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Abstract

Several problems involving multivariate generalized Bayes estimators
are investigated. First, a characterization of admissible estimators.as
generalized Bayes estimators is developed for certain multivariate ex-
ponential families and quadratic loss. The problem of verifying whether
an estimator is generalized Bayes is then considered. Conditions are
also developed for an estimator to be 'mearly" generalized Bayés, in the
sense that if it were properly smoothed it would be generalized Bayes,
These conditions demand a proper "orientation" of the estimator. Applications
are given to a number of minimax, empirical Bayes, and ridge regression
estimators of current interest.

The paper concludes with the development of an asymptotic approximation
to generalized Bayes estimators for gehe;al losses and location vector
densities. Using this approximation, weakened versions of the above results

are obtained for general losses and densities.



Section 1. Introduction_

Let X = (Xl,XZ,...,Xp)t be a random vector from a p-dimensional density
f(x,9) with respect to some o-finite Borel measure u on RP, 1t is desired
to estimate 8 € RP by an estimator 6(X) = (61(X),...GP(X))t, under a non-
negative loss L(5-6). If G is a nonnegative o6-finite: Borel measure on Rp, the
generalized Bayes estimator GG(x), with respect to G, is defined as the

vector ¢ = (cl,...cp)t which minimizes
(1.1) JL(c-8) f(x,8)G(d0).

(Only situations where (1.1) has a unique minimum will be considered.)
Section 2 deals with the important situation where f is from an
exponential family with natural parameter 6, and where L is a quadratic
loss. Results of Sacks (1963) and Browp'(1971) are generalized to show
that, under certain conditions, an admissible estimator of 6 must be
generalized Bayes. Easily verifiable necessary and sufficient conditions
for an estimator to be generalized Bayes are also developed. These provide
a fairly quick check on the potential admissibility of a proposed estimator.
These conditions generalize certain results of Strawderman and Cohen (1971)
(which dealt with the normal distribution for spherically symmetric estimators).
Inadmissibility due to a lack of being generalized Bayes is, unfortunately,
not necessarily a compelling criticism of an estimator. For example, when f
is a normal density and L a quadratic loss, it is well known that the positive

part Stein estimator
(1.2) §(x) = (1-(p-2)/]x] %) *x

(where "+ stands for the positive part and |x| denotes the Euclidean norm of



x) is inadmissible because it cannot be generalized Bayes. Nevertheless,

significantly better estimators appear unlikely to exist (Efron and Morris

(1973)), so the simplicity of (1.2) makes it attractive. In a sense, the

difficulty with (1.2) is simply a lack of smoothness. It would be useful

to distinguish between estimators which are simply not quite smooth enough,

and between those which in a more fundamental way are not generalized Bayes.
This problem assumes major importance due to the recent lérge literature

on estimation in location vector problems (particularly the normal). Many

alternatives to the usual best invariant estimator §(x) = x + c® {(where ®

is chosen to minimize fL(c0 + 8)f(6)d6) have been proposed. Typically, these

estimators are of the form
0 t - T t
(1.3) §(x) = x +c¢c - h(xCx)Bx + o(x)|x|h(x Cx),

where B and C are (pxp) matrices, C beiné positive definite, h is a positive
real valued functién, and ;(x) is some (px1l) vector whose norm goes to zero

as |x| »=. For example, the minimax estimators in Hudson (1974), Bock (1975),
and Berger (1976d); the empirical Bayes estimators in Efron and Morris (1973),
Rolph (1976), Rao (1977) and elsewhere; the adaptive ridge regression estimators
in Lawless and Wang (1976), Thisted (1976), and Casella (1977); and the tail
minimax estimators in Berger (1976a), can all be ‘shown to be of the form (1.3)
with h(y) = 1/y. A significant question one can ask about such estimators is -
how must B and C be related in order for the estimator to be generalized Bayes?
This considers not the smoothness of the estimator, but instead the "directional
orientation of the estimator. Estimators which cannot be smoothed to make them
generalized Bayes usually suffer from some such orientation problem. With

this motivation, we define an estimator §(x) = x + o+ y(x) to be directionally

consistent (§) if there exists a generalized Bayes estimator 6G, with G € (4




(some appropriate class of generalized priors), such that

1.4 %) = 800 + o) Y| ,

~

where o(x} has the same meaning as in (1.3). In other words, the estimator
§ is directionally consistent if it can be smoothed by the addition of an error
term (of smaller order than the correction Y(x) which 8 makes to the usual

estimator (x + co)) to make it generalized Bayes. An estimator § is

directionally inconsistent (&) if there does not exist a generalized Bayes
estimator 6G (with G € ) such that (1.4) holds.

In Section 3 it is shown for the normal-quadratic loss problem, that an
estimator of the form (1.3) (with h decreasing as a polynomial or faster) is
directionally inconsistent (for an appropriate () unless B = k t C for some
constant k. Estimators violating this cqndition are thus inadmissible in a
manner more serious than mere lack of smoothness.

In Section 4, similar results will be obtained for nonquadratic losses
and for general location vector densitieé, although in a weakened version.
The weakening is due to the fact that only appropriately smooth generalized
priors can be handled, and also to the lack of a characterization of
admissible estimators as generalized Bayes. The results in Section 4 will
depend on an approximation for generalized Bayes estimators which is
developed along the lines of the heuristic argument in Brown (1974). This
approximation is of independent interest, as it appears to be a necessary
component of ihvestigations into admissibility of generalized Bayes estimators.
(See Brown (1974).)

In the remainder of the paper, the following notation will be used. If -

r(x): RP » Rl is an appropriately differentiable function, let
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r(i)(x) =.a—i—_— r(x), r(i’j)(X) = Sxoaox— T(x), etc.
i 1]

Also let Vr(x) = (r(l)(x),...r(p)(x))t denote the gradient of r. Finally,
let Ee stand for expectation with respect to X. If the argument of the

expectation is a vector or matrix, the expectation is to be taken componentwise,
Section 2. Exponential Families and Quadratic Loss

Assume f(x,8) is from the exponential family of probability distributions
with respect to u, i.e. X has density f(x,e) = B(B)exp(etx) with respect to
H. Let ® = {0: fexp(etx)u(dx)<QW} denote the convex natural parameter space,
S denote the support of u, K denote the convex hull of S, 3A denote the
boundary of a convex set A, int A denote the interior of a convex set A, and
A denote the closure of a set A. Also, if G is a o-finite Borel measure on

RP, 1et

G(x) = fexp(ytx)G(dy)

denote the p-dimensional Laplace transform of G. It is well known that
é(x) is infinitely differentiable on the interior of the convex set
T(G) = {x: é(x) < =}, and that the partial derivatives can be taken
inside the integral sign.

It will be assumed that L is the quadratic loss L(§-9) = (G-B)tQ(G-e),
Q being positive definite. A straightforwara calculation then verifies
that if § is generalized Bayes with respect to a g-finite measure G', and

X € T(G) where G(do)

B(8)G'(d6), then

A

(2.1) §(x) = Vg(x) = Vlogé(x)

Gi(x)




for almost all x. ("almost all x" is, of course, with respect to u.)
The foilowing theorem gives the major necessary condition for
admissibility of an estimator §. The theorem is analagous to results
in Sacks (1963) (which dealt with p=1) and to results in Brown (1971)
(which considered the normal density). See also Farrell (1966). The

proof is very similar to the proof in Brown (1971).

THEOREM 2.1. Let 8(x) be an admissible estimator. Then there exists a
o-finite measure Go (with support in & such that if x € int K then

Go(x) < o, and for almost all x € int K
(2.2) §(x) = vlog Go(x).

PROOF., If &8 is admissible, it follows from Farrell (1968) (see also
Stein (1955)) that there exists a sequénce of finite measures Gﬁ with compact

support such that Gﬁ(r) > 1 for some compact T C ©, and such that

(2.3) [] L8 (x)-8)-L(8(x)-6) }B(8) exp(6"x)u(dx) 6! (d8) > 0,
®

where & is the Bayes estimator with respect to Gﬁ. Defining Gn(de) =
B(e)Gﬁ(de), it follows from the fact that Gﬁ has compact support that
T(Gn) = RP. Hence by (2.1), for almost all x
vé (x)
(2.4) "(x) = —— .
G, (x)
Using (2.3) and (2.4), a calculation as in Stein (1960) and Brown (1971)

shows that
(2.5) fls"x) - s(x)lzén(x)u(dx) > 0.

Since Gﬁ(r) > 1, it follows for some Kl > 0 and K,, that

22



G (x) = [8(0)exp(8"x)G] (d40) > K exp(-K,|X|).

Hence (2.4) and (2.5) imply that there exists a subsequence n' such that

except for x €N (where'u(N) = 0),

Vé , (x)
(2.6) - — 5 5(x).
G\ (x)

Define M = {x € S: §(x) is finitel}. Clearly u(Mc) = 0, and hence
int K is contained in the convex hull of (M-N). It thus follows that a

sequence {pm} of closed convex polyhedra with vertices in (M-N) can be

chosen, such that U P, ='int K. Furthermore, since Am = {vertices of pm}
m=1

is finite, there exist constants b < « such that s (x)] < b, for x €A .

From (2.6) it can be concluded that if x G-Am, then

96, (x|

G,pr ()

< b' ¢ o,

Theorem 2.2.1 of Brown (1971) (a continuity theorem for Laplace transorms)
can thus be applied, and together with a standard diagonal argument shows
that there exists a subsequence n'" of n' and a measure q)(de) (with

support in & such that for all x € int K, G, (x) <« and

o Ve
Gy (%) 6 (x)

Together with (2.6), this completes the proof. ||

The following corollaries are immediate.



COROLLARY 2.2, 1In the situation of Theorem 2.1 if Go(3®) = 0 or @ is
closed, then for almost all x € int K, §(x) is generalized Bayes with

respect to the measure go(de) = Go(de)/B(O).

COROLLARY 2.3, If u(3K) = 0 and @ is closed, then every admissible estimator
is generalized Bayes and is given by (2.1) for some measure G. In particular,

when K = @ = Rp, the result holds.

COROLLARY 2.4. Assume X has density f£(x,6) = B(e)exp(ett—lx) with respect

to u, where t is a known positive definite matrix, If §(x) is an admissible

estimator of 6, then for almost all x € int K

(a.) 6(x) = t vlog e(x) for some o-finite measure G with support in @ (@* =
{6: [exp(s

(b.) 68(x) = x + I Vlog g(x), where g(x) = exp(-xtt_lx/Z)a(x).

o) < «)).

PROOF. Part (a.) follows immediately from Theorem 2.1 énd the observation
that the natural parameter is t-le. (G(d®) will be Go(d(t_le).) Part (b.)

is an easy calculation from (a.) .ll

In applications, the above corollary is very convenient to work with,
especially when f is normal with mean 6 and covariance matrix . 1In
verifying whether or not a given estimator is admissible, there are two -
hecessary conditions implied by Corollary 2.4.

Condition 1. There exists an infinitely differentiable function h such
that for almost all x € int K, §(x) = t vh(x).

Condition 2. exp(h(x)) is a Laplace transform of some measure G on @,

The verification of Condition 2 is a well known mathematical problem.

(See Widder (1946).) When f is normal, more explicit means of verification



are given in Hirschmann and Widder (1955). (See also Strawderman and Cohen
(1971).) Condition 2 can loosely be interpreted as requiring that the
éstimator 6 be smooth enough. It is Condition 1 which demands a proper
"orientation'" of the estimator as discussed in Section 1. Note that
Condition 1 is easily verified when p=1 or § is spherically symmetric, as.,
6(x} can then be simply integrated to obtain h. The verification of
Condition 1 turns out to be relatively simple also when int k C S, as the

following development shows.

Assume x° € S, and let An = {x: lx—x°[< %}. Define (if it exists)
2.7) 6*(x°) = lim (i — [ 80u(dn).
n-o M Ah:

If Condition 1 is satisfied, then for x° €(int K) NS,
200 o 14 1 _ i}
(2.8) - 6%(x°) ,ﬂ OB l{tv h(x)u(dx) = $v h(:L)
n n
by the continuity of ¥h. Clearly &* is equivalent to &, so it suffices to
consider whether or not &* satisfies Condition 1. The following well

known calculus lemma is needed.

LEMMA 2.5. A continuously differentiable vector field F(x) = (Fl(x),...Fp(x))t
defined on an open convex subset of RP is a gradient field (i.e._F(x) = #h(x)
for some h) if and only if the Jacobian matrix J(F) of F is symmetric.

(J(F) has (i,j) element ng)(x).)

The following theorem is an immediate consequence of (2.7), (2.8), and

Lemma 2.5.

THEOREM 2.6. If int K €S, then Condition 1 is satisfied if and only if



(t-ld*) is continuously differentiable in int K and has a symmetric Jacobian

matrix.

~ Theorem 2.6 gives an easily verifiable necessary condition for an
estimator § to be admissible. Providing 8 (or 6*) satisfies the conditions
in Theorem 2.6, one can construct h(x) by simply integrating (t_lé*)
along any path from a fixed point x%€ int K to X.

The following corollary gives an example of the use of Theorem 2.6.

COROLLARY 2.7. Assume f is normal with mean 6 and known covariance matrix

i. Consider estimators of the form
t
§(x) = x - h(x Cx)Bx,

where C is positive definite and B is nonsingular. Assume (w.l.o0.g.) that

8 equals 8*, For § to be admissible,.ﬁ must be continuously differentiable.
If in addition h'(y)(the derivative of h) is nonzero for some y > 0, then
a necessary condition for § to be admissible is that B = k t C for some

constant k.

PROOF. By Theorem 2.6 it is only necessary to determine if J(t-ld) is

symmetric. A calculation shows that
3716 = 7! - netend s - v oo I exed)c,

Let T = {x: xth = yo}. Clearly for x €T, t‘lB(xxt)C is not constant,
and h'(xth) $ 0. Hence for J to be symmetric, it must be true that t_lB
is symmetric and [$_1B(xxt)c] is symmetric. t-lB is symmetric only if

B =k t A for some symmetric matrix A. Then [A(xxt)C] is symmetric for

all x €T only if A = C.Il



Section 3. Directional Inconsistency

In this section it will be assumed that f is a normal density with
mean 8 and known covariance matrix }, and that L is a quadratic loss as
in Section 2. In this situation, as mentioned in Section 1, estimators

of the form
(3.1) §(x) = x - h(x*Cx)Bx + o(x) |x|h(xtcx)

(where B, C, h, and o(x) are as in (1.3)) have come under considerable

scrutiny as competitors to the usual best invariant estimator 6°(x) = X,

10

The results of Section 2 can be used to show whether or not such estimators

are generalized Bayes (and hence potentially admissible), provided the

o(x) term is known explicitely. Section 2 is not useful, however, in

determining directional consistency (i.e. approximability by a generalized

Bayes estimator as defined in Section 1). The following theorem gives
conditions under which an estimator of the form (3.1) is directionally

inconsistent (go), where

&, = {G: g*(x) = [£(x,0)G(d6) < w}.

(All admissible estimators are generalized Bayes with respect to some G € 90

(Brown (1971)), so this is the natural ciass of G to .consider.)
THEOREM 3.1, Assume
(3.2) §(x) = x - h(x"Cx)Bx + o(x) |x|h(xtcx)

where C is positive definite, B is any (p*p) matrix, and h satisfies the
following condition: there exist K > 0, 0 < p < 1, and 0 < T < 1, such

that hfz) 2 th(y) for any positive numbers y and z satisfying y > K and
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z > (1+p)y, and h(y) is continuous and positive for y > K. Then 6§ is
directionally inconsistent (90) unless B = k t C for some constant k.
(Remark: The condition on h essentially says that h(z) must be decreasing

-a
at least as fast as z for some a > 0,)

PROOF. By definition, &8(x) = x + y(x) is directionally consistent (Qo)

only if there exists a o-finite measure G such that
G ~
(3.3) §70x) = x + y(x) + o(x)|yfx)].
It is easy to check that for G € Qb,v&G can be written
G
(3.4) 8§ (x) = x + Ivlog g*(x).
Combining (3.2), (3.3) and (3.4), gives the necessary condition
t T | - t
(3.5) -V log g*(x) = h(xCx)  "Bx + o(x)|x|h(x"Cx).

Consider the transformed problem induced by the transformation Y = C1/2X

1/2,t,.1/2

(where 1C )tC = C). Defining r(y) = -log g*(C-l/zy), it is easy to

check that (3.5) beccmes
2 -1/2,t,-1_.-1/2 - 2
(3.6) v =yl e S ey 4 ot yingy]D.
It will be shown that a necessary condition for the equation
2 - 2
(3.7) vr(y) = h([y[F)Ay + o) |y|n(|y]|9)

to have a solution, is A = kI for some constant k. This will imply for (3.6)

that

V2 tylpem1/2 g

)



or that B = k | C as was desired.,

Consider (3.7) when p = 2. Both sides of the equation will be

integrated along the rectangular paths from the point (c,c) to the point

a(c,c), where @ = [(120)/(19)]1/? and ¢ > K. Letting P, be the path

consisting of the line segments L1 =I{(5c,c): 1<s i_a}and L2 =-{(ac,sc):

1 < s <a}, calculation using (3.7) gives

(3.8) {, vr(y)]"-dy = {){hﬂyl-z)Ay + s yIncly] it . ay
1 1

o

= [ h([s%+1]c?) fA(sc,o)t + B([sc,clt[s2+111 2}t (e, 0)ds
1

+ ?h,([szmz]cz){A(ac,sc)t + 5([ac,sc]t)[52+a2]1/2c}t.(0,c)ds’
1

where "." is the usual dot product,

Define
3.9 R, = 2. .2 T 2 2
(3.9) 17 [ s h([s“+1]c?)ds, R, = I s h([s +02]C )ds,
o [0}
T, = f}1([52+1]c2)ds,and T, ;“f h([sz+(3]cz)d5-
1 1
Note that .
, s2402 202 2(140)/(1-9) _
inf 5 = = = 1+o,
1 <s <a  s%1 o1

(1+p/(1-p)+1

Hence;'bi the assumption on h it is clear that

(3.1) R2 _f_TR1 and T2 j_at?l.

12
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Mte also that for 1 < s < a both o([sc,c]t) and S(EC,SC]t) have norms
which are o(c-l) (i.e. go to zero faster than c—l as co»), Using (3.9),

equation (3.8) can thus be rewritten

' t _ .2 -1, .2
1 .

where Aij is the (i,j) element of A.
Consider next the path P2 from (c,c) to a(c,c), consisting of the
line segments L; = {(c,s¢): 1< s<aland Ly ={(sc, ¢): 1 < s<a}l. As

above it can be shown that

(3.12) [ ety = A

-1, 2
P, 1172 * ATy * Ay Ty + AgRy) + o(eT)eT

1

Since P1 and P2 have the same endpoints, the expressions in (3.11) and (3.12)

must be equal, It follows that
_ ' -1
(3.13) (All-Azz)(Rl-Rz) = (Ay1-A1) (T1-Ty) + ofc )Tl..

The above analysis can also be conducted on paths between (c,-c) and

¢ (c,-c). The conclusion of such an analysis is that

‘ -1
(3.14) (All-Azz)(Rl-Rz) = (A12-A21)(T1—T2) + o(c )Tl.

&dding (3.13) and (3.14) gives
'l)T
(3.15) (All-AZZ)(Rl-Rz) = o(c 1
Clearly R1> 'Tl, so (3.10) implies that
(R;-Ry) > (1-9Ry > (1=DT;-

Thus (3.15) can be satisfied as co® only if Ajp = Ayp.
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To complete the argument, consider transformations z = Ty, where T is

an orthogonal (2x2) matrix, Equation (3.7) becomes
Vr(z) = h(|z|?TArtz + o(2) |z|n(lz]D).

The identical argument now shows that TATY must also have equal diagonal
elements. It is eaéy to check that if TAT' has equal diagonal elements
for all orthogonal T, then A must be a multiple of the idenfify. This
completes the proof for p=2.

The generalization to p > 2 follows from consideration of (3.7) in the

subspace

Q =‘ y p M = i j
ij {xigRr": X, =0 for k #iork # j}.

For (3.7) to be satisfied when y’gfﬂij, it must in particular be true that
i j 2 t,~ 2
P m Dot = ndr D, it s omlylnd i .

Noting that

¢ ii ij Yi
([AY] .> [AY]:) = A A ’
o L AN
it follows from the two dimensional result that Aii = A.. and Aij = Aji'= 0

JJ
(i#3). '

lence A must be a multiple of the identity and the proof is complete.l

" Note that directional inconsistency (for simplicity’ﬁb will be
suppressed) of an estimator, J, essentially occurs when Condition 1 of

Section 2 is violated even for "smooth" versions of the estimator. Although
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Condition 1 can be easily checked for a specific estimator 6 by verifying
the symnetry of the Jacobian of &, directional consistency cannot be
handled in this ﬁanner, since there is no control over the derivatives of
the "smoothing'" error term ;(x)ly(x)|. Indeed it is easy to construct
estimators with nonsymmetric Jacobians, such that when an error term
O(X)lny)l is added to the estimator, Condition 1 becomes satisfied. Thus
it_was.necessary to resort to the more difficult integration argument of
Theorem 3.1 to prove directional inconsistency.

As a simple application of Theorem 3.1, consider.adaptive ridge

regression estimators of the form
-1 t =14-1,
§(x) = (377 + A/(x"Cx)) L x.

(In terms of the usual regression model, x is the least squares estimator,
while t = oz(TtT)_l, T being the design matrix and"c2 the variance of the

independent normal errors.) It is easy to check that 8§ is of the form

(3.2) with B = fA and h(x'cx) = 1/(x*Cx). This h satisfies the condition
of Theorem 3.1 (také K=1, p=.5, and 1= 2/3 for example)}. Thus if
A#kC (i.e. B=JA #k § C) for some constant k, then § is directionally
inconsistent. Two commonly considered choices of A and C are (i) A = pI,
C=1,and (ii) A= (p/o")I, C ='}"). (These are discussed in Lawless.

and Wang (1976) and elsewhere). Clearly the first choice satisfies A = k C,
while the second choice does not. Hence the second choice is directionally
inconsistent. (It will be shown in Section 4 that the first choice is
actually directionally consistent.)

Unfortunately, the problem of trying to find an estimator uniformly

better than a directionally inconsistent estimator seems to be very difficult.
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It appears that estimators of entirely different functional fofms need to

be considered. For example, the directionally consistent ridge estimator,
given above, is not uniformly better (in terms of expected loss) than the
directionally inconsistent one. Indeed the latter estimator is by no

means a "bad" estimator (even though directionally inconsistent) in that in
many situations it éeems to perform considerably better than the usual
estimator 6°(x) = X. It is just that there may well be something considerably

better still.

Section 4. Results for General Loss and Location Density

The results of Sections 2 and 3 were solely for quadratic loss. It is
obviously desirable to obtain some type of extension to other loss functions.
In particular, the criticism of directibnal inconsistency of an estimator
becomes more valid if it can be shown to hold for a variety of losses.
Unfortunately, general characterizations of admissible estimators as
generalized Bayes estimators seem very difficult to obtain for nonquadratic
losses. Because of this and certain technical problems, only weakened
versions of the results of Sections 2 and 3 will be given.

It will first be necessary to develop an approximate formula for a
generalized Bayes estimator. Asidé from its use in this paper, the approximation
should play an important role in future investigations of admissibility of
generalized Bayes estimators. (See Brown (1974).)

~Let Q' be a conve#tsubset of Rp, and let d(x) be a real valued function
on RP sqch that

(i) d(x) > 0= x €Q, and

(i1) for all 0 < K <=, |6-x| < K = d(8) > d(x) - K.
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An approximation to a generalized Bayes estimator GG(x) will be established
in appropriate regions Q for large values of d(x). (For most applications

it will suffice to have @ = RP - T (T a compact set) and d(x) = |x| - P,

where p = sup |x
x €T x€Q
For notational convenience, the following modification of '"o' notation will
be adopted for any functions r and h (possibly vector valued):
r(x) is o(h(x)) if 1im sup [r(x)|/lh(x)[ = 0.
T {x: d(x)>T}
Needed assumptions on f, L, and G will now be given. These assumptions

are not the most general possible, but should cover a wide variety of cases

of interest, and despite their length are quite easy to verify.

Assumption A. (Conditions on the generalized prior G)
1. G is absolutely continuous with respect to Lebesque measure on
RP. (G will henceforth denote the demnsity of the prior with respect
to Lebesque measure.)
2. 0 <G(9) i’B <.w.
3. There exists a d-unbounded region Q such that if 6 € @, then the
following conditions hold:
(a) G(®8) > 0.
(b} G has continuous second order partial derivatives at s.
(c) |vG(8)| = o(G(8)).
(d) There exists a positive increasing function w*: R1 > R1 for
which the foliowing hold:
(i) [d - w*(d)] is increasing in d and positive for some d.
(ii) There exists q > 0 such that [w(8)] 9 = &(|ve(e)|2/G(8)),

where w(8) = w*(d(0)).

.) The regionIQ will be said to be d-unbounded if sup d(x) = =,



18

(iii) 1f d(ej - w(6) > 0, then for 1 <i, i <p,
sup [6% 7 @] = Scvacey).
{e: Je-g]< w(e)}
Assumption B. (Conditions on f and L)
1. £(x,6) = £(x-6). (Thus 6 is a location vector.)
2. L has all third order partial derivatives.
3. For any D2 < @, there exist finite D3 and D4 sucﬁ that if
ly|< D2, then L*(x+y) f.D3 + D4L*(x), where L* denotes L or

any partial derivative of L through the third order.

4. For all 1 < i,j,k < p, EO[leL(l’J)(x)l] < w,

Bl TR 0017 < o, and By 11X @D 10y 4 1D 1) =

where q is from assumption ASd(ii).
5. h(c) = fL(c+e)f(9)d6 has a unique minimum at ¢ = co.
6. The (pxp) matrix M with elements mij =.E0[L(i)(X+c0)Xj] is
nonsiﬁgular.
7. L(x) i_Dl < » for all x € RP (i.e. L is bounded) , or
7'. lim inf L(x) > h(co) + e*, for some e*> (.
nse  {x: |x| > n} -
Discussion of assumptions:
In Assumption A the key restriction is 3c. This places an allowable
rate of decrease on G. If G goes to zero too quickly (as does G(e) =
exp{—]elz}) this condition will be violated,and indeed the approximation that

will be developed is invalid. Such rapidly decreasing G are proper priors,

however, and the resulting Bayes estimates are known to be admissible,
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In condition A3d it usually suffices to choose'w(d) = cd (for some
0 < ¢ < 1), although choices such as w(d) = a® (for some O ?a <1) may
sometimes be necessary. Condition 3d(iii) somewhat surprisingly restricts
G from being too flat. For example, G(8) = 1 + exp{-lelz} violates this
condition. When p > 3, however, the result of Brown (1974) indicate that
estimators arising from such G are inadmissible and can be improved upon by
using G going to zero at an allowable rate,

Assumption Bl is made to keep the theory relatively simple. (See
Brown (1974) for discussion of other cases.) Note that many scale parameter
problems can be transformed into this setting by the usual log transform.

Assumptions B2, B3, and B4 are technical assumptions which could
undoubtedly be weakened. Note that one should choose q as small as possible,
in order to minimize the number of moments needed in B4,

Assumptions B7 or B7' should cover virtually all cases of interest.
Note that any loss unbounded in all directions (such as a strictly convex
loss) satisfies B7', |

Assumption BS essentially says that the best invariant estimator of
6 must be unique. (The best invariant estimator is thus Go(x) = X + co.)
When h(c) has a nonunique minimum, the problem of approximating a generalized
Bayes estimator becomes considerably more complex. If L is strictly conVex,
it is easy to check that h(c) has a unique minimum. The'following lemmas

give other useful conditions for this to be true.

LEMMA 4.1. If L(e) and £(6) are symmetric functions in each.coordinate ei’
with L(8) increasing in leil and f(6) decreasing in leil (1 <i < p), then

h(c) has a unique minimum at c = 0.

PROOF.  Straightforward. ||
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LEMMA 4.2. If L(6) = L*(6%Q8) and £(o) =‘f*(et$‘le) where Q and } are (pxp)
positive definite matrices, L* is an increasing function, and f* is a

decreasing function, then h(c) has a unique minimum at ¢ = 0.

PROOF. Performing the linear change of variables, in the integral for
h(c), which simultaneously diagonalizes Q and t gives the desired result

by Lemma 4.1. ]|
Assumption B5 also implies the following needed result.

LEMMA 4.3. 1f assumption B holds, then

(a) EO[VL(Xﬁcoﬂ = 0, and
(b) the (pxp) matrix £with elements 1ij = EO[L(l’J)(X+c°)] is

positive definite.

PROOF. Under Assumption B it is easy to check that h(c) can be differentiated
twice under the integral sign. The lemma thus follows from the standard

‘s ) . -
necessary conditions for ¢ to be a unique minimum of h(c).||

Assumption B6 essentially ensures that it is desired to estimate the
full location vector. (See Brown (1966).) Two cases of considerable

interest are given in the following lemmas.

LEMMA 4.4, If f is a p-variate normal density with known covariance

matrix f, then M = £},
PROOF. Given in Berger (1976a). ||

LEMMA 4.5,
(a.) Assume L in assumption B is of the form L(x) = L*(xth), where

Q is positive definite and L* is strictly increasing. Assume f is non-



degenerate (i.e. not concentrated on a lower dimensional set with
probability one). Then M is nonsingular.
(b.) If L(x) = x'Qx, then M = 2Qf, where { = EO{[X-(EOX)][X-(EOX)]tl

is the covariance matrix of f.
PROOF. (a) Letting L' denote the derivative of L*, Mt can be written

(4.1) M

E {X[VL(X+c*) %)

By (X+c®) [VL(X+c))]*}  (by Lemma 4.3(a))

ZEO{L'([x+c°]tQ[X+c°])(X+c9)(x+c°)t}Q.

Note that for any z € RP-{0},

ztEO{L'([X+c°]tQ[X+c°])(X+c°)(X+c0)t}z
= By L' ([X+c®1%Qx+c®]) ([x+c°1*2)%) > 0

(since L' > -0 and [X+c°] cannot be perpindicular to z with probability one)

Hence
EO{L'([X+c°]tQ[X+c°])(X+c°)(x+c0)t}

is positive definite, and M is nonsingular.
(b) This problem follows from (4.1) (since L'(.) = 1) and an easy

calculation which shows that c° = -(EOX).II

The desired approximation to GG is given in the following theorem.
Note that this is essentially the result developed heuristically in Brown

(1974).

21
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THEOREM 4.6. 1If Assumptions A and B are satisfied and x € @, then

(4.2) 8% = Caxel M[VI0g6(x) ] + &(V1log G(x)).

The proof of this theorem will be given at the end of the sectian.

The following corollary giveé several examples of application.

COROLLARY 4.7. (a) Assume G(9) = a/[b+(9tC6)a], where a, b, and a are
positive constants and C is a positive definite (pxp) matrix. Assume
L(x) = (xth)B, where B = 1 or B > 3/2. Finally, assume f is a nondegenerate

location density with 2(a+B) + 3 finite moments. Then
GG(x) = c%x - ZaiflMCx/(xth) + o(x).

(Recall o(x) denotes a vector whose norm goes to zero as lx, > o,

(b) If, in addition, f is a normél density, then
G t ~
§7(x) = x - 2af Cx/(x"Cx) + B(x).
(¢) IfB =1 1in part (a), then
G t ~
§7(x) = ~(EgX) + x - 2afCx/(x"Cx) + &(x).

PROOF. Assumptions A and B must first be verified. For Assumption A,

choose @ = {8: |o]| > 1}, d(g) = [6]- 1, w*(d) = d/3, and qQ =20+ 3, It

is straightforward to check that Assumption A then holds for the given G.
The first four conditions of Assumption B are easy to check, as is

B7'. Condition B5 is satisfied because L is strictly convex, and condition

B6 follows from Lemma 4.5 (a.).

A calculation gives



23

~2a(xtcx) (D ex/ b+ extex) ]

[V log G(x)]

-20Cx/ (X°CX) + o(x).

Clearly d(x) - = is equivaleﬁt to lxl -+ «, so0 the result follows from
Theorem 4.6.

(b.) This follows from part (a.), Lemma 4.4, and the easily verified fact
that ¢® = 0,

(c.) This follows from part (a.) and Lemma 4.5 (b.), noting that P =

-(EX). ]

Note that the above corollary implies, for normal densities, that estimators
of the form (1.3) with h(y) = y-1 and B = k t C (for some k > 0) are
directionally consistent. This complements the necessity of the condition
B =k f C established in Section 3.

From Theorem 4.6 follows the folldwing generalization of Theorem 3.1.

THEOREM 4.8. Assume Assumption B holds for all q > 0 (see B4). Then an

estimator
o t - t
§(x) = ¢ + x - h(x Cx)Bx + o(x)]|x|h(x"Cx),

with h, B, and C as in Theorem 3.1, is directionally inconsistent (Ql)
unless B = kM'liKZfor some constant k. (Here Ql is the class of all G

satisfying Assumption A with Q = RP - 'y T a compact set.)

PROOF. The argument starts with (4.2), and proceeds exactly as does the

proof of Theorem 3.1, with t'l replaced by M—lzﬂll

Except for the unfortunate limitation to 91, the above theorem says
that the directional inconsistency results hold for wide ranges of losses

and densities. This, hopefully, alleviates the concern that directional
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inconsistency might be highly dependent on the loss used. Note, in

. . -1 -1
particular, that if f is a normal density, then since M~ £= |
(Lemma'4.4), directional inconsistency (Qo) of an estimator for quadratic

loss implies directional inconsistency (Ql) of the estimator for all losses
satisfying Assumption B, This lends considerable additional force to the

criticism of directional inconsistency.

Before - proceeding with the proof of Theorem 4.6, a final example is in

order to demonstrate the scope of Theorem 4.6 (and to justify the apparent
complexity of the @, d notation). Often, only partial prior information
is available. Typically, for example, G may be a function only of 91. The

following corollary considers such a situation.

COROLLARY 4.9. Assume G(8) = a/(b+612), a>0andb >0, L(x) = xth, and

f is a nondegenerate location density with seven finite moments. Then
5600 = -(BgX) + x - 25(x;%,0,...,00% + 5(x,)

where 6(x1) is a vector whose norm goes to zero as |x1| > o,
PROOF. Choosing Q = Rp, d(x) = |x1|, and w*(d) = d/3, the verification of
assumptions A and B and use of Theorem 4.6 is straightfbrward.ll
The proof of Theorem 4.6 concludes the section.
PROOF of Theorem 4.6.
It is desired to find YG(x) = 6G(x) - x - ¢ which minimizes

(4.3 I= fL(y(x) + X -0 + co)f(x-e)G(e)dé.

Partl: Assume y(x) = o(1). (It will be shown in part 2 that YG(x) = o(1).)
By Assumption A3d, d(x) can be chosen large enough so that d(x) - w(x) > 0.

Defining V = {9: le-x| < w(x)}, it then follows from property (ii) of d that
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d(6) > d(x) - w(x) > 0. Since d(x) > 0 also, the convexity of B implies
that G(6) can be expanded in a Taylor expansion about x (up to third order

terms) for ® € V. Line (4.3) can then be written

(4.4) I =1 +I,+1,+1

17 27 3T e
i = 6(x) [ Ly(x) + x - 8 + c®)f(x -6)de,
\Y :
(1) . . o
I, = E G x) [ (8, - Xx,DLIY(X) + x - 8 + ¢ )f(x -18)de,
. 1 1
i-1 A .
I, = % g § 5 ®, - x) (e, - xij(y(x) +x -0+ cOF(x - e)G(i’j)(x*)ge,
I,= JLOyx) +x -0+ c®f(x - 8)G(o)de,
VC

where x* is a point on the line segment between x and 0.
A simple Chebyshev~ argument using Assumption B3, B4, A2, and A3d(ii)

shows that
4.5 1, <KW = 5(]%60 ] Y/6m0) .

All future integrals over V® are handled similarly and will simply be
replaced by the appropriate o term with no further comment.
In I, I,, and I, L(y(x) + x - 8 + c°) will be expanded in Taylor -

expansions about (x - 6 + co) up to fourth, third, and second order terms

i, Ii, and Ié resulfing from the L(x - 6 + co)

term of the Taylor expansions are all independent of y(x). The dominant

respectively. The integrals I

term is

I} = 60 [ L(x - 8 + c)F(x - 8)de
Vv .

GEO{ fLix - 0 + c®)f(x - 6)d6 - [ L(x - 8 + c®)E(x - 6)do}
VC .

G(x){h(c®) + o(1)}.
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Using Assumptions A3c and A3d(iii), it is easy to see that I; + 13

0(G(x)). Thus

(4.6) 1; + 1; . Ié = 6(x){h(c®) + o*(1)},

- where "*" indicates the term is independent of y(x).
Using the assumptions and Lemma 4.3, the second, third, -and fourth

terms of the expansion of I. are

1

(4.7) 12 = G(x) ) v 000 LB x - 64 Oyf(x - 0)de - [ [ Jde)

i=1 vc

= G(x) E v; ({0 - o(V6)} = o(|y(x)|v6(x)),
i=1

[T

I = 5 600 Y 0 €Y (0 (1 + (1)),
17 = 3(lve0 1 %600).

Similarly, the remaining terms of I2 are

(4.8) 12 - § ey Py J L x - 6+ 0o, - x.)£(x - 0)d8
i=1 j=1 1 ¥ ot
= -6 T MY + 3y | v6(0)
3 -
I = o(ly(x)lvccx)).

Again using Assumption A3d(iii), the remaining term of I3 is

(4.9) 12 = 5(]v(x) |%6(x)).

Combining (4.4), (4.5), (4.6), (4.7), (4.8), and (4.9) gives



27

(4.10) I = 6x)h(®) + 3% (1)} + 36007 () £ ¥(x)
- 1960 1M (0 + 36 v (0 |

+ 30y |v6(x)) + 5¢|vex) |%/6(x)).

It is easy to check (using Assumption B6 and Lemma 4.3) that ¢(Y), defined

by
b1 = 36(0Y LY - V6T M Y (),
is minimized at
Y (x) = £ MV log 6(x)1,
attaining the minimum value
0(r") = -[%600 I'M" £ M[76 01/ (2600) < o.

(Note by Assumption A3c that Yo(x) = 0(1) as was assumed in the above
» derivation.} Since the first term on the right hand side of (4.10) is
independent of y{(x), it follows that the vy which minimizes I (among those

vy which are o(1)) is of the form
Y(X) = £ MV log G(x)] + o(V log G(x)).

Part 2: YG(x) must be o(1). To see this, note that if YG(x) minimizes
I, it must be true that
G o)
(4.11) I = [L(y'(x) + x -6 +c )f(x - 6)G(6)d6
<~fL(yo(x) + X -8 +c0)f(x - 0)G(8)de

= G(x){h(c®) + o(1)}.
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If YG(x) is not o(1), then there exists an € > 0 and a sequence of points

{xi} in Q such that

(4.12) dxY) > » and ¥y > ¢ > o,

Due to the continuity of h and Assumption B5, there exists a t > 0 such that
(4.13) h(c) > h(c® + ¢ if e - O > e,

Define o = min{T/[4h(c°) + 31 ], e*/[12h(co) + €*]}, where e* is from
Assumption B7'. (Choose e* = 1 if B7' doesn't apply.) Note also that a

Taylor expansion of G verifies that for any fixed positive integer n,

inf G(8) = G(x)(1+0(1)).
{6: |x-0]<n}

Hence for each n, there exists an xl(p) € {xi} such that

(4.14) inf G(0) > 6™y (1-0).
{6: le(n)-9,<n}

Clearly {xl(n)} can be chosen so that d(xl(n)) * «, Also, it is obvious

that

(4.15) if {IYG(xl)I} is unbounded, then {xl(n)} can be chosen so

ﬁthat(lyG(xi(n))l > 3n.

Defining y" = vC 1™y it fo110us from (4.14) that

(4.16) Im = Lo« ™ 2o w Oyead @ | gy6ceya0
S inf . G(98) L(yn . xi(n) P co)f(xi(n)—e)de
- [;e: lxl(n)-e[<n} J

|x2 () 6]<n
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> 6™y - ) [ L™ + 0+ cO)E(8)do.
|6|<'ln -

Case 1: L is bounded (Assumption B7). Then for large enough n, say'n > N,

(4.17) J Ly + 6+ c)f(e)de < D, [ £(8)d8 < t/4.
|6[>n 19|>n

This, together with (4.12), (4.13), and (4.16) shows that for n > N,

Im) > 6™y - ) L™ + 6 + O)E(8)do - [ ]de}
| le]|>n
> 6™y - t/[4h(c®) + 3t {h(c®) + T - t/4}

= 60x MY {h(®) + t/23,

which contradicts (4.11). Hence YG(x) must be o(1).
Case 2: lim inf L(6) Z_h(co) + ¢* (Assumption B7').
n->roo
{e: |8|> n}
If {IYnl} is bounded, the argument goes exactly as in Case 1, with

Assumptions B3 and B4 being used to verify the analogue oF‘(4.17). If

{|Yn|} is unbounded, then (4.15) can be assumed to hold. Choose n large

enough, say n > N > co, so that

(4.18) inf L(8) > h(c®) + e*/2.
{e: |6]|> n}

Since |yn| > 3n, it follows for {8|< n that [yn + 9+ c®] >n. Hence

for n > N,

[Le™ + 0 + cOE(0)de >(c) + e*/2) | f(e)de.
lo|<n - l6|<n
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Choosing n large enough and using (4.16) will again result in a contradiction

of (4.11). Hence in all cases'yG(x) must be o(1) and the proof is complete.ll
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