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1. Introduction. Let §l(pxn1) and Xz(pxnz), P :_ni, i=1,2, be independent‘

matrix variates, columns of gl being independently distributed as N(Q,Z.) and

those of X, independently distributed as N(Q,%,). Let 0 < clj,..:pp < = be

the characteristic roots of IZIXi - cXZXEI = 0 and Al""’lp’ the characteristic
roots of l§1 - ngl = 0. Power studies of tests of §1 = §2 or equivalently
A1=...=Xp=1 against the alternative of a one-sided nature:

‘Ai_z 1, _E Ai > p, i=1,...,
i=1

were carried out by Pillai and Jayachandran [12] based on the fbllowing

four criteria:

1) Roy's largest ?oot, cp, [Roy, 15] or Lép) = cp/(1+cp),

2) Hotelling's trace, U(p) = E Cso [Pillai, 77,
i=1

3) Pillai's trace, V(p) = § [ci/(1+ci)], [Pillai,'7],'
i=1
| p ) -
4) Wilks' criterion, WP) - T (1+c)71, [Wilks, 21].
i=1

Exact power tabulations were made in the two-roots case for various (Al,xz)
and different degfees of freedom n, and n, (actually in terms of m = (nl-p-l)/z :

and n = (nz-p-l)/Z). Power comparisons were also made of tests of the above

AMS 1970 Subject Classifications: 62H10, 62H1S. .

This research was supported by David Ross Fellowship from Purdue University.

Key words and phrases: Power comparisons, two-sided tests, covariance
matrices, unbiased, Roy's largest root, Hotelling's trace, Pillai's

trage, Wilks' criterion, Roy's largest-smallest roots, likelihood
ratio test, '



hypothesis against the one-sided alternatlve, based on each s (equivalently
ci/(1+ci)), i=1,...,p, in the two- and three-roots case [Pillai and Al-Ani, 10].
In this paper, a pdwer comparison study has been attempted of tests of the

hypothesis Zl = §2 against §1 # §2 based on the above four criteria as well as

5) Roy's largest-smallest roots, c (L(p) 1/(1+c1)) and cp
(L(P) =C /(1+c )), to be denoted by LS(p) defined in terms
of Lép) and pr), [Roy, 16],

Y
(n1+n2)

| ; ® _ 7 m
6) Modified likelihood ratio (mer), Z = 1 [c i 1/(1+c ) 1,

[Anderson, 1; Bartlett, 2]. =

Sugiura and Nagao [19] have shown the unbiasedness of the mr test Z(p)
The distribution of Z(p) for p = 1 and 2 and n, =n, in the null case has
been available in the literature for sometime [Anderson, 1]. Powers of

‘ Z( ) for n, = nz-have been tabulated by Pillai and Young [14], after deriving
the appropriate non-central distribution. Conditions for the unbiasedness

of the largest-smallest'roots‘test LS(p) could be obtained from the treatment
of Roy [17]. Since the critical values a and b obtained through the "condition

of local unbiasedness" are difficult to compute. Thompson has suggested an

approximate approach [20] given by
(1.1) P(a < LI(P)) =1 - 2o and P(a < Ll(P) < LI(’P) <b) =1 - a.

(actually Thompson has suggested the approach for the ohe sample i.e. Wishart

case). This will be called LSfp). A variation of LSfP),_called Lsgp), is

also considered in this paper, which is given by

(1.2) P(LIEP) <) =1-3aandP(aclP ¢ LIEP) < b) = 1-.



Further, Krishnaiah [18] has suggested the following alternate approach:
(1.3) P(1-b <1<, ._f_LISP)-ib)=1-a.

This will be called Lsgp). Obviously, LSfp), LSSP) and Lsgp) provide biased
tests. Similarly the tests 1) to 4) are biased.

In this paper, a theorem is proved first obtaining the condition of local
unbiasedness for a class of tests éf which 1) to 5) are spécial cases. Using
the theorem, relations between the two critical values for each of the five
tests are obtained as special cases for tests 1) to 5) for the two-roots case.
Further, critical values for level o = .05 (five percent points) for the five
test; are computed for p = 2 and values of m = 0,1,2,5 and n = 5, 10, 15, 20,
25, 30, 40, 60, 80, 100, and are given in Table 1. Also, powers of the
criteria 1) ;o 5) have been tabulated for various values of (AI,AZ),
m=0,1, 2, 5and n = 5, 15, 30, 60, and these are presented in Table 4.

In addition, power tabulations have also been carried out from the equal tail
areas point of view, of tests 1) to 4) which are observed to be biased
although the bias is not serious. These tabulations are also available in
Table 4 for the same values of (Al,Az), m and n as before facilitating
comparisons with powers in the unbiased case. The critical values in this
case are also given in Table 1.‘

For studying the mgr test Z(p) and comparing its powers with those of
others, the non-central distribution of Z(Z) is obtained using zonal
polynomials up to the sixth degree for n, = 2n1. Tabulations of powers of

,(2)

are carried out obtaining the lower five percent points for n, = 3, 5, 7, 13

1

and for comparison those of test 1) to 5) in the unbiased case and 1) to 4)

in the equal tail areas case. These are given in Table 5. The critical values

are given in Table 2.



In order to compare the largest-smallest roots test with the three
approximafions as well as the largest root, a separate study has been made and
the results on the powers of these five tests are giveh in Table 6 for selected
(AI,AZ) and m % O, 1, 2, 5 and n = 5, 15, 30 and the critical values in
Table 3. The approximations Lsz), Lsgz) and Lsgz) are all biased and the
largest root seems to fare better than all except for the largest-smallest
roots for twq-si&éd larger deviations.

A few findings seem to emerge from the numerical results of powers
tabulated and in general it is observed that the largest root has some power
advantage over the other criteria studied since it is‘leSs (very slightly)
biased, and except for two-sided larger deviations has better power generally
than Z(Z) and the largest-smallest roots. These findings are presented in
Section 7. In view of this, condition of local unbiasedness for p = 3 has
been studied for the largest root and critical values obtained in the unbiased
as well as equal tail areas cases which are presented in Table 1. The
condition of lqcél unbiasedness has been explicitly obtained in Section 4 for

U(S) as_well.

2. The condition of local unbiasedness. The acceptance regions based on

criteria 1) to 5) with local unbiasedness property and a level of significance

can be written in one form:
R: a(p:nl:nz) _<_ W(Cl,- "o ’cp) i b(p,nl:nz)
where a and b are so chosen as to satisfy

(2.1) (i) P(a _<_w(c1,...,cp) < b|A1=...= p = 1) = 1-qa,



3P(a < w(c

yeeesC ) <blA,..,00)
(2.2) (ii) 1 P 1 D =0,i=1,...,p,
9A. A== =1
1 1 P

where w(cl,..;,gp) = cp/(1+cp) for test 1), iglci for 2), iEl[ci/(hci)] for

P -1 :
3), I (1+c.) for 4) and c./(1l+c,), c_/(l+c_) for 5).

i=1 i v 1 1 P P

In this section, we will show that the p equations given in (ii) are
really equivalent to one equation and are in turn equivalent to

9P(a < w(cp,-..se) j_b|A1=...=Ap=A)

(2.3) (ii")

D A=1

This enables us to compute a and b in a much simpler wéy for each of the five
criteria. We call (ii) or equivalently (ii') "the condition of local
unbiasedness".

3P(a j_w(cl,...,cp) f_blll,...;kp)

Theorem 1. The p equations =

axi ' Al=...=Ap=l

i=1,...,p, are equivalent to one equation and are in turn equivalent

3P(a §_W(cl,...,cp)_§ b|A1=...=A = A)

to . P = 0.
A \=1 |
Proof. The.joint density of Xl, X2 defined in the Introduction is
given by
-p(n,+n,) - !
1772 1 2 L -1, - -1, .-
(2m) % 12, | exp[-Jtr (5, X, X7 + 17X, X))].

~2
Without loss of génerality, we may start directly from the following canonical

form:

—lip(h1+n2) P -1/2111 5 R
(2m) JA T expltr(D X XS4XX5) ]
i=1 . A
k
where D _, = diag(l/xk). Then

A



A A
P(a Swlepsneescy) <bla,..., o)
-ip(n,+n,) P = .
= (2m) 172 [ 1ol exp[-%tr(D X, X7+X, X3} lix.dx
421 & A_I 1~1 ~2%27 %4488
afy(él,...,cp)jb k
Hence |
" P(a<w(ciye..5c ) < blA,...,0 )
(2.4) I e L .
A A
i
-lép(nl"'nz) P "l/znl
= (2m / LA ey - BGED s e e @
afw(cl,...,cp)fb
4,38,
Transform §1 = QQ/_ El’ 52 = 952
"k

where U is non-singular and L

EZI’ the independent elements of L, and 52 respectively [Roy, 17]. Then (2;4)

becomes
_ -y - -y
(2.5) c [ JAy Panya; - %(UD, U );;] expl-htr(d
R* j=1 k A
n,+n,-p p %(n;-p-1) '
xlgl 172 dll I cj ! I ,(cj"cj -) I ch
j=1 3% j=1

where R* is a S_W(c
constant factor of proportionality. Thus we have

<w < A A
P (asw(c),...pc ) <blr,.., )

(2.6)
a7l
1

n,+n,-p

= el Doy, 10,4 exp [~ (U, U )] lyl™t 2

du

~

1k{ = L,L5 = T and integrate out over L

-~

1I

X XX
A
and

UD_ U” + UU%)]
-.~Ck~ o~

l,...,cp) <b, -~ < all uij < wand c is a positive and

51



where R* is a :_w(cl,...,cp) <b, - < all uij < «, The only term in the

. . . s - _ 2 2 2
above integrand which depends on i is (ggc U )ii = ﬁlif:lﬂlizcz+._.+u

c)
ip p

and the integral is taken over the domain R*. Therefore, u ..5U0s_ are

i1°° ip
just dummy variables. Thus the integral is invariant under a change of the
subscript i. So.
< <
9P (@w(cys - +»C)) _blxl,...,xp)
a7l
i

is the same for i = 1,...,p.

Hence the p equations are really equivalent to one equation. Now adding up

the p formally different looking integrals like (2.6) over i = 1,...,p, we

have
‘ n, +0,-p
(2.7) cI T, p-3tr(UD . U”)] exp[-%tr(UD u“+uu) 1|u| du
R* v = ~~Cp” O -
p ilny-p-1) P
x T c. I (c.-c..) I dc.,
j=1 1o MERRORR A & S

where R* is afy(cl,...,cp) <b, -» < all uij < o, We claim that this is

3P(a§W(c1,...,cp? f_blll=...=§P=A)

the same as

Y A=1'
In order to see this, consider
P(a'f_w(cl,...,cp) §_b|xl=...=kp=x)
= (2“)—2p(n1+n2) / A—%mip. exp[—%tr(x_1§1§a+§2}§)]d§1d§2.

afy(cl,...,cp)fb



Then we have

3P(a§y(c1,...,fp) §_b|11=

ax'l

n
>
I

A)
(2.8)

A=1

-5p(n +n))

= (21) j[zn pHstr(X;X))] exp[-%tr (XX} +X, X)) 1dX,dX,.

ajw(cl,...,cp)ip
~ Now make the same transformation as before and integrate out over L1I and

LZI’ Then (2.8) becomes

n,+n -p
cf [an p-%str (UD_ U”)Jexp[-%str(UD, U“+UU” )]|U| 2
. R* Cx” Cx~ ~

P J(n;-p-1) , P

x @I c, n (c.-c..) I dc.,

j=1 S IO B U

where R* is a ﬁ_w(cl,.,.,cp) < b, -~ < all uij < w, which is the same as

(2.7). Hence (ii) is equivalent to (ii').

Theorem 2. Condition (ii') can be written as

> _
c(p,m,n)[ f L5P(2m+p+l) T c (L+e;) - (nenepr1) 1 (c.-c!) T de. -
asy(cl,.. ,cp)<b j=1 , J>J J. ] ja1 J
P P
2.9 (m+n+p+1) [ f e5/ (1+¢)] T ] (lvc,) - (mnptl) (e5-c5.) T de,]=0,

aiy(cl,...,cp)gb j=1 j=1 ] . j>j° j=1

where m = (nl—p-l)/2, n = (nz—p-l)/Z and

(2.10) c(p,m,n) = n%p
i

n=ER3

[%(2m+2n+p+1+2)]/{r[L(2m+1+1)]rPP(2n+1+l)]r(>1)}-
1 .

Proof. If U in Theorem 1 is taken with a positive first row,

3P(35W(Cl’---:cp) 5_b|A1=,,,=AP=A)|

-1

(2.11)
)\ k |A=1

my*yP
= cj [%nlp—btr(UD u~)] exp[—btr(UD U-+uu- )]|U| du
€k~ €k~ -



p ’(n;-p-1) P
+ II' c.. I (c.-c..) I dc..
j=1 25 AR b B
. P %Pnl'%p(Pfl) %Pnz'%P(P'l)

= 2 T m
where ¢ %P(n1+n2) D D

(2m 1 I‘[‘/z(nl-i+1)] I T[3(n,-i+1)]

i=1 i=1 _

and R* is ajw(cl,...,cp)jp. U nonsingular with a positive first row. Now
transform U = QQ(1+ck)_g- Then (2.11) becomes

| L - n1+n2-p
(2.12) ch**[%nlp-%ﬁrcaack(l+ck)f1§-)] exp[-3#rBB~] [B| dB

‘p- 1/2(1'11_P"1) -%Cn1+n2) P -
x 1 ¢ (1+cj) _ I (cj—cj,) I dcj,
j=1 3> - J=1

where R** is afw(cl,...,cp) < b. B nonsingular with a positive first row.

For integration with respect to B, use the result [see Roy, 17 Appendix]

' | 1 p L2 D
[ exp[-%trBB][B|%B = 2P(P*DP 12 T riy(qep-ie1)]/T[(p-i+1)].
B i=1
We get
n,+n,-p p % -p-1) ~¥%(n.+n,)
(2.13) f mp exp[-%txBB-1[B] ' ?aB T c ! (1+c.) 1 2
R** ~ ~ j=1 J J
T (c-c..) I d
C.-C.. C.
j)j’ J J. j=1 J

- (m+nip+l) I (c.~-c..) ﬁ dc.
S R

= c(p,mn) [ bp(amep+l) T cl(l+c.)
=1 7 i>3° j

 ajW(c1,...,cp)§b j=1
where m, n and c(p,m,n) are given in (2.10). Now consider
.. n1+n2-p |
(2.14) [ str(BD, (1+c,)-187) expPstrBBT] [B] dB.
B k k
Transform B = TL where T is lower triangular, LL” = I(p) and the first row

of L is to be positive, Then (2.14) becomes
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| < (n;+n_-p)
2.15 , Ltr(TLD -1L'T! 1 ' ' 12
(2.15) L{'=I 1{2 (TLDe. (10c )71 T exp[FertT ] 17" |
p
I tp 1ar dL,/ L
i=] ~D L
~I
\ : P P i '
Furthermore, t?ansform § = T'T, J(T:§) =2 .Hltii . Then (2.15%5) becomes
v i=
-P 3
2.16) 20 [ tr(SLDc ey 1) expl- 5] 5|8 (M2 P Dgsar /| AL
: LL'=I S>0 e , )]
Apply equation (1) of Constantine [3], (2.16) becomes
-P X : ' i -1P(ny+ny) 3LL'
2 {' Brp@ ), Der (2D, (vey) @)= AL/ |5%
L = » LI
. "%P(nl"'nz

- [27P ‘p ~%p (p- 1)/1¥1r[b(p—1+1)]]2r (2(n;+n,),1) tr(2D ()™ -1) (%)

. )-
= [2 PP ;'P T T Pa(n;+n,-i+1) 10 [%(p-i+1) 1 Pa(ny +n,) [ E c5/ (+e)].

i=1 . j=
Thus we get
| n+n,-p  p *(n,-p-1)
2 1

2.17 Ltr(BD _1B*)exp[-%trBB~]|B dB | C.
(2.17) ch**z r(ﬁfck(1+ck) 1B*)exp[-*trBB-]|B| ~jzl j
-2(n1+n2) )

(l+cj) o (cj—cj,) it dcj

>3 5=

‘ 7 o :
= c(p,m,n) [ (m+n+p+1) [ z c. /(1+c 31 } (1+c ) - (m+n+p+1)
aﬁy(cl,...,cp)<b j=1 j=1

P
T (c:-c..) 1@ dc..
j>j‘ J J j=1 J

Therefore, by substracting (2.17) from (2.13), we get

aP(afw(cl,...,cp).i b|A1=...=}p=A)

1
9 A=1

7 .
- cpmm [ [ pCmepe T ¢Fre) P 1 eei) T, -
cagi(cy,... sep)sh =l 7577 7 5a

i+l - (menepel) | ,
sl SR o @replE Blaeey D e B

Ly

-~

)
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Now equating the above to zero, we get (2.9).
Thus, the acceptance region based on the criterion w(cl,...,cp)
with local unbiasedness property (fup) and a level of significance can be

written as
R: a(p,m,n)_j w(cl,...,cp)_: b(p,m,n)

where a and b are so chosen as to satisfy

P - (m+n+p+1) P
(i) c(p,mmn) [ I cM(i+c,) I (c.-c..) Tde. = 1-a
asu(cy,. e )b j=l Y ji>j7 3 I =1
and :

(11" cmm[ . [ %p(2mep+l)
ajw(cl,...,c )b j

II =g

p
c. (l+c ) (m+n+p+1) I (cJ—cj,) ik dcj_-
J 1SN j=1

f (m+n+p+1) [ E c. /(1+c )] H c (1+c ) - (m+n+p+1)
afw(cl,. ,cp)fb J—l 3—1

p
I (c -cJ,) I dc. ]
i>i” j=1

3. The acceptance regions based on the five criteria with Lup for p = 2.

‘In this section, we will consider the acceptance regions of tests 1) to
5) in that order.

1) Roy's largest root, Léz) 2/(1+c ). By using Theorem 2 in the previous

section, we know that

<L) < b[a, =2, = 2
(3.1) 1
= c(2,m,n) [ f g(c,,c,;m, n)dc dc - h (c,,c jm,n)dc dc, ]
a<L(2)<b 1°€2 / (2) o, 172 196215

ajLz
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where g(cl,cz;m,n) = (2m+3)(clcz)m[(1+c1)(l+c2)]-(m+n+3)(c2-cl) and

h(cl,czgm,n) (m+n+3)[cl/(1+c1)+c2/(1+c2)](clcz)m[(1+c1)(1+c2)]'(m+n+3)(c2-c1).
Now trgnsform 21 = cl/(l+c1) and 22 = c2/(1+c2). Then (3.;) becomes

' b % b 2
2 0 ns 2 .
(3.2) c(z,m,n)[fa fo By (o Bpimemdiydty [ % hy (), 0mm)d s dn, )

where gq (21, 45;m,n) = (2m+3) (4 £)"[(1-4;) (1-2,)1"(%,-2)) and

hy (s 8g3mn) = (mens3) (2142,) (2 2) " [(1-2)) (1-2)) 1" (2,-2)).

Further, note that by making the same transformation,

b ot 2

= c@amm ] 20" )10y 1Dan s,
a

(3.3) P(a §_L§2) <blA; =2, =1)

Now using Pillai's reduction formula, [Pillai, 6, 8],

. b 1%
(3.4) IO fozczlzz)m[cl—zl)(1-22)1“c22—21)d21d22

b | b »
= [2f 2™ o)l o™y g p 30y 1/ (m+n+2),
! 2 2 I e D!
and '

b &, S
(3.5) fo fo?(zl+zz)(zlzz)m[(l-zl)(1-22)]“(zz-zl)dzidzz
2m+2 2n+1

N L _
m+2 n+1 m n
= [2[0 2y T(1-2)7Mde, - ™4 (1-b) jo pp(1-2,)"de,

b 2 _
+ (m2)f foz(llzz)m[(l-zl)cl-zz)]“(lz-zl)dzldlzl/cm+n+s),
0 .

we have proved the following:
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Theorem 3. Let Tl(x) = ZBX(2m+2,2n+2)-xm+1(1—x)n+le(m+1,n+l) and

. X
T,(x) = 2B_(2m+3,2n+2) - xm+2(1-x)n+1Bx(m+l,n+1) where B_(r,s) = [ t° 1(1-t)5 lat,
Then the acceptance region based on Roy's largest root, ng) = c2/(1+c2) with

_fup and o level is given by a §_L§2) < b where a and b are so chosen as to

satisfy
(i) c(2,m,n)[Tl(b)-Tl(a)]/(m+n+2) = 1-a and

(ii) c(2,m,n){[T1(b)-T1(a)][(m+1)/(m+n+2)] - [Tz(b)-Tz(a)]} = 0.

2) Hotelling's trace, U(z) = ¢ tc,. From the previous section

3.6) Pa<u® <br; =2, =
. =(n +n2) -n _
= (2m) * [ 2 1 expl-ktrr X X7+ X5) Td X .
: ajpl+c2§p

-n
-1, _ - . - 1 -
Now transform A 7X; = Y, and X, =Y, J(!l.xl) = A and let 0 < d 2d, <

be the characteristic roots of IXIXi - QXZXEI = 0, Then (3.6) becomes

(3.7) c(2,m,n) . dy d )M [(1+d,) (1+d.)]" 3D (4 4 ydd 4. .
%ildlikdzﬁb( 192 1) 1+, - (Gpdy)dd,dd,

Let u = d1+d2 and g = d1d2' We get

i byt %uz m m n+3
c(2,mmn)f [ g% +ug) dgdu.
_ axl O
8P(a<U(2)<b|A =1,=1)
= - 71 "2
Thus =
aA A=1
. 2 - 2
b m m+n+3 2 m m+n+3

(3.8) = ¢(2,m,n) [bf g /(1+b+g) dg - af g"/(1+a+g) dg].

: 0 0

Furthermore, transform t = g/ (1+b+g), (3.8) becomes
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b/ (b+2) 2

c(2,m,m) [b(1+b)" (™2 [ " 1-0)™lat - a(iea)” (2
0 ,
2 2
af/(a+2) M (1= t)n+1 dt].
0
And furthermore, P(a < U(2)_§ blkl = Az = 1)
b %uz
(3.9 =c@mn/ [ &rurg)™*34gdu.
a o0
Now using integration by parts, (3.9) becomes
b/ (b+2) b /(b+2) :
c(2,m n){[Zf 2™ (1-£) 2 24¢ - (14m) " (1) S ™ (1-1) ™ Lae]
a/(a+2) 2m+1 2 +2 +1 a2/(3+2)2 +1
-2f ™14 - (1ea)" D) " (1-0)"Lae ]}/ (ne1)
0 0

Therefore, we have proved the following:

Theorem 4. Théanceptance region based on U(z) =cy ¢+ c2.with fup and a level

is given by a f_U(z) < b'where a and b are so chosen as to satisfy

. - (n+1)
(1) c(2,m,n){[2Bb/(b+2)(2m+2, 2n+3) - (1+b) Bbz/(b+2)2(m+1, n+2)]
- [2B (2m+2, 20+3) - (1+a) (“*I)B ,m+1,0+2) 1}/ (n+1) = 1-o and
a/ (a+2) _ a /(a+2) ‘
(i1) e(2,mm){b(1+p)” ™*Dp o (m+1,n+2)-a (1+a)” (M2 (1*1, w2
b /(b+2) a /(a+2)

= 0.

3) Pillai's tréce, V(Z)

[cl/(1+c1)]+[c2/(1+c2)]. From Theorem 2, we

3P (a<v (¥ < by 2
obtain T by replacing L ) in the limits of
D A=1 2

the integrals in -(3.1) by V(z). Now transform 21 = cl/(1+c1) and

1
>
[}
b
~—

22 = cz/(1+c2).- Then
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aptqu(z)jplxl = A, = %)

(3.10) ~ 2
3 \e1
=c(2,mn)[ [ g,(%,,%,;m,n)de.de, - [ h, (%,,2,;m,n)de,dg,].
4,11 a<hies, % 14710 M)t d%, a<t)+i,<b 1%~ )AL A,

Let v = 21+22 and g = & 2. Then (3.10) becomes
2

H

b%vm n blzvzm n
c(2mn)[m3)f [ g'1-veg)dgdv - mene3)[ [ vg"(1-veg)Tdgdv].
: a 0 a o0
2
(2) ' bt o n
and P(a<V fplxl =X =1)=c@mn) [ [ g"1-veg)"dgdv.
00
Therefore, we have the following Theorem:
Theorem 5. Let
T, () = [ 2/ @] Z -1)7[¢( )/(’“"Y“l)]sL (2m+2v+3,2m-2v+1) i€ 0 < x < 1,

Y=0

| /w1 § o /Y18, (2me2y+3,2n- 2y+1)
v=0

[2/me1)] ) (- 1)*[( W78, (221, 2n02743) - By (212741, 20427+3)
v=0

if 1 < x <2,

T,(x) = [4/(m+1)]2 (- 1)Y[( )/(’““Y‘”l)]aL (2m+zy+4 2n-2y+1) if0<x<1,
y=0 ‘

[4/@1)] . ) (1) (¢ )/6“***1)181(2m+2y+4 2n-2y+1)+
. Y=0

m
Z Y™ )/(“*Y*l)][sL o (212742, 2042y +3)-B,_(2m-2y+2, 2n+2y+3) ]

[4/ (m+1)]
, Y=

L

if 1 <x< 2,
Then the acceptance region based on V(Z) [cl/(1+c1)] + [cz/(1+c2)] with
Lup and o level is given by a §_V( ) < b where a and b are so chosen as to

satisfy -
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(1) c(2,m,n)[T1(b)—Tl(a)] = 1-a and

(ii) c(2,m,n){(2m+3)[Tl(b)—Tl(a)] - (m+n+3)[T2(b)-T2(a)]} = 0.

4) Wilks' criterion, W(Z) = [(1+cp(1+c2)]_1. Again from Theorem 2,

ap,a:w(z):plxl =%, =

we obtain by replacing ng)in_the limits of the

aa1
integrals in (3.1) by W(z). Now transform 21 = cl/(I+c1) and 22 = cz/(1+c2).

Then
3P (a_<_w(2)_<_b|>\1 = AZ = )
(3.11) =)
EPY A=1
= c(2,m,n)[ f gl(zl,zz;m,n)dzldzz -

a<(1-2,) (1-2,) <b

hy(2y50,3m,n)dp dp, ],
45(1-11)(1—22)5p
Let w = (1—21)(1—22) and g = 98- Then (3.11) becomes

1.2
.2 b (1-w2) ,
b 1-we
c(2,m,n) [ (2m+3) f i ¢ ) gmwndgdw'(m+“*3)! f gmwn(l-w+g)dgdw].
- a0 0 _
and
1-w)?

' ' (
P(aiw(z)jblxl =X, =1) = c(2,m,n) [ g™ dgdw.
0 . .

P

Therefore, we have the following theorem:

Theorem 6, The acceptance region based on w® . [(1*"31)(1+c2)]-1 with
up and o level is given by asw(z)ﬁb where a and b are so chosen as to

satisfy

(i) c(2,m,n)2[Bb%(2n+2,2m+3)—Bé%(2n+2,2m+3)]/(m+1) =1 -4 and
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(ii) c(2,m,n)2{(m+n+3)[B 1/2(2n+4,2m+3) - B %(2n+4,2m+3)]/(m+1)
b a

- (n-m) [B , (2n+2,2n+3) - B L (2n+2,2m+3) ]/ (m+1)
b? a?

- (m+n+3) [B , (2n¥2,2m+5) - B L (20+2,2m+5) ]/ (m+2) } =
- b2 , a2 .

5) Roy's Largest-smallest roots, LS(Z) = c2/(1+c2),_c1/(1+c1).

From Theorem 2, we have

P(a < Ls(z);j bIAl = A = A)

(3.12) - 2
9N~
=1
= ¢(2,m,n) [ f g(cl,cz;m,n)dcldc2 - R f }1(cl,c2;m,n)dc1dc2].
aZe,/(1+cy) <c,/(1+c,) b a<e,/(1+c ) <c,/ (1+c,) <b

Now transform 21 = cl/(1+cl) and 22 = c2/(1+c2). Then (3.12) becomes

b 2, b %,
c2,m,n)[f [ g (4, %m,n)dede, - [ f hy (£, %,;m,n)d2,ds,].
a a a a _ .

Further, P(a :'LS(Z) :_blll = Az = 1)

b %
B ' 2 m n ‘
= c(z,m,n)fa fa (29 25) " [(1-2;) (1-2,)] (zzle)dzldzz.
Now using the same technique as in Pillai [6, 8, 9],

b 2
2 m n
fa Ia (2%, [(-2)) (1-2) 17 (1p-2,)dt, d2,

{bm+;(1—b)n*1+am+l( _ n+1}f g, (1-2)) My 11/ (m+n+2)

X |
2m+1 2n+1
= [2f 22 (1-£,) ds,, -

a

b £
and [ [ 20000,) (02" 104 (14217 0y, e de,
a a .

b ) B
= [2f 15“*2(1-22)2“+1dz
a

, - "™ ™2, )“*l}f 21i-2)Man

b 2
+ m+2)f [ z(zlzz)m[cl-zl)(1—22)1"(22-21)dm1d221/(m+n+3).
a a
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Therefore, we have proved the following:

Theorem 7. The acceptance region based on Roy's largest-smallest roots
Ls(z) = cz/(1+c2), cl/(1+c1) with fup and a level is given by

a f_cl/(l+c1) §_c2/(1+c2) < b where a and b are so chosen as to satisfy

(i) c(2,m,n) [2B_ , (2n+2,2n+2) - {bm+1(1—b)n+1+am+l(1—a)n+1}8a o (@+1,n+1) ]/ (mén+2)
= l—d and
(i1) e (2,mm{[2B_, (2m+2,2n+2) - {bm+1(1-b)“*1+a'“*1._(1-a)n+l}Ba pm+1,n+1)]
[(me1)/(men+2)] - [2B_ , (2m+3,2092) - (6"*2(1-5)"* 142 (g g0
Ba,b(m+l,n+1)]} =0

y - -
where Bx y(r,s) = f t¥ 1(l-t)S 1dt.

X

s

4. The acceptance regions based on two criteria with fup for p = 3.
In this section, we consider the acceptance regions of Roy's largest root
and Hotelling's trace for p = 3. Largest root is taken up first.

1) Roy's largest root, Lés) = c3/(1+c3). From Theorem 2, we have

3P(35L§3)§b|11 =X, = A = A)

2 3
ax~1 A=1
3 m - (m+n# ) 3 5
(4.1) = c(3,m,n)[ J 3(m+2) I ¢;(L+e;) Lo (cj-cja_n de; -
. a<L(3)<b j:l J<J=2 J=1
LSk 2P : :
_ 3 3 (mensd) 3 3
f (m+n+4) [ 2 cj/(l+cj)]‘H cj(1+cj) E H' (cj-cj,) it dcj].
(3) o ’ j=1 j=1 j'<j=2 - j=1
a< <
Now transform Zj = cj/(1+cj), j =1,2,3. Then (4.1) becomes
b *3 % 3 o3 3
c@Bmn)(f [ [ 3(m+2) 1 2?(1-2.)'. R (zj-mj,)_n ds; -
a 0 0 J=1 j '<J=2 . J:l
p %3k 3 3 L3 3
J [ [ mmea) ¥ 2.y 1 £%1-2.) I (2,-2.,) T de.].
a 0 0 i=1 7 g=1 ) 0 greger 3 T50 T

Following the notation of Pillai [8], denote
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2
(% 2" (-2 (1-2)17e®1%2) (20 )ag 4 .

O

X
U(x; m+l,n,m,n;t) = f
0

Then from (3.4) we know that
X 22 n 1
| g (37 1A-2) (A-2)17 (- 1)1y d g,

(4.2) U(x; m+l,n,m,n; O0)

[2Bx(2m+2,2n+2)—xm+l(lﬁx)n+1Bx(m+1,nfl)]/(m+n+2).

And also from (3.5), we have

)
: 2 .
By ;m+l,n,m,n;t) x m n
2 ERbet Sl Rk ] = 2 i’ - - -
i [ ] ) 2" 1A-2) (1-2,) 17 (0,- 2 )R d
t=0 0 0
(4.3)
= [2, (2m+3,2042) % "2 (1) ™ 1B (m+1,ne1) e 2)UCxsm1,m,m,050) 1/ (mene3)
Now from Theorem 2 of Pillai [8]
U(x;m+2;n,m+1,n,m,n;t)
x '3 % 5 o 3 3
=f{ [ I £7(1-%.) exp(tt,) T (&.-%,,) T 42
0 0 0 j=1 79 jreg=2 11 gar )
m+2 n+l tx

[-x (1-x) e U(x;m+1,n,m,n;t)+28x(2m+4,2n+2;2t)Bx(m+1,n+1;t)

- 2Bx(2mf3,2n+2;2t)Bx(m+2,n+1;t)+tU(x;m+2,n+1,m+1,n,m,n;t)]/(m+n+3).

X
where Bx(r,s;t) = f ur—l(l-u)s-letudu. Therefore we have
-0
(4.4) U(x;m+2,n,m+1,n,m,n;0)
X 23 22 3 m n 3 3
= [ [ [ 1©m 2.@0-2) I (2,-2.,) T dg,
00 0 j=1 I I =2 I Iy )
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m+2

[-x (1-x)n+1U(x;m+1,n,m,n;0)+ZBX(2m+4,2n+2)-Bx(m+1,n+1)

-2Bx(2m+3,2n+2)-Bx(m+2,n+1)]/(m+n+3).

U(x;m+2,n,m+1,n,m,n;t)

And- also
. ot £=0
L. R :
? 3 2 3 3 m n 3 3
(4.5) = [ Ity 251 T ef-20)" T (4-4,) T de,
0 0 03j=17 j=1 jr<j=2 j=1
= [-xmfs(1-x)n+lU(x;m+1,n,m,n;O)-xm+2(14x)n+1%EgU(x;m+l,n,m,n;t)

v t=0
+4Bx(2m+5,2n+2)BX(m+1,n+1)—2Bx(2m+4,2n+2)Bx(m+2,n+l)

—2Bx(2m+3,2n+2)Bx(m+3,n+1)+U(x;m+2,n,m+1,n,m,n;O)
- U(x;m+3,n,m+1,n,m,n;0)]/(m+n+3).

Note that gf U(x;m+2,n,m+1,n,m,n;t) e=0 = U(x;m+3,n,m+1,n,m,n;0). So (4.5)

dU(x;m+2,n,m+1l,n,m,n;t)
ot

gives

(4.6) = [-xm+3(1-x)nfl U(x;m+1,n-,m,n;O)-xm+2(1—x)n+1 i U(x;m+1,n,m,n;t)
' i3 t=0

+ 4Bx(2m+5,2n+2)Bx(m+1,n+l)i2Bx(2m+4,2n+2)Bx(m+2,n+1)
- ZBX(2ﬁ+3,2n+2)Bx(m+3,n+1)+U(x;m+2,n,m+1,n,m,n;0)]/(m+n+4).‘
Therefore, we have the following theorem:

Theorem 8. The acceptance region based on Roy's largest Toot, Lgs) =

c3/(1+c3) with 2up and o level is given by a < Lgs)f_b where a and b

are so chosen as to satisfy
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(1) c(3,m,n)[U(b;m+2,n,m+1,n,m,n;0)-U(a;m+2,n,m+1,n,m,n;0)] = 1-a and
(ii) c(S,m,n){S(m+2)[U(b;m+2,n,m+1,n,m,n;0)-U(a;m+2;n,m+1,n,m,n ;0)]

- (m+n+4)[g—U(b;m+2,n,m+1,n,m,n;t) 95 U(a,m+2,n,m+1,n,m,m;t) 1}
ot £=0. ot £=0

=0,
where U and -2 U are given in (4.4) and (4.6) respectively.
ot

2) Hotellings' tace, U(S) =Cp e, + Cze From Section 2, we have

(3) DA -
(4.7) P(a <u‘? < bIAI =% = A =}

-3 -3 , |
= (2m 20*M) [ a3y exp[-3tr (\” xix{+x2xé)]dxidx2.
a c1+c2+csjb ThoTer T

_ -3
=10 - . = 3 3y
Now transform ) 'XI_Y and xz = Y . J(Yl.xl) = A 271 and let Q0 < dl <

d2 < d < be the characteristic roots of IY dY Y ] 0. Then (4.7)

becomes

3 - (mnsa) 3 3
(4.8) c(3,m,n) I d (1+d) I (d,-d,,) T dd..
a<Ad1+Ad *adg<h =1 jr<j=2 1 377521 )

-1
bA
After a proper transformation, (4.8) is f T2(u)du where Tz(u) is the

. ax
probability density function of U(S). Then

aP(aSU(S)fblll =2, = Az = A)
) = bT,(b) - aT,(a).
a x=1 : :

Note that T (u), the dens1ty of U( ), and T (u), the distribution function

of U( ), are given in equation (4.9) and (4.11) respectively by Pillai and

Sudjana [13]. .Therefore we have the following theorenm



22

‘ 3) = i L
Theorem 9. The acceptance region based on U( Cy*cy*cy with “up
and a level is given by a E_UCS) < b where a and b are so chosen as

to satisfy (i) Tl(b) - Tl(a)_= 1 -a and (ii) sz(b) - aTz(a) =

5. P(ai[cl/(1+c1)]51c2/(1+c2)]§p)in the non-null case. The non-null

distribution of cl,...,cp was obtained by Khatri [5] in the form

(5.1) c(p,m, n)IA| P Gm 14 )" 2 5y oo™ 1oy, i)

(
02 i>]

where V = n,+n, and the hypergeometric function of a matrix argument
is defined by James [4]:

2 (a0, C(S)C (D)

F (a;,...5a_3;b.,...,b_;S,T) =
t71 s’71 t’o%. k=0 & TB&) ..,(b,c)'< CK(})k!

where S ERRRT L bl""’bt are real or complex constants and the

coefficient (a)|< is defined by

=T

(a) =

1.
" (a--z--(l—l))ki

i=1

where (a)k = a(a+l)...(a+k-1) and k of k is a partition Qf k, k = (kl,...,kp),
kl 3-k2 > ... Z:kp > 0 such that k1 + ...+ kp = k and the zonal polynomials

CK(S) are expressible in terms of elementary symmetric functions of

the characteristic roots of S [James, 4].

Putting p = 2, the joint distribution of s S is
n-3 m Ly o1 -1
(5.2) c(2,m,n) (A;2,) 7 2 (e¢,) [(14e) (1+c,)] 2 1FoGvsI-4 »C(I+C) 7Y (cy-cq).

Pillai and Jayachandran [11] have shown that by transforming 2 =

cl/(1+c1) and 12 = cz/(1+c2) and using zonal polynomials up to the sixth

degree, the joint distribution of 21,22 can be written as
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6 :
1
" ‘ AN G 4 2,2
‘ (i+2§=k=0 i3 M) ()

jam - 231" (8-
+....)[Q 21)(1 22)] (22 21),21 < 22
_m—3
(L) 3 "n ot
where K c(2,m,n)(A1A2) 2 and the cij s are funetions of Al, 12, n;, n,
as given in terms of constants Agj by Pillai and Jayachandran. The Agj's

and cgj's are given in Appendix A. Now using the technique given

by Pillai [6, 8, 9], we have

hO =0

2 .
m n,.j ,j
(2122) [(1-21)(1-22)l (22-21)d21d22

=

I
0
AN

[ZBa,b(2m+1+j »2n+2) - {p"*] (l-b)n+1+am+J (l_a)n+1 }Ba,b(m+1 ,N+1)+
(m+j)hj_1]/(m+n+1+j)

i=1,...,7.

[ |8}

(zl+22)i(zlzz)m+j[(1-21)(1-22)]“(22-21)dzldz

0 —o
D

Now defining hij = 23

then

hos=[28, b(2m+2+2j,2n+2);{b’“*1+3(1-b)"+}a“‘+1+3(1-a)“*l}Ba o (4145, n41) ]/ (men+2+5)

h . =[2B, | (2m+3+2j,2n+2)-{b™ 24T (1-p) P+, 24] (1, yntl g (m+1+j,n+1)
1j a,b “"a,b
+(m+2+j)hoj]/(m+n+3+j) j=1,2,

_ . m+3+j n+l m+3+j
hyj = 1128, |, (2m+4+2j,2042) (6™ 343 (1 _py1*1, J(1-a)n+1}Ba,b(m+1+j,n+l)

+ '(m+3+j)h1j]/(m+n+4+j)}+h0j+1 j=1,2,

V ‘ 1 5 +1
hsl-{[ZBa,b(2m+7,2n+2)—{bm+5(1—b)n+ +a™*>(1-a)" }B, | (m+2,ns1)

+(m+5)(h21'h02)]/(m+n+6)}+2h12

' | m+6 n+l m+6 n+1
h41={[ZBa,b(2m+8,2n+2)-{b (1-b)*" 4™ (1-2) }B, m+2,n+1)

+(m+6)(hsi-hlz)]/(m+n+7)}+3h h

227703

, Y . )
,s) = | 5 a-e)5 1ge.
y o

where B
X,
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Then we have, in the non-null case,

P(a < c;/(1+c)) < c,/(l+cy)) < D) = P(a L4 2%l
K" % et ? 2? (o) (22 ) P (1-2,) (1-2.) P (2, -2, )dR, de +
ie2ioke0 13 5 o o172 Y12 1) (o5 (Bg=2y )Ry iy
= K ' ' h.
K" [cohy *eTohy*eh0 (hy*hoy ) *Chy Py o350 (hy*2hy ) +el by

- ' PN " - o
+ejolhg+3hy -hy,)+ety hygrelahgst €5 (hg+dhgy -3hy S) +es by

" -
+cyohy ooy +5hy, ~6h

)+c" h 4+t h

L
22*hpz)+ey gy el renshgslte -

6. The likelihood ratio criterion, Z(z). In order to study the density

of Z(Z), starting from (5.2), Pillai and Jayachandran [12] have shown
that by transforming a, = 2122 and w = (1-21)(1—22) and using zonal poly-

nomials up to the sixth degree, the joint distribution of a, and w is
. . . l l.
given by K" Z c'.'.aJ+mwn(1-w+a )1+..., 0< a2 + w <1, Now Z(z)
sl ij72 2 -2 -

i#2j=k=0

' b 1

(to be denoted by Z in the:rest of this section) = (lllz)znl[(luzl)(1-22)]2n2 =

a%nlw%nz. Let y = w%. Then the joint distribution of Z and y is
g -2n

6 -2——3.-1— —z_nz_ ."{12_2 l2 '2" ——-g-
(4/n1)K" Y c.zM n, y MM (1-y +?n1 y "Dt ...
i+2j=k=0 *J .
n2 n2 L
where y ﬁ?"’ 1 -y}fl— + 2™ < 0.

Now putting n, = 2n1, the joint distribution of Z and y can be written as

6 ELj_l_' Z_ .
(4/n1)K " . .z c;{j znl nl y—4J (1_y2+ Zn]'y-4) i Foao
i+2j=k=0
1
where y3 - y2 + 21 < 0. ‘ l

Note that the area bounded by y3 - y2 + 2" < 0 is the area bounded by
0< z< (4/27)™ and
1

2 0 47 1 2 nq
3cos(3 * =3 ) + 32 f.gcos(g)_+ % where cosg = 1 - g%?znl.

Now integrate out y to obtained the density of the mgr Z:
2.1 2

6 j b . — .
£z) = (a/mpdk" ] e MU f a2 m gy
a
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1
_ 2 6 4m 1 2 8 1 . - _ 27 7n and
where a = 3c05{3 f‘—gq * 3 b = gcos(g) + 3 with cos9 = | > 2 1
0 <z < (4/27)"1. Now let
_ X 2
-4j 2 -4.i
g;;@) = [y -y 2™ y"hlay,
a
Then the density'of Z can be written as
6 ;- .
£(2) = (4/n X" ) ¢l 2 1 18;56) + ... 0< ;< (a/27)™,

i+2j=k=0

The expressions for gij@') may be found in Appendix B. The method for
determining the gij(z)'s will be illustrated by considering glO(z) which

can be written as
2

- b 20y -4
810@) = [ (-y#"1 y ey
a
2
- (b-a)-%—(bs-as)-%znl ®3-a"%
2 2 -2

n n : 2 2
(b-2)-3(0%-a%) L M1 [ "100-2)z M1(b-a%)]

Zb-a),

where we have made use of the relations

] 1
bX_ak = (bk_laak-l)-znl (bk_s-ak-s) for any.integer k.
Note that the g..(z)'s are expressed in terms of z, b-a :_E_ cos(g + 7I) and
ij /3 3 6
4 £
2.2 _ 6 .9 - 1.27 n
b™-a” = g;g cos(z + 6)[cos(3 - 3)+1] where cos 6= 1—7—-z 1,

7. Numerical study of power. The results in the previous sections were

used to obtain five percent points for the tests of HO: Zl

§1 # §2 based on criteria 1) to 4) in the unbiased as well as equal tail

= §2 against
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areas cases and criterion 5) in the unbiased case for p = 2, values of
m=20,1, 2, 5and n=25, 10, 15, 20, 25, 30, 40, 60, 80, 100, and are
given in Table 1, For mlr‘Z(z), lower five percent points were
obtained for n, = 2n1 and for values of n, = 3, 5, 7, 13 and the five
percentage points were also computed for tests 1) to 5) in the unbiased
case and 1) to»45 in the equal tails case for the same values of n, and
all these are presented in Table 2. 1In addition, five percent points
were also compufed for Lsz), LS§2) and Lsgz) for m = 0, i, 2, 5 and

n =5, 15, 30, 60 and are given in Table 3. Finally, for p = 3,

five percentage pbints were computed for test 1), namely, Roy's largest
root, in the unbiased as well as equal tail areas cases, which are
“also presented in Table 1.

The next step was to compﬁte the powers of the various tests using
thé percentage points evaluated and the non-null distributions. For
tests l)vto 4), non-null distributions were available in Pillai and
Jayachandran [12] and for tests 5) and 6), they have been obtained in
Sections 5 and 6. Before computing the power for a specific value of
(Al,AZ) using series involving zonal polynomials of degree 0 to 6, the
;otal probability in that case over the whole range of the respective
statistic for all the terms included in the formula was calculated and
the number of decimal places included in the tables was determined depending
on the nﬁmber of’piaces of accuracy obtained in the total probability as
least as many decimal places as in the tables. Powers for tests 1) fo
5) in the unbiased as well as equal tail areas cases for p = 2, for
values of m = O, 1, 2, 5, n =.S, 15, 30, 60 and various (AI,AZ) are
presented in Table 4. Further, powers for tests 1) and 6) under the

éondition n, = 2n1 are given in Table 5 for p = 2, for values of n, =
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3, 5, 7, 13 and various (Al,xz) in the unbiased case and also in the

equal tail areas case for tests 1) to 4). Again, in order to compare the

largest-smallest root test (LS(p))with the approximations, a tébulation

of powers is presented in Table 6 for LS(Z), LS%Z), Lsgz), LS§2) and Roy's

largest root ng) for m, n as in Table and various (Al,lz).
A few findings seem td emerge from tabulations of powers in Tables

4, 5, 6.

1. ll > 1, 12_: 1. It may be seen from Table 4 that equal tail areas
tests -based on 1) to 4) generally seem to perform better than
corresponding unbiased ones except when very close to H, in which

0

case bias is observed in some instances, mostly when m is close

to n.
2. Al <1, AZ > 1 or Al > 1, AZ < 1. For tests 1) to 4), unbiased test
is better than equal tails except when Al + Xy > 2. When A + A, <2,

bias is observed though small.
3. Al <1, AZ < 1. For tests 1) to 4), unbiased test seems to be better

than equal tails. Thsre exists some bias when close to HO.
4, ng) seems to be least biased, then Ucz),,then W(Z) and lastly V(z).
5. Al 21, Az.i 1. In regard to comparative performance of the criteria,
findings in the equal tail areas case are as in the one-sided case
for 1) to 4) described by Pillai and Jayachandran {12], in the unbiased

case when Al and AZ are far apart but both greater than unity, in

terms of power, U(z)-> Z(z) > Wcz) > V(z) >‘L§2) > LS(Z), but with only

2
one large positive deviation, L(z) > U( ) > W(z) > Z(z) > LS(Z) > V(z). But

if Al and AZ are close, then V(E) > W(2) > U(Z) > ng) > LS(Z) > 2(2).
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Al <1, AZ >1 or Al >1, AZ < 1. In the unbiased case, U(2)> W(2)>

ng) > v(2) > 2D 5 152 hen A+, <2, 2080 5 182 L2

U(Z) > w(z) > V(z) when )\1 + A o= 2’ L§2)> U(Z) > w(z) > LS(Z) >

2
2(2) > V(Z) when Al + 12 > 2. 1In equal tail areas case, ch) > UCZ) >
W >y except for A, + A,>> 2, in which case W% > L§2) > y® 5 (@)

Al <1, Xz < 1. In the unbiased case, V(2) > W(z) > U(z) > Léz) >

Z(Z) > LS(Z), and in the equal tail areas case, ng) > U(z) > W(Z) >
(2)
Voo,

In comparing LSCZ) with the approximate methods Lsz), Lsgz) and LS§2)
from Table 6, it is observed that Lsfz) to LS§3) are éll seriously
biased and LS§2) especially so.
The bias in the tests 1) to 4), Lsz) and Lsgz) disappears gradually
with increasing m. Tests are practically unbiased when m = 5
i.e., n, = 13, LS§2)'does not seem to become unbiased with large m.
If a single test has to be recommended on an overall basis over the
whole paramefer space, Roy's largest root seems to be the proper
candidate. In the two-sided case és well as when both Al and X,
are less than unity, among tests 1) to 4), largest root performs
best in the equal tail areas case. Since the largest root is the
least biased, even equal tail areas could be adequate. However, for the
two-sided case, the unbiased largest root test compare favorably with
(2) '

2(2) and LS when Al + AZ = 2 and is even the best when Al + Az > 2,
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Table 2

Percentage points of ng), U(z), V(Z),
W@y @ g, 2)

\" : |
test 3 5 7 13

5% points of tests 1) to 5) with Lup

L(Z) a  .150415 .194303 .217283 .249727
2 b .879749 . 782155 .720098 .621018
U(Z) a .221589 .330719 .400672 .518881
b 7.76039 4.07220 3.06799 2.14719
v(2) a .202030 .277900 . 324936 .402030
b 1.23671 1.13620 '1.07231 .969926
(W(ZJ)‘/z a  .287479  .381477  .430628 .499561
- b .899426 . 858903 .834674 .796084
LS(Z) a .0058353 .030358 .054955 .106398
‘ b .903133 .800316 .734105 .629220
Lower 2.5% points of tests 1) to 4)
ng) .153770 .195723 .218213 .250412
U(z) .225627 .330052 .398204 .515278
V(z) .192957 .270486 .318795 .398016
1
(W(Z))2 . 290421 .385738 .434498 .502147
Upper 2.5% points of tests 1) to 4)
Léz) .882622 .783731 .721217 .621892
U(Z) 7.90736  4.06403 3.04951 2,13282
V(z) , 1.21806 1.12340 1.06252 0.96421
L :
(W(z))2 .901012  .861421  .837114  .797900
Lower 5% points of Z(z)
z(2) _ 1.32301  6.38366 1.82925 2.53203

(-5) -7 -8)  (-12)

The numbers in parentheses indicate the power of 10 by
which the tabulated values are to be multiplied.
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Table 3

Percentage points of Lsz), LS§2) and LS§2)

\ n 5 15 30 60
m -

5% points of Lsfz)

a .0019456 .00076691 .00040179 .00020581
b  .616853  .313126 .178468 .095766
1 a .020893 .0086368 .0045961 .0023746
b .694902  .382234  .225337 .123397
2 a .054045 .023401 .012658 .0066008
: b .744652  .435001 .263802 .147066
5 a .172848  .084453  .047943 .025734
b  .826744  .544551  .352784  ,205771
5% points of LS§2)
0 a .0019751 .00077843 .00040782 .00020890
b .617908 .313858 .178926 .096023
1 a .021036 .0086953 .0046272 .0023907
b  .695660 .382804 .225739 ,123631
2 a .054288 .023506 .012715 .0066305
b .745265  .435546  .264180  .147294
5 a .173256  .084655 ,048060 .025797
b  .827152  .,544999  .353132  .205996
5% points of LSéz)
0 1-b  .0039379 .0015531 .00081385 .00041693
b .9960621 .9984469 .99918615 .99958307
1 1-b  .030424. ,012612 .0067177 .0034725
b .969576  .987388  .9932823 .9965275
2 1-b  .070509 .030681 .016625 .0086772
b .929491 = .969319 .983375  .9913228
5 1-b  .173052  .098895 .056328  .030295
: b .826948 .901105 .943672 .969705
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Appendix A

The coefficients c;j for the non-central distribution of the m&r and
Roy's largest and smallest roots for p = 2 are given below in terms of

the constants A;j which are also provided here.

00 = 1 €10 = Ajps ©5p = MGy, clp = AjpmdAYL ey = SAY, o= AY-128y),
¢y = 354y, 551,= SAYp=120K7, cfy = Al ANy +48AY. égo = 63A7

ey, = 5Ag2-28QAg1; ey = Ag-12A1,+240AY Agb = 231Ay,

C41 = 35AY,-1260A7 ,cl, = 3AY -120AY,+1680A, ,

Chs = Agy - 4ALg + 4BAY-320A
where

Ajp = vby/4, Ay = v by /(8.41), AY, = v(v-1)b,/6,
Azp = “(2)b31/(25-5!), A3y = vyy (v-10byby/40, Ay, = Sv(s)b4l/(27.8!),

9

Azz V(2) (Vfl)b42/(7-24-4!): AZS = V(1) (\)Z—l)bg/lZO, A'Sll = V(4)b51/(3'2

AL, v(s)(v—l)bsz/(3.25.6!), Ay = v(z)(v2-1)b1b§/(s.7.2s),

AV = 7033.28% 81y, v =

8
61 = V(5)P61 62 = ¥y (11.2%.81y,

(V—l)b62/
Ags = 5“(3)(“z'l)bss/(3-25-7!)» Ay, = v(z)(vz-l)(v+3)bg/(5.7.9.24)
where

v = nl + n2’ V(i) = V(v+2)"'(v+2i)

b1= 2-[(1/A1) +'(}/A2)]) b2 = [1—(1 /Al)][l_(l/xz)],

=3p2 - = 5p -
byy=3by - 4by, by, = by, by = 5bY - 12b b, by, = bib.,
b o=acpd 2 2 ) _ .2
41735b) - 120byb, + 48b5, by, = byb, , b, = b,

x5 3 2 ] 2
bg=63b) - 280bib, + 240b;b), by, = byb,., bo, = b b,

.81},



o218 1oennd 2,2 3
bg,=231b; - 1260b;b, + 1680b1b) - 320b

3
b64_b2 .

2’

b

62

= b,b

2741’

b

63

2

= b,b

2721°
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Appendix B

Tabulated below are the functions gij(zj appearing in the non-

central density function of the mir criterion Z(z) for testing the

hypothesis Zl =1

~2°

The following notations are used:-

gll(z)
z)

g40(

857 (2)

e.
—Z—-cos(-.+ E)
= 378
/3 ’
_ 1
4 cos(¥ + 1) [cos(¥ - I)+1] where cos = 1_31 zM
Wz 3 6 373 2
=b - a, 8,,(2) = 0.66666667 (b - a)
i 1
= (0.1904762 + 1.571428582™1) (b - a)+(0.34285714-2. 05714286271 (b2-a2)
2 —é‘ 2 2
= (-0.33333333 znl)(b - a)+(0.33333333z 1) (b“-a“)
1 2

(-0.51948052 + 3.94805195z"1 + 3.36623377z"1) (b - a)
1

(0.97662338 - 5.797402612™1) (b*-a?)

-2 -1
(-0.47619047 z"'1 + 0.57142858z ™1) (b - a)
| , L
, - n 2 2
(0.47619047 20 - 0-85714286z M) (b%-a?)

1 2

(-1.6207792 + 6.49696986z™1 + 13.46493514;™1) (P~2)
' 1

(2.02712842 - 10.846753362™1) (b°-a%)
-2_ -1
(-0.7099567z ™1 + 0.63376626z ™1 + 1.3090909) (b-a)
-2 -1
(0.7099567z ™1 - 1.56883118z ™1) (b%-a?)



802(2

gSO(z)

83, (2)

84102

]
822"

o3& )

61

_5_ -3__

= (-0.14285714z ™1 - 0.42857142z ™1) (b-a)
| -4 -3
+ (0.14285714z ™1 + 0.142857147 M) (b2-22)
. 1 2 3
= (-3.3902939 + 5.29940273z"1 + 33.8642416z™1 + 6,541668892"1) (b-a)
| L 2 3
+ (3.75970227 - 15.105736632"1- 0.48456834z™1 - 9.812503202"1 (b2-a?)
-2 -1 |
= (-1.10129869z ™1 - 0.87965352z ™ + 3.92727281) (b-a)
o N T
+ (1.10129869z ™1 - 1.46839838z ™1 ) (b2-22)
-4 -3 -2
= (-0.23376623z "1 - 1.13766232z ™1 + 0.10909091z ™1) (b-a)
-4 -3
+ (0.23376623z ™1 + 0.488311682 M1) (b2-22)
| L 2. 3
= (~6.32030669 - 10.474716132"1 + 73.91738429z"1 + 35.129601552z"
N _
+ 17.16560576 2"1) (b-a)
o 1 2 3
+ (7.75220811 - 19.749119372"1 + 8.190056582"1 - 58.05863903 21) (b%-a2)
| 2 -1 1
= (-1.76951467z "1 - 6.62254186z "1 + 9.642863 + 7.541469097"1) (b-a)
-2 -1 \ 1
+ (1.76951467z M1 + 1.27681404z "1 - 1.89196093 - 5.31220359 2*1) (b2-a?)
| -4 -3 -2
= (-0.39134198z "1 - 3.02453086z ™1 + 0.21818191z ™) (b-a)
-4 -3
+ (0.39134198z ™1 + 1.6115439 z 1) (b%-a?)
-6 -5 -4
= (-0.09090909z "1 - 0.9090909z ™1 - 0.09090909 z ™1) (b-a)
-6 -5

+(0.09090909z M1 + 0.54545454 z M1) (b%-a?).
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