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Let A ERERTL be k Poisson processes with mean rates
A}[...,k&l respectively. Let 1] S---< Aggg denote the ordered set
of the values Ays-+-sM . The process associated with A[]] (A[k]) is
defined to be the best process. A}l through this paper we assume that
A's are unknown and that there is no a priori information available
about the correct pairing of the ordered A[i] values and the k given
Poisson processes. OQur problem is to define a subset selection procedure
which selects a small, non-empty subset of the k processes and guarantees
that the selected subset includes the best process with probability at

-1

least P*, k < P* < 1. IfCS stands for a correct selection then our

goal is to define a selection rule R such that

(1.1) | inf P(CSIR) > P*

where @ is the set of all k-tuples (A .,Ak), Aj > 0, 1 =1,....k.

10
In Section 2, some subset selection rules for selecting a subset
containing the process with the smallest value A[]] are proposed. The
probability of a correct selection is evaluated. Some properties of the
proposed selection rules are discussed. Section 3 deals with the analogous
problem of selecting the process for which the associated value X ic the

largest. In Section 4, applications to binomial and multinomial selection

problems are considered.

2. Selection Procedures for the Process Associated with Kr]]

In this section, four different selection rules are proposed.

(A} Procedure R]-and 1ts Properties

Let Xy (t).....X (t) denote the number of arrivals from nrocesses
’l /

b
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with Ari1e i=1,...,k. Let N be a fixed positive integer. We propose

a subset selection rule as follows:

R]: Observe the processes until max X.(t) = N. Select process

T<ic<k
. if and only if

(2.1) X:(t) > N-c

where cy = c](k,P*,N) is the smallest non-negative integer for which
the condition (1.1) is satisfied.
Before we derive some properties of the selection rule, we introduce

some definitions. Let ) = (A],...,Ak) € 2. Define

(2.2) px(i§R) = P\(“/i) is selected|R).

4 \

Definition 2.1. A rule R is said to be (reverse) strongly monotone in

W(i) if

(+)+ in A[i] when all other components of X are fixed.

p,(1IR) is

(+)+ 1in Arj] (j # 1) when all other components of X are fixed.
r 2

Gupta [8] has proved that the subset selection rules which he studied
possess the properties of monotonicity and unbiasedness. We recall these

definitions (see Santner [17]).

Definition 2.2. The rule R is (reverse) monotone means for all 1 < i < j < Kk,

and 1 € Q,

N

(2.3) ~p, (iR) (2) < p (§IR).

Definition 2.3. The ruie R is unbiased means for all 1 =« i < k, and 3 ¢ u,




s

pA(R does not select T3y 3_px(R does not select the bes*t process).
Remark 2.1. (1) If a rule R is {reverse) strongly monotcne in (4) for
all i =1,...,k, then R is (reverse) monotone and

(2.4) inf P{CS{R) = inf P(CSIR)
9 CZO

where 05 = {x: 2 = (h,...,1), 1 > 0}.
(2) If R is (reverse) monotone, then it is unbiased.
Let Ti(N) denote the waiting time for N arrivals for the process

1= 1,...,k. T.(N) is distributed according to gamma distribution

T
1
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with density givén by

(2.5) f. o (
1N F(N)AT

It is easy to see that rule R] can be rewritten as foilows:

Select process iF if and only if

(2.6) T.(N—c]) < min T.(N).
! T<j<k J

Let T(i)(N) denote the unknown waiting time for N arrivals for the

process HOE 1=1,...,k. Then for any } €2,

D;i(iER]) = Pé(T(i)(N-cﬂ < ]g_gk Ti5y(N)
(2.7) = 7 ; 11-6 (A["j t) G, (t)
| 031 Mgy e
it
where
1 el -t
(2.8) G.(x) = g Tt e dt.



[t follows from (2.7) that procedure R1 is reverse strongly monotone

in n(i) for all i = 1,...,k. Furthermore

(2.9)  inf P(CS|R) = inf P(CS|Ry) = [(1-Gy(£)}*" T 46,  (t)
1 1 N N-c
Q 9 0 1

which is independent of the common unknown parameter. Hence we

have proved the following theorem.

Theorem 2.1. The procedure R] is reverse strongly monotone in ()
for all i = 1,...,k, and the infimum of the probability of a correct
selection occurs when all the processes are identical and the infimum

does not depend on the common unknown parameter.

Remark 2.2. In order to find the selection constant Cy S0 as to satisfy
the condition (1.1), we solve for the smallest integer (0 2 ¢y < N) which

satisfies

(t) > P
N-c] =~

(2.10) Z{]-GN(t)}k“1 d6
For given k, N and P*,values of Cy have been computed along with the
actual values of the probabilities.

Consistent with the basic probability requirement (1.1), we
would Tike the size of the selected subset to be small. Now, S,
the size of the selected subset is a random variable which takes
values 1,2,...,k. Hence one criterion of the efficiency of the

procedure R] is the expected value of the size of the selected

subset. The expected value of §S is given by

k
= i |
Eé(SIR]) iZ] Pé(n(i) is selected|R,)
K= k M4
(2.11) =y [ & {]'GN(?“__'t)}dGN-c (t).
i=1 0 j=1 RN 1
Jti



It will now be shown that the maximum of EA(S!R1) takes place when

all the parameters AT are equal. If we set the m largest parameter A[i]

(1 <m < k) equal to a common value A (say), we obtain from (2.11) that

@ k-m
(2.12) ESIRY) = m [ -6y (e)3™ 1 (16— t)de,__ (1)
: 0 =1 (1 1
Mk = Ar. m-k Ap.
+ 7 feg (L gy T g (L 434 (t)

We now show that the right hand member of (2.12) is a decreasing function
of x for k_] < P* < 1. Since this holds for integer m < k, this proves
that the maximum value of EA(S!R]) occurs when x = A[]], and the desired
result will follow. To sho& that £, (S{Ry) is monotone, we differentiate
EA(S[R]) with respect to )\ and show—that the derivative is negative for

-1

K ' < P*< 1. Differentiation gives
; k-m « m-1 k-m A
(2.13) ST'E\(S!RT) = -m _Z / {1-GN(t)} o 11-GN(X—j—- )}
b= i=1 0 3=1 (3]
jti
M
S
T/ N-1 A t \
HOR t) e T dGy_. (t)
K-m o Ar k-m A
+tm ) f t]-GN(\L]] £);m™ ! i I]-GN(TLll t)}
=10 ’ i1l "]
j=1

Arsq _ A Arasn
L A R 46y (t).

T(N) ‘X RZ N 1

I[f we let 3t = k[i]t' in the first integral. and drop primes then (2.13)

becomes



K-m Ars k-m A Ap.
9 _ 1 [1 . m'] P r []] 1 [1
(2.13) e (5[R)) -Gy o™ r g (M gy T

—mZ ‘[r{I'G
o i=1 0 j=1 5] A
o
A [T,
MAT N L MET T N %
(el e () e ]
[J]
< 0.
Hence we have proved the following theorem.
Theorem 2.2.
(2.14) sup £, (SIR) = & [ {1-Gy(t) %1 d6,  (t)
' 0 A L N-c t 7

Invariance and Minimax Properties

Let X],...,Xk be a set of observations from k populations (processes)
-»T.»> respectively and R be a procedure which selects s with probability

qi(X],...,Xk). Then the procedure R is said to be invariant if

1 CSTTPRE FUPRRIY PREPRIS IR 10 SPUUET SURUON SN %

for all i and»j.

It had been shown by Gupta and Studden [13] that for any invariant rule

R*,

where A\g = (A],...,A) S QO' It foliows from Theorem 2.1 and Theorem 2.2
that the rule Ry is minimax in the sense that it minimizes sup EA(SéR)

Q -
over the class of all invariant rule satisfying the basic P* condition.

(B) Procedure R, and Its oroperties

Suppose that the Poisson processes are observed at successive

intervals of time, t = 1,2,... . Observe the processes until time to,



the smailest value of t, say, when the number of arrivals from one of the
processes is equal to or greater than N. Let I denote the set of values i

for which Xi(to)-i N and J the set of values j for which Xj(to) z_N—c] where
Cy is the constant associated with R] defined in (2.1). Clearly I < J. For
each j € dJ, let tjo be the time such that Xj(tjo) 3_N-c] and Xj(tj0-1) < N-c],

and let ms = N-c]-Xj(th-]), n, = Xj(tjo)-Xj(tjo-l). Similarly for each i €1,

J

let m; = N’Xi(to']) and n; = X.(to)—X

; ; (tn-1). Let U(m,n) denote the mth

i*0
smallest observation in a sample of size n from a uniform distribution on the

unit interval (0,1). Now we compute

.= t.a-] + N, i
U tJO 1 U(mJ,nJ) for j €4

(2.15)

Ui t0-1 + U(m%,n%) for i €1

and propose the following selection rule:

RZ: Select process T (j €3J) if and only if
(2.16) Uj g_min U%
jel
Note that U% and Uj are simply the waiting times for N and N—c1 arrivals
from the processes s and T respectively. To see this, observe that if
n is a random variable distributed according to the Poisson distribution

with mean ), then for any given value of m,

m—]( )n-md

T-x X

n t
[ x

- V{‘ AA :

= 5 at) 0 <t <.

Thus, the arrivals times for a Poisson process can be generated from the

observed number of arrivals during the successive unit time intervals and



random observations from a uniform distribution. It follows that for any
4 i = : |
PA(J(i) is se]ected]Rz) Pg("(i) is se]ected!R]).

Hence the rule R2 is reverse strongly monotone in i) for all i = 1,...,k.

Moreover R2 is minimax among the class of invariant rules and

(2.18) inf P(CS[RZ)

k-1
n (-6, (£) 7" dey_ (t)

1

xl— O— 8

sup E(S]RZ)
Q

(C) Procedures R, and R, and Their Properties

Let tO be a fixed positive number. Observe the number of arrivals
X1(t0)""’xk(t0) from processes mys--.5m during time ty. respectively.

We propose a rule R3 as follows:
R3: Select process T if and on1y-if

t

)
J

+1>c¢c, max

to 1<j<k ‘o

where c3 = c3(k,P*,tO) is the largest nonnegative number satisfied the

. condition (1.1).

It is easy to sée that for any ) = (k1,...,Ak) € 2,
- - o C A t
o )\r N t 3 [\]] ] O ,Y
1 = 7 (i1 ] 0 yx . ¢ e = (5
p\(1;R3) A XU ‘%, ) ’ YA
- x=0 O] FE y=0 .
+
] t0 [& FO]
‘.I.I \[-_]] ] tO X ; ] (,) - -y
(2.20) e X! (o) ! Li1 Yo e ldy,
x=() SR B EE & L l’ ”O]I
.. - (". -
gl
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[t follows from (2.20) that R, is reverse strongly monctone in

for i 1,...,k.

(1)

SIR

Ry)

inf P(C

(2.21)

By using a similar

I

n particular
inf P(CS§R3)
“0

+

[;,ﬁz

nf T oeh i 73 g ) ke
inf ; e R e 1 .
0 x=0 y=0

method of proof as given in [9], one can easily

prove the following theorem.

Theorem 2.3.

For given P* and any nonnegative integer r, let PT = (P*)

1
k=1

and let c3(r) be the largest value such that

r+t,
[1+c r ]
= "y Lo ope
2o 17 ,r = 1
of Cy = inf{c3(r): r > 0!, then
inf P(CSIR,) » P*.
Let oy = 23 = (83,%,..051), 0 <3 < Agh, 02~ < 1. Then for any
EA(S?R3) = PA(X(1)(tO)+t0 >Cq max X(J)(tO)) + (k-])PA(X( )(tO) + to.i
2<j<k
Cy, max X.(tn))
ok 10
c3x—tO
vl t 1, fol1*8) o
R R CIT LTS N L s o
1 i%0 T T+87 HT48 ’ x!
CaXx-t
- 37 "0, (145
v t 1, foll+)
/ o oy s i L ei, T (M) ()
-k-D) )0 Gg) ) e Y
X=1 i=0 v )



(2.22) <«
where g(x)
follows:
(2.23)
Using
following
R4:
(2.24)

k-{inf g(x)+(k-1)inf h{x)} {1-e s
x>1 X>1

and h(x) are defined in terms of incomplete beta function as

CaX-t CoyX-t
3
9lx) = 1-1 | (ET:E;—OJ+1’X’[T§EQ—OJ)
1+5
Cox-t CyX~t
h(x) = 1-1 ([13C3 °J+1,x-£7%55—91).
T

the same sampling rule as in R3, we propose the

conditional procedure.

Select process & if and only if

X;(tg)
t

X.(tn)
it 70
T +1 > Cq _Max

0 T<j<k

H O~ )

—

X:(tn) = r,

, given 3 O)

e

0

where c, > 0 is the maximum value for which the condition (1.1) is

satisfied.

Then

(a],...,x,) <, and let

k
= (5 L - L— , 1<k,
[k] [k-i+1]
=“ ]S s \,=], 9k
NN

11
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kK
P iR,) = + . by =
r k p .
- ry.r r-x k-1,]
(2.26) Xgo GIPey (1-p )77 1 (r-x) jfz( SR

where the second summation of the right hand side of (2.26) is over all

(k-1)-tuples (x2,...,xk) of nonnegative integers, such that

x*tty k
0 < x;y zminf—",r-x}, 1 =2,...,k, and ] X5 = rex.
4 i=2 -
Recall that the vector x = (x],...,xn) majorizes the vector y = (y],...,y )
if m
R ERIES

Hr~33

: Yn+1-1] form=1,...,n-1, and

(2.27) 0 n

Xr.oq = S,
L% UL v
and is written x >y. A real-valued function ¢(x) is called a Schur-convex
(concave) function if (x) > ( <) {y) whenever X >y. It is known that
(see Rinott [16]) if q(x],...,xk) is asymmetric Schur-concave function and
(X1""’Xk) is a multinomial random vector with parameter N and p, then
E{q(Xy5...,X )} is Schur-concave in p.

Now for a fixed X, the second summation of the right hand member of

(2.26) can be expressed as

K P
(2.28) Y(r-x)! R kx]’J
j=2 J° -
where

1 if ¢ max y. < x+t
| by :
(2.29) Q"(.Y]a---:yk_]) =

0 if ¢ max y. > X*t.,
ok 7 0

and (Y1,...,ﬁ

K_1) is a multinomial random vector with parameters r-x and



13

p = (pk-1,1""’pk-],k-1)' Since ¥ is a symmetric Schur-concave function,
it follows that Eg{w(Y],...,Yk_1)} is Schur-concave in p. In other words,
if we fix St and A[]], then PA(CSER4) decreases when A[Z] - A[]]. Hence
the least favorable configuration is of the form (A,...,A,8A,®,...,=) where
V>0, £ >1. It should be pointed out that the probability of a correct
selection under the configuration {A,...,A,84,®,...,=) does .not depend on
the unknown parameter r. Also when k = 2, the infimum of P(CS!R4) takes
place when the two processes are identical. However, when k > 3, the
infimum of P(CS[R4) does not necessarily take place at the configuration

of the type (X,...,X,»,...,») as shown by the following example.

First of all, we need some algebraic concepts. Let

_ .. N n-1
(2.30) p(x) = ApX * ax toota gx ta

be a polynomial of degree n. The coefficients dgsdys.--,a, are assumed

to be real. The discriminant of the polynomial of p(x) is defined to be

a 2y a7 2, 0 0 0
e a5 a1, O 0
(n-1) rows
(2.31) o(p) =
0 0 ay ay a
na, (n-])q]. a1 0 0 0
0 n rows
0 na .

In particular, when p(x) = an2 tagx +oa,, then D(p) = a$-4a0a2. It is
well-known that (see [14]) if the polynomial p(x) with real coefficients,
not nhaving multiple roots, then D(p) > 0, if the number of pairs of complex

conjugate roots of p(x) is even, and D(p) - 0, if this number is odd.
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Moreoever, D(p) = 0 if and only if p(x) has multiple roots. Now we consider
3

2 . .
3, ¢ = gity=1 and 121 X(i)(to) = 6 under the configuration

the case when k

(2.31) (Xs2s82), A >0, & > 1.

1

Let x = (1+28) '. Under the configuration (2.31),

(2.32)  P(CSIRy) = PL(X ) (tg)+] _>_—S—2n<1?§3 X(i)(to)lii X(1)(tg) = 6)
S 1Ry () = 0 max Ky (t) 5;1_; (1) (tg)=6)
_ 1—x5(3-2x) (1—x)5<1+;]x)
= p(x), say.

The derivative p'(x) of p(x) is a polynomial of degree 5. It follows
that p'(x) has at most two pairs of complex conjugate roots. Direct
computation shows that the discriminant of p'(x) is negative. This implies
that p'(x) has -three real roots. Since p'(%)p'(]) < 0and p'(x) < 0 for all

0 < x < T%’ there are at most two real roots lying in the interval. Moreover

p'(523) < 0 < P (535 + 11;64)’ and p'(§) > 0 > p'(5). MNow
D(=22) = 0.980578 < p(1) = 0.9805795 < p(0) = 0.984375.
352

This implies that the infimum of p(x) takes place for some x in the closed

, 33 ] . : .
interval [352, 323 + 11264]' This shows that the Teast favorable confiqura-

tion is of the type (A,:,5)) where § > 1.

The next theorem shows that R4 is reverse monotone.
Theorem 2.4. For 1 <1 <j<kand = (h,,...,xk} € o,

o : 1 - ] R v
Pit”(i) is seiected Ry’ 3_PA14( N

13
v/

is se!ectediR4}.
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Proof. For 1 < i < < kand ) = (A],,,.,Ak) Q,

k
(2.33) P (i[Ry) = P (X4 (tg)+t> ¢, max X5y (eg)] |
: - AR y

X-+x.

LN ),
iOITLY )

0
~—1
—
~1
—
><—l

o
S’
—

X X.+X.
r! 2 1 7]
- Pk (Ps P ) $

J

- b

TP S

where the first summation is over all k-tuples (x],...,xk) of nonnegative

integer such that (i) ) X; = r and (i1) x. +t0>c4 max x,; the second
i= it

summation is over al] (Xi’xj) such that (i) holds and Xt ty > CgX;- Since

the term in the first parenthesis can be written as

Cp(xytx,)-t

c.{x:+
X X ) O-l X1+Xj‘r*’—L—O]+])

€y
I ([,
X[j] 1+c4 1+c4
Xrs 1 hrs o
176
where Ip(-) represnets the incomplete beta function, and [x], the integral

part of x. Similarly,

X.+tXx. Ar. X, Ar. X.
(2.30) b (IR, = TeIC ) )by L1 )%,
B ORGSR

rl X, x1+xj
r T 9 1
i X, ,(( =T L pik(pik + pjk) )
:1 J <71

where the summations are respectively over the same regions as that of

p\(iiR4). From the fact that

(?.35) L ~(a,b) - 1 (a.b) if TR
IF I ;
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it follows that pA(1ER4) 3_px(j!R4) whenever i < j. This completes the proof.

The following result provides a method to obtain a conservative selection

constant for the procedure R4.

-p*

Theorem 2.5. For a given P*, let PY = o7 and let C, be the largest
[C4r'to]
+c,
positive number such that ) LI P¥, then inf P(CSIR,) > P*.
EPUE 5 =

Proof. For any i = (A1,...,Ak) € Q,

k
o k
= 1—Pr(x(])(to)+to< ¢y 22§;k X( )(to)liz] X(])(t0)=r)
k k
[c?r—toj
FC
1T T iy 0 e
TogE2 d=0 U TG Mt
c4r-t01
[ ‘]+C4 Jr :
> 1-(k-1) _
i 120 b 2"

3. Selection Procedures for the Process Associated with A[k]

For the analogous problem of selecting the process for which the
mean rate is the smallest, we propose the following subset selection

rules.

(A) Let N be a fixed positive integer. We observed the processes until,

say ty. that ]m?nk Xi(tO) = N.
<14
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Ri: Select the process s if and only if
(3.1) X.(to) < N+ ci,

where ci is the smallest non-negative integer such that the basic probability
requirement (1.1) is satisfied.

By using similar arguments as given in Section 2, one can show that the
procedure Ri is strongly monotone 1in T(4) for all i = 1,...,k. This implies
that the infimum of P(CSiRi) takes place when all the process are identical.

In fact, the infimum of P(CS|Ry) is given by

. e k=T
(3.2) inf P(CS[R]) = f GN (t)dGN+C.(t).
Q 0 1
Also, one can show that
(3.3) sup E(SIRi) = k inf P(CSERi).
Q Q

(B) If the processes are observed at successive intervals of time t = 1,2,...
We observe the processes until the first time to, say, when ]T;Tk Xi(to) > N.
Let t; be the time such that X;(t;) > N and X;(t;-1) < N, i = 1,...,k. Let

m; = N-Xi(ti-l) and n; = Xi(ti)'xi(ti'1)‘ As in the previous section, we
compute

(3.4) Ui = ti-] + U(mi,ni), i=1,...,k,

and propose a selection procedure R, as follows:
Ré: Retain process 7. in the selected subset if and only if

(3.5) Y. > ¢t max U.,
T ek

where 0 <« cé - 1 is the largest value for which the condition (1.1) is
satisfied. Since lli bo dastributed as Ti(N), hence this reduces to the
problem of selecting a subsei of k gamma populations which includes the one with

the smallest value of scale parameter. It follows from [7] that
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(i) Rule Ré is strongly monotone in T(4) for all i = 1,..,k.

(11) sup E(S{R5) = k inf P(CS|RS).
Q Q

[t should be pointed out that a rule similar to Ré has been studied by
Goel [6].

4. Applications

(A} A sequential (inverse sampling) subset selection rule for the most

probable multinomial event.

Let X = (X],...,Xk) have the multinomial distribution

n k X,
(4.1) P(X = x) = (, MDA
1272 3=1
= )
where X (X]""’Xk" Let p[]] <oal< p[k] denote the ordered values of p],...,pk.

The subset selection problem for the multinomial distribution has been considered
by Gupta and Nagel [11], Gupta and Huang [9] and Panchapakesan [15]. A related
problem has also been discussed by Alam, Seo and Thompson [2], Bechhofer,
Eimarghrabi and Morse [3]. In [9] and [11], the authors considered the fixed-
sample subset selection rules. The procedure given in [15] is based on a
completely sequential sampling scheme in which one observation is taken at
a time from the given distribution until the highest cell count is equal to
a fixed number N, say.

We consider below a variation of the sampling scheme in [2]. The
sampling scheme is given as follows: Let a positive integer N be given, and

let n denote a sequence of random observations taken from a Poisson

'l,nz,--.
distribution with mean A. Having observed these numbers, take ns observations

from the given multinomial distribution for the ith experiment, i = 1,2,...

Let i denote the cell corresponding to p;» and let Yij denote the cell count in

75 out of ”j observations. Stop sampling as soon as the total count from any
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cell is equal to or greater than N. Let tO denote the stage at which the
t
¥

experiment terminates, and let X.(t) = Y... Then X.(t,-1) < N for
i i

PN ‘0”

i=1,...,k and Xi(to) > N for some i. As in Section 2, let I be the set of
values of i for which Xi(tO) > N and J be the set of values of j for which
Xj(to) > N-c, where c, is the selection constant associated with rule Ry.

Take the similar random observations from the uniform distribution on the

unit interval (0,1) and obtain the statistics U% and Uj as defined in (2.15).
Based on the statistics U%'s and Uj’s, we select the cell according to the rule

R Then the problem reduces to that of selecting the Poisson process with

o
maximum mean rate. To see this, suppose the parameter n in (4.1) is

a random variable distributed according to a Poisson distribution with mean :
It is easy to show that the cell frequencies X]""’Xk are. independently
distributed according to the Poisson distribution with mean AP1se e s APy
respectively. It follows (2.18) that the least favorable configuration is
(%3...,%), and the infimum of P(CS) is independent of the parameter .
Moreover, the supremum of the expected subset size is obtained when all

the cells are identical and is egqual to k inf P(CS). It should be pointed

N

out that when ) - 0, the rule reduces to thé one proposed by Panchapakesan [15].

(B) A sequential (inverse sampling) rule fcr selection procedure for k

binomial populations

Let EAERREL be k independent binomial populations with parameters
Pyse-+sPy respectively. To select a subset of the k populations which
contains the population associated with the largest P, Gupta and Sobel [12]
proposed a fixed-sample procedure which iy based on the statistics

ma x X"Xi’ where Xi represents the number of <uccesses in n independent
T<j<k

trials from population +,. Recently, Gupta, Huang and Huang [10] proposed a

4
i
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conditional procedure for this problem and gave a Tower bound for the
infimum of the probability of a correct selection. It should be pointed out
that a related problem has been considered by Sobel and Weiss [17].

Suppose the number of observations taken as each stage from the k binomial
populations, is a random variable distributed according to a Poisson distribu-
tion with mean . Using the same sampling procedure and selection rule as
mentioned in part (A) of this section, the problem then reduces to that of
selecting the Poisson process with largest mean rate. It follows
that the infimum of the probability of a correct selection and the supremum
of the expected subset size take place when all the populations are identical.
Also the inf P(CS) and the sup E(S) do not depend on the common unknown parameter
p and the mean 3. Moreover, the selection rule is strongly monotone in n(i)

for all i = 1,...,k.
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TABLE I

For given k, N, and P*, this table gives the actual minimum P(CSIR]) and

the smallest integer ¢ (in parenthesis) necessary to apply the procedure Ry

p*=.75
y 2 3 4 5 6 7

2 | 0.7500 (1) 1.0000 (2)] 1.0000 (2)| 1.0000 (2)| 1.0000 (2)] 1.0000 (2)

3 | 0.8750 (2)| 0.8025 (2)| 0.7521 (2)| 1.0000 (3)| 1.0000 {3)| 1.0000 (3)

4 | 0.8125 (2)| 0.8967 (3)| 0.8662 (3)| 0.8419 (3)| 0.8217 (3)| 0.8044 (3)

5 | 0.7734 (2)| 0.8236 (3)] 0.7757 (3)| 0.9147 (4)| 0.9024 (4)| 0.8915 (4)

6 | 0.8555 (3)| 0.7710 (3)| 0.8637 (4)| 0.8380 (4)| 0.8166 (4)] 0.7981 (4)

7 | 0.8281 (3)] 0.8523 (4)| 0.8097 (4) | 0.7762 (4) | 0.8884 (5)]| 0.8758 (5)

8 | 0.8062 (3)] 0.8163 (4)| 0.7657 (4)] 0.8542 (5) | 0.8340 (5)| 0.8165 (5)

9 | 0.7880 (3)] 0.7861 (4)| 0.8409 (5) | 0.8112 (5)|0.7864 (5)| 0.7652 (5)

10| 0.7728 (3)| 0.7604 (4)| 0.8081 (5) | 0.7737 (5) 1 0.8552 (6)| 0.8392 (6)

p*= .30
N 2 3 4 5 6 7

2| 1.0000 (2)} 1.0000 (2)] 1.0000 (2)] 1.0000 (2)] 1.0000 (2)} 1.0000 (2)

'3 | 0.8750 (2){ 0.8025 (2)} 1.0000 (3)| 1.0000 (3)| 1.0000 (3)} 1.0000 (3)
4 | 0.8125 (2)| 0.8967 (3)| 0.8662 (3)| 0.8419 (3)] 0.8217 (3)| 0.3044 (3)

5 | 0.8906 (3)| 0.8236 (3)| 0.9291 (4)| 0.9147 (4)| 0.5024 (4)| 0.8915 (4)

6 | 0.8555 (3)| 0.8955 (4)| 0.8637 (4){ 0.8380 (4)| 0.8166 (4)} 0.9411 (5)

7 | 0.8281 (3)| 0.8523 (4)| 0.8097 (4)| 0.7027 (5) | 0.8884 (5)| 0.8758 (5)

8 | 0.8062 (3)| 0.8163 (4)| 0.8781 (5)! 0.8542 (5) | 0.8340 (5)| 0.8165 (5)

9 | 0.8666 (4)| 0.8760 (5)| 0.8409 {5) | 0.8112 (5) | 0.8937 (6)| 0.8813 (6)

10| 0.8491 (4)10.8516 (5)1 0.8081 {5} 0.8735 (6) | 0.8552 (5)| 0.8352 (5)




For given k, N, and

the smallest integer (in

TABLE I (cont'd.)
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P*, this table gives the actual minimum P(CSIR]) and

parenthesis) necessary to apply the procedure R].

px=_90

?%Qi 2 3 4 5 6 7
2 | 1.0000 (2)] 1.0000 (2){ 1.0000 (2){ 1.0000 (2)} 1.0000 (2)| 1.0000 (2)
3 | 1.0000 (3)] 1.0000 (3)| 1.0000 (3)| 1.0000 (3)] 1.0000 (3)| 1.0000 (3)
4 | 0.9375 (3)] 1.0000 (4)| 1.0000 (4)| 1.0000 (4)| 1.0000 (4)] 1.0000 (&)
5 | 0.9688 (4)| 0.9466 (4)| 0.9291 (4)| 0.9147 (4)| 0.9024 (4){ 1.0000 (5)
6 | 0.9375 (4)] 0.9726 (5)] 0.9629 (5)| 0.9547 (5)| 0.9475 (5)] 0.9411 (5)
7 | 0.9102 (4)] 0.9395 (5)] 0.9194 (5)] 0.9027 (5)] 0.9722 (6)| 0.9685 (6)
8 | 0.9453 (5)] 0.9074 (5)] 0.9534 (6)| 0.9430 (6)| 0.9338 (5| 0.9257 (6)
9 | 0.9270 (5)] 0.9432 (6)] 0.9239 (6)] 0.9077 (6)] 0.9616 (7)| 0.9565 (7)
10 | 0.9102 (5)} 0.9209 (6)] 0.9535 (7)| 0.9429 (7) ] 0.9336 (7)] 0.9252 (7)

px=.95

N 2 3 4 5 6 7
2 | 1.0000 (2)] 1.0000 (2)] 1.0000 (2)| 1.0000 (2)| 1.0000 (2)| 1.0000 (2)
3| 1.0000 (3)] 1.0000 (3){ 1.0000 (3)| 1.0000 (3)| 1.0000 (3)} 1.0000 (3)
4 | 1.0000 (4)] 1.0000 (4)] 1.0000 (4)] 1.0000 (4)] 1.0000 (4)] 1.0000 (4)
5 | 0.9688 (4)] 1.0000 (5)| 1.0000 (5)] 1.0000 (5)| 1.0000 (5)] 1.0000 (5)
6 | 0.9844 (5)| 0.9726 (5)]| 0.9629 (5)| 0.9547 (5)| 1.0000 (6)] 1.0000 (6)
7 | 0.9648 (5)| 0.9860 (6)| 0.9808 (6)| 0.9762 (6)] 0.9722 (6)| 0.9685 (6)
8 | 0.9805 (6)| 0.9656 (6)| 0.9534 (6)| 0.9876 (7)] 0.9854 (7)| 0.9834 (7)
9 | 0.9673 (6)] 0.9807 (7)] 0.9735 (7) | 0.9672 (7)) 0.9616 (7)] 0.9565 (7)
10| 0.9539 (6)] 0.9658 (7)] 0.9535 (7) ] 0.9214 (8)1 0.9781 ()] 0.9750 (3)
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TABLE II

For given k, N, P* (or c])and §, this table gives the actual probability
of a correct selection (top), the probability of selecting a non-best popula-
tion (middle) and the expected proportion (bottom) of population selected in
the subset when the rule Ry is used and the parameters are given by slippage
- configurations &x, X,...,A. For given k and N, each of the four blocks of
three numbers correspond to P*=.75, .80, .90 and .95, respective1y. o
Note that for fixed k, N and P*(large) if cy=N (from Table I), all three entries
in each block are 1, as expected. S

) 5=0.1
2 3 4 5 6 7
0.9993 0.9985 0.9978 1.0000 1.0000 1.0000
0.2487 0.2481 0.2475 1.0000 1.0000 1.0000
0.6240 0.4982 0.4350 1.0000 1.0000  1.0000
0.9993 0.9985 1.0000 1.0000 1.0000 1.0000
0.2487 0.2481 1.0000 1.0000 1.0000 1.0000
0.6240 0.4982 1.0000 1.0000 1.0000 1.0000
3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000  .1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 °
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000  1.0000 1.0000 1.0000 1.0000 1.0000
AR 2 3 4 5 6 7
0.9997 0.9999 0.9998 0.9997 0.9997 0.9996
0.0686 0.3168 0.3167 0.3165 0.3163 0.3162
0.5342 0.5445 0.4874 0.4531 0.4302 0.4138
0.9997 0.9999 0.9998 0.9997 0.9997 0.9996
0.0686 0.3168 0.3167 0.3165 0.3165 0.3162
0.5342 0.5445 0.4874 0.4531 0.4302 0.4138
4
0.9999 1.0000 1.0000 1.0000 1.0000 1.0000
0.3170 1.0000 1.0000 1.0000 1.0000 1.0000
0.6585 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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ANk > 3 1 5 6 7
0.9999 0.9990 0.9999 1.0000 1.0000 1.0000
0.0799 0.0968 0.0968 0.3790 0.3789 0.3789
0.5099 0.3979 0.3226 0.5032 0.4824 0.4676
1.0000 0.9999 1.0000 1.0000 1.0000 1.0000
0.0199 0.0968 0.3790 0.3720 0.3789 0.3789
0.5484 0.3979 0.5342 0.5032 0.4824 0.4676

5
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.379] 0.3790 0.3790 0.3790 0.3789 1.0000
0.6895 0.5860 0.5342 0.5032 0.4824 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.3791 1.0000 1.0000 1.0000 1.0000 1.0000
0.6895 1.0000 1.0000 1.0000 1.0000 1.0000

&\§\‘ 2 3 1 5 6 7
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0297 0.0297 0.1275 0.1276 0.1276 0.1276
0.5148 0.353] C.3457 0.3021 0.2730 0.2522
1.0060 1.0000 1.0000 1.0000 1.0000 1.0000
0.0297 0.1276 0.1276 0.1276 0.1276 0.4355
0.5143 0.6237 0.3457 0.302] 0.2730 0.5761

6
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.1275 0.4355 0.4355 0.4355 0.4355 0.4355
0.5638 0.6237 0.5766 0.5484 0.5296 0.5161
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.4355 0.4355 0.435 0.4355 1.0000 1.0000
0.7173 0.6237 0.5766 0.5484 1.0000 1.0000

‘k:f _

ﬁ\\\ 2 3 1 5 6 7
| 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
| 9.0092 0.0415 0.0415 0.0415 0.1603 0.1603
| 0.5046 0.3610 0.2812 0.2332 0.3002 0.2802
i
' 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
| 0.0092 0.0415 0.0415 0.1603 0.1603 0.1603
| 0.5046 0.3610 0.2812 0.3282 0.3002 0.2802

7
| 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
| 0.0415 0.1603 0.1603 0.1603 0.4868 0.4868
| 0.5208 0.6579 0.3702 0.3282 0.5724 0.5601
| 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
! 0.1603 0.4868 0.4868 0.1863 0.4368 0.1868
| 0.580] 0.6579 0.6151 0.5895 0.5724 0.560]
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N 2 3 1 5 6 7
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0028 0.0134 0.0134 0.0554 0.0554 0.0554
0.5014 0.3422 0.2600 0.2443 0.2129 0.1904
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0028 0.0134 0.0554 0.0554 0.0554 0.0554
0.5014 0.3422 0.2916 0.2443 0.2129 0.1904

8
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0554 0.0554 0.1942 0.1942 0.1942 0.1942
0.5277 0.3703 0.3957 0.3554 0.3285 0.3093
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.1942 0.1942 0.1942 0.5335 0.5335 0.5335
0.5971 0.4628 0.3957 0.6268 0.6112 0.600]

ﬁ\il 2 3 4 5 6 7
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0009 0.0043 0.0186 0.0186 0.0136 0.0126
0.5004 0.3362 0.2640 0.2149 0.1822 0.1538
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0043 0.0186 0.0136 0.0186 0.0712 0.0712
0.5021 0.3457 0.2640 0.2149 0.2260 0.2039

9
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0186 0.0712 0.0712 0.0712 0.2289 0.2289

© 0.5093 0.3808 0.3034 0.2570 0.3574 0.339]
1.0000 1.0000 1.0000 1.0000  1.0000 1.0000
0.0712 0.2239 0.2289 0.2289 0.2289 0.2289
0.5356 0.4360 6.4217 0.3831 0.3574 0.339]

N 2 3 1 5 6 7
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0003 N.0014 0.0062 0.0062 0.0250 0.0250
0.5001 0.3343 0.2348 0.2049 0.1875 0.1643
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
n.0014 0.0062 0.0250 0.0250 0.0250 0.0250
L 0.5006 0.3374 0.2546 0.2200 0.1875 0.1643
[
L 1.0000 1.0000 1.19000 1.0000 1.0000 1.0000
00062 0.0250 0.0837 0.0887 0.0887 0.0387
0.503] n.3500 0.3165 0.2710 0.2406 0.2189
7,000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0250 n.08a7 n.0337 0.2640 0.2640 0.2640
3.5125 0.3925 0.3165 0.4117 0.386F 0.3691
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TABLE II (cont'd)

For given k, N, P* (or c])and §, this table gives the actual probability
of a correct selection (top), the probability of selecting a non-best popula-
tion (middle) and the expected proportion (bottom) of popuTations selected in '
the subset when the rule R] is used and the parameters are given by slippage
configurations &x, XA,...,x. For given k and N, each of the four blocks of

three numbers correspond to P*=.75, .80, .90 and .95, respéctive]y.

Note that for fixed k, N and P* (large) if cy=N (from Table 1), all three entries
in each block are 1, as expected. : ;

5 =0.3
ﬁ\i\ 2 3 4 5 6 7
0.9877 0.9766 0.9665 .  1.0000 1.0000 1.0000
0.5448 0.5326 0.5218 1.0000 1.0000 1.0000
0.7663 0.6806 0.6330 1.0000 1.0000 1.0000
0.9877 0.9766 1.0000 1.0000 1.0000 1.0000
0.5448 0.5326 1.0000  1.0000 1.0000 1.0000
| 0.7663 0.6806 1.0000 1.0000 1.0000 1.0000
3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000  .1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
@Q:» 2 3 4 5 6 7
0.9884 0.9945 0.9919 0.9895 0.9872  0.9849
0.3267 0.6440 0.6386 0.6336 0.6288 0.6244
0.6576 0.7608 0.7269 0.7047 0.6885 0.6759
0.9884 0.9945 0.9919 0.9895 0.9872 0.9849
0.3267 0.6440 0.6386 0.6336 0.6288 0.6244
\ 0.6576 0.7608 0.7269 0.7047 0.6885 0.6759
0.9972 1.0000 1.0000 1.0000 1.0000 1.0000
0.6499 1.0000 1.0000 1.0000 1.0000 1.0000
0.8235 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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5=0.3
N 2 3 a 5 5 7
0.9910 0.9938 0.9909 0.9975 0.9969 0.9963
0.2048 0.4150 0.4105 0.7228 0.7204 0.7181
0.5979 0.6080 0.5556 0.7777 0.7665 0.7579
0.9968 0.9938 0.9981 0.9975 0.9969 0.9963
0.4199 0.4150 0.7253 0.7228 0.7204 0.7181
0.7084  0.6080 0.7935 0.7777 0.7665 0.7579
5 :
0.9994 0.9987  0.9981 0.9975 0.9969 1.0000
0.7307 0.7279 0.7253 0.7228 0.7204 1.0000
0.8650 0.8182 0.7935 0.7777  0.7665  1.0000
0.5994 1.0000 1.0000 1.0000 1.0000 1.0000
0.7307  1.0000 1.0000 1.0000 1.0000 1.0000
0.8650 1.0000 1.0000 1.0000 1.0000 1.0000
N 2 3 4 5 6 7
0.9973 0.9634 0.9975 0.9967 0.9960 0.9952
0.2743 0.2711 0.5006 0.4981 0.4957  0.4935
0.6358 0.6618 0.6249 0.5979 0.5791  0.5651
0.9973 0.9983 0.9975 0.9967 0.9960 0.9991
0.2743 0.5032 0.5006 0.4981 0.4957 0.7868
0.6358 0.6249 0.5979 0.5791 0.8171
6
0.9992 0.9997 0.9996 0.9994 0.9993 0.9991
0.5060 0.7915 0.7903 0.7891 0.7879 0.7868
0.7526 0.8609 0.8426 0.8312 0.8231  0.8171
0.9999 0.9997 0.9996 0.9994 1.0000 1.0000
0.7928 0.7915 0.7903 0.7891 1.0000 1.0000
0.8963 0.8609 0.8426 0.8312 1.0000 1.0000
N 2 3 4 5 6 7
0.9979 0.9984  0.9977 0.9969 0.9989 0.9987
0.1810 0.3436 0.3416 0.3398 0.5775 0.5762
0.5895 0.5618 0.5056 0.4712 0.6478 0.6366
0.9979 0.9984 0.9977 0.9991 0.9989 0.9987
0.1810 0.3436 0.3416 0.5789 0.5775 0.5762
0.5895 0.5618 0.5056 0.6629 0.6478 0.6366
7 : Lo s _ .
0.9992 0.9996 0.9993 0.9991 0.9998 0.9998
0.3456 0.5817 0.5803 0.5789 0.8383 0.8378
0.6724 0.7210 0.6850 0.6629 0.8652 0.8609
0.9998 0.9999 0.9999 0.9999 0.9998 0.9998
0.5832 0.8400 0.8395 0.8389 0.8383 0.8378
0.7915 0.8933 0.8796 0.8711 0.8652 0.8609
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NS 2 3 4 5 6 7
n.9984 0.9987 0.9980 0.9991 0.9989 0.9987
n.1206 0.2340 0.2327 0.4126 0.4115 0.4104
0.5595 0.4889 0.4240 0.5299 0.5094 0.4944
0.9984 0.9987 0.9993 0.9991 0.9989 0.9987
0.1206 0.2340 0.4137 0.4126 0.4115 0.4104
0.5595 0.4889 0.5601 0.5299 0.5094  0.4944
i}
0.9998 0.9996 0.9998 0.9998 0.9997 0.9997
0.4161 0.4149 0.6495 0.6488 0.6430 0.6473
0.7079 0.6098 0.7371 0.7190 0.7067 0.6977
0.9999 0.9999 0.9998 1.0000 1.0000 1.0000
0.6511 0.6503 0.6495 0.8766 0.8763 0.8761
0.8255 0.7668 0.7371 0.9013 0.8970 0.8938
N 2 3 4 5 6 7
0.9988 0.9990 0.9994 0.9992 0.9990 0.9988
0.0308 0.1595 0.2910 0.2902 0.2894 0.2886
0.5398 0.4393 0.46831 0.4320 - 0.4077 0.3901
0.9995 0.9996 0.9994 0.9992 0.9997 0.9996
0.1603 0.2918 0.2910 0.2902 0.4811 0.4805
0.5799 0.5277 0.4681 0.4320 0.5676 0.5547
. |
0.9998 0.9999 0.999¢ 0.9998 0.9999 0.9999
0.2927 0.4832 0.4825 0.4818 0.7082 0.7079
0.6462 0.6554 0.6118 0.5854 0.7569 0.7496
0.9999 1.0000 0.9999 0.9999 0.9999 0.9999
0.4839 0.7094 0.7090 0.7086 0.7082 0.7079
0.7419 0.8063 0.7818 0.7669 0.7569 0.7496
N 2 3 4 5 6 7
i
\0.9992 0.9992 0.9998 0.9993 0.9997 0.9996
| 0.0545 0.1089 0.2033 0.2028 0.3494 0.3489
| 0.5068 0.4056 0.5128 0.3621 0.4578 0.4419
!
" 0.9996 0.9997 0.9998 0.9998 0.9997 0.9996
©0.1094 0.2038 0.2033 0.3499 0.3494 0.3489
| 0.5545 0.4691 0.5128 0.4799 0.4578 0.4419
10 |
| 0.9998 0.9999 1.0000 0.9999 0.9999 0.9999
| 0.2044 0.3510 0.5468 0.5464 0.5460 0.5457
| 0.6021 0.5673 0.6601 0.6371 0.6217 0.6106
" 0.9999 1.0000 1.0000 1.0000 1.0000 1.0000
0.3515 0.5472 7.5463 7.7594 0.7592 0.7590
0.6757 0.6981 0.6601 0.2075 0.7994 0.7935
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For given k, N, P* (or c])and §, this table gives the actual probability

of a correct selection (top), the probability of selecting a non-best popula-
tion (middle) and the expected proportion (bottom) of populations selected in
the subset when the rule R] is used and the parameters are given by slippage

configurations &x, A,...
three numbers correspond to P*=.75,

For given k and N, each of the four blocks of
.80, .90 and .95 respectively.
Note that for fixed k, N and P* (large) if c,=N (from Table I), all three

entries in each block are 1, as expected.
K § = 0.5

N 2 3 4 5 6 7
0.9630 0.9336 0.9092 1.0000 1.0000 1.0000
0.7037 0.6719 0.6462 1.0000 1.0000 1.0000
0.8333 0.7591 0.7120 1.0000 1.0000 1.0000
0.9630 0.9336 1.0000 1.0000 1.0000 1.0000
0.7037 0.6719 1.0000 1.0000 1.0000 1.0000 .
0.8333 0.7591 1.0000 1.0000 1.0000 1.0000

3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

k

N 2 3 4 5 6 7
0.9547 0.9771 0.9677 0.9593 0.9517 0.9446
0.5391 0.7852 0.7704 0.7575 0.7480 0.7357
0.7469 0.8491 0.8197 0.7976 0.7803 0.7656
0.9547 0.9771 0.9677 0.9593 0.9517 0.9446
0.5391 0.7852 0.7704 0.7575 0.7460 0.7357
0.7469 0.8491 0.8197 0.7976 0.7803 - 0.7656

4
0.9877 1.0000 1.0000 1.0000 1.0000 1.0000
0.8025 1.0000 1.0000 1.0000 1.0000 1.0000
0.8951 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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N 2 3 4 5 6 7
\
0.9547 0.9669 0.9534 0.9856 0.9827 0.9799
0.4294 0.6274 0.6092 0.8437 0.8370 0.8309
0.6920 0.7405 0.6952 0.8721 0.8619 0.8522
0.9822 0.9669 0.9888 0.9856 0.9827 0.9799
0.6488 0.6274 0.8510 0.8437 0.8370 0.8309
0.8155 0.7405 0.8854 0.8721 0.8619 0.8522
; .
0.9959 0.9922 0.98883 0.9856 0.9827 1.0000
0.8683 0.8591 0.8510 0.8437 0.8370 1.0000
0.9321 0.9035 0.8854 0.8721 0.3619 1.0000
0.9959 1.0000 1.0000 1.0000 1.0000 1.0000
0.8683 1.0000 1.0000 1.0000 1.0000 1.0000
0.9321 1.0000 1.0000 1.0000 1.0000 1.0000
k
ﬁ\\\ 2 3 4 5. 6 7
0.9803 0.9634 0.9813 0.9761 0.9713 0.9667
0.5318 0.5110 0.7115 0.7009 0.6914 0.6827
0.7561 0.6618 0.7789 0.7560 0.7380 0.7233
0.9803 0.9870 0.9813 0.9761 0.9713 0.9929
0.5313 0.7232 0.7115 0.7009 0.6914 0.8918
0.756] 0.8111 0.7789 0.7560 0.7380 0.9063
6
0.9931 0.9974 0.9962 0.9950 0.9939 0.9929
0.7366 0.9074 0.9030 0.8990 0.8953 0.8918
0.8649 0.9374 0.9263 0.9182 0.9117 0.9063
0.9986 0.9924 0.9962 0.9950 1.0000 1.0000
0.9122 0.5074 0.9030 0.8990 1.0000 1.0000
0.9554 0.9374 0.9263 0.9182 1.0000 1.0000
K
N 2 3 1 5 6 7
0.9803 0.9843 0.9775 0.9712 0.9886 0.9867
0.4407 0.6085 0.5959 0.5847 0.7767 0.7710
0.7105 0.7737 0.6913 0.6620 0.8120 0.8018
0.9803 0.9843 0.9775 0.9906 0.9886 0.9867
0.4407 0.6085 0.5959 0.7829 0.7767 0.7710
0.7105 0.7337 0.6913 0.8244 0.8120 0.3018
. |
0.9917 0.9950 0.9928 0.9906 0.9979 0.9975
0.6228 0.7968 0.7896 0.7829 0.9325 0.9306
0.3073 0.8983 0.3404 0.8244 0.9434 0.9401
0.9974 0.999] 0.9987 0.9983 0.9979 0.9975
0.8049 0.9390 0.9367 0.9345 0.9325 0.9306
0.9012 0.9599 0.9522 0.9473 0.9434 0.940]1
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5=0.5
§\5 2 3 4 5 6 7
6.9812 0.9832 0.9759 0.9377 0.9850 0.9825
0.3685 0.5137 0.5017 0.6750 0.6678 0.6611
0.6749 0.6702 0.6203 0.7375 0.7207 0.7070
0.9812 0.9832 0.9905 0.9877 0.9850 0.9825
0.3685 0.5137 0.6828 0.6750 0.5678 0.6611
0.6749 0.6702 0.7597 0.7375 0.7207 0.7070
8 .
0.9966 0.9934 0.9972 0.9964 0.9956 0.9948
0.7009 0.6914 0.3478 0.8438 0.8400 0.8364
0.8487 0.7920 0.8852 0.8743 0.8659 0.8590
0.9990 0.998] 0.9972 0.9994 0.9993 0.9992
0.8569 0.8522 0.8478 0.9574 0.9563 0.9552
0.9280 0.9008 0.8852 0.9658 0.9634 0.9615
K 2 3 A 5 6 7
0.9826 0.9832 0.9892 0.9860 0.9830 0.9802
0.3102 0.4356 0.5884 0.5805 0.573] 0.5663
0.6464 0.6181 0.6886 0.6616 0.6414 0.6255
0.9912 0.9926 0.9892 0.9860 0.9938 0.9927
0.4480 0.5972 0.5884 0.5805 0.7441 0.7395
0.7196 0.7290 0.56886 0.6616 0.7857 0.7757
9
0.9961 0.9973 0.9961 0.9949 0.9983 0.9980
0.6069 0.7598 0.7542 0.7490 0.8860 0.8828
0.8015 0.8390 0.8147 0.7982 0.9047 0.9001
0.9986 0.9993 0.9990 0.9987 0.9983 0.9980
0.7650 0.8932 0.2907 0.8883 0.8860 0.8838
0.8823 0.9286 0.9178 0.9103 0.9047 0.900]
v
N 2 3 4 5 6 7
0.9841 0.9838 0.9887 0.9853 0.9925 0.9912
0.2626 0.3708 0.5069 0.4993 0.6538 0.6488
0.6233 0.5751 0.6273 0.5962 0.7103 0.6977
0.9915 0.9922 0.9887 0.9939 0.9925 0.9912
0.3816 0.5152 0.5069 0.6591 0.6538 0.6488
0.6866 0.6742 0.6273 0.7261 0.7103 0.6977
10
0.9960 0.9968 0.9984 0.9979 0.9975 0.9970
0.5245 0.6709 0.8115 0.8081 0.8050 0.8020
0.7602 0.7795 0.8582 0.8461 0.337] 0.8298
0.9984 0.9989 0.9984 0.9995 0.9994 0.9993
0.6776 0.8151 0.8115 0.9205 0.3191 0.9178
0.3380 0.8764 0.8582 0.9363 0.9325 0.9295
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TABLE II (cont'd.)

For given k, N, P* (or c])and §, this table gives the actual probability
of a correct selection (top), the probability of selecting a non-best popula-
tion (middle) and the expected proportion (bottom) of populations selected in
the subset when the rule R] is used and the parameters are given by slippage
configurations 8x, A,...,x. For given k and N, each of the four blocks of

three numbers correspond to P*=.75, .80, .90 and .95, respectively. -
Note that for fixed k, N and P* (large) if cy=N (from Table I), all three entries

in each block are 1, as expected.

5=0.7
N 2 3 4 5 6 7
0.9302 0.8816 0.8445 1.0000 (3) 1.0000  1.0000
0.7965 0.7458 0.7078 1.0000 1.0000 1.0000
0.8633 0.7911 0.7420 1.0000 1.0000 1.0000
0.9302 0.88117 1.0000 1.0000 1.0000 1.0000
0.7965 0.7458 1.0000 1.0000 1.0000 1.0000
0.8633 0.7911 1.0000 1.0000 1.0000 1.0000
3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 -
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
k
N 2 3 4 5 6 7
0.9036 0.9492 0.9310 0.9156 0.9022 0.8903
0.6331 0.8518 0.8290 0.8100 0.7938 0.7795
0.7933 0.8842 0.8545 0.8312 0.8118 0.7953
0.9036 0.9492 0.9310 0.9156 0.9022 0.8903
0.6331 0.8518 0.8290 0.8100 0.7938 0.7795
0.7933 0.8842 0.8545 0.8312 0.8118 0.7953
4 )
0.9713 1.0000 1.0000 1.0000 1.0000 1.0000
0.8803 1.0000 1.0000 1.0000 1.0000 1.0000
0.9258 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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5=0.7
K 2 3 4 5 6 7
0.8919 0.9183 0.8907 0.9627 0.9561 0.9501
0.6055 0.7426 0.7100 0.8899 0.8800 0.8712
0.7487 0.8012 0.7550 0.9044 0.8927 0.8825
0.9534 0.9183 0.9701 0.9627 0.9561 0.9501
0.7846 0.7426 0.9011 0.8899 0.8800 0.8712
0.8690 0.8012 0.9183 0.9044 0.8927 0.8825
5 .
0.9882 0.9784 0.9701 0.9627 0.9561 1.0000
0.9296 0.9140 0.9011 0.8899 0.8800 1.0000
0.9589 0.9355 0.9183 0.9044 0.8927 1.0000
0.9882 1.0000 1.0000 1.0000 1.0000 1.0000
0.9296 1.0000 1.0000 1.0000 1.0000 1.0000
0.9589 1.0000 1.0000 1.0000 1.0000 1.0000
\‘k
N\\\ 2 3 4 5 6 7
0.9425 0.8998 0.9457 0.9320 0.9204 0.9100
0.7087 0.6610 0.8078 0.7893 0.7733 0.7592
0.8434 0.7406 0.8421 0.8179 0.7978 0.7807
0.9425 0.9601 0.9451 0.9320 0.9204 0.9779
0.7087 0.8296 0.8078 0.7893 0.7733 0.9258
0.8434 0.8731 0.842] 0.8179 0.7978 0.9333
6
0.9779 0.9909 0.9872 0.9838 0.9807 0.9779
. 0.8562 0.9503 0.9431 0.9367 0.9310 0.9258
i 0.9171 0.9638 0.9541 0.9462 0.9393 0.9333
§ 0.9957 0.9909 0.9872 0.9838 1.0000 1.0000
| 0.9586 0.9503 0.9431 0.9367 1.0000 1.0000
i 0.9769 0.9638 0.9547 0.9462 1.0000 1.0000
!
i
ﬁ\ﬁj 2 3 4 5 6 7
|
i 0.9340 0.9467 0.9269 0.9098 0.9604 0.9547
. 0.56468 0.7563 0.7294 0.7069 0.8525 0.8429
L 0.7914 0.8198 0.7788 0.7476 0.8705 0.8589
i
! 0.9340 0.9467 0.9269 0.9666 0.9604 0.9547
| 0.6468 0.7563 0.7294 0.8632 0.8525 0.8429
, . 0.7914 0.8198 0.7788 0.8839 0.8705 0.8589
t
0.9703 0.9810 0.9734 0.9666 0.9917 0.9904
0.7897 0.8891 0.8753 2.8632 0.9606 0.9577
0.8800 0.9197 0.8998 0.8839 0.96583 0.9623
0.9897 0.9962 0.9946 0.9931 0.9917 0.9904
0.9054 0.9712 0.9674 0.9638 0.9606 0.9577
0.9476 0.9796 0.9742 0.9697 0.9658 0.9623
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§=0.7
N 2 3 4 5 6 7
0.9322 0.9370 0.9139 0.9518 0.9431 0.9351
0.5949 0.6937 0.6640 0.7938 0.7797 0.7669
0.7635 0.7748 0.7265 0.8254 0.8068 0.7910
0.9322 0.9370 0.9615 0.9518 0.943]1 0.9351
0.5949 0.6937 0.8099 0.7938 0.7797 0.7669
0.7635 0.7748 0.8478 0.8254 0.8068 0.7910
8 .
0.9850 0.9724 0.9874 0.9840 0.9808 0.9779
0.8509 0.8286 0.9203 0.9128 0.9059 0.8997
0.9180 0.8765 0.9371 0.9270 0.9184 0.9109
0.9953 0.9911 0.9874 0.9971 0.9964 0.9959
0.9384 0.9287 0.9203 0.9794 0.9776 0.9760
0.9669 0.9495 0.9371 0.9829 0.9808 0.9788
N 2 3 4 5 6 7
G.9301 0.9303 0.9520 0.9400 0.9293 0.9195
0.5504 0.6399 0.7503 0.7315 0.7151 0.7005
0.7403 0.7367 0.8007 0.7732 . 0.7508 0.7318
0.9610 0.9655 0.9520 0.9400 0.9702 0.9657
0.6789 0.7723 0.7503 0.7315 0.8482 0.8392
0.8199 0.8367 0.8007 0.7732 0.8685 0.8573
9
0.9811 -0.9861 0.9803 0.9750 0.9909 0.9895
0.7988 0.8815 0.8690 0.8580 0.9409 0.9370
0.3900 0.9329 0.8969 0.8814 0.9492 0.9445
0.9926 0.9959 0.9941 0.9925 0.9909 0.9895
0.8960 0.9547 0.9496 0.945] 0.9409 0.9370
0.9443 0.9684 0.9608 0.9545 0.9492 0.9445
N 2 3 4 5 6 7
0.9293 0.9257 0.9445 0.9308 0.9608 0.9550
0.5117 0.5931 0.6969 0.6765 0.7924 0.7314
0.7205 0.7040 0.7588 0.7274 0.8205 0.8062
0.9583 0.9600 0.9445 0.9671 0.9608 0.9550
0.6327 0.7910 0.6969 0.8046 0.7924 0.7814
10 0.7955 0.8007 0.7588 0.8371 0.8205 0.8062
0.9781 0.9815 0.9907 0.9874 (.9848 0.9824
0.7502 0.8339 0.9112 0.9040 0.3974 0.8913
n.8642 0.8831 N.9309 0.9206 0.9119 0.9043
0.9901 0.9931 0.9901 1.9965 0).9958 0.9951
0.8522 0.9192 0.9112 0.9657 0.9632 0.9609
n.9211 0.9439 0.9309 0.9719 0.9686 0.9657
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