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I. Introduction

This document is a supplement to "Computations for Variable Selection in

Discriminant Analysis" by'George McCabe, Techmometrics 17, 103-109,
(February 1975). It is assumed that the reader is familiar
with the scope and notation of this paper. What follows is a description of

the algorithm, the array structures, and the setup of the data.

IT. Algorithm

Let Xiln denote the observation on the i-th variable for the n-th person
in group % where i=l,...,p,%=1,...,k and n=1,;..,N£.
The main program calculates the within groups cross product'matrix and

the total cross product matrix, denoted by W and T, respectively. Thus,

kK o
Yij = Lot zn=1 (xizn " X500 (yan = X5.)

N .
k A k
= Ig=1 La=1 Xign Xian ™ Le=1 Np Xig. Xyq.
and

t,, =) o aX ) ey - X )
ij = L2=1 in=1 “ign @ i.. jon j..

N
_ vk L
= Tge1 Ine1 Xign Xjen - WXy, X
where the-dot notation is used to indicate averaging over that index and
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For a subset of variables of size m, Xi ,Xi ,...,Xi , let U be the ratio
, 1 2 m
of the within groups generalized variance to the total generalized variance
for that subset. The subroutine DISC computes the U value for each of the

2P.1 subsets of the variables Xl,...,Xp. The algorithm first determines the

U value for a single variable Xi and then, in successive steps, -computes the

U values for all combinations of xl""’xi—l with Xi. The algorithm operates

efficiently by using previously calculated results. For example, if the U

value for XS’ X3, X2 has already been calculated then the U value for XS, XS’

X2, X1 can be calculated by U*(within groups variance of XllXS,XS,XZ)/(total
variance of xllxs,xs,xz).

The U value for Xi (call it Ui) is simply wii/tii where W and tii were

th

defined previously. By Gaussian elimination, the i~ row is swept out of the

W and T matrices léaving matrices of size i-1 (but stored in different arrays

than W and T), say Wi_1~aﬁd Ti- Then the U values for Xi,X.

1-1;Xi’x
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Ui (wi-l)l,l/(Ti—l)l,l, ;espectlvely. The process continues until the-U value

for Xl,Xz,...,Xi 1 Xi has been calculated and then the process starts over
4

again with Xi+1. The U values are calculated for the combinations of Xl""’

» Xi in the following order; Xi;Xi,X X

X.,X,;X.,X,,X X
1 1

1; 2 2; 2, 1;

; for i=1,...,p.

X;oXg3 Xy, XXy 5Ky, Xg,X05

3,XZ,XI;...;Xi...XZ,Xi

. For these calculations, the algorithm uses two three dimensional arrays

X X

of size (K+1)*(K+1)*(K+1). The original matrices W and T aie stored in the
(K+1) -st block of those matrices and the results of Gaussian elimination
sweeps are stored in the lower blocks. It should be noted that a block is
not written over until the information that is written in that block will not

be needed for léter calculation.




In what follows Wand T refer to the 3-dimensional arrays. W(I,J,K)
refers to the I-t—}}- block, J th roﬁ, and K th columﬁ.
Let NT be an integer array of size p+l defined as
NT(i) =10 if variable i is not in the discriminant equation
2; if variable i is in the discriminant equation,
Note that there are 2p-1 possible combinations of zeros and ones (not
counting all zeros). Initially NT(i)=0 i=1,...,p and NT(p+1l)=1. The array NT

is altered by the following code:

DD 20 I=1,K .
IF(NT(I).EQ.0) GO TO 21
20 CONTINUE
GO TO ...
21 NT(I)=1

Then U values will be calculated for the subset Xl;XZ;XZ,X 31X, 3X xl;x3,

1°73°73,

X2;X3;X2,X1;X4;X4,X1;... |
out of the loop is the index of the variable to be added to the discriminant

equation.

Let J=min{L:- NT(L)=1, L=i+l,...,K+1}. The block J of W(T) is called the
source block. If J=K+1 then XI is the only variable in the discriminant
equation and U=W(J,I,1)/T(J,I,I). The matricies W and T are swept along the
column I leaving an G;I)G-I)matrix which is stored in block I of the Wand T
arrays. (Of course if @=0 thefe is nothing to be swept sb the'e1imination
is not performed). |

If J < K then J represents the index of the last variable added to the
eqﬁation. The (j-l)k(j—l) matrix in'block_J and the U value calculated when
it was formed are used to calculate the new U value: U_=.(the old U.value)
*W(J,I,I)/TtJ,I,I). The new U value is stored and if I>1 the matrix in block
J is swept along the IEh-column and the resultingj@-l)@-t)matrix is stored in

block I of the W and T arrays.

in that order. The value of I when the program branches




At each step the calculated U is compared with the previbusly calculated
U's for that subset size. The ten smallest U's for each subset size are
stored.along with a record of which variables were in that equation.

To determine the subset size when the variable I is added, the algorithm
uses the fact that the subset size after I has been added, is one greater than
.thé subset size before I has been added. Let NX be an array of size K+1. Set
NX(K+1)=0. Then the subset size is calculated by NX(I)=NX(J)+1. If J=K+1 then
I is the only valué in the equation and NX(I)=NX(J)+1=1. If J < K then NX(J)
is the number of variables in the equation whén.block J was formed. A linear
array SAVE of size K is used to store U values for use in later calculations.

III. Array Structure

Regarding the 3 dimensional arrays, three facts should be noted: 1) the
’1§E-block is never used, 2) the IEh-block contains an.(I-l)x(I-l) matrix, 3) the
matrix stored in each block is symmetric.

Capitalizing on the first point is simple. Let the array be of size KxKxK
and instead of using J to indek_a block, J-1 is used.

To capitalize on points two and three, the three dimensionai array structure
is abandoned and simple linear arrays are used. The maximum value K may attain
has been set at 20. A symmetric matrix can be stored in the following order:
Al1 A21 A22 A31 A32 A33’A41"" Call the 1inear array B, To réference Aijf G>3)
célculaﬁ§;2=i*(i-1)/2+j. The term aij is stored in BR. To avoid
caiculating i*(i-1)/2 each time an array INDROW is set up-with INDROW(I)=
I#(I-1)/2. Then, the (i,j)™ element (i>j)-is in the INDROW(I)+J position of
the linear array‘B. To arrange successive symmetric matricies of increasing
order define a linear array, INDBLK(I) = E;=1 INDROW(J). " Previously W(I,J,K)
was referenced._ For I>J>K, L=INDBLK(I-1)+INDROW(J)+K. W(L) then corfesponds

“to W(I,J,K).




Use of these arrays saves several thousand words of :storage, anq a Significant
amount of CPU time.
IV. Input

Order of Cards for input

1) Problem Card

2) Groups Card(s)

3) Format Card |

4) Data

Preparation of Input Cards

1) Problem Card.

Col. Information (all fields right justified)

1-5 Number of Variables (maximum of 20)
6-10 Number of Groups (maximum of 20)

2) Groups Card(s)

Col. Information  (all fields right justified)

1-5 Number of observations for the first group
6-10 " n "o ' " " second group
11-15 " " " 4 * " third group
etc. |

If necessary the number of observations per group is:extended to a
second card.
3) Format Card
The format card describes the format for the subséquent data cards.
4) Data o
The data cards follow the format card.
All card input is read from logical tapeVS (i.e. READ (5, ))

All output»is written on logical tape 6 (i.e. WRITE (6, ))

IORWSTIIR-SIVLS WS , 15000t U S




V; Example (see McCabe, 1975 for detaiis)
Input Déscription: |
1) The problem card indicates that there are

9 variableé

12 groups
2) The GROUPS card indicates that each group has 4 cards.
3) The format card indicates that the data is in format 

(9F8.3)

Output Description:

A heading tells the subset size for the U values.

The U values are listed with the variables printed to the right of the U

value.
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VI. Input for example

PR T PR R TP ent 72 el S PR SR

0,1P8
N.165
Ne?60
0.169
0e164
0. 004
N,100
0.112
D.11?
0.058
n.n7e
N.070
N.077
0.066
0,055
0.N53
Deru7
0.298
Ne145
n. 186
0,192
0,097
Ne122
D.Nes
D.059
n.050
0.N86
0, 06P
N. 049
n,0%6
0. DUR
n.039
. 194
0.756
0.136

- Ne127

n.o0e7z
n.n92
Ne0G7
. 0385
N.NSL
0.051
n.0%2 -
. 065
n, 038
n.030
0,0%8

0.9?
1. 0%
0. 95
1. 10
1, 1?2
1, 22
1. 52
1. 47
1. 07
1. 54
1. 26
1e 42
1. 25
1. 54
1, 53
1. 40
N, 94
0. 96
1. 10
1. 20
1. 37
1. 0
1. 30
1. 42
1. 53
1. 59
1. Sq
1e 46
1, 48
1. 78
1, 42?2
1. 51
1, 00
0. 78
1. nn
1. 13
1. 24
1. 47
1, 46
1. 26
1. 60
1. 5%
1. 55
1. 46
1,40

1o U7

1.6
1,58

215,
2848,
3an,
4R,
174,
172q,
117.
170,
121,
115,
i12.
i17.
127.
g1,

91i.

79,

261,
390,
2472,
229,
156,
139,
216,
132.
98,

115,
148,
q7.

108,
103,
109,
100,
L45,
380,
2%9.,

C2u8,

276,

158,
1?21,
-195,

{48,
115,
82,

152,
105,
100,
97,

130.

164365
12.25
131.02
11.0?
14,17
8455
Ra74
9.49

"8.85

L, 73
6.29
6o F1
6ol
z, 82
4.8
5.86
13.25
12,30
9. F6
13,78
R, ER
8.5R
8,72
12 .68
LoBN
5,06
felb
7.L9
2.82
b.78
4,93
5. 66
172,27
11.39
a, 96
9.1?
7424
7.37
6,99
B.59
4.85
6o 34
5.99
4,03
L. £S5
L,56
5. 29
4,58

T«65
5.15
5,683
7.88
8.1?
h.9?
8,16
9.16
10.135
5.91

7.95

3,76
10,956
.61
5,00
11tk
7.55

‘7.50

6.76
7.12
3.9?
3.69
7.75
3.56
10.10
8.31
7.58
9,38
A.8N
7.29
Tol7
8.84
6.27
7,55
4.08
7.04
9,40
10,57
9.91
8.66
9.6?
3.718
9.73
10.54
3,85
8.95
8.37
3,46

0,72
N. 71
.68
1. nq
0.70
.81
n., 39
0.7¢0
D.7L‘
N.77
0.76
N. 061
0.56
3.5n
n,21
N, L1
D.Ht
0.68
0,63
N.62
0.67%
0.“?
n,32
0.55
0. 36
0.?R
0.16
0,40
Ne2b

Ne?24 .

t. 1t
N.37

0,72

nN.78
N.4SE
0,565
03
l.59
0.30
N.48
0.18
e 34

0.22

0.??
0,18
0,33
014
0. 1“

1.14
T.94
0.60
1.01
2417
2.67
3.32
3.76
S.74
5.85
5.30
5.30
.67
7T.67
8.78
11.04
1.86
2.00
1.01
31.09
31.67
4.70
3.07
8.30
6.52
7.91
6439
9,70
J.57
3.h7
9,65
10,54
1.07
1.63

1.97

1.43
b.17
6.07
5.15
b.17
7.20
3,52
7.02
7T.61
10,15
10,51
8.27
3.28

1,09
1.35
1o41
1.64
1.85
3.18
be16
5.14
5,73
6445
8437
9,21
10,64
10,07
11.76
12,15
2.61
1,98
0.76
2.85
3,20
4,63
3.67
8410
7.72
9,78
9,07
9.13
11,57
11,42
13,32
11,57
0.75
2420
2.27
0.67
5.08
6437
6.82
3.65
10,14
9,74
8,60
9.09
12,26
11.79
9.51
12.69




VII. Output for example E

U RATIO FOR 1 VARIABLES

7.2345315F=-02
8.9181211€=-02
1.7266080F=01
1.8725G829¢-N1
e N156292E~-01
2.3980439E~01
2.5829377E-71
3, 1086598F-11
" 4o 7%15793F-01

O NFWE VOO W

U RATIO FOR 2 VARIABLES

3.3930127E-02
3.5562455E~02
3.5687590E~102
J.R081884LE~D2
3,8384953€-02
4,n338730E-02
4,1730790E-02
Le3164ET79F=-02
he 4I23291E-12
4, 6908955F-02

N E W E
PO OOOOOED

U RATIO FOR 3 VARTABLES

1.518451 3E-02

249
1,5847169F=02 &4 5 8
1.5945922E-02 1 4 8
1,6081403E-02 1 6 8
1.8206408E-02 3 5 B
1,B6N9446E-02 2 4 8
1.8833618E-02 5 6 8
1.88506106=02 4 5 9
1.8960043F=02 1 4 9
1,9273622E-02 1 3 8

U PATIO FOR & VARTABLES




7.17514226~03
7.32130556-03
7.9626272E-03
7.9760707E-03
R, 1480003F-03
Be 4735913603
8.5122332F-03
8,6AN1971E-03
B.AN2TH12E-03
R, 9712949F=03

) FATIO FOR 5

3. 01771196E-03
J."8AR0162F-N]
3.5829950E-N3%
J.91165A44E-03
Qe?376824E-03
LeuB?7173E-03
4L, 7653A63E=-03
4o 7701R77E-0D3
4o B261ULBPE-DT
4L,a25N%872E=-03

U FATIO FOR 6

1.F?I158E-03
1.70n71QSB8E-03
1,6241861E-03
1,9337476F=-03
1.9638647E~-03
2.703?26HTE~-D3
2.5667227€E-03
2.5R2N196E~-03
2+5974259E~-03
2.66460775E-03

U RATIO FOR 7

1.0768L56€6-03
1.097422T7E-03
1.1278036E-03
1.,21758%7F-03

1, 413NANSE-03.

1.4391947€-03

R I e N

SNV N E NS

TN E R

Do O0DPDPDP2®™D®DDD

VAR TARLFES

- ) e e A s e A

F 2l SN ) B LI SV B e B G ) B

NN NN DD

VAR TIABLES

. s o R P b e A

VN ErFEFrwns

PRIV EOND

VAR TARLES

P gl g gub g

NEN NN

FANwEwE

TSN
NN

DODPPDD®ZOD®»OOD

NNONNIPODIIN

DOV DHDIPP2OLPZ

B AIPNNN
[Ne I JN. . J. N




BT MEAL AR KNGS ML AL e

1,5438808E~03
1o 642357 LE-03
1.6533020E-03
1,6635310F~-03

U PATIO FOR 8

6.986724LTE=04

8.8611364E-0L
9.0796237E~06
9,2236832E-04
1.7076857E-03
1,050951 3E~-03
1.,3068148E-03
1.4530880E-03
1.5939784E-03

U PATIO FOR 9

€,6105433E=04

el
W NN
SFruw
ERURCIS

VARTABLES

P N N s N el
NVEWNNWN NN
RS NNE WS W
sUVMEsEsSVMEV P

VAR IABLES

1234

oo

Bnoccumnorooovn

NNSNOONSNNO

~N P>~
O O DD

PP NDIOOE®N
OO OVIOLOODO™®

8 9

10

A it oA IS ORI 190 £V
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VIII. Program Listing

600

10

60t

100

60

PR GRAM DISCPMUINPUT,0UTPUT, TAPES=INPUT,TAPE6=OUTPUT)
DIYMENSION H{1560),T (15400, INDBLK(29) , INOPOW(20)
NDIMENSION XMSUM(20y 20) 5 XSUML20) 4NM(20) ,X(20)
DIYENSION FMT(8) | o
DAT A INDBLKI“,1,“,10920,35,56,8%,1?0,165,220,?86,36“,“55,560,680.
1 8164969,1140,1330/

DAT A INDPON/“;I,?,S,iU,15.21,28,36,45,55,66,75,91p105,120,136,
1153,171, 190/

pEAD‘S,GOU) ID)IG,(NM‘I”I=1pIG)
FORMAT (2 I5/1615/415)%

DO S I=1,1540

W(I)=0.0

T(I)=0,0

TA= INDBLK(IP)

DO 10 I=1,20

XSUM(IVI=0,.0

DO 1n J=1,20

XMSUMI(T, J1=0,0

PEAD(S,601) F9T

FORMAT(8AL0)

Nz

Do 199 I=1,I6

N=N +NM (I ‘

NMC ASE=NM(I)

DO 100 J=1,NMCASF

PEAD(S ,FMT) (X(K),K=1,IP)

RO 100 K=1,IP

XSIHIKY = XSUM(K) #X(K)

XMSUM(T, K)=XMSUM (I, K) X (K)

IB=TA+ INDROW(K) :

DO 180 L=4i,K

TC=18+L

HLCY=HIC) +X(KI*X (L)

00 61 I=t,IP _

IA= JA+INOROMW (I}

DO €0 JU=1,1

IC=18¢4J ,

TCI=HICI=XSUM(I) *XSUM(J)/FLOAT(N)

DO 60 K=1,I6

WIIC)=WOIC) = XMSUMIK, I) #*XMSUM (K, J)/FLOAT (MM (K))
CAL L ﬂISC(H,T,IP,INDBLK,INURQH)

sTOP

E£ND




700

20

2t

22
23

30

29

50
€5

70

" SUSFOUTINE NISC(HW,T 4N, INNBLK, INDROH)

NIMENSION H(l),T(l!,INDELK(i),INDQOH(i),SAVE(?O),NT(?i)
NIMENSION NX(20) ,USAVE(200), ISAVE(200)

NX(NY==11

KOJNT=0

ITEN=10F 11

WRITE(6, 760)

FORMAT (1H1)

‘NM= N-1

NA= N+t

NT{NA) =1

00 { I=1,200

USA VE(T)=1,0
ISAVE(I) =0

00 S I=1,N

MT(IV=0

N0 20 I=1,NM
IFOCNT(I) LEQ. NGO TO 21
NTCID) =0

CON TINUE

I=N :

TFONTUIY .NELO) GO TO 100
NT(I)=1

KOUNT=KOUNT+1{

IM=T-1

GO0 TO 23

NT(I)=1

KOUNT=KOUNY+1

K=T +4

M= ]~

DO 22 J=K,yN

IFINT(J) .E0,1)G0 TO 30
CONTINUE

JM= N

IA= INDALK(JM)
IC=IA+INDROW(IY &1

Us=W (ICY/Z T(IC)

GO 10 29

JIM= J=1

JA= INORL K (JM)

IC= IA+INDROW(I) ¢1

U=S AVE(JMI*H(IC)/T(IC)
INIM=NX{(JM) ¢+ 10 ’
IF(USAVE (INUMe10),LF.U) GO TO 70
N0 50 LOOPA=1,9
LNP=11-L00PA

IN= INUM+ LOOP

I8=ID~-1
IF(U.GFLUSAVE(IB)Y)Y GO TD 65
JSAVF(IDY=ISAVE (IR
LISAVE(ID)=USAVE (1IB)
J0=18

USA VE(ID)=U
ISAVE(ID)=KOUNT
IF(I.EN.1) GO TO 10
SAVEUIM) =U

NXC IMI=NX(IMY ¢ 1D

IA=z INOBLK(IMY

12




31

100

601

TD=TA+INDROW(T)

DO 31 L=1,IM

IF=10+L

A=W (IFY/W(IC)

P=T (IFY/TLIC)

LP= INDROW(L +1)

IH= JA+LP

IT=IB+LP

DO 31 M=L,IM

TJ=ID+M
WIITT)=W{IH)Y=A*W(ID)
TILD=T(IH) =-R*T(IJ)
II=1II¢M

TH= TH+M

GO 7O 10

MiN=10*N=-Q v

DO 120 I=1,N10,10
JUSE=I~-1

IJI = TUSEZ10+1
WRITE(6,601) II »
FORMAT (/7 7/7/7/713H U RATIO FOR ,I2,104 VARIABLES/’/)
00 115 J=1,10
KOJNT=ISAVFE(IJSE+Y) A
IF(KOUNT 4EN,0) GO TO 120

- =0

110
115
600
120

DO 110 K=igN

JF(KOUNT=KOUNT/2%*2,EN,0) GO TO 110

L=l +1

NT(L) =K

KOUNT = KOUNT/2

WRITE(6,600) USAVECIUSE+J)Y, INT(K)y,K=1,L)
FORMAT (L X,EL1L.7,2X,2012)

CON TINUE

RET URN

END
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