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1. Introduction and Summary

Let = > m_be k binomial populations such that X, the

1° 1T2,...
random observation from oo has density b(n;pi) fdr i=1,2,...,k. In

some practical situations one wishes to know whether p; are significantly
different or not. This is the prdblem of a test of homogeneity of the

binomial populations. For this problem, Siotani [6] studied the distri-

bution of the range max Xi - min X, considering all p; to have a
1<i<k 1<j<k

common known p. He used this range as a criterion to judge whether P;
are all equal to a known p. When the value of the range is large? the
hypothesis of homogeneity is rejected.l Motivated by this test problem,
we are interested in‘deriving the conditional distribution of

k
max Xi—X. given that X Xi = T, where j is some fixed integer between
I<i<k i=1

1 and k. It is shown that the distribution of this statistic is
independent of the common value p. We study a test, based on this

statistic, which is conservative. This test does not depend on the

*This research was supported by the Office of Naval Research under Contract
N00014-67-A-0226-00014 at Purdue University. Reproduction in whole or part
is permitted for any purpose of the United States Government.



common value of p which is usually not assumed‘to be known. The test
is conservati?e'in the sense that its size is less than or equal to
the level of significance a. However, for k=2, it is an exact test.
Some comparisons with Siotani's test [6] are made. The conditional
distribution of the statistic is derived in Section 2 and tables for
the_percentage points of the above statistic are constructed. The
moments of the statistic are also discussed (Section 3). Application
to the selection and ranking problem is discussed in Section 5. In
Section 6, tﬁe computations of the values of the percentage points or
critical values of the test are discussed. Tabies éf values for the

critical region for the test of homogeneity are also given.

2. Definitions and Notations

Let [a] (<o>) denote thie largest (smallest) integer < () a.

Define
' n.,n n . .
(2.1) A(k,o;t,n} = Z(r )(r ) ... (r ) where the summation is over the
) 1 72 k

k

set of all non-negative integers T, such that 2 r.=t and
i=1

max r. = o for some integer a.

1<i<k

n

(2.2) N(k,cjt,n) = E(n )(s ) - (2 ) where the summation is over the

51 % k

k
set of all non-negative integers Ss such that .2 s; =t and
i=1

Sk > max s.-c¢ for some constant c.

T 1<j<k-1 7
n ., n n . .
(2.3) M(k;c,t,n) = Z(t )(t } - (t ) where the summation is over all
1 2 k
k
non-negative integer ti such that z ti = t and t, = max t.-c.
i=1 ‘ j

When any of the summations is over an empty set, the sum will be

defined as zero.




Lemma 2.1. Let k and n be any two positive integers. Suppose t and ¢
are non-negative integers such that 0 <t <kn and 0 < ¢ < min(t,n).

Then the following statements hold.
I

, 2 :
(a) N(k;e,t,n) = §  A(k-1, i+c; t-i, n) (D),
i=1 o .
1
=0 if I1 > 12
where I1 = max(0, < (t-(k-1)c)/k>) and 12 = min(n,t). In
| i
particular, for k=2, N(2;c,t,n) = J (;.‘) (t’_‘j) where j = <t5—°>,
, J=JQ
j1 = min(t,n).
(b) If <t]:°> < min(t,n)
J2 .
M(k;e,t,n) = }  A(k-1,j;t-j+c,n) (")
2y j-c
1=
=0 otherwise .
t+c . t+c '
where J1 = < and J2 = min(t,n, L?Tﬂ). For k=2,
M(Z;c,t,n) =0 for t+c odd
n n
= (t+c) (t-c) for_t+c even.
2 2
I2
() A(k,o;t,n) = ) A(k-1,a;t-i,n) (7) where
: i=1 .
1
Il = max(0,t~(k-1)a,t-(k-1)n) and
I, = min(n,t,qa).
I
4 n n : )
For k=2, A(2,a;t,n) = ‘2 (;) (_;) where
i=1
3
I3 = max(O,t—a,t—n)
14 = mln(n,t,a)



Proof:

(a) By the definition (2.2), fix SRy For the evaluation of
. k-1
N(k,c;t,n) we have s; < o+c for i=1,2,...,k-1 and 1 s; = t-o.
’ i=1

Therefore t-a < (k-1)(o+c). This leads to ka > t-(k-1)c. Now
(a) follows from (2.1), noting thét 0 < o <min(t,n).

When k=2, fix 52=j. Then, j > t-j-c, or equivalently,

> > 0. Since j < min(t,n), the result follows.

(b) According to the definition (2.3), let max t.=a, then
k-1 - 1<j<k-1
tk = g-c and z t.1 = t-(a-c). By definition (2.2) we have
i=1

M(k;c,t,n) = A(k—l,a;t—a+c,n)(a?c). To find the range of o, we
see that t-a+c < (k-1)o or, equivalently, a > <(t+c)/k>. Since
o <n and o < t, we have thus a 3_<E%E> in case <E%E> < min(n,t).

t+c

If < < min(n,t), M(k;c,t,n) = 0, i.e. the summation in (2.3)

is over an empty set. On the other hand, o attains its maximum
when t;=a, tj=0 and t, =a-c for all j#i,k. Under this case we have
o+(o-c) <t or a 5_[2521. Since a cannot exceed n and t, we have
thus a S_min(n,t,[zgfq).

1°¢ and t2=a-c. Heﬁce o+ (a-c)=t or

20 = t+c. Hence, if t+c is odd, the equality is impossible and

When k=2, we see that t

the summation in (2.3) is thus over an empty set. When t+c is

+
even t1=a= EEE and t,.=o-c=

(c) To set up a recursive formula for A(k,a;t,n) we fix r1=i. By

definition (2.1) we see that A(k,a;t,n):A(k-l,'a;t-i,n)(’i‘). To
find the range of i, we note that when r, j_rs ff"f-rk < a,
i > t-(k-1)a. Also, since r, <m, we have i'z_t-(k—l)n in case

o >n. Hence, i > max(0,t-(k-1)o,t-(k-1)n). On the other hand,



i never exceeds n, t or a. Hence, i < min(n,t,a). When k=2,
the result is immediate.

Let Xi denote the observation from Tes i=1,2,...,k. Define’

(2.4) R. = max. X.-X. and
i i

1<j<k
1 if R, < c(t),
1 k
(2.5) nQR,) = 1-p if R; = c(t), given izlxi =t .
0 if R, > c(t),

Let QO ='{w=(p1,p2,...,pk)!p1=p2=...=pk=p}. Then,we have

Theorem 2.1 For w € QO and i=1,2,...,k,

k
(@) P (R, 5_c|_Z'xi=t)

NGe,t,m)/ (D) for 0 < p < 1,
i=1

=1 if p=0 or 1.

() En(R) = WN(ke,t,n) - pMCkse,t,m)}/ (D) for 0 < p < 1

=1-p if c=0 and p=0 or 1
=1 if ¢>0 and p=0 or 1.
Proof: k
: Kk P(X; Z-Xmax—c’jzlxj=t)
(a) For 0 <p<1,P (R, <c|] X;=t) =

1 k
Pw(.z xi=t)
i=1

S, +S5+,..+S

172 k

+s,+...+S

kn—(s1 2 k)

2(523(52)---(52) P (1-p)

CDpta-p*t



k
since it is well-known that T = z X is b1nom1a11y distributed
i=1

with density b(t;kn,p), and where the summation is over all non-
' k
negative integer sS4 such that 2 si=t and S, 2 max s.-c. By
j#i
the definition of (2.2), the result follows. When p=0 or 1, the

result is immediate.

ok _ k
P(Xi>Xmax—cl§X1=t)+(1~p)P(Xi=Xmax-c|%Xi=t)

(b) For 0 <p <1, Ewn(Ri)= X
Pw(g X;=t)

ztSZJ(s;) - (5:) + (l-o)Z(t?)(tZJ e ()

kn

Ct

)

where the first summation is over all non—negative integer s,

-k
such that 2 s.=t and s, > max s.-c¢ and the second summation is
) j#i
over all non-negative integer tj such that th=t and t, = max t,-c.

j#i
By our definitions of (2.2) and (2.3), we have that the first

summation equals {N(k;c,t,n)-M(k;c,t,n}} and the second summation

equals M(k;c,t,n). It follows thus that Ewn(Ri) = {N(k;c,t,n) -
p M(k;c,t,n)}/(kz), When p=0 or 1, the proof is obvious. We note that
k k
P( max  X.-X; < c| ) X;=t)=P(max X, Xy < c|2 X, =t) if, and only if,
- 1<j<k ] i=1 j#i ]

¢ > 0. The proof is thus complete.

3. Moments

Let Xl,Xz,..;,Xk be k independent random observations from a
binomial population with a common density b(n;p). Let
X(1) f-X(Z) 53..§_X(k) denote the ordered values of Xi' Gupta and

Panchapakesan [3] obtained the explicit forms of the first two moments



of X(i). They also derived an explicit form for the covariance of X(l)

‘and X In this section we derive, respectively, the rth moments of

(k)"
conditional distributions of order statistics x(k)-xi and X(k) given
k ' _

2 Xi=t for any fixed i=1,2,...,k. These are given in the following
1

Theorem 3.1. For r > 0, p > 0,

k n
r .T Vs : kn
(a) Ep((x(k)-xi).lg X5=t) = jZOJ M(k;5,t,n)/ ()

5T Al 5t,m) /(D)

e~
o

k X
_ r L
(b) Ep(x(k)|iz1 X;=t) =

J

where the functions M and A are defined in Lemma 2.1.

Proof: ' n
« 2D e (D)
: v s N 1 2 k
(a) P(X(k)-xi—Jlg X =t) = T
&)
where the summation is over all non—negétive tj such that t, =max tr-j
T
k
and Z tr=t' From the definition (2.3) we then have
1
X k
P(X, y-X:=j|) X_=t)=M(k;j,t,n)/() and the result is thus immediate.
(k) i 1T t
K 2D e ()
. N 1 72 k h the
(b) We note that P(X(k)-3|§ Xi—t) = kn) where
' t

summation is over all non-negative T, such that max ri=j and

Zri=t. Thus from the definition in (2.1) we have
k K .
P(X =j|2 X,=t) = A(k,j;t,n)/( n). The result thus follows.
(k) -'7 1 t

We note that both moments are independent of p.



4, Test of Homogeneity; Comparison with Siotani's Test

To test the .homogeneity of k experiments, i.e. to test
H: Py=Py=---= Py against the alternative HA: not H, we consider the
following test ¢1(T), which as usual denotes the probabiiity of rejection

and which is given by

1 if X. < max X.-c(t) for at least one i
(4.1) $,(T) = =

0 otherwise
k .
given that T = ) X.=t.

It should be noted that the test can also be written as'¢1(T)=1 if
max Xi-min Xj > c(t) and ¢1(T)=0 otherwise, given that T=t.
i j
Let Yi=n—Xi for i=1,2,...,k. Then it is true that ¢1(T) is equivalent
to
1 if Y. > min Y.+c(kn-t) for at least one i
(4.2) $1(T) = 192k |

0 otherwise
k
given that T = 2 X.=t.

We note that the constant c in ¢i corresponding to T=t is the same
as the c in 9, corresponding to T=kn-t.

The probability of the error of the first kind forb¢1 is then given
by
. : X
E¢, (T|H,t) = P( max X.-X, > c(t) for some i=1,2,...,k X,=t)
1 i i
1<j<k . i=1
k k
E P(max X.-X. > c(t)IE X.=t)
i=1 j 7 Lt
k P(m?x Xj—X1 } c(t)|§ Xi=t)

I A

k{1-[N(k;c,t,n)/ (D]} (by Theorem 2.1).



Hence, for given significance level o, we can find c(t) such that

E¢1(T|H,t) < o. The computations of c, is discussed in Section 6.

1
When k=2, the randomized version of test ¢1 for HO: P,=P, VS

H1: pl#p2 is defined by

' . t+C t-c

1 if Xl > '2— or X]. < "—2“"

_ . _ t+c _ t-c

(4.3) ¢2(T) = P if X1 == or X1 = 5
0 otherwise

given that T = X;+X, = t with E(¢2(T)|H0,t)

this test is uniformly most powerful unbiased (see, for example,

o. It is known that

PP- 142-143,in'Lehmann [5]). The values of.c and p in ¢2(T) can Be
obtained in Table 1 of Gupta and Nagel [2] for some special values of
o and n. For giveﬁ values of a, the value ¢ is given by t-2c¢' and o
is given by 1l-p' where c' and p' are the values, corresponding to

P* = 1-0 for given k, n and t, given in Table 1 of Gﬁpta and Nagel [2].

Siotani [6] proposed a test for the hypothesis H': p1=p2=..;=pk=p
k
where he assumes p to be known. He used p = ( 2 Xi)/kn to estimate p
. i=1

when kn is large (Tables of Siotani and Ozawa [7] starts with n=10).
According to Siotani's procedure, H' is rejected if, and only if,
xmax_xmin > d, some constant depending on k, n, p andka. Siotani's
test is thus not based on the sufficient statistics ‘2 Xi for p. Also,
his test i; not exact and Qhen kn is small, the testlii not available.
In our test, we see that the critical region is independent of p

and our test is available for any kn. Furthermore, it is found that the

value of d in [7] is monotone increasing with respect to p and thus
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d(p=0.5) = max d(p). Comparing with tables in [7], it is found
0.1<p<0.5

that max c(t) :_d(p=0.5)'for some k, n and a considering that
1<t<kn

d* = d+1 in [7]. This means that in most cases, our test ¢1 has

bigger power than Siotani's test.

5. Application to Selection and Ranking

For the problem ofbselecting a subset containing the population
associated with the largest P;» Gupta and Sobel [4] proposed a procedure.
In this paper we utilize the additional non-trivial informationm, i.e. the
sufficient statistics for a common p which is thé sum»of all observafions.
Let X, denote the number of successes in n independent experiments from
™S and let the total sum of all kn observations be t. We.study the
Gupta (see Gupta [1]) type selection rule conditioned on the total sum

of all observations, i.e. select ™ if, and only if, Xi > max Xj—cl(t)

given in=t, where ¢ is some non-negative constant depending on t. For
the randomized case, we select L with probability 1 if, and only if,

Xi > max Xj—cz(t) and select ™. with probability p, if and only if

]
k
Xi = max Xj-cz(t) given that 2 Xi=t' The probability of correct
j i=1

selection for both rules when the configuration is-QO defined in Section 2
are given in Theorem 2.1. The computations of ¢ S and p are discussed

in Section 6.

6. Computations of c, c1s and Py

To compute the values of the critical region defiﬁed by ¢1, for
given k, n, t and o, we define an auxiliary quantity P* = 1- %-._ We
start from c=0 and compute N(k;c,t,n) using Lemma 2.1. If

N(;0,t,n) < (kz) P*, we increase c by 1 and again compute N(k;c,t,n}.



11

‘This process continues until for the first time c=a, say, such that
N(k;t,n,a) Z_(kz)'P*. This value a is the ¢ needed in ¢1.

When t> E%-, ¢i(T) defined in (4.2) with c(t') is used where

t'=kn-t.
It should be pointed out that when t=0 we have c=0 and p=0.

We tabulate the values of ¢ for the test ¢1 for the case

kn
_—

k=2(1)10, n=1(1)10 and t=1(1) <>

To compute the values c» © and Py for the selection rules given

2

in Section 5, for given k,n,t and P*, we use the same method used for

computing c to compute c We choose c, to be the smallest non-negative

1° 2
integer satisfying N(k;cz,t,n) > (kz)-P*. Then, compute

pl=1-{[N(k;c2,t,n) - (k2)~P*]/M(k;c2;t,n)}-
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