
whenm =5 j.e., ny = 13, Lsgz) does not seem to become unbiased
with large m.

If a single test has to be recommended on an overall basis

over the whole parameter space, Roy's largest root seems to be
the proper candidate. In the two-sided case as well as when both
A and A, are less than unity, among tests 1) to 4), largest root
performs best in the equal tail areas case. Since the largest
root is the least biased, even equal tail areas could be adequate.
However, for the two-sided case, the unbiased largest root test

2) 2)

compare favorably with Z( and LS( when Aot Ay = 2 and is

even the best when A1 + AZ > 2.
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Table 2

Percentage points of Léz), U<2), V(Z),
(w(z))é, LS(Z) and Z(Z)
™
test 3 5 7 13
5% points of tests 1) to 5) witn 2up
L(2) a . 150415 .194303 .217283 .249727
2 b .879749 .782155 .720098 .621018
U(2) a .221589 .330719 .400672 .518881
b 7.76039 4.07220 3.06799 2.14719
v(2) a .202030 .277900 .324536 .402030
b 1.23671 1.13620 1.07231 .969626
(W(Z))i a .287479 .381477 .430628 .499561
b .899426 .858903 .834674 .796084
LS(2) a .0058353 .030358 .054955 .106398
b .903133 .800316 .734105 .629220
Lower 2.5% points of tests 1) to 4)
Léz) .153770 .195723 .218213  .250412
U(z) .225627 .330052 .398204 .515278
V<£) .192957 .270486 .318795 .398016
1
T .290421  .385738  .434498  .502147

Upper 2.5% points of tests 1) to 4}

ng) .882622  .783731  .721217  .621892
u(2) 7.90736  4.06403 3.04951  2.13282
y(2) 1.21806  1.12340 1.06252  0.96421
a1
W)z 901012 .861421  .837114  .797900
Lower 5% points of z\2)
,(2) 1.32301  6.38366 1.82925  2.53203

(-5) (-7) (-8) (-12)

The numbers in parentheses indicate the power of 10 by
which the tabulated values are to be multipiied.



Table 3

§2) 1542) ang 1s{2)

Percentage points of LS » Loy 3

T~ " 5 15 30 60

5% points of LS%Z)

a .0019456 .00076691 .00040179 .00020581
b .616853 .313126 . 178468 .095766
a .020893 .0086368 .0045961 .0C23746
b .694902 .382234 . 225337 .123397
a .054045 .023401 .012658 .00656008
b .744652  .435001 . 263802 147066
a .172848  .084453 .047943 . .025734
b .826744  .54455] .352784 .205771
5% points of LSéZ)
a .0019751 .00077843 .00040782 .00620890
b .617908 .313858 .178926 .095023
a .021036 .0086953  .0046272  .0NZ3907
b .695660 .382804 .225739 .123631
a .054288 .023506 .012715 .0066305
b .745265  .435546 .264180 .147294
a .173256  .084655 .048060 .025797
b .827152  .544999 .353132 . 205996
5% points of Lséz)
1-b .0039379 .0015531 .00081385 .00041693
b .9960621 .9984469  .99918615 .99958307
1-b  .030424  .012612 .0067177  .0034725
b .969576  .987388 .9932823  .9965275
1-b .070509 - .030681 .016625 0086772
b .92949] .969319 .983375 .6913228
1-b .173052  .098895 .056328 .030295
b .826948  .901105 .943672 .969705
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CHAPTER 11

SOME RESULTS ON TRANSFORMATIONS IN THE TWO-SAMPLE
COMPLEX GAUSSIAN CASE AND EXACT POWER COMPARISONS OF
TWO-SIDED TESTS OF EQUALITY OF TWO COVARIANCE MATRICES

1. Introduction and Summary

In the complex multivariate normal theory {Goodman, 6 ], the
study of distribution problems concerning MANOYA, canonical correla-
twon and equality of two covariance matrices was made by several
éuthors, notably by Khatri [10] and James [8 ]. The non-central
distributions of the characteristic roots concerniny the various
test procedures were explicitly given by James [8 ] in terms of
zonal polynomials of complex hermitian matrices. Here, we consider
the problem of testing the equality of covariarce matrices of two
complex normal populations.

Let X](pxn]) and Xz(pxnz) p < nys Ny, be independent complex
matrix variates, columns of }1 being independently distributed as
CN(O,z]) and those of X, independently distributed as CN(Q,gZ). Let

0 <cyseen Cp < be the characteristic roots of ]X]Xi—cXZXéJ=O

and A]""’Ap’ the characteristic roots of |§] - Agzl = 0. To test

Ly = Iy 0r equiva]ent]y'x] =...= = 1 against §]'# Ly (two-sided),

A
P
the following five criteria are considered: ' 5
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1) Roy's largest root, Cho [Roy, 36] or Lép) = cp/(]+cp),

2) Hotelling's trace, U(p) = E Cis [Pillai, 20],
i=1

3) Pillai's trace, V(p) =
;

It O~~10
eed

[c;/7(T+c;)], [Pillai, 20],

4) Wilks' criterion, w(p) = (1+c1)—], [Wilks, 43],

i=1
5) Roy's largest-smallest roots, c](pr) = c]/(1+c1)) and

H =1

cp(Lép) = cp/(1+cp)), to be denoted by Ls(p) defined in

terms of Lép) and L%p), [Roy, 37].

Power studies of tests of Ly = I, against the alternative of a one-

sided nature:
A > 1, E A; > Ps i=1,...,p,

were carried out by Pillai and Hsu [27] based on the first four
criteria. Exact power tabulations were made in the two-roots case
for various (A],AZ) and different degrees of freedom ny and ny
(actually in terms of m = n]—2 and n = n2—2).

In this chapter, a power comparison study has been attempted
for tests of the hypothesis Ly T, against R §2 (two-sided)
based on the above five criteria. A theorem which is similar to
the one in the real case is proved first obtaining the condition
of Tocal unbiasedness for a class of tests of which 1) to 5) are
special cases. Using the theorem, relations between the two criti-
cal values for each of the five tests are obtained as special cases

for tests 1) to 5) for the two-roots case. Further, critical
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values for level o = .05 (five percent points) for the five tests

are computed for p = 2 and values of ny = 2, 3, 4, 7 and n, = 7,

‘17, 32, 62 and are given in Table 7. Also, powers of the criteria

1) to 5) héve been tabulated for various values of (A],AZ),

ny = 2, 3, 4, 7 and n, = 7, 17, 32, 62 and these are presented in

Table 8. In addition, power tabulations have alsc been carried out

from the equal tail areas point of view, of tests 1) to 4) which are
observed to be biased. These tabulations are alsn available in

Table 8 for the same values of (A],Az), ny and n, as before facilitating
comparisons with powers in the unbiased case. The critical values in
this case are also given in Table 7.

A few findings seem to emerge from the numerical results of
powers tabulated and there is a general agreement with those dis-
cussed before in the real case. In general it is observed that
the largest root has some power advantage over the other criteria
studied. These findings are presented in Section 6.

Some results on transformations and Jacobians in the two-
sample complex Gaussian case are proved in the next section which

are needed in the sequel.

2. Some results on transformations and Jacopians

Lemma 1. If M(pxp) is hermitian and at least positive semi-definite

of rank r(ivp), then there exists a unitary matrix Q with real first

row such that M = A D_ AR' where D. is diagonal with elements the
N vk

characteristic roots ck's of M.
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Proof. From linear algebra, we know that there exists a unitary

matrix B such that M = B QC
k
unit characteristic vectors of M. If each column of B is multi-

B' where the columns of B are the

plied by some constant of absolute value unity, the resulting
matrix preserves the properties of B, i.e. the resulting matrix
is unitary and diagonalizes M. Therefore, if we multiple the jth

column of B = (b..) by B]j/[b1jl for j = 1,...,p, and denote the

1]

. - - _ ™ | -
resulting matrix by A = (a;.), (aij = bijblj/lb1j')’ then A is

iJ
unitary and diagonalizes M, and moreover, the first row of A is

real. Hence the Temma.

Lemma 2. If M](pxp) is hermitian and at least positive semi-
definite of rank r(< p) and Mz(pxp) is hermitian nositive definite,
then there exists a non-singular matrix A with real first row such

that M, = A DC A' and M, = AA', where cé are the roots of the
) 2t ! Al
equation [M; - cM,| = 0.

Proof. Since MZ is hermitian positive definite, there exists a lower

triangular matrix T with real diagonal elements sucn that MZ = IT'.

Now T']M]T"] is hermitian and at least positive seni-definite. By

Lemma 1, there exists a unitary matrix B with real first row such

that T"]M]T"] = B D_ B' where ck's are the characteristic roots of
-~ ~ ~ ~ ~ k~
M1Mé]. Let A = TB. A is non-singular with real first row. Then

M] = TBD B'T' = AD_A', M, = TT' = TBB'T' = AA".
~ “SSCpt - SRR . St ~~
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Lemma 3. The matrix A of Lemma 2 will be unique, except for a post-
+]
factor Qk = ( -, ), if M] is positive definite and all the charac-
"+
teristic roots ck's are distinct.

Proof. Suppose there are two non-singular A's with real first row,

say Ay and A,, satisfying the conditions of Lemma 2. Then we have

My = AD. A= AD A,

“1%¢, 21 7 25c,
M, = 5]5] = Agéé-
Thus A'an =0 RAT =0 alla
~2 “1Z¢ ~c,~2-1 Zc, -2 U1
k k k
- e P
i.e Qpck = Qckg where B A, @] (Bij)'
And this implies Bijcj = c181j-
So we have Bij =0 if i # j and C; # Cj‘
Thus B = Qak (say) where a = a + 1bk, k=1,...,p.
And D =D p- =8B = A)ARAT = asta AT -
o2 7% % PL = R My C2 Nolotp L
[ak! k 7k
So o =1 for k =1,...,p.

Therefore A; = Azpak where [o | =1, k= 1,...,p.

Since the first row elements of both @] and 52 are real, so ay must
be real, i.e. b, = 0 and a = 1, k= 1,...,p. Thefore A]‘= AZQk
where D, = (i]. ). We note that A can thus be made unique by

z 1 A

choosing the real first row positive. The transformation is now one

to one.

Lemma 4. If }1(pxn]), Xz(pxnz), (p f_n],nz) are eacn of rank P,

‘then there exists a transformation X, (pxn;)=A(pxo)D ~ (pxp)L, (pxn,)
~] ] ~ "’/Ek ~] ]
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and gz(pxnz) = A(pxp)gz(pxnz) where A is non-singular with real
first row, tk‘s are the roots (all positive) of the equation

[X1%) = eXX5] = 0 and LD = L[y = I. If all ¢ 's are distinct,

then this transformation is unique except for a post-factor D, to go

with A.

Proof. By Lemma 2, there exists a non-singular A viith real first

row such that X]Xi AD, A' and XX, = AR'. We row define g](pxn])

2~2
k
and L,(pxn,) by X; = Ap/EkL] and X, = AL, and note that, given X;.X,

and ¢ ‘s and A, L, and L, are uniquely solvable. Also E]Ei =
D, 5_151‘ 3&5"]91_ = Iand Ly, = 5—]¥2Xé5'_] = 1. This proves
/e, C,

the existence of the transformation. Notice that if all ck's are
distinct, then by Lemma 3, A is unique except for a post-factor

Dk and that g] and EZ will go with A being defined by L]=D] A"]X]

Jc
_ g1 k
and L, = A "X,.
Lemma 5. If X](pxn]), Xz(pxnz)(p i.”]»”g) have the joint density:
-plny#ny) - -ny oy Ty giaa-Ty 7o
i 21 TIzp] “expl-tr(ny X 425 X850,

where Lys L, are hermitian positive definite, then the distribution
of the characteristic roots of (X]Xi)(XZXé)—] involves as parameters

only the characteristic roots of z]zé] (to be callea Ak's).

Proof. Since Ly and L, are hermitian positive definite, by Lemma 2,

£y = ADx A" and 1, = AR', where A is non-singular and all ) 's are
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positive. Now tr(z] X Ki+z; k,R,) = tr(D; A”

Transform X] = AY] and X2 6!2’ then the charecteristic roots of

2(n]+n2)

i)(XZXé)-l are the same as the characterisitc roots of
i y = |(det A)] . In view

1 ‘]
(YY) Now 9(Xp.X,0 Yy,

2° )
p , P
of the fact that |f,] = ]AA | 1 A5 = |det (A)|® 1. and
j=17 - e d
|Z,] = |AR"| = |(det A)lz, Y; and Y, have the joint density:

exp[-tr(D 1Y1Y1+Y2Y2)]
"k
This proves the lemma. If we are interested in the distribution of

the roots ck's, we can, without loss of generality, start directly

from the above form, which will thus be called the canonical form.

Lemma 6. The Jacobian of the transformation X](pxn]) = A(pxp)D/E
- R ¢
(pxp)L](pxn]), Xz(pxnz) = A(pxp)LZ(pxnz) where A is non-singular

with positive and real first row and L1Li = LZLg = 1 is given by

J(X],XZ: A; Ck S, L]ISEZI)
it iy 1 7t
PO D) ALk ;3(92§2)l
e ssbyaby) [ Asep'sslyplyy /] 3yl Iy | Gyl TLy,
1 /. '
2(ny+n,-P+5) P n,-P 5 /1 a(LyL7)
p (NP 1 2 L5
= 2 |det(A)] M cC. n (c;-c, ) // l——Y———y
- =13 ek 9K ollyp/ | Ly
o(LoL5)
| allp) I Ly

3(Xq5X5,sL,04,L,L )I
2122202110522
we proceed as
(A, ¢ 'ss Lysbo) | Aseytsulypelyy

follows. Let Xy = (x1jk+iy]jk), 32 = (x ij+1y2Jk) A= (ajk+1bjk)

Proof. To evaluate
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(note that b]k =0, k=1,...,p)» Ly = (lek+im]jk)’ E2=(£2jk+im2jk)’

ISt

]g] = (k1jk+19]jk> (note that 9155 = 0, j=1,...,p), gzgé =
1
7 = 1 = = < =
(kzjk+1g2jk)(note that 9253 0, j=1,...,p) and ty = ¢l J=1,...,p.

Let X75 = (x]j], Y1410 -2 X13n

Yng ) %5 7 (X2j1’y2j1""’x2jn2’
y23n2>’ Zij = (Q]j], m]j]""’zljn]’m]jn])’ mij = (_m]jl’glj]""’
"m]jn]’zljn])’ Loy * (22j1’ijl""’ZZJnZ’ijnZ)’ Moy = (-mysys
22j1""’—m2jn2’£2jn2)’ J=1,...,p. The scheme of partial differen-

tiation is given below.

X711 M Mo Ms 0
X2 WZ] = Y ng
SHER 0 Mas 0
kp| O 0 0 Mgy
where a' = (a]],...,a]p, 857> b2]""’a2p’b2p’ ,ap],bp], ’app’bpp)’

t' = (t],...,t ) zi = (zi],...,z]p), 2y = (22],.(.,2 )

p 2p
1 k T( !
x]]l Xo1i ‘]]1 '211
=1 | 4 = : X
SR I = :
X]pl fx?p} Tpp kpr
- 112 212
_lg _ g
ky = :112 > ky :212 ,
k]]p k2]p
91p 921p
K1p-1p K2p-1p
91p-1p 92p-1p)
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Filﬁll...tpz]p D et 0]
O ------ O t] Q"]'] t]m]‘] lllll th/]p tpm‘lpo ---------------------- O
Ml] T R e e e
O S PR 0 th]] t]m]] tpzlp tpm]E
g8 e 1581
a2]211+b2]m]] ........................ a2pllp+b2pmlp
L I .
?p]ﬁ]]+bp]m]] ....................... app21p+bppm1p_
D (1) e e e e D (ny)]
Na]]t] 1 ~a1ptp 1
o T P ’
D T D (ny)
< < t
] ap]t] 1 app D 1
o1 QZP Ottt e e e 0
0..... 0 22] m21 22p m2p 0 1 0
MZ] U ,
O R 0 22] m2] QZp m2p
T 1 P P D. (n,)
~a]] 2 ~a]p 2
Y D ;
D (No) e e D. (n,)
~ap] 2 mapp Z




U337

Yg4”

2@]] O e, 05
Ot e e e e e, 0 ZRip
ziz 2]] 0 0
m]2 mH O ittt e e e e 0
z]p P 0 z]]
m]p O 0 mi]
0 ---------------------------- O Q/']p 2]p-‘3
_O ............................. 0 m]p m]p 1 ]
o -
222] S 01’
PP 0 ZQép
Lo zéT Ot ettt ettt e e e e e 0
m22 m'z] O vttt e e e e e 0
zép Ot e e e 0 22}
mép O 0 Moy
O 0 sz 22p~]
O ............................. O m2p mzp_]‘
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[ a. .t -b..t
JRRIRTK 0
0 O 0
where Da. ¢ (n]) = katk ajktk
Uik Tk
O 0
bt 35Kty 2n,x2n
" a5 by
O 0
bjk ajk
35Kk
and D, (n,) = 0 Ovevrnnnn. 0
Jk b., a.
jk Tk
35k Pk
Overniei .. 0
b., a.
Jk Tik . 2n2x2n2

We are interested in the absolute value of the determinant of the

Mp M M3 O
M 0 0 M 3( Xy, %,,L [',L [')
. 21 < ~ ~24 . } S22l s1=2-2
matrix (which is . )
g 0 M33 0 B(A,tk S’L]’Ez)
0 0 0 M
™ -~ ~ "'44 A’tkls,
Lirotor

and which is (2p2+2pn]+2pn2)x(2p2+2pn1+2pn2). After some obvious

manipulations we can take out a factor 2P 1 tj » SO that the
j=1

above determinant becomes



M M Mg 0
o P 2ng-2prl | tor O 0 My
2P 1 t ,
- .
3= 0 0 M3y 0
0 0 o0 M3
R R D. (n,)]
~aH 1 ~a]p ]
* =
where M13 ............................... ,
D (nq)eeueui... D (n])
%1 ! “3pp
L 0
| 0 z;p
2i2t2 Qi]t] 0 . 0
m]‘z’c2 m]']t] L 0
T
z]ptp O v e e 0 z]1t1
miptp 0 e 0 miyt,
O 0 z]ptp le—]tp-l
Ovevnn L 0 m]ptp m]p_]tp»].
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121 O e, 0 i
O .................... O 22p
222 gé] O 0
o m22 m2] O vttt ieeennnns 0
~44 N
zép Ocvvvvnii 0 22]
m2p Oceveevne ... 0 mz]
O v
0 lzp Zp_]
Orevvniinna.. 0 mép m2p—1
Now we have
My Mo M5 O ] o
* * i *
My O 0 M M3 0 ][]0 0 TR P PO
KA 23 | ) |
| )
0 0 M5 0 0 My [0 01 0 ME 0 MMy 0
o 0 0 My
] 1
A3 Mg MM
= [ME3[ Moy -1
M aMogMy, 0
M MESIM o T
2n]+2n2 ~33~13 ~11 233013 ~]2
= |(det A)| 1
MiaMogMyy 0
M33M131M11 M33M131M12
The structure of . N can be visualized by consider-
MMM 0

ing p = 3 which will make immediately obvious the corresponding struc-

ture for the general case. Below is given the case of p = 3.
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In the general case, we have

fa—
o
-]t
-~
[
[
-t
P
[%2]
X
4
n
<
——~
-
d ?
NP~
-2 N
o opd
e
2 Lt
i1
—l o
"~ Hwn
od -
> e
L
r—] a
> e 2
~— e
0 [ge]

|
i



64

Tt |(det A)| | 2 n(tl-t2)°,

N

Remembering t. = c., so we have

[}
[

A,c 's,LyqsL

k 72=11°721

p -p 2n,+2n,-2p+1
=2P ' |(det A)| 12 i (c.—ck)z.

j=1 Jj>k

Thus the Jacobian is

I(Xa X0 A, C

X15%5 L

Lype L

K S Lop)

ny-p Z2n,+2n

p -2p+]
= 2P 1ec. | (det A)| 1o i (c.—ck)2
j=1 - ik

“1~1

3L

a(l L)
Y
107 'Lqg

3. The condition of local unbiasedness

The acceptance regions based on criteria 1) to 5) with Tocal
unbiasedness property and o level of significance can be written in

one form:

R: a(p,ny,n,) 5_w(c1,...,cp) < b(p,nysn,),

where a and b are so chosen to satisfy

(3.1) (i) P(a < w(c],...,cp) j_bIA] =...= A= 1) = 1-q,

P(a < w(CysaensCy) < DlApsee.sd)

(3.2) (1) F P =0,i=1,...,p,
i B PRENNEY
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where 4 (c ,C ) = cp/(1+cp) for test 1), E c; for 2), E [Ci/(]+ci)J
i i=1

; P i=1

1 (1+c ) for 4) and c,/(T+cy), c /(1+c
i=1 1 1 p p
In this section, we will show that the p equations given in (i)

for 3), ) for E).

are really equivalent to one equation and are in turn equivalent to

aP(a i_m(c],...,cp) i_b[A]=...:Ap=A)
A

(3.3)  (ii")

x=1

We call (ii) or equivalently (ii') “the condition of local unbiasedness".

Theorem 1. The p equations given in (ii) are equivalent to one equation

and are in turn equivalent to (ii').
Proof. The joint density of X; and X2 is given by

-1

-p(n.+n,) -n -n
12 [ 2exp[ tr(z1 X1 X ]+22 XZXZ)]

1
AN PPy

7T

By Lemma 5, we may, without loss of generality, start directly from

the following canonical form:

-p(ny+n,)

m

-n - -y
g ]exp[-tr(Q RYSES IRV VIR
1 Ak

=T

i

where D q° diag (1/Ak). Then

P(a < w(C],-~-st) §_b!A],---,Ap)
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_k( +n,) p
P 3 ) Jespl 01

A
afp(C],..., p)<b j=1 J Ay

X,%5)1dX;dX,.

By Lemma 4, we may transform X, = AD/— L, and X, = AL, where A
~ ~ = Ck"] 2 =
(ajk+ibjk) is non-singular with real first row and LiLy = L,L5=I.

And by Lemma 6, we have

2n]+2n2-2p+] P ny-p

. ' = 9P - 2
J(X],XZ. Asc, S’L1I’EZI) 2" | (det A)] 1§1C3 .H_‘(cj Cj')
J= J>J
atip ] ety
ol b e )
Therefore, (3.4) becomes
-p(ny+n,) p _ N
(3.5) 2P 1 2 oy (80, '), Jexol-tr (D AD ATAR')]
R* j= 1 Y “Ck Ak
2n,+2n,-2p+1  p ny-p p
x |(det A)] e dA T c.] n (c.-c .)2 M dc.
i I R oL
_ ) | Loy
LyLy=I | a(LiLhy) Lobo=T|3(LyLs)
o(Lyp) |, (Cop) |1
~11 =21
9P b .
= - - é A [n]A1—(AD A ).i]exp[-tr(g _1AD, R'+AR) ]
. AR
rp(ny)rp(ny) R* §=1 ‘K A Tk
2ny+2n,-2p+1 p n.-p p
x | (det A)[ 1 2 dA 1 c. 1 1 (c.-c..)2 mdc.,
) 13 g I I g

where R* is a 5_w(c],...,cp) <band - » < all ajk’bjk < » and

. 1 - p
rp(n) = nkp(p 1) n r{n-j+1). Thus we have
J=1
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3P(a f_w(c],...,cp) f_blx],...,xp)
aAT]
;

B -(AD_ A').. -tr(AD  A'+AA
r (n])F (n2) é*["] (ch~ )11]exp[ r(~~Ck~ AR 1]

2n,+2n,-2p+1 P n,-p
1 dA mc. 1 (cJ--C-.)2

dc..
=14 g j

{d
| (det A)| 45

H 3T

The only term in the above integrand which depends on i is

2 2 2 2
+b11 1 ) 1p p b1pcp

taken over R*. Thus the integral is invariant under a change of

(AD_ A').. = (a

AD, i 25764 ) and the integral is
k™

the subscript i for i = 2,...,p. For i = 1, the integral is half

fl

of the integral for i = 2 (note that b K= =0 for k = 1,...,p). Hence
1%

1
wwimkpnqc <b cosh)
the p equations _]p P =0 are

oAy SRR

really equivalent to one equation. Now adding up integrals like

(3.6) over 1 = 1,...,p, we have

p -
(3.7) —F——— [ [n,p-tr(AD_ A")Jexp[-tr(AY_ A'+AR")]
Fp(nl)rp(nz) R* k k
2n,+2n,-2p+] P n,-p
1 2 dA T 1

\2
¢ 'n.,(cj—cj.)

|(det A)|
” J=1 J>J! J

]dcj.

It = "o

It is easy to see that (3.7) is actually equal to

BP(a < (JJ(C'],...,CP) i b!)\]::"':)\p:)\) ¢

ax'] r=1

Hence, (ii) is equivalent to (ii').
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Theorem 2. Condition (ii') can be written as

p ny-p -(ny+n,) P
cp)l f nyp T c.| (T+c.) Vet g (c{—c..)2 M dc.-
afp(c],...,cp)gp j=19 J j>it ¢ g1
p ny-p ~(ny+n,)
/ (nan )T T e/ (e )] 1erl (e 12
asw(Cys. . sep )b j=1 9 I7=1 J
2 P
R (c.-c..,)" mdc.] =0,
AR j=1
PPz (ny+n,)
where C(p) = - - P -
ro(ny)Tp(np)r, (p)
Proof. Starting from (3.7) and transforming A = BD _1» Where
” ~”(1+ck) E
B is non-singular with real and positive first row if the matrix A

in Theorem 1 is taken with real and positive first row. J(A: B)

- P .
|D _;IZp - g (1+cj) P*2. Then (3.7) becomes
- 1 -
(]+ck) j=1
p _ -
(3.8) —FE———— ] [n p-tr(8D B )Jexp[-tr(B3")]
T (n])r (n2 R** ck(1+ck)
P p 2n,+2n,-2p+]
(det 8)] o8
p n]—p '(n]+n2) 2 P
x I c. (l+c.) m (c.-c¢..)” ndc.,
j=11J J i>j 3= Y

where R** is a §.w(c],...,cp) < b and B is non-singular with real
and positive first row.

Further, transform ? = IE where I is lower triangular with real and
positive diagonal and E is semi-unitary with real and positive first

row. We shall now find the Jacobian J(@: I,E). Differentiating both

sides of B = TL, we have (dB) = (dT)L + T(dL). Pre-multiplying by I-],



we get I_](dB) = I_](dI)L + (dL). Putting U = I“l(dﬁ) and
V= T71(dT), we have U = VL + (dL).

Hence J(B: T,L) = J(dB: dT,dL)

J(dB: U)J ,(dL): (dT), (dL))

= 719 TP (oL //FTI—7
Ly

o{LL
_ (e 21)2P(dL / <~~ )
]

-21+1

P
H

a(L
=0’ L

Then - - [[n]p—tr(BD _]E')}exp[—fr(gg')]
r (n])F (n2) B wck(1+ck)

2n]+2n2—2p+]
|(det B)| dB

(3.9) = —2 [ finyp-tr(TLD

?'—'I*ﬁ

——
3
—

Al
—2
—_—
=
ro

p
£l o
1t
n—q

k(1+ck) | |
npingpHE b 2p-21 / L")
Tt

<A

= - [nyp-tr(TLD LT ) Jexp[-tr(TT")]
[ finb T, T et

N, +n B(LL')

pp LL
< |TT 1 2 7 £P" ‘1+]deLI/ e
.~ =] T -D

Ly
-p P -2p+2i-1
Transform S = T'T, J(T:S) = 2°F 7 t.3 .
. i=1

Ther. (3.9) is

(3.10) = 2? [ [nqp-tr(SLD £ ) Jexp[-trs]
Fp(n])rp(nz) LL =1 $>0 (C§(1+Ck)
L )

nytno=p /18
S| ds di;1|3(C,)
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Apply the following equation of Khatri [14]:

[ expl[-trs]S|""PC (AS)dS = T (r,c)C (A),
50 - S «

where EP(F,K) = Ep(r)[r]K, then (3.10) becomes

2Pt (n,+n

) - it
—p 12 [ Inqp-(ny#n,)tr(LD k)L / o(LEY)
Tp(n])rp(nz) EE ‘E Ck(]+ck) / SYEBT- EI
WP(P~])§p(n]+n ) p
= - - - [n]D-(n]+n2).Z cj/(]+cj)]_
rp(ng),(np)t, (p) j=1
Therefore, we get
aP(a i_w(c], ,Cp) i_b[x] o7 " A),
307 !x = ]
p n,-p -(n,+n,) .
= ¢c(p)l nyp T c T ey 120y (c.-c..)?
a<w(C], ,Cp)(b j:] J j»3" J
p
I dc. -
j=1
NP —(n1+n2)
, / (n]+n2)[ Yoe./(1+c. )] mc (1+c.)
af_w(C], ’Cp)ib J:] J v \]:1' J J
p
m (c.-c.,)° 1 dc.]
RENA j=1

Now equating the above to zero, we have Theorem 2.
Thus, the acceptance region based on criterion w(C],...,Cp) with Tocal
unbiasedness property (wup) and o level of significance can be written

as

R: a(psn]snz) f_w(c]a~--9cp) f_b(psn]:nz)a
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where a and b are so chosen as to satisfy:

p n,- -(ny+n,)
() cp) g 1l e 2 ele)?
asw(Cys..nse )b 3= J J j 3 43
p
mdc. = T=o
j=1 J
and
P n]'p '(n]+nﬁ) 2
(i1) c(p)[ np I C, (T+c.) “n (c.-c.,)
agp(c],...,cp)ib j=1 J J j>j’ J
p
ndc. -
j=1
P n]'p '(n]+n2)
(n]+n2)[.2 cj/(1+cj)].n s (1+c.)
agw(c],...,cp) <b j=1 j=1"
' p
I (C"C-l)z I dC'] =0,
jsg! J ] j=1 J
Wp(p_])T (n]+n2)
where C(p) = - - P - .
Cplny )T (n,)E (p)

4. The acceptance regions based on the
five criteria with sup for p = 2

In this section, we will consider the accéptance regions of

tests 1) to 5) in that order.

1) Roy's largest root, Léz) = c2/(1+c2). By using Theorem 2 in the

previous section, we know that

2
oP(a 5AL£ ) <bfay =2, =)

(4.1)

DA_] A=1

= C(2) [ gz(c],cz;nl,nz)dc]dcz— / hZ(C]’C2;
a<L(2)<b a:LéZ)ib

n],nz)dc]dcz],
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n]-2 -(n]+n2)
where gz(c],cz;n],nz) = Zn](c]cz) [(1+c1)(1+c2)] (c]—c2

holeyseysngany) = (n#n,)Leq/ (T+e) e,/ (T+e,) I(eqey) |

-(n]+n )

[(+c))(1+c,)] | 2

)2

X

(c]—c2

Now transform ¢, = c]/(1+c

! ) and ¢, = c2/(]+c2). Then (4.1) becomes

1 2

2 L

b "2 b 72
(4.2) C(Z)[£ é 93(21,22;n],n2)d2]d22—£ é h3(z],22;n],n2)d£]dz2],

-2

n,-2 n
] [(1-2,)(1-2,)] : (2q-2,

2
where 93(2],22;n],n2)=2n](£]£2) )" and
-2

n]—c_ . n2
LGi-20)(0-2,)] % (242,

h3(Lya2p5myn5)=(ng4n,) (2g42,) (242,)

Further, note that by making the same transformaticn,

2)

(4.3) Plac<lL §_b|A]=A2=1)

2 n]-2 n2—2 5
(x]zz) [(1-21)(1—12)] (£]~22) deqde,.

O o N

Khatri [9] has shown that

. 4
X n,-2 n,-2 2

2
é é (2125) ! [(1-2)(1-2,)] 2 (21-2,)"de,ds,

- - - 21)- - ( -
Bx(n] 1,n2 1)Bx(n]+1,n2 1) Bx(n],n2 ])Bx\n],n2 1),

1

1oty Tt

X
where B (r,s) = [ t
X 0

2

2 n]—2 nz—
[(1-2])(1-22)] (24-2,

2
(29%2,)(242,) )"d2,ds,

2 n]~2 n2-2 5
Ll-(]-z])(1-22)+2122](z]22) [(]—z])(1~22)] (z]~22) dg]dzz
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= Bx(n]—1,n2—1)Bx(n]+],n2-1)—Bx(n],n2—1)Bx(n],nz—])

- Bx(n]-1,nZ)BX(n]+1,n2)+BX(n],nZ)BX(n],nZ)

s

Bx(n],n2~1)Bx(n]+2,n2—])—Bx(n]+],nz—l)BX(n1+1,n2—1).
Thus, we have proved the following:

Theorem 3. Let T](x) = Bx(n]-],nz—l)BX(n]+1,n2~1)—Bx(n],n2~1)BX(n],nz—l)

and Tz(x)=T](x)—B (n1—1,n2)Bx(n]+1,n2)+Bx(n],nZ)BX(n],n2)+BX(n],n2—1)

X
Bx(n]+2,n2~])-8x(n]+],n2—1)BX(n]+1,n2~1). Then the acceptance region
(2)

based on Roy's largest root, L2 = c2/(1+c2) with 2up and o level is

given by a f_LéZ) < b where a and b are so chosen as to satisfy:

(i) C(Z)[T](b)—T](a)] = 1-a and
(1) C(2)(2n;[T;(b)-Ty(a)I=(ny+n,)[T,(b)-T,(2)]} = 0.

2) Hotelling's trace, U(Z) = c]+c2. From the previous section,

(4.4) P(a < U(Z) ib])\] =%, = A)

-2(n,+n,) -2n _
=o 0 Texpl-tr (67T R, Ra) JaX .
ascytc,<b

. _ _ . B 'l
K] = Y] and X, = YZ' J(Y].K]) = ) and let

0 < dy <d, <= be the characteristic roots of |Z]Yi—dY2Yé| = 0.

Wl

Now transform X

1
Then (4.4) becomes

n]—2 -(n]+n2)
ag}d]+xd2§p

Let u = d] + d2 and g = d]dz. We get



oA A=1
1 p? n,-2 - n]+n2) F L 42 n,-2
=c(2)[b] g | (1+b+q) (b°-4g)=dg-a] g
0 0
_(n_l—{-nz\ E
(1+a+g) (a"-4g)=dg]

= bT2(b)faT2(a),

where Tz(u), the density function of U(Z), has been found by Pillai
and Jouris [30] as follows:

-(n,+n,) 2r+2n, -1

]r 2 )(n]—Z)!u 1

0 r+n, -1 2r+2n]+2n
4 (1+u/2)

2

1
(r+3/2)(r+5/2)...Lr+(2(n]—3)+5)/2]'

X

Furthermore,

Pa < ul?) <blr =, = 1)

Ju” n, -2 -(ny+n,) .
- c2)] | g ! (1+urg) 1% (u%-4g)* dgdu

where T](u) is defined as follows:

74
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=, (ngny)
(4.7) Tyw=e(2) T (-0 T ) (ny-2)1 e (2rezn

2+u

2n

1? 2)

1
8 (r#372)(r+572). . TrH(2n -T)72T

Therefore, we have proved the following:

2
Theorem 4. The acceptance region based on U<‘) = c]+c2 with 2up

and « level is given by a §.U(2) < b where a and b are chosen

as to satisfy:

(i) f1(b)—T](a) = T-a and (ii) sz(b)~aT2(a) = (i, where T](u)

and T2(u) are defined in (4.7) and (4.6) respectively.

3) Pillai's trace, V(Z) = [c]/(1+c1)]+[c2/(1+c2)]. From Theorem 2,

aP(aiy(Z)ib]A1=A2=k)
we obtain -
aA

the integrals in (4.7) by V(z). Now transform 2]:c1/(1+c]) and

by replacing Léz) in the Timits of

A=1

22=c2/(1+c2). Then

2 = =
(4.8) aP(ajy( )5p[A1—A2—A)

ax"] A=1

=C(2)[ / G(2q 52,30, ,0,)d2,de, - / ho(fq,0,3
acty b 12%2302Mp )44, acty i, 31

n],nz)dgldgzj.

Let v =“g]+22 and g = 2%y Then (4.8) becomes

v2 n]—2 n2-2
g (1-v+g)

1
C(Z)[Zn] (v2—4g)zdgdv

QW — T
O]
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bZv. n,-2 n2~2 1
~(ny+n,) | é vg © (1-v+¢g) © (v©-4g)=dgdv]
a
And P(a i_V(Z) j_blk]=X2= )
b 1v?
' A n]-2 n,=2 2 1
- ¢c(2)f fo g ' (1-vtg) © (vP-4g)#dgdv.
a

Therefore, we have the following theorem:

Theorem 5. Let

72 (2 Ty (n +r-2)!
r 1 .
Ty (x)= ZO o] B, (2ny#2r,ny-r-1) if O<x<i,
2 3.5 ..(2(n1+r)—1)
n,~2
27 (2 ) (nyrr-2)!
ZO T By(2ny+2r, n,-r-1) ¢
2 3.5 (2(n1+r)—])
ny-2 n,tr
M 2 ()28 (-2t M 5 myre2
@ LD IEm ) Loty )
[B%ﬁ3+],2(n2+r))-81(j+],2(n2+r))] if 1 <x <2,
and
Do,z M2l
: 277 | - )(n]+r-2)! _
T2(x) = ZO e Bx(2n]+2r+1,n2—r~1) if O<x<1,
r=v 2 3.5...(2(ny#r)-1)
No~2
n2i2 ( g )(n]+r~2)! (242041 .
Bi{2n;+t2r+t,n,-r-1) +
r20 s (2(ngar)-n) T 2
. n,-2 nytr
ny-2 n,-r-2 { ! )2 2 (n,+r-2)! ny-r-2 . Ny-r-2
C 42 (1) ] 3 g (2(n +r§—1) I -2 ]J )
r=0 +2-- - (elny SE
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‘ x [B,(3+2,2(nytr))-B, (§+2,2(ny#r))] if 1 < x < 2.

L 2 2
Then the acceptance region based on V(2)=[c]/(1+c])]+[c2/(1+c2)]
with 2up and o level is given by a §_V(2)'i b where a and b are so

chosen as to satisfy
(1) C(Z)[T](b)—T1(a)] = T-a and

(1) c(2)42n) [Ty (b)-T; (a)]-(nyny) [T, (b)-T,(a)3} = 0.

4) Wilks' criterion w(z) = [(T+C])(T+c2)]_]. Again from Theorem

2)

5P (a < W' < blAg=r,mh) | (2)
2, we obtain = i by rep]acing‘L2 in the
oA ta=1
limits of the integrals in (4.1) by w(z) Now transform 2]=c]/(1+c])

and 22=c2/(1+c2).

aP(a 5_w(2> < b[xy=15=1)
Then

ax'] A=1

h3(21,22;n],n2)dQ]d22].

The density function of W(Z) has been found by Pillai and Jouris [30]

as follows:

2

To(n +n,) o (ny), (n;-1), n,-2 one 4k
ry(ny)r(2n;) kgo (2ny) k0 " (1-w)

flw) =

Thus, the distribution function of w(z) is



78

w (n,+j-2)! Y
2] et —= I (DRCETB | (2(nytk-1),2(n 28)-1)
J=0 4xj!(j- 5)....(ny+j- ) k W=
2 1 2
; 1 o
where )' = ) if j=0and }' = J if j > 0. Therefore, we
k k=0 k k=0
have the following:
Theorem 6. Let
w (ny+j-2)! Y
W)= 2] —— — T EORCEE (2n,rke1),
=0 4xj!(j- ?)....(n]+3— E) k W2
2(n;+2§)-1)
o (n +j-2)! e
T,0) = -2 ] ——uL o g'm)k( B (2(n 0k,
=0 4xj!(j- §)....(n]+J- E) e

and
@ (ny+3-1)! Cpie]
T (W) = -2 1(_1) ( J )B 1(2( +k-]),
3 j=0 4XJ|(J— ]2—).,_(n1+j+ gg k ”: nz
2(ny+25)+1).

Then the acceptance region based on w2 [(1+c])(1+c2)]'] with

2up and o level is given by a 5>w(2) < b where a and b are so chosen
as to satisfy
(15 C(2)[Ty(b)-Ty(a)] = 1-a and
(1) C(Z)[(n1-n2){T](b)—T1(a)}+(n]+n2){T2(b)-T2(a)}-(n]+n2)
{T3(b)—T3(a)}] = 0.

5) Roy's largest-smallest roots, LS(Z) = c2/(1+c?), c]/(1+c]).

From Theorem 2 in the previous section, we have
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aP(a < 15(2) < blay=,=1)

ax'] A=1

(4.17)

= C(Z)[fgz(c],cz;n],nz)dc]dcz-fhz(c],cz;n1,nz)dc]dcz].
aic]/(1+c])592/(1+c2)5b agp]/(1+c])§p2/(1+c2)5b

Now transform 2y = c]/(1+c]) and 2, = c2/(1+c9). Then (4.11)

becomes

b %2 b *2
a a a a

Further, note that by making the same transformation,

P(a < Ls(2) < bay=a,=1)

=

2 n]—2 n2-2 5
(2]22) [(1—2])(1—22)] (2]~22) de,de,.

— o\
= G2y 194

V—— T

W

Use the technique as in Khatri [9], we have

y 2 ny-2 ny-2 )
{ (eq20) © [(1-29)(0-25)T % (2q-2,)"dsqds,

X

= B (n]-],HZ-])B

.y (n]+1,nz—l)—Bx,y(n],n2—1)Bx,y(n],n2—1),

X5y

"1 1-t)5 Tat.

> — <

where BX y(r,s) =

3

y % ny -2 2

Nn.-
Now [ [ (aptap)(2g2p) | D012 (1207 2 (1971507, s,
X X

o

/

n]—2 . n2~2 2
[-I’(]'R])(]“22)"'9’]22](2]22) [(]"9«])(]"22)} (2]'22)

dﬂ]dlz’

>
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B (n]—l,nz—l)Bx,y(n]+1,n2—1)—Bx,y(n],n2-1)B

XY (n],n2—1)

X5y

- B (n]—l,nZ)B

X,y (n]+1,n2)+B

X,y x,y(n1’n2)8x,y(n1’n2)

+ B (n],n2-1)B

XY (n]+2,n

-1)-B (n]+1,n2-1)Bx

9 X,y y(n]+1,n2-1).

X5y

Thus, we have proved the following:

Theorem 7. Let T](x,y) = Bx,y(n]—l,nz-l)BX

(n],nz-l) and T2(x,y) = T](X,Y)-B

y(n1+]’n2_])_Bx,y(n]’n2—1)

]

Bx,y X’y(n1—1,nz)Bx’y(n]+],n2)+

n 2 _
Bx,y(n1’n2)8x,y(n]’n2) +Bx,y(n],nz—l)BX,y(n]+¢,n2-])—Bx’y(n]+],n2 1).

Then the acceptance region based on Roy's largest-smallest roots,
LS(2)=c2/(1+c2), c]/(1+c]) with sup and o level is given by

a g_LS(z) < b where a and b are so chosen as to satisfy
(i) ¢(2) Ty(asb) = T-a
(ii) C(2)[2n]T](a,b)-(n]+n2)T2(a,b)] = 0.

5. P{(a 5A[c]/(1+c])] i,[Cg/(1+C2)] < b) in the
non-null case

The non-null distribution of c],...,cp was obtained by Khatri
[13] in the form

(ny+ny) 1

MMP i - -1
(5.1) cp)|a] 'e] T {1eC] JFolnyangs a7 T e(rve) ™)
i \ci-c.)z,
ENE

0 <c¢cqy <ovu<C < o
T="""="p

where the complex hypergeometric function of a matrix argument is

defined by James [8]:
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: = fayl...Ta],
SFt(a],...,as;b],...,bt;6,§)= ZO g [b]JK""[bt]

where a],...,as,b],...,bt are real or complex constants and the

coefficient [a]K is defined by

(a-i+1)

[al =

1

=T
.

K

where (a)k = a(a+1)...(a+k-1) and « of k is a partition of k,

K = (k1""’kp)’ k1

complex zonal polynomials 5K(A) are expressible in terms of elementary

i:--i.kp > 0 such that k]+...+kp = k and the

symmetric functions of the characteristic roots of the hermitian matrix

A. Now putting p = 2, in (5.1), the joint density of Cys G is given

by
M ny-2 -(ny+n,) 2
(5.2) C(2)apy) Negey) | [(Trep)(T4c,)] (cpmc))
. 1-1/A] 0 . c]/(1+c]) 0
= [npn,] ¢l ¢ 1—1/x2)CK( 0 C2/(1+c2))
< Ty 5 i .
) KT
k=0 « C (I)

K

a0)=

0b B (r,s)(a+b)"(ab)®, where the

r+2s=k ©

BK(r,s)'s were given by Pillai and Hsu [27] up to k = 6, (5.2) becomes

Using the relation EK(

. ]-]/k] 0 . )
[n]+n2]K Cl o 1-1/x,

- r ny*s-2
<] b (ris)[e/(T+eq ) e,/ (14¢,) 1 (eqey)

=(nytnyts) 2

x [(T+cq)(1+¢,)] (cy-cq)”.



82

Now transform 21 = c]/(1+c]), 22 = c2/(1+c2), then the joint distribu-

tion of 27, 22 is
. 1=1/a 0
C( o )
Ny e [n]+n2]K K 0 ]—1/A2
C(2)(arp) 7 ] q -
k=0 ’ c (1)
K
T b (ms) (i) (o) | L1101 2 (02
x ) b (r,s)(e,+2 [ ) T-2.)01-2¢ La-9 }
rrokep K 17420 ke IR 27"
Now let
b %2 . nyts-2 N, ,
hr’s(a,b) = g £ (21+22) (2122) [(1—21)(1—£2;] (22-2]) de,de,
n,-2 ‘
r 2 n,-2
= 1 1 nicd)
i=0 ' 350 J

. i+j+n]+s—1 _
x{[Ba’b(2n1+25+r+J,n2—])-a Ba,b(n]+s+r—1+1,n2-1)]/
(1+j+n]+s—1)
+s
Ba’b(n]+s+r—i,n2—1)]/

i+j+n

-2[B, p(2n)+25+r+3,n,-1)-2 1

(1+j+n,+s)

]+J+n1+s+18 (n,+s+r-i-1,n,-1)]/
a p{nytstr=i-1,n,-

+[Ba,b(2n]+25+r+j,n2-1)—a
(1+j+n]+s+1)},

N -
where Bx y(r,s) = | tr'](]-t)s ]dt.
’ X

Then we have, in the complex non-null case,

o

—~
Q
A

< Leg/7(14¢q)T < [ey/(T4¢,)] < b]

=P(a < 4 < &y < b)
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L 1=-1/a 0
C( o )
-ny e [n]+n2] k' 0 1—1/A2
= C(2)(xq25) T -
k=0 g ’ C (1)
Koo
x b (r,s)h_ _(a,b).
r+2§=k . rsS

6. Numerical study of power

The results in the previous sections were used to obtain five
percent points for the tests of HO: Ly = I, against Ly 7 Lo based on
criteria 1) to 4) in the unbiased as well as equal tail areas cases
and criterion 5) in the unbiased case for p = 2, values of ny = 2,

3, 4, 7 and n, = 7, 17, 32, 62, and are given in Table 7.

The next step was to compute the powers of the various tests
using the percentage points evaluated and the non-null distributions.
For tests 1) to 4), non-null distributions were available in Pillai
and Hsu [27] and for test 5), it has been obtained in Section 5.
Before computing the power for a specific value of (Al,xz), the total
probability in that case over the whole range of the respective
statistic for all the terms included in the fcrmula was calculated
and the number of decimal places included in the tables was determined
depending on the number of places of accuracy obtained in the total
probability, at least as many decimal places as in the tables. Powers
for tests 1) to 5) in the unbiased as well as equal tail areas cases
for p = 2, for values of ny = 2,3,4,7, n = 7,17,32,62, and various

(A],Az) are presented in Table 8 (to be continued in the Appendix D).
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A few findings seem to emerge from tabulations of powers in

Table 8, and they are in general agreement with those discussed

before in the real case and are stated below for convenience.

1.

Ay 21, %, > 1. It may be seen from Table 8 that equal tail

areas tests based on 1) to 4) generé]]y seam to perform better
than corresponding unbiased ones except when very close to‘HO
in which case bias is observed in some instances, mostly when
n].is close to Ny.

A< hid, > Tor Ay > 1, A, < 1. For tests 1) to 4), unbiased
test is better than equal tails except when At Ay > 2.  When
A*th, < 2, bias is observed.

Ay < 1, A, < 1. For tests 1) to 4), unbjased test seems to be

2
better than équa] tails. There exists some bias when close to

Ho-

Ay 21, 4, > 1. In regard to comparative performance of the
criteria, findings in the equal tail areas case are as in the

one-sided case for 1) to 4) described by Pillai and Hsu [27], in

the unbiased case when M and A, are far apart but both greater

than unity, in terms of power, U(z) > w(z) > V(Z) > Léz) > LS(Z),

(r
but with only one large positive deviation, Léd) > U(Z) > w(z)
2) 2)

>w( >

> V(Z) > LS(Z). But if A] and AZ are close, then V(

ol 2) 52,

A] <1, xz > 1 or A > 1, Az < 1. In the unbiaéed case, U(Z) >

W5 1825 (@) 502D hen o+ ay < 2, 1525 12D (D)
W25 v () hen 4y w = 2, LB 5 u(@) i) s(2) y(2)
(2)

when Moty 2. In the equal tail areas case, Léz) > U >
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/(2)

Ay < 1, Ao < 1. In the unbiased case, >

Léz) > LS(Z), and in the equal tail areas case, Léz) > U(Z) >
W(2) 1, y(2)

Léz)‘seems to be least biased, then U(Z), then w(z) and lastly
v(2),

If a single test has to be recommended on an overall basis over
the whole parameter space, Roy's Tlargest root seems to be the
proper candidate. In the two-sided case as well as when both
Ay and A, are Tess than unity, among tests 1) to 4), largest
root performs best in the equal tail areas case. Since the
largest root is the least biased, even equal tail areas could
be adequate. However, for the two-sided case, the unbiased
largest root test compares favorably with LS(2) when A]+A2=2

and is even the best when A]+A2 > 2.



2 32
2 62

3 17
3 32

3 62
4 17
4 32

4 62

7 17
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and LS(Z) in the complex case

2)

%

. 12821869
.68638534
.05691831
. 38418795
.03103056
. 22888365
.01624908
. 12623932
.20698277
. 73839249
.09711506
.43787605
.05408345
.26816592
.02867536
. 15054372
.27478561
. 77506206
. 13544033
.48139225
.07697518
.30201897
.04131685
. 17230585
.42584076
. 84088837
.23589279
.57591970
. 14009359
. 38037284
.07740531
.22509263

,(2)

TABLE 7

Percentage points of Léz), U(Z)

b

/(2)

5% points with 2up

2

—

.17322768
.33623275
.07123695
.68369464
.03779785
. 32840755
.01949062
. 16072592
. 33252292
.11217282
. 13788433
.89741927
.07336740
.42912028
.03789078
.20951297
.50547305
.87520188
.21125777
. 10500451
.11271701
.52638535
.05829979
.25644795
.05120667
.13942238
.45197490
. 71342571
.23800115
. 79449537
. 12309289
. 38389322

. 15462404
.83099169
.06758791
.44339986
.03671862
.26031058
.01919565
. 14244743
.27375573
.99247727
. 12599620
.54943215
.06979313
. 32887181
.03690387
. 18230195
.38512321
.11249648
. 18593691
.63966431
. 104397306
.39023355
.05614305
.21910635
.65768820
1.

. 35630405

.84851380

.21172106

. 54458620

.11462655°

.31205213

34231221

V(Z), (w(z))%

.52095645
.92137257
.76177015
. 96588346
. 86442150
. 98154025
.92720307
.99037409
44734424
. 85980401
.70797238
.33618932
.32951671
.96484313
.90703078
.938147333
. 39285041
.80184315
.66252198
. 90562858
. 79836759
.94705376
.88842129
.97179362
.28904005
.65985927
.55821793
. 21860922
. 72029908
.39298639
.84151811.
. 94233896
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15(2)

.00290803
.73009510
.00128268
.42569680
.00069522
. 25820667
.00036260
. 14399519
.02184729
. 76040658
.00999849
.46268266
.00549699
.28695772
.00289081
.16241415
.05126577
.78854720
.02433498
.49910319
.01357882
.31634268
.00720264
.18169966
. 15435958
. 84564042
.08073340
.58506668
.04709359
.39197944
.02600531
.23702259



NNNNPAEPERAERPLWWLWWNDND NN

NNNNPAEPRPRAERRLOWLWLWNND NN

17
32

17
32
62

17
62
17

32
62

. 12468851
.05308474
.02853982
.01483010
.20706925
.09382076
.05159252
.02715750
.27784817
. 13294046
.07468683
.03981586
.43382403
.23562338
. 14009359
.07740531

.68003853
.37027612
.21743266
.11879574
. 73849492
.42971616
.26015821
. 14488374
.77786858
.47647854
.29608354
.16773388
. 84582037
.57555746
.38037284
.22509268

TABLE 7 (continued)

J(2)

,(2)

Lower 2.5% points

.16691032
.06585292
.03453679
.01770404
. 33060577
.13191976
.06945693
.03568282
.51006342
.20539781
. 10850647
.05585176
.08844933
44697472
.23800115
. 12309289

Upper 2.5%

2.25922247

—

.64272268
. 30687762
. 14978666
.09457433
.86447864
.41061170
. 19988504
.91163088
.07785551
.50983566
.24763762
. 39841090
.69511974
. 79449537
. 38389348

14724334
.06255707
.03360826
.01745680
.26740121
.12055789
.06617373
.03479595
. 38047654
. 18065307
.10118622
.05384671
.65768751
. 35240554
.20825615
. 11462655

points

.81403456
.42488231
. 24642746
.13376147
.98167352
.53541519
. 31758986
.17491998
. 10600989
.62861711
.38066189
.21256117
.34231227
.84269368
.53832400
.31205224

w?))

.52979838
.77222609
.67189960
.93172574
.45134357
.71553703
.83550310
.51085069
.39432275
.66826463
.80338722
.89179196
.28750623
.56095351
. 72352607
.84151811

.92464846
.96841446
.98310554
.99124679
.86208147
.93890283
. 96666453
.98253133
. 80292555
.90823270
. 94895748
.37294580
.65817298
.82041870
.89473045
.04233896

1
z
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CHAPTER III

MONGTONICITY OF THE POWER FUNCTIONS OF TESTS
BASED ON TRACES OF MULTIVARIATE COMPLEX BETA
MATRIX AND CANONICAL CORRELATION MATRIX

1. Introduction

For the MANOVA problem in the real case, Perlman [18] has shown
that the power function of the test based on Pillai's trace of a
mu]tivarfate beta matrix is monotonically increasing in each noncen-
trality parameter provided that the cutoff point is not too large.
This result has also been proved true for the problem of testing
independence of two sets of real variates. In}this chapter, both of
these results are extended to the complex case. An illustrative
table is also given, of the smallest error degrees of freedom
Tess the number of variables in MANOVA guaranteeing the above
monotonicity property given other sample arguments and significance

tevel.

2. Invariant tests for the MANOVA prcblem

Let g](pxr) and ZZ

The columns of Z] and ZZ are mutually independent ard complex

(pxn) be independent complex matrix variates.

normally distributed with common nonsingular covariance matrix Z,



and £EZ, = 8, EZ, = 0. The joint density function of Z] and Z

1T 22 - =2
is given by

(2.1) P () et (2, -0) (2176 42,2500
The problem is to test

6 = 0 against 6 # 0.

This problem is invariant under all transformations of the form:

where B(pxp) is nonsingular and E](rxr) and Ez(nxn) are unitary.
Here, we assume that p < n + r. Let t = min{p,r}. A maximal

invariant statistic is (2,...,%,), where 1 2872020, 20

are the ordered t largest characteristic roots of the multivariate

complex beta matrix Z]zi(g]zi+gzzé)"]. An invariant parameter is

(wys.--5w,), where wy >--.> wy > 0 are the ordered t largest

characteristic roots of 9§'§"].

H - -
Start with equation (2.1) and put 66' = (u])Q\(tXt)(“i’“é)
. ~ o~ ~2 (X% ~ ~
H1 M3 gi gz -
and 5, = ( J(_ %) = uu' where uy ((p-t)xt), uy(txt),
Comryy o "

uz((p-t)x(p-t)) and ug (tx(p-t)); and u, and us are nonsingular;
and D denotes the diagonal matrix with characteristic roots
~W

Wy 2.2 wy of 9@'2_1 as its diagonal elements. Put 6 =

0 u _
(”]) = (N])D ~ ¢(txr) where ¢ is determined by ¢ = I _y ]e and
0" up v - ~ P e %
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¢¢' = 1 and complete ¢'(rxt) into a unitary matrix ' (rxr).
Finally transform

) oA
Vo= Ly W= .

Then the joint density of V and W is

n—p(r+n)exp[-tr(WW4VV'—2ReVD**+Q£)],

w

D 0 D0
where D*(pxp) = ("¥ 7) and D** (rxp) = (" 7 ) ard 0, is (r-t)x(p-t)
o 0 0 Vo 0 9 ~

zero matrix. Note that the characteristic roots cf lei(g1zi +

ZZZé)"1 are the same as those of yY'(yY‘+w@')'].

Now, for any region Q E_Cp(r+n) invariant under all transforma-

tions (2.2), define

(PQ(U)],-..,wt) = Pe Z{(Z]\ZZ) ¢Q} = PD**I’I{(Y’W) é Q},
Vsl ot
SO Q is the power function of the test with acceptance region Q.
For each i = 1,...,r, denote the v;-section of Q for fixed vy
j# 1 and fixed W by

0V = 1y, [(v,W) € @) < P,

where yi(px(r-])) = (V]""’Vi—T’Vi+]""’Vr)‘
Pillai and Li [31] have proved the following theorem. They

assumed that p < n, but their proof is also valid if p < r + n.

Theorem 1. Let Q S'Cp(r+n) be univariant under all transformations

(2.2). Suppose that for each i =1,..,r, Q(l)(gi,ﬂ)is convex, then



qo(w],...,wt) increases monotonically in each wj’
Now consider the following acceptance regions:
(1) Roy's largest root test:
Q = (VW) ]2y < kb, 0<ky <1,
(2) Hotelling's trace test:
t

- -1
D {(y’w)|1§12i(]"2i) < kb, 0 < ky,

(3) Likelihood ratio test:

L
w

I

—~—
—
<<
-

=
~—
= e

(1—zi) > kjl, 0 <k, <1,

(4) Pillai's trace test:

t
O = {(Y,W)liglﬁi < kgt 0 <k, <

[ dd

The tests are defined for p < n; but the Tast will be defined for

p <n+r in the sequel. Pillai and Li [31] have shown that Qs Q2
and Q3 satisfy the conditions of Theorem 1 and hence their power
functions are monotonically increasing in each population root.
However, the monotonicity property has not yet been established

for test Q4 based on the trace statistic ii]ﬁi. In this chapter,
we show that qQ4(w],...,wt) is monotonically increasing in each 0
provided that the cutoff point k4 is not too large. In order to

show this, we need the following lemma:

]

Lemma 1. Let ¢' (z],...,z ) and n' =(x],y],... ,Y..) where

p *XpsYp

zj = xj + iyj, j=1,...,p, and let T be a one-one transformation

between £ and n such that T(£) = n with the following properties:
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(1) T(gy + £,) + T(gy) + T(g,) and

(2) T(ag) = aT(g) where a is a real number. Let Q be a subset
of ¢'s in p-dimensional complex sample Cp, and Q* be its
corresponding subset of n's in the 2p-dimensional real sample
space R2p. If Q is convex in ¢P and symmetric in g, then Q*
is convex in RZp and symmetric in n and conversely.
The proof 1is given by Pillai and Li [31].
For 0O <a <1 and p < r + n, define k4(a,p,r:n) to be the size «

cutoff point, i.e.

Theorem 2. The invariant acceptance region Q4 satisfies the conditions

of Theorem 1 if and only if

k4(a,p,r,n) < max{1,p-n}.

1

ot
Proof.  Q (VW) ) g5 < kgl
oot S

i

LMY [er VT (VI i) 71T < kg,

where 0 < k4 < t. Since Q4 is symmetric in the columns ViseesV

of V, it suffices to prove that Qg])(g],W) is convex for almost all

(Q W) if and only if k, < max{1,p-n}. Now
172 4 —

LU (V0 )] = p-te L (V) )

vy gyt
. _ U_] po! 1°'1=<
1 R
~ ‘l+vl

and (VT +4il") -
1YY



==l

where U =.V]

i + WH' is nonsingular for almost all (Q W) since

ot AR

p < ntr-1.

Hence, excluding a null set of (g],w) values,

< tr WW'U-]—p+k4}.

M(Y]aW) = {ylli%;l-i_tPA—p+k4},
T+y'y

RETARTIRNIE AR

Thus Q( Vol VoW

S, ,
where UZ[M(V],W)] = {Uxy|y € M(V],w)}. Choose y to be a pxp

unitary matrix such that
A =D, (pxp)p',
~~_i ~
3,..3_Ap are the ordered characteristic roots of A. Let

y = (z],...,zp)' and define the region H(Q],W) g;Cp by

) i p p
(2.3) H(Y1’W):{Z| g]z.z.(xj—mz]xm+p—k4) j_mz]xm—p+xq}.

Then M(Q],W) = g[H(Y],W)], so that except for a null set of (y],@)

values,

(2.4) Q{1 (U, W) = URGLH(V, W) ]
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Now assume that kg < max{1,p-n}. In view of (2.4) and the linearity of
1
the operator U® y, to verify that Q4 satisfies the conditions of Theorem

1, it suffices to show that H(V],W) is convex for all (V],W) Now define

the region H* g.RZD by
P P

A-wa- )< Y A_-Ptk,},
I m=1 4 =1 M 4

(2.5) H* = {(x],y],.. Y Y (G

X
pp Y3

He~— o
—

Ll!\)

2
i J
where x.+iy.=z., j =1,...,p.

XJYJJJ p

Since A and I-A are positive semi-definite and and rank (h) = rank (W) <

min{p,n} = s, say, we have that

]>)\]1...>x >0 =2 R

Hence for each j = | IS o N

P
A ~mz AptP-kg > -min{p-T,s} + p-k,
= -min{p-1,n} + p—k4
= max{1l,p-n} - k4

0.

v

Therefore from (2.5), H* is an ellipsoid (possibly degenerate or empty)

in Rzr)and hence is convex in R2p. By Lemma 1, we have that H(g],w) is

convex for all (Y],W) in CP. So Q4 satisfies the conditions of Theorem

1.

Conversely, suppose that k4 > max{1l,p~-n}. Since k4 <t = min{p,r}, this
requires that r > 1. Let § = G(Y],W) = E Am—p+k4 and B =g. (V1,w)

m=1
Aj—d, so that

H* = {(x],y],...,x
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We shall show later that there exists (Q],W) such that

(2.6) 8 (Vy:H)> 0 > 8, (V).

Since sj(V],w) is a continuous function of (91,W), there must

(n+r-1) Such that (2.6) holds for all

exist an open set A g;Cp
(y],y) € A. Thus H* fails to be a convex set whenever (g],W) €,
which is a non-null set, so by Lemma 1, H(Q],W) also fails to be
a convex set whenever (g],W) €A, SO Q4 cannot satisfy the conditions
of Theorem 1. Back to the existence of (g],W) catisfying (2.6),
which can be rewritten as

P p-1
(2.7) jzzxj < p-ky < jZ] A
By assumption, max{1,p-n} < k4 < t = min{p,r}, or
(2.8) max{0,p-r} < p-k, < min{p-1,n}
Case (i). p<n, p <r.
Choose (V,W) such that WH' = T and 91?i = Ddi, where 0 < dy <...< d_
are defined below. For such (Q],W) we have

(paeeearg) = ()™, ()T,

so (2.7) becomes

-1
(2.9) 1 "y (1+d,)7,

e~ ©

(]’*‘dj)~ < p—k4 <

2 J

J 1

Also (2.8) reduces to 0 < p-k4 < p-1, s0 0 < a < p-2 where
a = [p—k4]. If a = 0 choose the dj such that (1+d])'] = 1 and

(1+dj)'] < (p~k4)/(p—1) for 2 < j <p. If1 <a < p-2 select
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6,e such that (p~k4) -a<96<1and 0 < e < 1-6, and choose the

d; such that (1+dy) 71 =...= (1+da)-] = 1,00+d_..)" = 0, and

p

) (14d.)"" = ¢, Then it is easy to see that for all 0 <
J=a+2 J

(2.9) is satisfied. Similarly for the other cases (ii) p <n, p>r,

a+l

A
[o}]
A
o
o
»

(iii) p>n, p<r, and (iv) p > n, p > r.

Since k4(a,p,r,n) 1s decreasing in o and n, while increasing in
psr. The power function of Pillai's trace test for the MANOVA problem
has the monotonicity property with respective to each population root
provided that o and n are not too small and p and r are not too large.

Approximate values of k4(a,p,m+p,s+p), where m = r-p, s = n-p,
has been tabulated by Krishnaiah and Schuurmann [15]. In Table 1 and
2, we give the values of S*(a,p,m) for a = 0.05 and o = 0.01, where
S*(a,p,m) is the smallest value of s > 0 such that k4(a,p,m+p,s+p) < 1.
Thus, by Theorem 2, Pillai's trace test has the honotonicity property
if s > S*(a,p,m).

TABLE 1
Values of S$*(0.05,p,m)

N

2 4 6 8 10
2 6 9

12 14 17
4 22 29 36 42 49
6 45 56 69 79 90
8 77 92 109 126 140

10 119 138 155 177 194
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TABLE 2
Values of $*(0.01,p,m)

<
;\\‘ 2 4 6 8 10
2 8 1 14 17 20

4 25 33 40 48 55
6 50 62 74 85 97
8 83 99 118 134 147
10 127 145 165 185 203

3. Invariant tests for independence of variates

Let g((p1+p2)xm) be a complex random matrix whose columns
are independent and complex normally distributed with mean 0 and

common nonsingular hermitian covariance matrix I. Let

Z, In e
7=0CYandz = ( ),
- S Ix Iy

where Zy(pyxm) s Zy(poxm), £14(pyxpy)s Ty (Poxpy)s Zon(poxpy).

The problem of testing independence of two sets of variates is

to tést

Lyp = 9 against P £ 0.
This problem is invariant under all transformations of the form:

Z B, 0 Z
(") ——— T ChF,
Z 08, L

where B](p]xp]) and Bz<p2xP2) are nonsingular and f(mxm) is unitary.
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A maximal invariant statistic is (r%,...,ri), where t = min{p],pz}

and 1 3_r$ >0 r% > 0 are the ordered t largest characteristic

roots of

1 "] F1 1 ‘1 S _ ‘] "-l
(G2 (LIZL) (Z5) = 51y 928250

where S = gZ' is partitioned as I. Here we assume that max{p],p2}<m
to ensure the nonsingularity of §]] and §22. An invariant parameter

is the vector of canonical correlations (p],...,pt), where

§{} ~]2§é;§21. The power function of any invariant test is a function

p% > ..Z_DE > 0 are the ordered t largest characteristic roots of

of (p],...,pt).

The conditional distribution given §22 of the matrix

1

1 1 1 c
2221

- - _ - _] -
$11512522521 = (517, 2%512522521) '$123;
is of the same form as the distribution of the matrix (y?'+y@')‘]YY'
in the MANOVA problem if we take (p,r,n) = (p1,p2,m-p2), and their

unconditional null distributions are the same. (See Pillai and Li

[31]). Therefore, we have the following:

Theorem 3. If the power function of an invariant test for the MANOVA
problem, which accepts the hypothesis 6 =0 if and only if

(2],...,2t) € Q, increases monotonically in each noncentrality parame-
ter w3 then the power function of the invariant test for the
independence problem, which accepts the hypothesis Zyp = Q if and

only if (r%,;..,ri) ¢ Q, increases monotonically in each canonical

correlation pj-
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For py+p, <m, Pillai and Li [31] have shown that the power
function of Roy s largest root test based on r?, Hotelling's trace

test based on Z re /(1 r2) ], and the 1ikelihood ratio test based

t
on 1 (1-r§) all have the monotonicity property.
i=1]
Now consider Pillai's trace that for testing the independence.

This test accepts 212 O if and only if

r2
;

llM(‘f

4 = k4(a,p],p2,m—p2),
where k4 was defined in section 2.

Theorem 1, 2 and 3 imply the following:

Theorem 4. The power function of Pillai's traée test for independence
increases in each canonical correlation P if k4(a,p],p2,m-p2) <
max{],p]+p2—m}.

Since k4(a,p],p2,m-p2) is decreasing in a and m, while increasing
in Py and Py The power function of Pillai's trace test for the
independencé problem has the monotonicity property provided that « and
m are not too small and P and p, are not too Targe. Téble 1, 2 can

also be used in this case.
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CHAPTER IV
ON THE EXACT DISTRIBUTION OF WILKS' CRITERION

1. Introduction

The joint distribution of p non-null characteristic roots of a
matrix in multivariate analysis given by Fisher [5], Hsu [7] and

Roy [35] can be expressed in the form:

p
(1.1) c(psmon) 1 b2(1-b)™ 1 (bi-b.)y 0 < b, <. by <1,
i=1 Viigg T P |
1p P 1 .
where C(p,m,n) = (=" 1_rlz(2m+2n+p+i+2)]}
L

1

P .
/{1 r[{2ns i) Ielp(2ni+1)Ir () 1)1,
i=1

and the parameters m and n are defined differently for various

situations as described by Pillai [20, 21]. Now Wilks' criterion

w(p) may be defined as

(1.2) wP) < ?1 b..

The moments of w(p) are obtained readily from (1.1) and (1.2) since

eLwPlyhy - E['%1b?]
=
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= cpaman)foo.f 1O )™ 1 (b b))

R*" =] i< 374

p
]I=I db'i s

1

where R¥ = {(by,...,bp)[0 < by <...< by < 1}. Thus
(1.3) e P = c(pumon)/cipamonth).

Using (1.3), Wilks [43] showed that w(p) can be expressed as a
product of p independent beta variables and obtained the density
of W2), [44]. Using the same idea, Pillai and Gupta [26] have

(p) for p = 3 to & by success-

found the exact distribution of -log W
ive convolutions. Schatzoff [39] has used the convolution method
to compute exact percentage points for p up to 10 and values of

n such that p(2n+p+1) < 70 through computer algorithm, but has not
given the distribution explicitly for any p. Lee [16] has also
obtained the exact distribution of (w(p))Zld for odd p in the form
of an integra] which could not be evaluated except numerically. In
this chapter, an attempt is made to obtain the exact distribution

of w(p) by variable transformation. Explicit expressions for the

distributions are given here for p = 3 and 4.

2. Method of derivation of the density of w(p)

Consider the transformation

b /b

1701, Q3703/b5 g5 15250.05P=25 Gy 7D 1/b, 55 47D, /by o

Then from (1.1) the joint density of q],...,qp is given by
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(2.1) C(p,m,n)[ gp J+1)n+(p-j)+4 (P'j+])(P‘j)(]_ % qk)m]( . 4 )n

j=1
' p-2 p-2 p-2 p i+j-2
< A= 1 a5)q, 4101-( 1 g5)q, 1" [ LI (1- T qJ]
J=1 J“] j=2 i=2 k=1 .
Crn-Cranta e e e o 11-a ) (1-q.)
x nit-(naq, T q;)q, _qa,43(1-q _ -q
ju2o =il e 1% j=5 1 P17 p-1 P
(qp_]-qp)a
where 0 < q; < I, 1=1,...,p-2, 0 < qp g_qp_] < 1.
Further, transform t =,(1—qp_])(1—qp), 9 = 9,19 Then the
joint density of ql""’qp—Z’ g, t is obtained as
p-2 i J
(2.2)  c(p,m,n)[ T q(p 3D+ (p-3)+2 (p-3+1) (p-3) (1 9, )"
j=1 9 k=1
p-2 p-J i+j-2
< [(1-a7)(1-a,9)+a, tI"(n n (1- 1 q)]
1 19 PR 4
Jj=2 i=2 k=i
p-2
x {jzz[(]‘aj)(]“ajg)"'ajt]}ts
1 p-2
where 0 < q; < I, 1 =1,...,p-2, ge+tx < 1 and aj = Ta;,
=]

J=1,...,p-2. Now integrate out t to get the joint density of

q1,...,qp_2, g as follows:

(2.3) C(p,h,n)[pnzq(p =341 ) (p=3)+2(p=3+1) (p=3) ( _ J o JMg"
=1 k=1 K °
p-2 p-j 1+j-2 m -1 2(h+2+2)
<[Ln o m (- n q)Ix[} Z (h+e+2) 'dic,(1-g= 2) 1,
izg =2 k=1 h=0 =0
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where dh = (m)[(l-a])(l-a]g)]m ha?, h=0,...,m,

h
p-2 p§2 2 p-2
c, = - (n )Lnm(1-a,)(1-a,9)], ¢ = 0,...,p-3.
R R S A
Jy2dy 3 xey K#iqse.sd,
p-2 p-Jj+1 . .. . . .
Further, transform w = ( I I q; )g which is in fact Wilks' criterion
j=1
w(p). Then the joint density of q],...,qp_z, w iS given by
p-2 s iyl J p-2 p-J i+j-2
(2.4) Clp,m,m)[ g2 P3N0V 5 @ )Mt - q,)]
j=1 7 k=1 j=2 i=2 k=i
m p-3 _ Jp 2 s
h=0 2=0 Jj=1
p-2 -
where d, = (M[(1-a,)(1-a,w T q ~PHi- 1)]m hah, h=20,...,m,
h h 1 1 j=1 1
p-2  p-2 @ p-2 p-2
¢, = T LC0a )T (-a) (-ag 1 a P31,
172 J Ly i1 94 ka2 j=19
I3y it x>y k#iqs--0sd 2= 0,...,p-3,
103 - 3(p-i+1)
and w JE] a3 < Qp_p < 1,
1P-4 5
wé Hq_é(pj])<q_3<1,
=1
1 P
wp—]q] p-1 qy < 1,
1
wP < q] <1,
0 <w<l1,



108

where integration is carried out in the order qp_z, qp_3,...,q2,q].
From (2.4), the density function of Wilks' criterion W P) can be
obtained by integrating out qp~2’ qp_3,..., SPYCH successively.

We may illustrate the method by considering p = 3 and 4.

3. Exact distribution of w(3)

Putting p = 3 in (2.2), we get the joint density of q],g,t
as

C(3,mn)g; ™2 (1-07)"" [ (1-q;) (1-979)+9, t1"¢,

"‘1 ' -'7 * .
where g~ + t+~ < 1. Now integrate out t to get the joint density of
Qy-9:

m
m (.) » . , i om_i4
) i 3n+m+5 1(1-q])m+1gn(]-q]g)1(]—gz) m-21+4

Further, transform w = q?g, the joint density of Qys W becomes

£

b

Nl wo

C(3’m,”)Z*K*wn+k+i2q?+2—i+j_2k_

where 0 < w < q? <1,

m m+i i 2m-2i+4 . . .
- 1 mym+iy iy, 2m=-2i+4 Jtk+e
PEL L LT s ke =) () () )(-1) .
i=0 j=0 k=0 20 m-i+2'i°Y j 7tk L

Now integrate out qy, we get the density of w(3) as follows:
1 .
(3.1) ¢(3,m.n)[ ;* kra~ PR (3 ) Z; kx LW,
a70 a= :

where a = m+3-i+j-2k- %—z.

m=0: Putm=0 1in (3.1) and we have the density



3
1 nt = ,
(3.2) C(3,0,n)[%~wn— %—wn+z+ %—w 2. %—wn+2—wnf]m,w],
and the exact cdf
3
(3) . 1 n+l 8 R
(3.3) P(W < W) = C(3,0,n)[m—)-w - 3—(?n+3 W + m
w8
W 2
] 3 1 n+2 ] n+2
i) - W ————y :
m=1: Putm=11n (3.1) and we have the density
] 1 n 16 n+d 13 n+1, 32 M %‘ 13 n+2
(3.4) §-C(3,1,n)[T§-w - W 2 S Wt T3w - g
16 g‘ 1 n+3 o n+l +2
- TEW + T»-wn “2w" on wH2W" W],
and the exact cdf
3
. + 2
(3)  _1 ] n+1 32 "2
(3.5) P(W'°/<w) = 7 CELnsnay Y - T5inesT ¥ -
13 n+2
3(n+2y ¥
n+ é n+ Z_
s 08 7 13 one3 32 ™3
3(2n+5) " 3(n+3) 15(2n+7
1 ntd 2 nt+2 2 n+2
YIS Y pa W W e
15 n+4 n+2 . (n+2)2
2 n+3 2 n+3
t =W W - —sWw ].

m = 2: Putm=21in (3.1) and we have the density
nt 3 n+%

2 +
(3.6) ¥ C(3,2,n) [ w'- 32 WMEL SL M go, 2 gp,

n+
+ §%-wn+3+ %%—w 2_ gl-wn+4~3wn+]@aw+]5wn+2@ w

+
- 3" %h;w],

and the exact cdf

109
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3
3) . _1 1 ntl 64 3
(3.7) P aw) = 3 CG3.2:n) gy W - 35(2ne3) ¥ )
51 wn+2
5(n+2)
5 7
64 "2 64 "7 51 _nta
B I T A O i
9
PR S S S -
35(2n+9) 28(n+5)
3 n+2 3 nt2_ 15 n+3
AR e L - R
1 + 3 +4 3 +
15 ; n+3_ ﬁjrz_wn et —— n 4]
(n+3) (n+4)

4. FExact distribution of w(4)

Putting p = 4 in (2.2), we get the joint density of SR P

g,t as

4
C(4,m,n)q]"+9qg"+5(1—q])m(1-q]q2)m9"[(1-q1q2)(1-q]q29)+q]q2t]m

: (]'92)[(1‘q2)(]'q29)+q2t]t’

T

1
where g~ + t= < 1. Now integrate out t to get the joint density of

G192°9
m
m ) s » i
C(4,m’n)[.zo m-}+2 qé}ln+9+m 1qgn+5+m 19"(1-q])m(i-qz)z(l—q]qz)m i
e
i 1,\2m-2i+
x (1-910,9)" (1-,9) (1-g=) "™ 4
m
+ IE (1) 4n+9+m-1_3n+6+m-i n(]_ )m(]_ )(]_ )m"‘i
ito (m-1+3) a3 9, g a4 4 4192

L
« (1-a79,9)" (1-g%) 21487,
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Further, transform w = q?qgg, the joint density of 91> Qs W becomes

c_a+5 b+2 2

C(4,m,n)[Z*K*w a9 a4 (1‘QZ) (1 'Wq] q2 )

o PRt g )1,
4 1

1
where w3 q] 3 < Qy < 1, w4 <qq < 1, 0<w< 1,

m m m+i 1 2m-2i+4 ;s ;

] my my ki, 1y ,2m-21+4

w= , K*= . GO )
ko sho o o nbo (m-i+2) JT3T kT

: (_])j+k+g+h

m m m+i i 2m-2i+6
! 1 m m+ 2m- 21+6
Fok= s K**= 3 - .
el Ao B 1L ) (DO O )
(_])J+k+2+h,

N
-

2 = m-i+j+k-30-2h, b = m-i+k-20- 3 h, C = nte+
Now integrate out 9, to get the joint density of SIRLE
c at5s atb c_a+tb
C(4,m,n)[21w a3 +22W )q] 224W 47 (Qﬂq])

+1 _a+ + +1 _a+l
+ Z3WC ]q? 1+Z4Wc ](Bm -244wc ? ’&»q])

K**

TR N
b§4¢0 b+4



K* 2K* K K** K**
wherez = * D * DN 4 T +Z** B - *% ,
1 b+340 b+3 b+d#0 b+4 b+5£0 b+5 b+4#0 5;5#0 b+5
K* 2K* K* K**
Z =_Z* LAY Z* [\ *___z** AN o 3
2 be3=0 3 bid=0 3 pi%=0 3 pig=g 3 5§5=0
K* 2K* K*
Z - Z* + Z* _ * —,
3 beizo DT pizpo P2 Thingg BH3
K* 2K* K
L= Ix 50 e 2Oy pe K
4 bti=0 3 biz=0 3 bi3=0 3
_ 1 _ 1 3 4 3 4
r = ct+ —3—(b+3), s = ct+l+ §(b+1), d = at5- §(b+3), e = at+l- §(b+1).
(4) as follows:

Finally integrate out Gy we get the density of W

(4.1) c(4,m,n){[ Z] E%B'+ 22 zj[wc_wc+%(a+b)]+2:2 .

at6
a+640 a+6#0 (¥6) a+670
WCQ/HW

- 1 l—wC@nw— I, %‘WC(Q/HW)Z

a+6=0 a+6=0

i
LIy ozt Iy (a+2) TRty
a+
at+2#0 a+2#0 Z . a}Z wC+]zmw
a+2#0
1 ¢+l 1 c+l 2

- 3 Z~wc Ow= ) 1 g-wc (0r: W)

at+2=0 at+2=0

* d+1)

- Z* K (]_w4( )

bi34g (D¥3)(GH]

d+1#0

2K* KA* r+ %
tLL* =g —————]w
b+4#0 (b+4)(d- 5) b+4#0  (b+4)(d- §)
d- % 70 d- § #0 3d- )

(T-w

)
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2 3
S Y S R S LS A D)
b+570  (b+5)(d- 3) bi540 (b+5)(d- %&
d- 5-;0 d- §-¢o
+  )* ] wq(e+]))
b+1#0 Ib+1;Ze+]5
e+1#0
1 1
* ZK* st §(] a(e- §))
- * = W -W
b+240 (b+2)(e- %)
e- %-fo =
2 .. 5
s+ 2 3(e- 3
+ Z* *.—(:—‘S——W 3(]-W4 3 )
b+370 (b+3) (e~ 3)
e- 2 40
3
et 1
+ ) wh-( I* L e
3+$¢g (b+3) b+4¢o alb* ) b+4§0 4(b+4)
+
d- §-—o d- 5 =0
re 2
+( Lx ) ** K** S Pr RS
b+520 115157' b+5#0 a(b¥5)) b1 (D*T)
d- %.=0 d- §-=O e+1=0
1 2
] K« St3
' b+%;0 albiz) ™ -b¥g:o morsy e
1 5
e- 3-—0 e- 3 =0

5
1. 4 ntd 25 1, 25 n+2, 4 M2
(42) é‘C(q-Oﬂ)['g—O-W--IS ‘d-——G—W +——6-W +T~5-W
3
n+ 5
§%—wn+3 ]7'w— %—w Z&zw-wn+2&—w],

and the exact cdf



3
1 1 n+1 nt 3

(4) . = 8
(4.3) P(W' " <w) = §'C(4s0’”>[9o ) ¥ T T502n+3) Y

7
25  n+2. 25 43 8 nt >
sy Y ey Y Yy W

1 ntd 1 n+2 1 n+2
W - —= W O Wt w
90(n+4 n+2 (m42)2
5 5
16 nt 3 32 nt 5

1 n+3 1 n+3
- == W oWt ——— W .
n+3 (n+3)2

The special cases are exactly the same as those from the
results of Pillai and Gupta [26]. However there are some additional
terms in the general formulae derived here in comparison to theirs,

but they cancel out under specialization.
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CHAPTER V

THE NONCENTRAL DISTRIBUTIONS OF THE CHARACTERISTIC
ROOTS OF THE WISHART MATRIX UNDER AN
ASSUMPTION AND THE SPHERICITY CRITERION

1. Introduction

Let S have a non-central Wishart distribution W(p,n,Z,0) where
£, © are unknown. In this chapter, the distribution of the charac-

teristic roots 0 < Cq 2+-05 cp < o of S is obteined, (a) when % is

partially random, and (b) when I—g_] is partially random (denote
"random" hereafter). Here "random" implies diagonalization by an
orthogonal transformation H and integration over H, (see Pillai [23]).
Under the same assumption, the distribution of the sphericity
criterion W = |§|/[tr §/p]p is derived for testing u = Oz{p’ where

02 > 0 is unknown, against I # oZIp, [Mauchly, 17]. For p = 2, the
density functions of the characteristic roots ¢f S and W have also
been obtained in the general case, i.e. without using partial

random approach. The above distributions of the sphericity criterion

are useful for studying the exact robustness of the sphericity test.
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2. The distribution of the characteristic
roots of S under an assumption

The joint distribution of Cysnne is derived in this section,

P
(a) when z is "random", and (b) when I-z -1 is "random".

Theorem 1. Under the assumption that 5 is "random", the joint

density function of c],...,cp is given by

(2.1)  C{p,n,z)exp(- trQ)exp(—<% trC [Cl (n-p- ]) (Ci'c')
- i J

(])kc @felo) Kk _ac (-r AP g

where C = diag(c],...,cp) and

2
1 Y 1
(2.2) Clpnaz) = w2 /12" (5 ) (3 0) 2] 27,

Proof. The density of S is given by Constantine [3],

-1 ) ISI‘ (n-p-1)

(2.3) [r (l'n)l2§]%n] exp(-tra)exp(- %

p‘2

11
Fi{z n, 7 2770S).

Now use equation (29) of James [8] and write exp(- %— 1§)

exp (- % tf§)exp(%-tr(}°§—])§). Then (2.3) becomes

(2.4) [r (l n)[2§|%n]']exp(—tr9)exp(— %-tr§)]§]%(”’p'])

p2

. - -1 -
x K exp(tr])lfl"gnexp{%-tr[(z-g ]+I ]g ]@)§]}df,

R(T)=X(>0
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Ip(p - 1
where K = ng(p ])rp(%-n)/(2ni)2p(p+]). S can be diagonalized

by an orthogonal transformation H such that HSH' = C = diag(c],...,cp)

where c]',...,cp are the characteristic roots of S. For uniqueness,

we assume that the elements in the first row of H are positive and

the roots are arranged in the order 0 < Cq Seee €y < The volume

element dS becomes (see Constantine [3])

p
dS = 1 (ci—c.) it dcidH.
I B i=1 -

And also

2
[ dH = 2P.2P /rp(—;— p).
o(p) ~
Substituting C in (2.4) and integrating out H, we have the joint

density of c],...,cp in the form

(2.5) [rp(%-n)|2§|%”]-]exp(—tr9)exp(- %—trg)[Q]%(n~p—]) T <C1'Cj)

i>J

T2 expltrm)(T|E
K : R(T)=X>0

1

C L(1-271 (117 o) ' clHaT.

The factor 27P arises from the restriction that the first
row elements of H are positive. Now use equation (23) of James

[8] and equation (19) of Constantine [4], (2.5) becomes

(2.6) C(p,n,§)exp(—tr9)exp(- %~tr9)|§li(n'p"]) I (ci—c.)

ixj J
- (‘?)kc (c) k a
x K Z Z le - Z Z CKf} )
k=0 « ) t=0 = -p



X

/ exp(trT)ITl—%nC (-Z'](I—T Q) )dT.
R(T)=Xy> C toon T

Now assume & "random" and transform z-] + Hg~

]H' by an orthogonal

transformation H and integrate over H using equation (23) of James

[8]. Then (2.6) becomes

(2.7) C(p,n,z)exp(-tra)exp(- —-trg)[glé(n'p"])_n (cj—c.)

-2
< /o expltr T)[T|7="C_(I-T

R(T)=Xy>0

Fina]]y, by using equation (17) of Constantine [4], we have the
result given in (2.1).

- 1(n-p-1) _(n .
For o = 0, and use Li (0) = (Z)TCT(IP), the expression

(2.1) gives the result stated in (2.1) of Pillai, Al-Ani and Jouris

[25].

Theorem 2. Under the assumption that ;—gﬂ] is "random", the joint

density function of c],...,cp is given by

(2.8) C(p,n,z)exp(-tra)exp(- %-trc)[§|%(n'p_])_ .
; - ” 1>J

where C(p,n,g) is defined in (2.2).

118



Proof. Starting from (2.5) and using equation (23) of James [8],

the joint density of C]"“’Cp becomes

(2.9)  C(p,n,z)exp(-tra)exp(- %-trg)f§|%xn'p_1) it (ci—cj)
" - i>]
5 (ke _(c)
ko ¢ KIC L)

< expltr T[T [(1+T 7 ) (127 1T,
R(T)=X,>0 - MR

where * = §-]9(}—§_])'].
-1 n 1 N H(I_g—])H' by an

Now assume }-; random" and transform I-x
orthogonal transformation H and integrate over H.

Then (2.9) becomes

(2.10)  C(p,n,z)exp(-tra)exp(- %~trC)|C}i(n—p°]) I (ci—c-)
- - - i>j J
Co o @lco
Lo b TRIC ILIC L)
< exp(trD)|T|H (14T )T

R<I)=§o>9

Finally, by using equation (17) of Constantine [4], we have the
result given in (2.8).
For g = 0, the expression (2.8) gives the result stated in

(2.1) of Pillai, Al-Ani and Jouris [25].
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3. The distribution of sphericity criterion under violation

Using (2.1), the hth moment of the sphericity criterion
W= [C|]/[tr ¢/p]P is given by

- (B
(3.1) [P |2212 " Vexp(- tre) J ) —%T—- )
k=0 « ot=0 1
-1y, 2 (n-p-1)
aK,TCT(_g )LT (9)
n
3¢ (1,)c.(1))
" [ exp(- 3 tre) o EMPTI N Phe (0)ac.
C>0 ~

Now making use of Lemma 7 of Khatri [11], we have

(3.2) E(") = {pph/[r n) 5% "Trexp(-trg)
1 1
< E y C (1)1, (5 nth,c)r(5 nptk)
k50 k! P(%-np+hp+k)
K a_ ¢ (-z ez (Pl
t0 7 (g) C(1)C (1)

Further, we prove the following theorem:

Theorem 3. For any finite p, the density function of W is given by

(3.3) f(w)=C;(p,n,Z)exp(-tra) 2 ) _]ﬂ_jl_

—np+k)
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i(n-p—l)Gp,O(

W ) Wib ...,D

where

(3.4)  Cy(pyn,z) = L5 p(p_”(%)ﬂp’”/[rp(%—n)|§;“i'”],

(3.8)  a; = (k#3=1)/p+ 3(p-1) by = ki p{p-3),

and Meijer's G-function is defined as
m

]F(bj—s)

==

-a .t
v ..., . r(1 a4 s)

Py _ AN ]
p,q le1,...,bq) = (2n1) {

J xsds,

1
q p

n r{l-b.+s) n Tr(a.-s)
j=m+] LR RS

m

where C is a curve separating the singularities of 1 r(b.-s) from

n ‘J:]

those of 1 P(]—aj+s), 1<g,0<n<p<q,0<m=<q; x#0 and
j=1.

|x] <1 ifq=p; x #0if p <q.

Proof. Applying Gauss and Legendre's multiplication formula on

r[pt% n+h+k/p)], we have from (3.2)

[qp]
—
ot
[

(3.6) E(Wh)=C](p,n,z)exp(—trg)kzo y _SE%Eﬁ‘pE %”p’kr(%-np+k)
: Lo LR
L 2aK’TcT(-g“)1_;2(”*"])(9) gr[%n+h+kj-]§(j—1)]
0T () c(1)e (1) 3= Gnehe(keg-1)/p]

where C1(p,n,§) is defined in (3.4).

Further using inverse Mellin transform, the density of W has the form
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p
m r(r+b.)
a1 —_1) - - El } |
w2(n P ])(Zni) ! [ w r lB]—m——————‘dr,
il

r(r+a1)

i=]

where r = %-n+h— %(p—]) and aj, bj are defined in (3.5). Noting
that the integral in (3.7) is in the form of Meijer's G-function,

we can write the density of W as in (3.3).

Remark. Putting Q = 0 in (3.3), we can easily deduced the

result of Pillai and Nagarsenker [32].

4. The non-central distribution of the characteristic
roots of S for p = 2

In this section, we deal with the density of the characteristic
roots of the non-central Wishart S for p = 2 in the general case,
i.e. without using partial random approach.

The density of S for p = 2 is given by

(4.1) [Fz |2>:|2 exp( -tra)exp(- %-trz—]s)lsli(n'3)
= (pF ;
Lo DTy ()
U K —én) k!
- | “] = ] ) -
Let @ = ] QqH ] and I H2A @2 where H], 52 are orthogonal matrices

and 2 = d1ag(m],m2) with Wy 5wy being the characteristic roots of @,



A= diag(A],A2) with Ayaho being the characteristic roots of z

Then (4.1) becomes

(4.2) [F %ﬂ IZZ] exp( tr@l)exp(— %—tr§)exp[%~tr(}-§'])
H,SH, ]
1( 3) © (%)k -1
d n- 1
x ]§{ kzO g %ﬂ) " (H2 ﬁZH]Q]H]S)

Now transform H,SH, = HCH' where C = diag(c,,c,) with cy < ¢y
(€os 6 sin 0)

-sin A cos 6’ Then

being the characteristic roots of Sand H =

the joint density of Cy> Cos 6 is of the form

(4.3) [rp(5n)125|2"] Texp(~tra; Jexp(- 5 tre)exply tr(L-a"")HCH']

1,k
2(n-3) v @ -1
x |C]= (cpmCqy) T} = C (A" H,H o HiHIHCH' ).

< 2 71 K20 & (%n) Kl A0 Dl BA RN RSP
K

SIERUP;

Now let H,H, = ( ) and ay, a, be the sum ard product of the
~2~1 h2] h22 1> =2

two characteristic roots of A ]HZH]Q]H]HZHCH' Then

2 \ ,
a (d]c]+d2 2) (d]—dz)(cz-c])s1n e+d3(c2~c];cose sin 6,
a2=A]A2w]m2c]c2, where
~ 2 2 _ 2 2
(8:4) dy=aq (hyqup¥hypuy)s dp=ay (hgyuythyguy).

d3= (0 +p) (hyqhoquythyohgou, ).
Then the joint density of Cys Cps O becomes

(4.5) [F %ﬂ ]2L|” exp[—(w]+w2)]exp[_ %(A]C]+A2C2)](C]C2)k(n‘3)

-1
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1 .
(cz—c])exp[§(c2—c])(xz—k])s1n29]
4
2 r _s
_ b (r,s)a, a,,
%ﬂ)Kk! r+2§=k kysky 172

where ¢ = (k],kz), k] 3_k2, k]+k2=k and
2k

| ( 2 ](2(k]—k2)+1) Ky ki T : )S‘kz
(4.6) b r,s) = it - 0 (1- 5+) 0
kysks Zky+l i=1 Kt e 21 g
1
r- = s~k
(14 —2)(-1) 2

Now expanding exp[%(cz—c])(xz—x])sinze] and a{ into series and

integrating out 6, we get the joint density of c];c2 as follows:

(4.7) [rp(3n) 125127 Vexpl-(w tuy) Jexpl- 200 ¢ #,c,)]

’ S
3 bk] ,kz(r‘,s)(hkzw]wz)

J":Q:dg,

3(c]c2)%(n—3)+5

b3

5)

where b - (r,s) is defined in (4.6), d,, d, and d, are defined in
k],k2 1 2 3
(4.4) and

' . _ 2= 2-3 1 2m+2j-2-1 2m+2j-2-3
(4.8) Cz(m’J’R) 2mi2] 2m+23-2 777 2m+2j-(e-2) 2m+2j-0 Zm+2j-2-2

. % 2.,
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]
ro

5. The density of the sphericity criterion for p

Starting from (4.7), transform ¥y = c]/c2 and Yo = Cps then

1 2(n=3)+s,. _ . \mtj+l r-j
exp[- é(x1c]+A2c2)](c]c2) (c2 c]) (d]c]+d2c2) becomes

n-1+2s+m+r %(n—3)+s(]_y )m+j+1(d d )r~j
'] -

1
expl- 70y 9oy, 1y, Y1 Y1792

Further, integrate out Yo and transform t = /?T, then the above

becomes

n+25+m+r+]tn—2+25( 2)m+3+1(d t2+d r-j

1-t 1 2}

r{n+2s+m+r)?2

x (A t2+A2)

-r-n-2s-m
1 .

a
Now the sphericity criterion U = (c]cz)z/[(c]+cz)/2] = 2t/(t2+1).

Thus, the density of U is given by
_ 1 3n+-1
(5.1) f(u) = [rylzn)|22[*"] " expl-(wy+u,)]

()

L b, . (r:s)(x» °
() k! ookt TS D2
K

X
=3
1~ s

x (d]—dZ)J"de (n+25+m+r)2n+25+2m+r+3+2

§ un—2+25(]_/4j;?)n+25+m+j(“4j;?5m+j

X [d](1~v4t;?52+d2u2]r~j[A](]_Vﬁ_u2)2+A2u2]—n—25—m—r’

where b (r,s) is defined in (4.6), d],d2 and d3 are defined in

k‘l ,kz
(4.4) and Cz(m,j,g) is defined in (4.8).
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1
Further, transform F = (1—U2)2/[1-(1-U2)

the density of F is given by

(5.2)  9(f) = [r,(5 m)[222"T exp( (0 +uy)]

1.k
P2y e %
x ———e e r,Sji{i; A, ww
kS0 (%n)Kk! N SELY 1727172
© M 1 roJj

X

Lo ——— .
m=0 g=0 2 g!(m-q)! j=0 2=0

~d2)3—2d§r(n+25+m+r)2 g+

172

X

(d, 3

Z*D*fj+1+g+h+i+t(]+f)-n-23—m-r

X

where

3(n-3 -q r-j .
(5.3) Z*;(n Z)+s 3 m-q r-j 1
g=0  h=0 i=0 t=0

29+h+i+t( m-h-1_1 h(d +d

r-j-t,t
A+ag) MApldytdy)

dys

] = %{cz/cl—l). Then

Lol (g)(i)cz(m,j,Zm-2q+z)

)en—ZS-m~r

1T and pr= (RN () My (7

0 < f < o,
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CHAPTER VI
SUMMARY AND SUGGESTIONS

The work reported in this thesis consists of power studies of
tests of equality of covariance matrices of two p-variate normal popu-
lations against two-sided alternatives based on six criteria given
below in the real case and the first five criteria in the complex
case, some monotonicity properties of the power functicns of tests
based on Pillai's trace in the complex case for MANOVA and canonical
correlation, the distribution of Wilks' criterion through variable
transformation, and also the noncentral distributions of the charac-
teristic roots of the Wishart matrix under an assumption and the
sphericity criterion under violation. The six criteria are: 1)
Roy's largest root, 2) Hotelling's trace, 3) Pillai's trace, 4)
Wilks' criterion, 5) Roy's largest and smallest roots and 6) modified
1ikelihood ratio.

The first three of the preceeding five chapters deal with power.
function studies of different tests and the last two on distribution
problems of statistics. While in Chapter I, a general theorem has
been proved in the real case establishing a Tocal unbjasedness
conditions connecting the two critical values for a class of tests

of which tests 1) to 5) are special cases, in Chapter II, such a
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theorem has been proved in the complex case. In order to obtain the
theorem in the complex case, some results on transformations and
Jacobinas had to be proved first which are useful in complex normal
distribution theory. In the real case, extensive unbiased power
tabulations have been made for p=2. Equal tail areas approach has
also been used further to compute powers of tests 1) to 4) for p=2

for studying the bias and facilitating comparisons with powers in

the unbiased case. Comparisons of powers of test 1) to 5) have also
been made with those of the modified Tikelihood ratio after obtaining
the exact distribution of the latter in a special case involving
unequal degrees of freedom. Again, a separate study has been made to
compare the powers of the largest-smallest roots test with those of
its three biased approximate approaches studied as well as the largest
root. Since the largest root test was observed to have some advantage
over the others, critical values were also obtained for this test in
the unbiased as well as equal tail areas cases for p=3. In the
complex case, similar power studies have been made for p=2 for tests
1) to 5) and the inferences have been found similar to those in the
real case.

In Chapter III, the work of Perlman has been extended to the
complex case showing that the power function of the test based on
Pillai's trace of a multivariate complex beta matrix is monotonically
increasing in each noncentrality parameter provided that the cutoff
point is not too large. This result was also proved true for the

problem of testing independence of two sets of complex variates.
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In Chapter IV, the distribution of Wilks' criterion w(p) has
been studied based on variable transformation. Exact distributions
of w(p) were given explicitly for p=3 and 4.

The noncentral distribution of the characteristic roots of the
Wishart matrix has been obtained in Chapter V, when (a) the covari-
ance matrix I is partially random, and (b) I—gnl is partially random.
Under the same assumption, the distribution of the sphericity
criterion has been derived for testing L= Ozlp’ where 02 > (0 1is
unknown. For p=2, the density functions of the characteristic rqots
and the sphericity criterion were also obtained without using the
partial random approach. The above distributions of the sphericity
criterion are useful for studying the exact robustness of the
sphericity test.

The following are some suggestions for future work:

1) In Chapter I and II, for p=2, the numerical results for powers
seem to suggest that the largest root has some advantage compared to
others. This fact needs to be explored for larger p.

2) The forms for p=3 and 4 of the distribution of Wilks' criterion,
(as seen from special cases worked out for specific degrees of freedom)
involve extra terms which should cancel making the forms much simpler.
This needs investigation. Obtaining simpler results would further
enable to derive the distribution explicitly for higher values of p
than 4.

3) In order to study the robustness of the sphericity test against
nonnormality, tabulations of powers needs to be carried out using

the results of Chapter V.
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APPENDIX A

The coefficients C$J for the non-central distribution of the
mer and Roy's largest and smallest roots for p = 2 are given below

in terms of the constants A$j which are also provided here.

Coo=1s C107AT1> Co0™3R275 C017A M5 C3pmdhgys cf1=A3,-12A5,,

ci4=35A,

40_ "o=3AY

41> Chq=3A3,-120; 2 a=4RN,+ABAS. , Cl =63AL

41> o2 Ra3~4RgatA8ALy s CpT63Ag,

CII =5AII _28OAII " AU ]ZAH

317°Ag; 51° C12 P53 12Ag,+280Ag,, cg=231Ag

51° C6 61°

Cn=35A%,~1260A

4} 62 6 "]ZOA" +] 68OA“

10 2273 62" 1680Agy -

22 7763
C53=A§4'4A§3+48A82'320A81’

where

?1 = vb]/4, 51 = v(])bZ]/(8.4!), AEZ = v(v—])b2/6,

il 5 u — 1 = 7
A3] = V(2)b31/(2 .51), A32 = v(])(v—l)b]b2/40, A4] = 3v(3)b4]/(2 .81),

W~ 4 [T — 2 2 [ — 9
A42-v(2)(v—1)b42/(7.2 A, 43—v(])(v —1)b2/]20, AS]_V(4)b51/(3‘2 .81),

5

25=v(3)(v-1bgy/ (3.2°.61), A=y o) (v*-1)byb3/(5.7.2°),

T 13 noo 8
6]_V(5)b61/(33’2 .81), A62—3v(4)(v-])b62/(11.2 .81),

5

Ag3=5v(3)(v2-1)b63/(3.2 1), Ag4=v(2)(v2-])(v+3)bg/(5_7.9.24)

where

v = n]fnz, V(i) = v(vt2)...(v+21)

by=2-L1/ 2 )+ (1730 1 bp=[1-(1/2)101-(1725)1,
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2 - 3
_3b _4b b22_b2, b3‘]~5b~l

2173by-4by, =byb

b 327b1by>

-12b]b2, b

2

b 5

=35b b,,=b,b

427Pobpys bys®

2
]b2+240b]b2,

= 6 4 2,2
61—231b]-1260b]b2+1680b]b2-320b
3

o

4 2 2
]—120b]b2+48b2, b

=63b$-280b3

4]

_ 2
52°Dob37s Bg3=byby,

3 2
22 bgaTbobyys bgz = bobyy,

b b

51

b

b.,=b

64
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APPENDIX B

Tabulated below are the functions gij(z) appearing in the non-

(2)

central density function of the mgr criterion 7'~’ for testing the
hypothesis 21 7 Ip-

The following notations are used:

2 46 .ow
b-a = —= cos(z + L)
g0 1
2 2 _ 4 6 , 1 6 _m o 27.M
b“-a° = g;% cos(§-+ 6)[cos(3 3)+1] where cos=1- 5 z

990(2) = b-a, gy4(z) = 0.66666667(b-a)

1 1
" | S
9p0(2)=(0.1904762+1.371428582 ') (b-a)+(0.34285714-2.057142862 ') (b"-a
' -2 -2
N M 2 2

go](z)=(—0.33333333z ) (b-a)+(0.33333333z 1)(b -a )

1 2
n

1

n
g30(z)=(«0.51948052+3.948051952 +3.36623377z ])(bfa)

1

"My, 2 2
+(0.97662338-5.79740261z ') (b“-a“)
-2 -1
n1 n]

g]](z)=(-0.47619047z +0.57142858z " )(b-a)

g g

N N,,.2 2
+(0.47619047z '-0.85714286z ')(b“-a“)
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1 2
" N
940(2) = (~1.6207792+6.49696986z '+13.46493514z ') (b-a)
1
My, 2 2
+ (2.02712842-10.84675336z ') (b“-a“)
-2 -1
M i
9,1(2) = (-0.7099567z '+0.63376626z ' +1.3090999)(b-a)
-2 -1 |
N My,.2 2
+ (0.7099567z '-1.56883118z ')(b-a“)
-4 -3
n1 n]
gop(2) = (-0.14285714z '-0.42857142z ')(b-a)
-4 -3
M M., 2 2
+ (0.14285714z '+0.14285714z ') (b“-a%)
1 2 3
N N N
9c(2) = (-3.3902939+5.29940273z '+33.86424162 +6.54166889z ') (b-a)
1 2 3
m n M., 2 2
+ (3.75970227-15.10573663z '-0.48456834z '-9.81250329z ')(b°-a%)
-2 -1
N M
9g7(2) = (-1.10129869z '-0.87965352z  +3.92727281)(b~a)
-2 -1 |
i M,,.2 2
+ (1.10129869z '-1.46839838z ')(b“-a“)
-4 -3 -2_
M N N
91,(2) = (-0.23376623z '-1.13766232z '+0.10909091z ) (b-a)
-4 -3
N M., 2 2
+ (0.23376623z ' +0.48831168z ' )(b"-a“)
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IN

L
n

3
n
960(2) =-(-6.32030669-10.47471613z ]+73.91738429z

+35.129601552 |

=

1

4
N
+ 17.16560576z ')(b-a)
1 2. 3
N M N,,.2 2
+(7.75220811-19.74911937z '+8.19005658z '-58.05863903z ') (b%-a)
-2 -1 1
i i ' N
947(2)=(-1.76951467z '-6.62254186z '+9.642863+7.54146909z ') (b-a)
-2 -1 | 1
N ny | N2 2
+(1.76951467z '+1.27681404z '-1.89196093-5.31220359z ' )(b%-a°)
-4 -3_ -2
: N N M
9,,(2)=(-0.39134198z '-3.02453086z '+0.21818191z !)(b-a)
-4 -3
N M., 2 2
+(0.39134198z '+1.6115439z ') (b-a%)
-6 -5 -4
Ny n M
9p5(2)=(-0.09090909z '-0.9090909z '-0.09090909z ')(b-a)
-6 -5
N "1,,.2 2
+(0.09090909z '+0.54545454z ') (b%-a%).
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APPENDIX C

powers of L), 02D, y(@) (@) ang 15(2) 40 the unbiased and
equal tail areas cases for testing A]=1, A2=] against different
simple two-sided alternative hypotheses, a = .05, (supplementing

Table 4 of Chapter I).
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APPENDIX D

2) 2) 2)

Powers of L(Z), U(z), V( and LS( in the unbiased and

2
equal tail areas cases for testing A]=1, A2=] against different

simp1e twofsided alternative hypotheses in the complex case,

a = .05, (supplementing Table 8 of Chapter II).
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