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ABSTRACT

Sudjana. Ph. D., Purdue Universitf, August 1973. ~ Bxact
Robustness and Power Studies of Some Tests in Mu1t1var1ate
Analysis. Major Professor: K.C.S. Pillai

This thésis‘deals essentially Qith_thrée areas of study:

I} Central and non-central distributions and moments of some test
criteria in conﬁection with three basic hypbtheses in multivariate

analysis, II) Exact robustness, and III) Power studies of the
criteria. The test stgtistics considered are: 1) Hotelling'é
trace,.?jff?iiiéiiSktfééé,;si-AWilks;périgé;iéﬂffij..Royﬁséiéféest
root, and 3) Wilks-Lawley statistic. Thg hypotheses are: (A)
equality of covariance matrices of two.p;variate normai pdpulatiohs,
(B) éqﬁality.of‘p-dimenSional mean vectors iﬁ % p-variate normal
populations having a common unknown covariance matfix, and (C)
independence between a p-set and a gq-set in a (p+q)-fariate normal
population.

Pillai's density of the character;stic Toots of-§1§;1 under
violations was.used iﬁ Chapter I to obtain the distribution of 1),

- -under a condition-, 3), and 4) in two forms. Also, the mdments of
1) and the m, g f. of 2)~ are obtained there. Earlier results on

these cobtained by previous authors are shown to be spec1a1 cases.
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. » ¢ .
Chapter II is first devoted to deriving the gencral form of the
exact distributions of the first'four.criterié in'the,tWo—roots case
in a suitable form for computation. Then, these distfibptions are used
to study the robustness of tests of (A) when normality assumption is
Violéted and.of‘(B) when the assumption of a commonrcovariance matrix
is disturbed. It is observed that for (Aj thére is an iﬁdication that
the tests are ndt robust against non-normality and fon(B), the powers
of tests show modest changes for small deviations of‘thé equality of
covariance matrices. Unlike the results obtained earlier by other
authors, the study here are of exact nature except forVSQme assumptions
made in the mddel.

Modifying the method of Pillai and Young, the nulljdisfribution
of 1) for three and four roots are obtained in Chapter III. The
éxpressions hqid.for all non-negative integral values of an argument
m, unlike those of Pillai and Young who ﬁonsidered each,integral
value of m separately, and are of much simpler forms. The non-null
~distribution 6f.1), howévef, is obtained only for the-three-roots case
and its explicit expression is given for m=0 in Chapter Iv; For this
case the powers of 1) are computed for (A), (B) and,(C). Comparisoné

v :
of powers are made with those of Roy's largest root. It is believed
.that this is the first time exact powers for Hotelling's trace was
obtained for the three-roots case.

An expression suggested by Pillai for the distribution of 1) is
studied in Chapter V. For the number of roots equals two, his formula
reduces to the exact case. For larger number of roots, the exactness

has not been verified. For these cases, percentage points are computed
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- and compariséns made with the exact points. Powers_bfil) are also
computéd, for the number of roots greater than two, in Qiew of‘(B).

The criterion 5) is studied in Chapter VI. The genéral form of
its distribution is derived there in two forms; one, in ferms of
Meijer's G-function and the other by convolution appfoach. For the
null case, a.relation is established between the densities of 3) and
5). A power study of 5) in the two-roots case is carried out for the
three tests and'comparisons are made with powers of 6théf fqur
criteria.

Summary, conclusion and recommendations are given in Chapter VII.



CHAPTER 1I

SOME DISTRIBUTION PROBLEMS CONCERNING THE

CHARACTERISTIC ROOTS OF §1§£1 UNDER VIOLATIONS

1. Introduction

. Let §1(pxp)-be a matrix variate distributed W(p,nl,gl,g),

i.e. non-centiéi Wishart on n, degrees of freedom with non}centfality
parameter Q and covariance matrix I independently of §é(pxpj distri-
buted centrai-Wiéhart W(p,n,,5,,0). Thén Pillai [3;,32] has obtained
the distribution of the latent roots of §1§£1 under,gertain violations.
In this present work Pillai's distribution and method-héé been used to

derive the following:

1) the density function of T, n

2 times Hotelling's ng{13,14],

2) the moments.of T,

3) the moment génerafing function of Pillai's trace-[ZS],

4) the density function of Wilks' criterion [45], éﬁd .

5) the density‘function of Roy's largest root [43] in two forms.

These results.qre useful in studying the exact robustnéss of at least

two multivariate hypotheses, namely:

(A) equality of covariance matrices of tworp-variate normal populations
when normality assumptioﬁ is disturbed, and "

(B} equality §f p-dimensiona1 mean vectors in 2 p—vafiate'normal popu-
lgtions under violation of the assumption of a comﬁbn coﬁafiance

matrix.



The exact robustness studies are carried out in the next chapter.

2. Preliminaries

For the derivation of some results concerning the latent roots

2122

. mathematical results mostly on functions of symmetric matrix argument.

of S S_1 which will be obtained in the next sections we need some

Herz [11] studied and derived many results on some special functions
of symmetric métrix argument such as: gamma, beta, hypergeometric,
Laguerre and Bessel functions. For our need however, we will use
spacial functi@ﬁs which have been dsfined diff&r@ntiy by Constantine:
[ 3] and James.[17], and-for our ceﬁvenience some resuits are stated

in this section. -

a. ﬂypergeometric functions and zonal polynomials. We_Start with the

definition of the»hypergeometric function of a symmetric matrix S(pxp)

o (al)K...(aq)K>CK(§)

(2.1) F_(a,.0.,8 3brsennyb3S) = ) )
qr } q’°1 T k=0 ¢ @) (I, k!

3

where al,...,aq,b .,br are real or complex constants_and the multi-

i,--

variate coefficient (a)K is defined by

(a -

(2.2 (a),
1

I
=
N =

: (i-l))ki, (a)k = a(a+l)...(a+k-1), (a)0=1,
ki are the components of the partition k of k such that k = (kl,...,kp)

‘into not more than p components with k1 >...> k > 0 such that

g

k = k1+...+kp,' In (2.1), it is assumed that q < r + 1, otherwise .the
series may only converge for S = 0. For q = r + 1, the series converge
for ||S|| < 1, where ||S]| denotes the maximum of the

absolute values of latent roots of S. For q < r, the 'series converge



for all S. The CK(§), called the zonal polynomial of S, is expressible.
'in terms of elementary symmetric functions (e.s.f.) of the létent ToOots
of § and is a symmetric homogeneous polynomial of degree k in the
latent roots of S. James [17] also defines the zonal polynomial ZK(§),
zonal polynomial with a different normalizing constant, which is reia-

ted to CK(§) by
. k . N
(2.4 C.(S) = [X[ZK](l)Z k!/(Zk)!]ZK(§J»

where X[K] (1) is defined by
| ' p 2 . / p . i
(2.5) X[K](l) = kI .H.(kinkj-1+3) .H (ki+p-1).
i<j i=1
and for k = (kl,...,kp) we have (2«x) = (2k1,...,2kp). IfS =1,
identity matrix of order p (unless otherwise stated, by I is to be

meant Ip), Cbnstantine [3° ] proved that
(2.6) Z,(1) = 2G p), -
The values of ZK(§) in terms of e.s.f. and sums of powers df the latent
roots of S up,tovorder six may be found in [17] and up fo order twelve
were prepared.by A. T. James and A. M. Parkhurst (private communication
to Professor Pillai).

 Constantine [4 ] defined the product of two zonélvpolynomials

having the same argument in the form
: v 8
(2.6a) - CUS)C (9) = § q,, Cs(S),
where the summation is over all partition § of d such that d = k + n

and q. , are constants  whose values may be found in the work of Khatri
L]

and Pillai [20].



The hypergeometric function of two matrix arguments S(pxp) and

T(pxp) 1is defined by
(2.7) aqErgal,...,aq;bl,...,br;§,I)

_ 5y e, SO6M
wo & (b ) ., C_ (kT

!
where all symbols are now obvious from the previous discussion.

Let S(pxp) > 0, (S > 0 is to be meant that S is positive definite
matrix), Z(pxp) a complex matrix whose real part is positive definite

symmetric. Thén_(Herz [11], James [17])

' -1 -tr Sj.ja-m | - g
2.8 {r _(a)} e ~1S F se-+s5a 3b.,...,b_328)dS
@8 ry@y e s ey P17+ -+ o by 28)dS

~ o~

(al, e.sd ,a;bl,...,b AR

q+1 T q T~

where the multivariate gamma function Pp(a) is defined by

(2.9) T _(a) = I T(a- —-(1 1)),
P i=1

and m = %»(p+l); n =5 p{p-1), (unless otherwisc stated, in the sequel

—

we ler m ='%-(p+i) and n

It

% p(p-1)), and the integration is over the
space of positive definite matrices S. If in addition to the above

hypothesis we also have R(pxp) a symmetric matrix, then (James [17])

: -1 -tr S;.ja-m '
2.10) {r_(a)} e T 2|s F (a,,...,a ;b ,... b ;ZS,R)dS
( ) p( ) SIO |S| q r( 1 q°°1 ZS ~)

q+1F (a ...,aq,a;bl,...,br;§,§).

From (2.8) and (2.10) we now have the inverse Laplace transforms

(James [17]) respectively as



211 (b) .
2.11) —B__ et Z|z| 7Pk (a,...,2 ;bl;..;,bf;§§-1)d§

(2n1)P™  ReZ>0 -oar 4 :

;: = qFr+1(a1,...,aq;b1,...,br,b;§),

and o

2"r ()

p. tr Z,-b . » .ap-1

(2.12) [ e |z qpr(al,...,aq,bl,...,br,gg ,T)dZ

(2mi)P™ ReZ>0
= qFf+1(a1,...,aq;bl,...,br,b;§,I),
where the integration is taken over Z = X + iY with X = }0 for some

positive definite matrix X, and Y ranges over all real symmetric

0

matrices.
Some special cases of the hypergeometric function are of interest

to be noticed. They are

(2.13) oS = 1 1 Ic (s)/kt] = & &,
k=0 «
(2.14) Fo(ai8®) = [1-3]7%,

¢

and for Re a > m-1, Re b > m-1 and Re(b-a) > m-1 (Herz 11], James [17])

- ; . - ' -1
(2.15) lI-l(.'l;l)';.T) r I‘p(b) [I‘p(u)lp(h—n) ]
I
. f otT §T|T|a’m]I—T|b-a-m'dT;
0 ~ o7 o

Some results of integrafions involving the zonal polynomials are
as follows:
Let Z(pxp) be a complex matrix as stated above and T(pxp) be any
arbitrary‘cqmplex symmetric matrix. Constantine [ 3] pfoved that

(2.16) [ et 2R 5|2 M (syds = T_(a,x) 2] "3 (127D,
$30. T P ~ Ko~



where Re(a) > %-(p-l) and Fp(a,K) is defined by

2.17 T (a,¢) = (a) T (a),

(2.17) p(86) = (@), T (a)

and Khatri [18] obtained the relation

2.18) [ e T E|s|2 ™ ¢ (tslyds = T (a,-0) |2] 7% 2T,
S50 - Kixe T~ P ks

where Re(a) > % (p-1) + k, and Pp(a,-K) is defined by

[N

. n p .
(2.19) ra-0) =1 1 Tlaki- 5 (pei)).

i=1

Further, Constantine [ 3] proved that for R({pxp) positive definite

fp(a,K)Fp(b)
C (RS)dS = rp(a+b,K)

(2.20)

|§Iafm{1_slb-m

CK(B)’

! Oy U

from which follows (Khatri [18]) the result

2.2 [IRI"MI-RIP™ 1 (r,-r)C (R)AR
b | i>j J 1.2
= T_(t,Q)T_(a)T (l-P)C (I)/['rr2 ? I (t+a,x)],
p P p2 K~ P ,
where R« dnng(rl,...,rp) such that 0 < LETREERE rp < 1. |
Now expand the hypergeometric functions in (2.11), we directly
obtain

n ' C (S)
2z tr ~|§l-bCk(SZ—1)d§ -

(2.22) |
(2n1)P™ Rez>0

N|=~ o

From this, lettiﬁg Z =S T8, the result (9) of Constantine [4] is
obtained, where in obtaining it he used the inverse Laplace transform
of the zonal polynomial.

The method of diagonalizing and dediagonalizing a symmetric matrix

by an orthogonal'transformation H € #(p), #(p) being an orthogonal



group of H(pxp), is quite useful. Some basic results are

(2.23) [c (ggg@')dﬂ = {c (R)C_ (S)/C (D},
& (p)

was proved by'James [17] and he also proved in [17 ]

(2.24) [ |1- ngg'l ? daH = [Fy(a;R,S),
& (p) | -

where dH stands for the invariant or Haar measure on the orthogonal
group #'(p) normalized so that the measure of the whole group is unity

and HH'=]. Othérwise,-we have (Constantine (3D
. 1 p2
(2.242) [ aH = 2P’ /Pp(%—p).
o)

The follow1ng is due to Khatri [19].
If g(R) is any function of the e.s.f. of R such that g(R) > 0

and t > 0, then

2.25) [ |1+ A" lHRH |7
o -~ - 777

Leg(r) [T Fo(a; (stg(R)D) ™, tg(RIT-R).

dH
=1« N

b. Laguerre polynomials and Bessel function. Specializing the

~definition of Herz [11] for the generalized Laguerre polynomials,
Constantine [ 4] used the zonal polynomials as a basis for symmetric

functions and he defined the Laguerre polynomials by

(2.26) T EY(s) = [ T B|R|YCK(R)Ay(RS)dR,
R>0 AL A

where v > - 1 and»AY(B) is the generalized Bessel function which

has the definition



. Zn
(2.27) AY(B) =——— [ e

Z,
(2m1)P™ ReZ>0

-1
tr § e-tr RZ |Zly-m d
and has the expansion

. -1v¢ | '
(2.28) A (R) = [T (y+m)]™" § ) [C_(-R)/{(y+m) k!}].
Yo P k=0 « Ko~ K
For S(pxp) and-g(pxp) complex matrix such that ReZ > Q'and Yy > -1,

by substituting (2.27) in (2.26), the relation

(2.29) LIs) = [2%@r)PMr (ym,)

[ e |z (1-s771yaz,
ReZ>0 - e

~ o~

was obtained by Constantine [ 4].
Making use of (2.22) in (2.29)
d
k (_1) aK,6C6(§) )

Yegy - )
(2.30) L (8) = (y+m) C (1) dZO g (y+m) C, (D ’

where in obtaining (2.30), the relation (Constantine [ 4])

CK(I+A) E z
(2.31) K~ [a C.(A)/C ()]
CK(}1 den % K,8 8§ . §2
ligo Lcun uscd._ The constants a may be found in | 4] up to ovrder 4

Ks§
and for order k = 5(1)8 are tabulated by Pillai and Jouris [39].

For S = 0, we have
. 'Y -
(2.32) L@ = (ysm) C (D).
The moment generating function for the Laguerre polynomials-
(Constantine [,4]) is given by

(2.33)  |1-z]Y™ [ exp[tr(-SH'Z(I-2) lH)]dH
T am e T

= v Y -
= kZO Z [LK(§)CK(§)/{k!CK(I)}],



holds for ||g||.<_1, and for the esfimate of the Laguerre polynomials

~ he showed that’

(2.34) LIS < (rem) c (D 2.

c. Mellin transform and Meijer's G-function. Let s be'any complex

variate and f(x) be a function of a real variable X, such that

(2.35) F(s) = [ x>V £(x)dx

. 5 |
exists, then under certain conditions (see Consul [ 5])

: _p c¥ix s .
(2.36) Cf(x) = (27m1) [ %77 E(s)ds.
C-iw

F(s) in (2.35) is called the Mellin transform of f(x) and f(x) in
(2.36) is tﬁe inverse Mellin transform of F(s). Further, if fl(x)

and fz(x) are the inverse Mellin transform of Fl(s) and Fz(s)

respectively, then the inVerse Mellin transform of F_(s)"F,(s) is
p e 1 2 :

given by
_1c+i°° -5 © a
(2.37) (2mi) [ x°F (s)F,(s)ds = [£; (u)£,(x/u) (du/u).
c-ie 0

Using these properties, Consul [ 6] evaluate some values of Meijer's

Gafunction.(Meijer [24]) which is defined by

(2.38y ¢™n (klal";"ap)
) Psq 'bl""’bq
m n
NNb.-s) I I'(l-a.+s)
- ety j:l T 3= _ ] & ds,
" C 0 r(1-b.+s) T T(a,-s)

j=m+l j=m+1



10

where an empty product is interpreted as unity and C is a curve

m

n

separating the singularities of I F(bj-s) from those of T F(l-aj+s),

j=1

'q>1,0<n<p=<q, 0<m<gq; x 4 0 and |x] <

j=1
1if q=p; x4 0 if

q > p. The Meijer's G-function (2.38) can be expressed as a sum of a

finite number of hypergeometric functions as follows (Meijer [23]):

1, ..,ap
(2.39) o (x Ib b))
q
1]
= Z [0 Tb.-by) i F(1+by-a,) ¥/
hal . j=1 j j=1
~ jth
q p
{_;n F(1+bh-b.)- 1 r(aJ bh)}]x_
j=m+1 j=n+1
_qu_1(1+bh-a1;.,.,1+bh—ap;

b

1+b -bl,...*...,1+bh-bq;(-1)P'm‘"’x),

h

where the asterisk denotes that the number 1+bh bh

is omitted in the’

sequence 1+bh—b1,,..,1+bh—bq. Consul [ 7] has shown that the value of‘

the fi-function fot p=q=m=2 and n=0 13

2 0 d128;

b1 ‘a~1
(2.40) |b b, ) [x "(1-x)°7Y/T(a)]

.9 1,(az 23y -b 9383 1-x), 0 < x < 1,
where a = a1+a2-b1-b2, and for p=q=m=1, n=0

(2.41) Gi Y (x? = Pa-n!

/T(a-b); 0 < x < 1.
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3. The Density Function of T

in this Section fhe density function of T = A ty §i§;1, A >0,
is derived, whefe.§1(pxp) is distributed W(p,nl,gl,g), i,e. non-central
Wishart distribution on n, d.f. with non-centrality parameter
Q and covariance matrix Z» and §2(pxp) independentlyVdistributed
central Wishart‘W(p,n Z »0). We assume that n,,n

have » non-zero latent roots of 81821.

2 2. P SO that we

We further assume that  is
of a "random" nature in the sense that it can.be diagonalized by an
orthogonal tfansiformation lj € #(p) and integrated'wi.’c‘h_respect to H
over #(p}. This‘implies diagonalization of the paraméter matrix by H
and putting ﬁ Haar prior on H leaving the characterisfic roots‘non-

random.

Theorem 3.1. Lef §l(pxp) and Sz(pxp) be independently distributed, §1
-1

having W(p,n1,§1;9) and §2 having W(p,nz,gz,g), IfT = AtrS1 S, s A >0,
and Q "random'", then the density function of T is given by

1
_ = pn, -1
(3.1)  F(D) = (G /T nytanl 21 etrd g2 PO

§ ; (-@- v) (-T).ck_(_x‘ A “‘Z“ﬁ :

K k'F( pn1+k)CK(1)

where v = nlfnz; A= diag(xl,...,xp), Al""’kp being the latent roots

of 2122 , 0 <A <eees xp <®, y =3 (n-p-1) and |T/(AA1)| < L.

I

Proof: The joint density of §1 and § is given by

) l—n L 1 trl 1S
1 1 21 7 "2,-1 -trQ 2 ~1 ~1
TG aprGayleg|® Fl2z,|" 1 .
1 . 1 -1 1 '
-|s |7 (nl-p-l)e-? 2 §2|S |E (nyp-1) Fotndsiles))
~1 ~2 0°1%2 "1°2 <1 -
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1 1 ' 1 1

2 1.2, .72
Iy and Ay =3 I178,k, then the
1

and 62 is given by (glz(pxp) being symmetric
o 1

Let us now transform A = %

joint density of Al

——

positive definite like other matrices of the form 52 defined later)

1 1 : 1
5 n, -trpA 5 (n,-p-1) 5 (n,-p-1) -trA
) 220, 42 M z ‘M 1. .1 .
C |A| € ) Iéz |‘51‘ € OFI(? nl’s}él)’
Lol
' ~ 1 1 -1 _-trQ _2.-1.2
where C = {Tp(iunl)rp(i-nz)} e and A = §1§2 gl . . Note that the

latent roots of §1§51 are invariant under the above transformations
’ 1 1 1

‘and also under. the transformations B, = A2A1A and B, =-A2A2A2. Using

B e

~

these, we obtain the joint density of §1 and §2 in the form

N '%'ﬁl"trgz %("2‘P'1) %{“1‘P'1) 'tfﬁ-;gl 1 '% '%
(3.2) C |§[ e |§2[ B, e . oF1(Gny3A “ea “B)).
‘Now, the Laplaée transform of T = A tr 51851='A tr §i§51_is given by

E(exp(-t A tr_glgél)). To find this transform we multiply (3.2) by

2 out using (2.16). We obtain the

exp(-t A tr ylg l') and Integrate B

1

Laplace transform of T in the form

1 ’ 1
: -trB % (n,-p-1) -=n,
3.3 cT Gn) fe ZBJ? 2 |metans,]? ?
p2 1 -2 ~ -~ -
, _ ]§2>Q : »
1 1
_ 7 -1,72.-1

of(2(L + t A A7 By"A7) 7)) dB,.

101

Letting D = 92 §2-§2, the above expression becomes
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1

1 70, 7P 3 (ny+ny-p-1)
(3.4) crGa AT fen |

n . .
L] et p)?
D>0

~

1

-=n
‘| 1(en) | 2

LFo (2t o+ ea) 'y "han.

Using the assumption of Q "random" and then (2.33), from (3.4) we

have the Laplace transform of T as

L n l-(n +n _'“1)'
2 P i j e-tr§?|0|2 1 72 P _

D>0

~ o~

(3.5) g(t) = C - (t))

I~ 8

.y Y PP

) OZ, [{LE()C, (- (£2) 7 D)}/ {kiC, (D 11D,
' =z N

where v = %»(nl—p-l) and C1 = C-Fp(%—n1)|§lz 2 .

For fixed D and Re(t) = ¢ sufficiently large, the series in (3.5) can
be integrated term by term with respect to t (see Constantine [ 4]) and

use the fact that if f(T) is the Laplace inversion of g(t) then

c+iw

i - (Zﬂi);l / o7 glt)dt,
c-fe
Noting that
1 T ";"'Pnl'k gkl
(2wi) [ et dt = T /r(7pn1+k),
c-ie _

we cobtain the density of T in the form

_l n l- n.,-1 l_(n +n,-p-1)
SO R
' D>0 -

1Y _ry-l
L (@C _(-TA D)

. a.
K k!F(i-pn1+k)CK(I)

Il o~ 8

k=0
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Now apply the estimate (2.34) of LZ(Q). Then the integral in (3.6)
is bounded by |

-l-(n1+n

2. 2) trQ

G ()| ! Fog (aynp)s-TOD ™,

which, by the definition of 1FO, is convergent only for

||-T(AQ)_1|[ <1 or |T/(A11)| < 1, where Al is the minimum latent
‘root of A. Hence for this region of convergence, we éan integrate D
out in (3.6} using (2.16) to obtain the density fﬁnction of T as stated
in {3.1). | |
Formula (3.1) will give’spécial cases as follows:

a. For @ = 0 and applying (2.32) we have the result,of Khatri [19]

 formula (9).
b. For A =1 and A = 1, we obtain fheorem 4 of Constantine T 47.

Using the definition of Herz [11] for symmetric. function of

matrix argument f(A) = f(HAH') for all H €#(p), we have the following:

Corollary 3.1: The density of T is a symmetric function df A.

4., The Moments of T

-~ In order_to obtain the kth moment of T, we first note that

-1,k

-1
2

k., _ A1k ok
T = (Atr§,;S = (AtrB,B.7)" = A Z C (B,B5 )

where B are as in section 3 and we will use the joint density

1 2
. . . k -1
of §1 and §2 in (3.2). Multiplying (3.2) by A z CK(§1§2 ) and

and B

~integrating out B

2 using (2.18) we have



_ f:"'.'-o.('

1 -1 1 1 1

-1 -trA B = (n _p_l) : _— e © e
21,k ~ =1 2 1 - 1 e 2 2

(4.1) C'lél AT e B, 0F1(§'n1’47 QA §1)

] TG np-IC, (B)),

1 1 -1 -trQ
where C = [Ppcf'nl)rp(f'HZ)] ™.

Applying (2.1) and (2.28) we obtain the expression

-1

1 1
20k ARy 7 (ngpeD)

(4.2 c-r (2 n,) |4 Xe |B, |

1 1
. 2.2 1
A.Y("é_ 9{‘\ ?1) E FP(7 nzs"K)CK..CB.l))

where y =‘% (nl—p—l).
1 1

Let us now apply the transformation D = A 2515

Then the expression in (4.2) becomes

K trDIDIZ (n;-p-1)

(4.3) - C.T (2 n A A (- D) ZF (2 2»-k)C_(AD).

Now assume A "random" as explained in the previous section. Hence
~ we can transform A by an orthogonal transformation H € #(p) and then
integrate H over #&(p) using (2.23). The result is

1 .
5 (n,-p-1)
) ke trDl~|2 1

4.4) C'T (2 AY(-gg)'

i 1
Z r,G nz,-n)cK(A)cch)/cK(;)}.

Upon integrating D out using (2.26) we have the expression for the

moments of T as
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(4:5) BT = {1y np))! ] TG0, 200, GO LD/ (D).

Finally, using the fact that Pp(t,-K) = {(—l)krp(t)}/(-t+ %—(p+1))K,

we obtain the moments of T in the form

C ML (-2

(4.6) E(T) = (-0 ]

1
s Y = 5(n -p-1),
< o)) e !

which exists only for n, > 2k + p - 1.

2
Formula (4.6) will give special cases for special values of Q

and A. If we let 2 =0, (4.6) gives
4.7 B = (DF ]G0 c 00/ CGiprin)) 3,
' K

which is the result of Khatri [19]; except that his formula contains.

an error in the denominator. The correct denominator for his expression
should be (%{p—n2+1))J.; Substitutions of A = ITand A =1 in (4.6) will
give the result'of Constantine [4 ] formula (38). Of course, substi-

tuting & -~ 0, A = L and A = 1 we have the kth moment of 1 in the

central case as
k, _ k 1 1
(4.8 E(T) = (-1) E [(Z n)) C (D GGlp+1-n)) 1.
For illustratidn, let us compute the mean and the variance of T
in the general case from (4.6). Replacing LZ(—@) by-zonal polynomials

as expressed'ih (2.30) and making use of the tables in [4 ] and [17]

we obtain the mean of T

(4.9) E(T) = Aal(pn1+2bl)/[p(nz—p—l)],

and the variance of T
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2 nl(n1+2)a21 ' 4b1 ) 4b_21 }

Y e, o, g2 )

(4.10) Var(T) =

4n1(n1-1)a2 4b 8b

+ {1+ 1 + ‘ 2 _ }
3(n,-p) (ny-p-1) Py Py (- (p-1)
n aﬂ 4b 4b2
-t s e Sh,
fp7P- Pl p®n]
wi = 3 2 - 4 b = 3b2 4b ith e f' t and
1ere a,; = _al a,, by = 3b] - , With a,,a, are firs

second e.s.f. of §1§51 and bl’b2 are those of {2 respectively.
The mean and the variance of T in the central case may. be obtained
from (4.9) and (4.10) respectively by substituting a;=p, a, = %-p(p—l)

and b1=b2=0.

5. Moment Generatiqg Function of V(p)

To obtain the moment generating function of Pillai's criterion
V(p) whiéh is defined by V(p) = tr[xg(I+A8)_1] where R = diag(rl,...,rp),

rl,...,rp being the latent roots of §1§51,-we will stért from the

result of Pillai [31,32]. Let L = AB(I+AB)—1 there and dediagonalize

-

- L. After using (2.11), the m.g.f. of V(p) may be written as

' trz '%’ ny trs -%-(n1+n2-p-1)
(5.1) E(e" ) =cC- [ ez e 23|

ReZ>0 S$>0

~ o~

I 1 1

J exp[tr(t1+§(l—k-14 2(1-§'lg)4 2))5]
L>0

~ o~

1 1 '

z(n,-p-1) 5(n,-p-1)
241 22

L] |T-L|

~

dLdSdz,
1 : 1 . 1
5 p(p-1) 5 p(p+1) -5 n,
where C = [22 /{(21ri)2 rp(%-nz)}]lxg| 2 1e trg.
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After integratihg L out using (2.15) we get

. y ; 1 1. -
(p) -5 I } 5(n;+n,-p-1)
(5.2) By =cpr [ Rz 2l oty 2 R
' ReZ>0 S>0

~ o~ ~ o~

1 1

' 2z s %))dsaz

-1 1 . .-

171 (7 nysz(ngemy) s el+S(I-2
where C, = C°T (l-n )/T (l(n +n,))
1 p'z M)/ TplZiny o))

Now use (2.1) and (2.31) and then integrate S out using (2.16). The

right hand side of (5.2) becomes

1
. trz —%-nl @ (f'nl)KCK(I),
Cp Tz ) J e =|z] L 1—3
ReZ>0 k=0 « k'(i-v)
K
K _ L 1
VO3 ta 59 o) cocraata Pa-z7  oyn /e 1) vaz,
d=0 ks 8 2 7878 ~ ~ o T 8= p
=06 | SR
where v = n,+n,. Further, we make use of (2.31) once“more to
1 1 -

1,72, L1 7 .
C(I-2"A "(I-Z "Q)A 7) and then assume A "random'.. Using these and
finally (2.2 we ohtain fhn m. @, . of V(P' in the fopm

| 1 doycm
tv(P) “trQy., 2 M % 2 Tkt
(5.3) E(e ) = e ¥ ) :
= 1 r=
k=0 « k.(z v)K
-1 -1 .
k - Y
alo 5Tk 7 Vs 1

n<0 v (3 ny) C (DC (D

1
where v = n, +n, and y = f{nl'p'l)'

For @ =0, (5.3) gives the result of Khatri [19] with a correction

of his expression given by Pillai [30]. Another special case which can
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be derived from (5.3) is formula (3.5) of Pillai [30] if in (5.3)

we let A = I and X = 1.

6.. The Density Function of W(P)

In terms of the characteristic roots T i=1,2,...,p, of

§1§51, the Wilks' criterion WP) is defined by wP) . I£+AB|_1.'
However, in the derivation of the density of W(p) we consider

wlP) - |1-L], i.e. we let L = AB(I+AB)_1, where now |

L= diag(zl,..;,lp). From the theorem of Pillai [31,32], the joint

density of 21,12,...,2p is given by

1 1 -
5(n,-p-1) 5(n,-p-1)
2\ IE-&IZ 2

(6.1) C-|L] T (85-2)
_ i>]
5 1
: kZO Z [G(ny+n)) C (L)/KIT-(2 ),
1 2
p D

where C = [n° rp(%{n1+n2))/{rp(%-nl)rp(%-nz)rp(%-p)}]e‘tr9|x§| 271

kK a c a7 hit )
(e ) {; l,' - ) )- "_;_" AT S R _’(',‘I - 1).
d-0 4 (j‘ “l’ﬁ(‘e)(—l,(‘é")
To obtain the density function of W(p), first we find its hth moment
and then use the results on inverse Mellin transform. The hth moment

of W(P) is given by

1

I
6.3 E(WPHM - c. T |L]?
. L>0

1
(nl'P"l) |§'(n2+h'P“1)

l1-L

Il ~1 8

1 - .
Lo Z [(5(n;+n)) €, (L)/k! 1L (2)
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The expression in (6.3) is obtained from (6.1) after dediagonalizing
L. Now integrate L out using (2.20), we obtain the hth moment of

W(p) in the form

-1
(6.4) E(ow®PHhy - [Pp(%{n1+“z))’rp(%'"2)]e—trg|hél Y
L] p b
? (%{nl+n2))K(%.nl)KcK(I) izlr(r+ i)
. kao k! ° P (Zp) s
ko I I'(r+a.)
i=1 *

1 1 1
vhere 1 = 3, * h - i{p-l), b.1 = .Qlfl} and a, f»ﬁ-nl +»k

B =

p-i+l * bi'
Finally, applying (2.36) we get the density function of W(p) as

1
o : == 1
(6.5 £0®) = [T Gnyen))/r G nle gl #

°° _(%(“1*“2)%(%‘ 1)L, (D b(p) 7(n,-p-1)
kEO-Z ~ (w'P’y
= K .
p
ceie .H P(r+bi)
ri)t [ Py dr- (Z.)
c-i= p P
I T(r+a.)
i=1

But the integral in (6.5) is expressible in terms of Meijer's G-function

(2.38), so that we obtain the following:

Theorem 6.1: Let §, and Sy be as in Theorem 3.1 and let
1

R = ?1ag(§1,...,rp) where rl,...,rp are the latent roots of §1§2 .
If §f§51~§ "random', then the density function of W(P)=iI+AR|_1,

A > 0, is given by
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T 1
v : -=n
(6-6)  £0'P) = [r GGlnym)) /T G np)e ) 2

1.

3 .7(y-p-1) %
w(P)y272 1 1
Uhebe z [ +n)) (5 n)) C (D)/ki]

k=0
' L 8.,...,4a
P P VP ¢ ) N S
G2 (W | ) (2 ),
s b.,...,b
P P' 1 p P
where A = diag(kl,...,xp), Al,...,kp being the latent roots of
zeol a2 Ln +b., b, = L(i-1) and (2) is as in (6.2)
~1<2 2 71 2 71 Tp-i+l i’ i 2 P . o

Special Cases:

a. Substituting @ = 0, A =1 and A = 1 into (6.4) and (6.6) we have

the hth moment.and the density of W(p) respectively as-
. p y

P
: 1 I I (5(n,-p+i)+h)
: I (5(n,+n,)) . 242
(6.7 B(PhM - 2L 2. 1d ,
. ' ' (% 1 .
p(2 n2) .H F(E{n1+n2—p+1)+h)
i=1
and
() H:r.(;(nlvn,}) (p %(n, pol) - L) ﬂll..,“l).
R R B e e LAt A Ghe o M L
Fp(i n,) 1 P
where a. = L n +B and b, = l-(i-l)
7 i 2171 S T1 2 ‘

These are thé.results of Consul [ 7].

b. For @ = 0 and after using (2.32), formula (6.6) gives the result
of Pillai, Aleni.and Jouris [42] formﬁla (4.7) for testing the
hypothesis Hy: A =1, A > 0 being given.

c. If in (6.6) we let A=1I, A =1 and use (2.30), then formula

(5.2) of Pillai, Al-Ani and Jouris [42] is obtained. Note that, in
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this case 21,.,.,2p are the latent roots of the determinantal
equation |§1f2(§1+§2)[ = 0, and W(p) is the Wilks' criterion for
MANOVA. '

d. Letting p =:2 in (6.6) and using (2.40) we obtain the density of
e |

as .
1
- ; - (w,+w -=n
(6.9) £y = [ryGgmpen )/, Gale LT 0By P
, %{nZ—S) w (%{n1+né)) (%—nl) | 2.y ¥k-1
(3 <2 Lrc apya-wt?)

|
oo & TKIT(n,+K)

. 1 1 o 1wy s
2F1 G nyprkys (0 -1) ko5, +kG1-W07) - (2,),

where WisW, are fhe latent roots of Q(2x2), AI,KZ are'those of

A= diag(kl,xz) and 22 is as in (6.2) by taking éll-ma#rices involved
| there by those corresponding matrices of order 2. Let us integrate
(6.9) for 0 < W(Z) < w (see Pillai, Al-Ani and Jouris [42]) to obtain

the c.d.f. of W(z), and use the relation (Consul [ 6])

Je-n-1

(6. 10) (d“/dZ”J(ZCM}ZVI(U.b;CfZ)) = (c-n) 2z 2Fi(u,h;c~n;z)
After integrating (6.9) by parts a; = %—ni + k7 times when n is even
and noting that « = (k1’k2) we get the c.d.f. of W(z).as
(2) ULV ‘%‘“1 (2) %{"1‘1)'
(6.11) FW ™) = e (A A2 W <
o CL n)C(I,) T (l{n +n ))(l{n +n,))
Z 2 2 "1k 2 282071 72002 T2 ke
L k! 1 _
k=0 « I, (G n)T (0 +k)
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a - : -
I (ke / Gn,m1) dn )T aw ()

r=0

.n1+k-r-1

1

1 (@)
. 2F1(§anl+k1, E{n1-1)+k2, n1+k—r,1-w )+1

1

- a.-1. b = =1 1 =1
where a = al-l, b = az—bz, a, =>n +k.+ 5 and b =7

In the case n, is odd, after integrating (6.9) by parts a, times, we

2

obtain the c.d.f. of Wcz) as in (6.11) but now a = a2-1 and b = al-bz.
In the next chapter, the c.d.f. of W(z) is also obtained using a

different method and it seems that the expression is simpler there.

7. The Density Function of the Largest Root

In this section we derive two expressions for the density function
of the largést root rp of §1§51. In obtaining this density we start
from the joint density of the roots rl,...,rp of §1§£1.which is given

in [31,32 ] by the formula

Len p-1) -3
(7.1) ‘cllu|2 ! m(r.-r) [ etTé|z| 2 1
- i D rezog
1 11
3 - -5 =5(n;+n,)
[ 2 plI+§B@% Z(I‘W)A 2' 201 2 dHdzZ,
&(p) | ‘
| | L 1
- : 2,-1_7
where R = dlag(rl,...,rp), W=Q7Z " Q" and
1 1 1
' -7 1y 3 p(p-1) 7 p(p+l)
_ o -trQy, 2 1.2 1 .\ 2 1
Cp=e-lal © "2 T Gny+n))) /[(2ni) r_(z n,)1.

j%
Now use (2.25) by faking g(F) = rp. Applying (2.24a), the second

integral in (7.1) becomes



2 L1
2
(® /TG I fann Y

N

1
-7(n)*n,)

1 1

1, . ..-1 ) 2.-1,-1
1FoGng#ng) s  (I+4 “(I-WA “r 7y Tor

P

I-R).
RS

Let y; = ri/rpf i= 1,2,7..,p—1 and Y = dlag(yl,...,yp_l), then

the joint density of rp, Yy yz,...,yp_l, where 0 < rp < o,

0 <y, <y,<..<y < 1, is given by

p-1
1

(7.2) C2 T

1
pnl—l E{nl—p-l) p-1
S b REPR RS

i>j

2
F

1,. _ =17 -1,-1 Ly
lFO(i(n1+n2)’(£+{,\ (E'W) i rp ) ’ Ep-l X)dz

24

where Ip_1 is the-identity matrix of order p-1, I is that of order p

and
1 2
2 P 1

Cy = Cp -t /TP

Expand IFO in terms of zonal polynomials and for the integration with

respect to Y we apply (2.21). Then we obtain the denSity function of

the largest root rp of the form

1 1 1 :
= pn -] o (—(n_+n )) r _ ("‘ P"'l,K) C (..:.[ - )
(7.3) C3°r§ SRR RS B <P
Z r (L
k=0 k! p_l(z(n1+p+1),K)CK(l)
trz '%'“1 '%’ '%‘ "%{“14"2)

[ e 57| |T+n “(I-W)n © |
ReZ>0 . SRR
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) 2 -1,2 -1
CK{{1+A (I-W) A T } Z

where Cq = CéfFp_l(%{nl-l))rp_l(%{p-l))/ﬂ

The integral in (7.3) can be written as

- - = -=(n,+n,)
[ ezl 2 M faemn 2o | 212
ReZ>0 p
s 1 1 1
N ey 2 "2 2,0 . 2 -1
LK£{§ {(I-W)A rp}f§+g (I-W3a lp} ] dz.

Applying (2.16), the above integral becomes

L -5 N -=(n,+n,)
[r,Gyny,01™t [ g 2 Yy 2L
ReZ>0 .-
1 1 1
o T 2 7 *nymp-1)
[ expl-tr{S(I+n “(I-WA © ¥ )}1]S|
1 1

SR EL! IR r,l ds dz.

1 1

Let us take §‘= r A SA 2, After making a substitution and necessary

rearrangement; the above expression becomes
1 ‘
-1,72(P*0y) | | 1
-1 8 trZ,.,, 2 1
Ry W RS 14
v § ’ ReZ>0

B
(7.4) p
rp(

=

DO =

(n1+n2),K) n=0

-1 1
-tr r "AB  z(n,+n,-p-1)
fe P Typtl
B>0

C[(I-¥)B]dBdzZ,
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where gi v are constants and E Gi = k+n,
» . 3=

§ = (61""’6p)f‘6p > .. 26, >0,

1

Now integrate B out using (2.16), then (7.4) reduces to

’ 1 ' o
(7.5 [r,GGnyng)u017 ) g ACIERER IO
. 1 n
[ ez 2 legram e a ez,
ReZ>0 P

~ A

Diagonalizing (rpé_l) by an orthogonal transformation H and
integrating over'zﬂp) and finally applying {2.29), we obtain the

density function of rp as stated in the following theorem.

1 1
Theorem 7.1: Let Sl’ 82 and §§§51§§ be as in theorem 6.1 and let r
be the largest latent root of §1§51. Then the denéity function of rp

is given by -

A .:.": n' .'!:. p"'_] o (}: 114]) (_]-l(‘\ ])\
| i) 1 o ' l I . ) .’ ] ¥ ] )
¢ k 0 K kl[ (n tprl) ) l7 Pl
w 1 Ly Yeay
7y -n" s ((ny+0,)) Cslr d )LG(Q)
~  nl! gK,V 1 o
n=0 v 8 ('é' nl)ﬁcé(l)

where A = diag(xi,...,kp), Al,...,Ap are the latent roots of

-1 1,
§1§2 s Y = '2_(n1'p-1) and

MG )IT GG pe)

(7.7) € =2 RZ - : .
I'z p)r(i-nl)rp(f'n2)rp;1(§{n1+p+1)),
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‘Note that in obtaining (7.6) and (7.7), the relations

I (a,«) = (a) T (a) and |
p(30) = (a) T (a)
e a e = Ge-my e
’ K ~p-1 /o p? T 2P /Y7

have been used.

The density in (7.6) may not converge for all rp, 0 < rp_< o
Tt can be seen from the following fact. Put @ = 0 and set n = 0. The
density (7.6) reduces to

1 1
ny E-pnl-l

2 1, 1 Lo 1y
(7.9) c-|a] T s (z(ny ), 5 p+l, 5(p-1);

1 1
E{n1+p+1), 5 Ps r A 7).

By the definitibn of Fr (7.9) converges only for ||TPQ-III <1 or
Irp/k1| < 1 where Al is the minimum latent root of A.

To obtain the second expression of the density of_rp, let us
return to the formula'(7.4). The second integral in:(7.4) can be
writieon a-

—tr[(T+r )B] Ln +n,-p-1)
_ ~p ~T~ etr§’§|2 172

(7.10) [ e
B>0

.C[(I-W)B]dB.

We-shall split (I-W) from B in the zonal polynomial Ca((I-W)g) as
follows. Expénd’the'first exponent in (7.10) and diagonalize (I+r£1@)
then apply (2.23). Further diagonalize B to separate'(l—W) from B.
After dediagonélizing B and using (2.23), the integral in (7.10) now

becomes



—tr[(I+r A)B]

1
(7.11) [ e ot7B 20 2P

- [Cg(BICS(I-N/Cg(D] dB,
where to noté that (I+r51§) now is a diagonal matrix

T -1
dlag(1+rp Al,...

,1+r—lk ) Ay5...,A_ are the latent roots of A.
PP 1 P ~

Expand the second exponent and use (2.6a) to the expression in

{(7.11). Then (7.4) now becomes

1.
-1,72(ny*0y)
|I+r A I o (_1)n s 1
£ L LY gl IC.(D]7
r (l{n m.), k) n=0 < ni g TroviTeTE
p'ZiN*Ry)s
R
[ eTHzl 2 e -waz
ReZ>0 .
11 @en” 2 gh ( (n;+n ),u)C [(T+r_ A) ]
t20 = y 6,1 p 2 2 P
1 1
2.-172

Replacing W by Q72

following

Theorem 7.2: Let S ,S and r_ be as before. If 22._122 "
~1°<2 p ~1~2 =1
the density of rp is given by
. ny 1,72{n1*my) 7 pny-1
(7.12) C-e” %4 |T+r_A r
~ ~ pT ‘ p
°  GpD GO, s n
1] 2 LIS
| !
k=0 k'(—{n +p+1)) (2 p) n=0 v § <V
s 1o w1 , -1 -1
t! =(n,+n C I+r_ "7 ,
t§o'§ (th E 85, (z(n1*1p)) C [(T+r "))

random",

28

Q and making use of (2.29) we finally obtain the

then



where (I+r;15)7= diag(1+rélk -IA

roots of §1§£1Q'Y'= %{nl-p-l) and C is as in (7.7).

For n=t=0 and Q=0, (7.12) reduces to (16) of Khatri [19].

29

1,...,l+rp p), Al,...,xp-are the latent
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CHAPTER II
ROBUSTNESS STUDIES OF TESTS

IN MULTIVARIATE ANALYSIS

1. Introduction

Consider a pr matrix variate U and a prz matrix variate V,
p < f and p < f2’ where the columns are aill 1ndependent1y normally
distributed w1th .covariance matrix Zl and 22 respectlvely, while
E(U} = M and E(V) = 0. It is well known that the density of

§1 = UU' is a non-central Wishart W(p,f Q) where Q = %-MM'~11
and §2 VV' is a central Wishart W(p,f O), where'§1 and §2 are
independently distributed. Under the assumption that
1 1
N2 I 0 one g . o .
LyLyokny te Mrandon™ O PilTai [31,32] has ohtained the inint denciti of
[ T YN IS TY | pvisid o .- s b ul‘ [n NilFe ' P heve Foatam -
et b SEX
1 1 .
L -tre; 2 1, m 7V
(1.1)  C(pymn)e” "~y [RITILR] © 1 (rj-ry)
1>J -
o (—-v)
Y z £C {AR(I+AR) F,
k=0 « P

where Fp denotes the function of matrix arguments of order p defined"

by
. a 6CG(-;\‘IA"I)L’“(Q)
(1.2)  F = < A T
d=0 § (i-fl)sca(;)cacg)

1R
-

o
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1

2P 1 ,

- ™ F(§{2m+2n+p+1+2))

(1.3) C(p,m,n) = —— L —,
I T (3(2m+i+1))T(F(2+i+1))T (5 D)}

=1

u‘ =3

i
meLf po1).n=LEpo1), ve £4E, A >0, A= diag(h )
2 1P ’- 2 2P s 17 72? s D 1:--~»p»
o -1 ;.
Al,...,kp belng:the latent roots of §1§2 and R = d;ag(rl,...,rp),

0 < r1

<...< FT_< =,

The meaning of other symbols in (1.1}, (1.2) and (1.3) are cbvious
from Chapter I.

Let us consider the following two hypotheses:

(A) HO: §1 = §2 or equivalently HO£ A. =1, 1i=1,...,p, against

Hito A, > 1, E A > P
i=1

]
™
n
™

I (unknown) against

(B) Hy: @=20 glven §1 z,

1}
e
il

Hi: @4 0 given I

1 I (unknown).

1 ~2
Some studies on the tests of these hypotheses have been carried out
by Pillai Hl”llely:H‘thldlﬁlnr |37} for p = 2 lnlﬂ(ﬁl on {}u‘ powers of four
criteria: |

L) Roy*'s largest root rp,

p -
2)  Wilks' criterion WP = 1 (1+r)7h,
o i=1
3) The criterion U(p) = § r., a constant times Hotelling's TS and
: . i=1
4) Pillai'§>criterion V(p) = g {ri/(1+ri)}.
: i=1 ' ,

For p = 2 and 3, Pillai and Dotson [35] have studiedbthe powers of
individual éharacteristic roots for test of (B) and Pillai and

Al-Ani [33] for test of (A).
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In this cﬁapfer.an attempt is made to study the robustness of
the above foﬁr criteria for test of (A) when thé assumpﬁidn of
normality is violated and of (B)_wﬁen that of common C§variance
matrix is disturbed. This is achieved by the use of density (1.1).

In the next sections, we first derive the exact non-central
distributions:of these criteria for p = 2 based on (1.1) and then
compute lower tail probabilities of W(p) and upper tail probabilities
of the other criteria in view of tests of (A) and (B). A few

inferences are drawn on the basis of the tabulations.

(2)

2. Non-Central Distribution of U

For obtaining the exact non-central c.d.f. of U(Z), let us use

(1.1) putting A =1 and p = 2. Then r, and r, are jointly distributed

1
as
Y '%‘fi v 1
(2.1)  C(2,m,n)e (A1) I LG K
k=0 «
-(rlrzjmj(l+ri)(1+r2)]-q(r2-r1)CK rl/(1+r1) ’ -F2,

0 r2/(1+r2)
where q = m+n+3 and inis obtained from (1.2) with p = 2. However, we

also know that for any positive definite matrix 52

of order 2, the

‘following relation holds:

(2.2) c(A)= Y b (r,s)alas,
| K ~2 ri2s=k 172

‘where a; and_az,are respectively the first and the second elementary
symmetric functiqns_in the latent roots of A2 and bK(r,s) is easily
obtained from formula (2.4) of Chapter I and from the table of

James [17].
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The values of the coefficients bK(r,s) up to k = 6 are tabulated in
the Appendix A.

Now let us-take X = —'r1 + T, and y = T, We have the
rJacobian (rz-rl)._-1 and the range of y is from 0 to x2/4. Uﬁon

substitution, (2.1) gives the term in the‘joint density of x and y

corresponding to partition k of k

S T pog hymestr-i
(2.3) 1 b(rs) I ()2 X
r+2s=k i=0 (L+x+y

)q+r+s )

If in {2.3) we integrate y out, ihen we have the integral of the form

x“/4 xi m+j
hy (0 = [ ey,
»Js 0 (lex+y)

where j = s+r-i and 2 = r+s.

However, it is easy to check that the‘following relation holds:

Riioe T Ric1,5,0-1 7 Pica,y,e T Picn,gel,e

so that the density function of U(Z) is expressible in terms of the

integral of the form
x2/4 m+a
ho b =/

dy, q = men+3,
0 (1+x+y)q+b

The c.d.f. of U(Z) then is expressible in terms of incomplete beta

functions of fhé_form
(2.4) B, (u) = (n+b-a+1)"'{2B (2(m+a+l), 2(n+b-a+1)+1)

.- (1+u)a-n-b-;Bz(m+a+1,n+b-a+2)}3

where w = u/(2+u) and z = w2.
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Note that thisltyPe of integration also appears in the work of
Pillai and Jayachandran [37] but there is an omission of a factor

2 in the last beta functlon there and the. notation would be clearer
there if j is replaced by j + 3. o :

The term in the_c.d.f.%of U(z) corresponding to paftitibn k of k may
be written as.

3 b e Py,

-T+2s=k

where
. (2y .2
) L UMY xT/4 i ome] .
L (2), T -i 7 :
2.5 o Py =y Gt (AR - dy dx,
. i=0 D 0 (Lexsy) T*H

with‘q = m+n+3,'j = r+s-i, £ = r+s and the double integrals in (2.5)
" is expressible'iﬁ terms of incomplete beta functions of the form (2.4).

Using the above we state the following theorem:

Theorem 2,1: Let §1(pxp) and §2(pxp) be independently distributed

where S. is distributed W(p,f1 Q) and S having W(p, §2,Q). If

: . o : 1 1
THL by wlh,l, then, under the dqqumptnon T? 12? “Mrandom', the
cxact non- untmi distribution of ( ) Is given by |
o 1
| - (wywiy) 75
(2.6) C(Z,m,n) e (A1)
G— v)

4 @, .
< b (r,s)H_ _(U"")-F,,
| kZO r+2§=k ® rs 2

L%

where AI’AZ are the latent roots of 21221, Wy,W, are those of Q,

2

+f., F, is as in (1.2)

bK(r,s) are cohstants discussed above, v = f] 5 5

and Hrs(u(z))_as in (2.5).
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It can be seen frém (2.6) that the distribution of.ﬂ(z) depends
on the availability of:expansion of the zonal polynomigls. The
expansion up td order six is given below, derived ffom-(2.6) using
tables of zbnaljpolynomials fouﬁd in‘James [171, the tables of
constants s preparea by Constantine [ 4] and Pillai gnd Jouris [39].
Note here,.thét_in obtaining this expansion, first Qe have to rgplace
the Laguerre polynomial LY(Q) by the zonal polynomial uéing formula
(2.30) of Chapter I and then carry out the computatlons " Stating
the result, the c.d. £. of U( ) may be written as

. 6 1
2.1  Fu®)-c ¥ § (it D, .H, (U(Z)),
j=0 i=0 Ji]
where HiJ(U( )) is as described in (2.4),

1
-(w +w2) _i'f

(2.8)  C = C(2,m,n)e O 41

and the coefficients Dij's are given in the appendix B.

3. Non-Central Distribution of V(z)

fet 1= AR ' in (1.1). then the joint Jdeidzlly ol

ll,zz,.o.,ﬂp, O.< 21 <i..< Rp <. 1 is given by
-trQ 1 5 £ o o
(3.1)  C(p,m,n)e | 24 |2 Y™ L™ 1 os,-2.)
~ ~ b TN T
i>j
E X (—-v)
; £¢c (L).F.,
k=0 « K= P

where L = diag(ll,...,zp) and the meaning of other symbols arc as

. ]
hefore. The Pillai's criterion V(p) is now defined by V(p)= & 2
. 14
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For the case p = 2, V(Z) = 22, and 21 and L, are jointly
distributed as (taking:i = 1) _
() < £

(3.2) C(2,m,n) e ‘ (AIAZ)

© (—2- V) : ') 0

: m n 1
e v €L P M SIS L e BT IS L S A o} o o |-Far
k=0 « . \ 2
Now, let x = V(z) = 21+£2 and y = 1122. Then from (3.2) we

have the term in the joint density of x and y corresponding to

partition « of k

(3.3) 22 k~bK(r,s) xrym+s(l-x+y)n.
T+25=

Integraping y out first and then x, (3.3) gives the term corresponding
to partition « of k in the c.d.f. of V(z) as

' ; (2)
f+2§=k»bK(r,5) F. (V7))

) .
f xnymt: “__vxfy)"lly dx,
0 )

The integral in (3.2) is expressible in terms of incomplete beta
functions if we carry out the computation by integration by parts.
For 0 < V(z) <1,

2r+1

(2, _
(3.5)  F (V7)) =

n ] :
i ] . .
m+s+1 iZO (-1 Rti(a+41+2,b—41-2),

and for 1 < V(z) < 2,
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(2) r+1 n
(3.6) F__(V-7).= iﬁlﬁﬁr 120 -1, iBo. 5(a+41+2,b-4;f2)
2r+1 m+s
+ 2 -1)%p, [B (a,b)-B, c(a,b)],
where v = %—V(Z),’ = 2m+2s-2i+r+l, b = 2n¥2i+3,
i
R. = T {(n+1-j)/(m+s+1+j)}, R, =1
i 0
j=1
i
and P, = T {(m+s+1-3)/(n+1+j) }, Py = L.

—.
[

In view of the above, we state the following:

. 1 1
_ 2.-1.72 . . (2)
Theorem 3.1: Let Sl, S, and 2122 §1 be as in Theorem 2.1 and V

be as defined above. Then the exact non-central distribution of V(z)

is expressible in terms of incomplete beta functions and is given by
1
- (wy ) 5 f

L 1
(3.7) C(z,m,p) e 50y

-1
R ) .
R PRt
[T rids=h

(2)

1,

where the meaﬁing of all symbols are as before and FrS(V(ZJ) is as
in (3.5) and (3.6).
Upon expanding the series in (3.7) up to the sixth order and
combining.the like terms, we obtain the c.d.f. of v(?) in the form
@ ¢ @
(3.8) F(V'“) = C. ). E;:Fao(V ),
- i+2j=k=0 9 1]

where in the summation, only integral solutions (i,j) of i + 2j = k

are taken, C is as in (2.8), Fij(v(z)) as described,in_(S.S) and (3.6)
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and the coefficients Eij's.are given below:

E. =1 ' E.. = A.. - 4A

00 . | 01 = "22 21

Elo=h1 En A 1285

Exo = 3Ay Ep1 = 3hyy - 1208,

Bso = *Rs1 B3y = Shgp - 280Ag,

E,p = 354, By = 35A, - 1260

Bgg = 63h5; Bop = Mgz = Agp + 48Ry

Egp = 251A, B, = Agg - 12A, + 240A )

Byp = 3Agg - 120A5, + 1680A, and Ejy = Ag, ~ AAg, + 48A . - 320A6i,

where the Aij's are given in the appendix B.

4. Non-Central Distribution of W(Z)

Using zi and 22 defined in Section 3, the Wilks' criterion W(z)

is given by W(z)

= (1-21) (1—22). As in the previous sections, to
obtain the c.d;f.fof W(Z), we shall use the joint density of x = W(2)=
(l—ll) (1-225 aﬁd‘y = 2122. The Jacobian of»this transfbrmation is
(o)_qi)"] and the range of y is from 0 to (1—/;32. After méking

substitutions in (3.2), we will have the term corresponds to parti-

tien « of k in the form

(4.1) PRI Xy (1-xey)
r+2s8=

Integrating y out first and then x, (4.1) reduces to

. f (2)
f+2§=k b _(r,s) G (W),

~ where

2

n_m+s

(2) }1-/§) .
xy" T(l-x+y)" dy dx,

W
: (2), _
(4.2) 6 (W) = g !
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which is expressible in terms of incomplete beta function as

T i r-i+l

4.3 ¢ Wy = iZO (—1—)1“3—571-—.Qis'z-(zn+g,zm+zs.+r’+i+3)‘,
i T N1/

where Q; = T {(r+1-7)/(m+s+1+j)}, Qb = 1land z = (W(Z))I/Z.
j=1 |

Note that (4.3) is obtained easily from (4{2)'by integration by

parts. Now we have the following:
| 1

Theorem 4.1: Let Sl, 82 and Z 22
W(z)_be as defined above. Then the exact nonncentral c.dﬁfb of

ey

1
-1 2 '
L be as in Theorem 2.1, and

is expressible in terms of incomplete beta function and is

given by

: | - (W) ‘%'fi
(4.4) C(2,m,n) e (Alkz)

(2) =
r+2§=k b (r,s)G_ (W ).Fz,

LT

k=0

K
where the meéniﬁg of all symbols are as before and Grq(w(z)) is as in

(4. 5.

The c.d.f. of W(2) using up to k = 6 is given by

oy 6
.5y  rwPy=-c 3 G.. w3y,
s 1J ij
1+2j=k=0 :
where C and Eijfs are as in Section 3 and Gij(w(z))'is'as defined in

(4.2).

Remarks: 1. The c.d.f. of W(Z) has also been obtained in Chapter I,
Section €. Comparing with the one obtained there, the c.d.f. in (4.4)

is much simpler and more convenient for numerical calculations.
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2. Ifw, =w, =0, the distributions (2.7), (3.8) and (4.5)

reduce to the results of Pillai and Jayachéndran [38].

5. Non-Central Distribution of the Largest or Smallest Root
To ‘obtain the distribution of the largest root 22 we will start

from the joint‘density of &, and lé, 0 <2, < 25 < 1, which is

described in (3.2). Considering only the expression containing 21

and 22, then from (3.2) we have the term correspondihg to partition

k of k

1

) . . T n .
5.0 ] brs) L O L DM M,k 08,
r+2§=k ) tZo t 120' ifm2v T M

where h=m+r+s-t and q=m+i+s+t. Integrating 2 out from 0 < &, < %

1 1 2°

we easily obtain the density of the largest root lz'in:the form

L

- (w, +w > £

)
172
(5.2) C(Z,m,n)e (AIAZ)

1
o (.é.v)K .

tor 0 ~ &, < 1 and zero otherwise, where

(5.3) SR in 131-1,P n
3 p () = tzO(t)“EO(-l) (Dia(a+1)} 2 (1-2)",

‘where a=m+i+l+s+t and b=2(m+s+1)+r+i.
To get the c.d.f. of tﬁe largest root, we integrate (5.2) with respect
to 22. From (5.3) we have after integration
S f v in ol
(5.4) P_(&) = tgo(t)izo(_l) () {a(a+1)} Bzz(b+1,n+1),

where Bx(p,q) is the incomplete beta function. From the above we have
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1

-1
2 2 - »
and lp be the.largest root of_§1(§1+§2)_1. Then the non-central

- N~

Theorem 5.1: Let- S,,S, and I)Z be as stated in Theorem 2.1

distribution of 2é is expressible in terms of incqmplete beta

“function and-has the form
+w2) '—l-f

-(w 2 N
(Allz)

(5.5) c(2,mn)e 1!

1
@ (E-v)

. L ) b (r,8).P_(2,).F),

r+2s=k

where Prs(lzj is as stated in (5.4) and the other symbols

953
b=
o

interpreted as before.
Again; expanding the series up to the sixth order we have the
c.d.f. of lzlasufollows:
6

(5.6)  F(ap =c. ¥ E; P

(25,
- i+2j=k=0

J

where C and Eij's are as in Section 3 and Pii(gz) is as described in

the method cmployed by Pillai [27], it is possible to express the
density of 2, in terms of hypergeometric series. However, the expres-
sion (5.2) above seems preferable especially for computational purposes.

Using similar approach as above we can obtain the following:
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Theorem 5.2: . Under the assumptions of theorem 5.1, the non-central
c.d.f. of smallest root 2 is given by

de

- (wy+w,) 2 11
2)

(5.7) C(Z,m;n)e (Alx

(—-v)

L b (r,8)Q (%) .F,,

r+2s=k

Il o~18

1%

k=0

where the'meaning of the symbols are as before, and
T or g | iq, .. -1 -1
(5.8) Qg (1)) = tZo(t)i=0(-1) (D (it i) T8y (2,0),

where a=m+r+s+l, b=2n+i+3 and q=msr+s-t.
Its expansibh up to the sixth order for the c.d.f. of 21 is

. 6
(5.9) F(1)) = c-i+2j§k=o E;5Q ()

It may be pointed out here that (5.7) can not be obtained from (5.5)

by transformations. However, if Wy =W, = 0 and Al = Az =1, i.e.

in the central ‘case, we can obtain (5.7) from (5.5) by performing
transformation 22 - (1—21) and m <+ n as was done in‘the work of

Pillai [27].

6. Non-Central Distribution of U(Z), V(z), W(Z)'and

Individual Latent Roots for Test of Independence

Methods similar to those used in the previous sections can be

employed to obtain the non-central distribution of U(z) V(z) Wcz)

I >

2 and 21 for testing the hypothesis:
(C) independence between a p-set and a gq-set of variates in a

(p+q)—variate‘norma1 population. Let the columns of (é) be v
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independent normal (p+q)-variates, p <49 p+q<v, with zero

means and covariance matrix
Z;p(pxp)  Z,,(pxq)

§i2(qXP) Z,,(axq)

If R = diag(rl,...,rp), rf,rg,...,r;, are the latent roots of

-1 -1 2 2

)_SYV(.!YV) !3' (KK') and E = diag(pl,.--,pp), pi: pzs--*:D;: are the

: -1 oy -1 . . .
latent roots of,§12§22 §12§11, then the joint density function of

2 2 . -
rf,rz,...,r; is given by Constantine [ 3], James [17] in the form

] |
L -V
6.1)  cpomm)|1-P%)? |R®|™|1-R%|™ 1 (r2-r?)
~ S L. j
i>j
ol 1 1.2 2 . 2.
PG v 7 Vi 3 £15 BT, RY), 0 < 1) SeeesTp <L

where fI g, m = %{q-p—l), n = %{v—q-p-l) and C(p,m,n) is as stated

in (1.3). Startihg from (6.1) we can obtain the c.d.f.'s of U(z), V(z),

W(z); rg and rf (U(Z)’ V(z), w(2) are as defined in Section 1 but the
ri's must be»reﬁlgced by ri's). However, since the‘éxpressions of the
di#tributions'up'to the order six have been obtained by Pillai and
Jayachandran [37] and Pillai and Al-Ani [33], only genéral form of

thé distributions are stated here for the completion of the discussion.

WD @ @ 2

The results, for » T, and rf are respectively:

(2, _ 4. (2),
{(6.2) F(U*"7) = Q. b (r,s)H U ),
R Q r+2§=k (FaS)H

6.3  FvPDy-q ] b @er @),

r+2s=k
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6.9 FwPy-q I b6 0,
' © r+2s=k :

(6.5) F(r3)

.2
. p b (r,s) P_ (r,),
A r+2§=k : xs2”

and finally

e I b (r,s) Q. 0],

6.6) F(rf)
' r+2s=k

where

(g v ¢ @h

(6.7) Q=C--
k

3

it t~178

L =1
) 0« k!(fitl)xck(iﬁ
2 . 2% 2 . . .
P™ = dlag(pl,pz) and the meaning of the other symbols are as in

the previous sections.

7. Numerical Study of Robustness Based on Four Criteria

Let us now uée the distributions obtained in the;previous éections
to study the‘robéstness,of the tests concerning the th hypbtheses
stated CHrlicf;uhﬁme]y; |
(A) cqunlily”nf_@ovufiunce matrices in two p—vufjutc.Jnnmml
pepulations,éhd
(B) equaiity df-p-dimensional mean vector in & p-variate normal
populations having a common covariance ﬁatrix.

For this purpose, some numerical values of upper tail pfobabilities of
U(z), V(z) and the largest root T, and‘lower tail prpbabilities of
w(2) have beéﬁ.cglculated. In these calculationsg,tﬂe upper/lowef

5 per cent points of the respective criteria under the null hypotheses

of (A) and (B).have been used'and were taken from the tab1es pfepared
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by Pillai and Jayachandran [37] and Pillai and A1-Ahi:[33]. ‘All
computations Qére carried out on the CDC_6500 Cohﬁuter-at the
Purdue Univefsiéy Computing Cenfer;
For varioﬁs‘values of Wis W, (i.eQ;the.iatent rodté of @ for
p = 2) and Al, }2'(i.e; the latent roots of §1§51 for p = 2) these
upper/lower tail probabilities are tabulated using different values
of m = (nl—p41)/2 and n = (nz-p-l)/z._ Table II (1) presents those
probabilities fér m = 0 and Table II (2) for m = 2. In:both cases
the values of n-¥ 5, 15 and 40. In both tables the bowefs of the
test of (A) ééSuming Q= Q'énd those of the test of (Bj assuming
gi = L, are alsd'presented.v
From the tabulations it appears that
1) For hypothesis (A), the powers of tests based oﬁ ail four
criteria shqw considerable change even for smal;'deviations
of (wl,wz)_frém.(0,0). The changes of powers beéOme.larger for
bigger deviatiéns of (w;,w,). This probably is_iﬁdiéative thét
the fests are not robust against non-normality.
2y bor hypolheﬁiﬁ (B), the powers of tests based oh.all four criteria
show modest cﬁangeé for small deviations of (Al,xz).from (1,1)
but changeé.becoﬁebpronounced as (Al,kz) deviafe more from (1,1).
3) Tabulations db not reveal any advantage of one test statistic over
the others in regard to either hypothesis from the point of view
of robustness. Itﬁis likeiy_that tabulations for 1érger deviations
may bring more light on this problem.
It may be pointed out thét'It@ [15] and Ito aﬁd‘S§hull [16] have

also studied'similar cases but their results are based on the large sample



theory. The results obtained here are of an exact nature except

for some of the assumptions made in the model.
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Table II (1)

" Upper/lower tail probabilities of four'criteria

47

%= 0.05, m=
. ' ‘ Largest
: (2) - (2) (2) .
w1 w2 _ Al | KZ | U Vv w \ RoQt
» m=0,n=5

0 0.001 1  1.001 0.050106 ~ 0.05011Z 0.050109  0.050100
g 0.050079  0.050084 0.050082  0.050073
0.050026  0.050028  0.050027  0.050026
1 1.01  0.050823  0.050869 0.050852  0.050769
0.050795  0.050840 0.050824  0.050744
1.001 1.009 0.050823  0.050869 0.058516  0.050768
0.050796  0.050841 0.050824  0.050743
1.005 1.015 0.051625  0.051717 0.051682  0.051515
- 0.051598  0.051688 0.051654  0.051490
1.025 1.025 0.054066  0.054301 0.054213  0.053783
0.054038  0.054272 0.054184  0.053757
1 1.05 0.054085  0.054280 0.054217  0.053821
- 0.054057  0.054250 0.054188  0.053795
] 1.1 0.058328  0.058646 0.058571  0.057811

0.058298  0.058614  0.058538  0.05778

1.05 1.25  0.0767 0.0776 0.0774 0.0749

0.0766 0.0775 0.0774 0.0749

1 1.3 0.0770 0.0771 0.0774 0.0756

‘ 0.0769 0.0771 0.0774 0.0755

z

Entries in 2nd row denote powers of the test HO:

Entries in 3rd row denote powers of the test HO:

1

Q=0 assuming §1=§

=§2»assuming'9=Q

2
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-4‘8

0.0885

0.0883

- — Largest -
- (2) (2) (2)
1 W, 1 lz 0] \Y | W | Root
' ' m=0,n=15
0 0.001 1. - 1.001 0.050133 ~ 0.050134 0.050134  0.050121
2 0.050099 ~  0.050100 0.050100  0.050093
0.050033  0.050033 0.050033  0.050027
1 1.01 0.051035  0.051043 0.051041  0.050967
0.051001  0.051009 0.051007  0.050935
1.001 1.009 0.051034  0.051043 0.051041  0.050966
L 0.051001  0.051009° 0.051007  0.050934
1.005 1.015 0.052045  0.052063 0.052058  0.051912
- 0.052011  0.052028 0.052023  0.051880
-1.025 1.025 0.055132  0.055179  0.055165:  0.054795
R 0.055096  0.055143  0.055130  0.054762
1 1.05 0.055162  0.055190 0.055187  0.054858
0.055127  0.055154 0.055151  0.054825
1 1.1 0.060585  0.060604 0.060615  0.060013
| 0.060546 ~ 0.060565  0.06058C  0.05998
1.05 1.25 0.0844 0.0844 0.0845 0.0824
B 0.0843 0.0844 0.0844 0.0824
1 1.3 0.0849 0.0845 0.0847 0.0835
© 0.0848 0.0845 0.0847 0.0835
_ _ m=0,n=40"
0 0.001 1 1.001" 0.050145  0.050145 0.050145  0.050132
0.050108  0.050109 0.050109  0.050102
0.050036  0.050036 0.050036  0.050029
. 1,01 0,051131 0.051132  0.051132  0.0510063
0.051094  0.051095  0.051095  0.051028
1,061 1.009 0.051130  0.051131 0.051131  0.051062
, 0.051093  0.051095 0.051094  0.051027
1.005 1.015 0.052235  0.052238 0.052237  0.052104
- 0.052198  0.052201 0.052200  0.052069
1.025 1.025 0.055617  0.055625 0.055623  0.055285
, 0.055577  0.055586 0.055584  0.055248
1 1.05 0.055652  0.055652 0.055654  0.055361
0.055613  0.055613 0.055615  0.055324
1 1.1  0.061617  0.061601 0.061613  0.061087
: 0.061574  0.061558 0.061571  0.06105
1.05 1.25 0.0880 0.0879 0.0879 0.0861
0.0879 0.0878 0.0878 0.0861
1 1.3 0.0885 0.0883 0.0883 0.0874
0.0882 0.0874



49

Table II (1), cont.

Largest

v | owy L A, u(? v ’ w® Root
_ g m=0,n=5 : o

.0 0.01 1 1.001 0.050344 0.050364 0.050356°  0.050322
: : 0.050079 - 0.050084 0.050082  0.050073
o 0.050264 1 0.050280 0.050274 0.050248
1 1.01 0.051064 0.051123 0.051101 0.050993
1.001 1.009 0.051064 0.051124 0.051101 0.050993
-1.005 1.015 0.051868 0.051975 0.051935 0.051742
1.025 1.025 0.054319 0.054569 . 0.054475 0.054018
1 1.05 0.054338 0.054547 0.054479 0.054056
1 1.1 . 0.058596 0.058930 0.058849 0.058060

1.05  1.25 0.0770 0.0774 0.0778 0.0752

1 1.3 0.0773 0.0775 0.0778 0.0759

' m=0,n-=15 '

¢ 0.01 1 1.001 0.050432 0.05043%6 0.050435 " 0.050401
L 0.050099 0.050100 0.050100  0.050093
0.050332 0.050335 0.050334 0.050307
1 1.01 0.051338 0.051349 - 0.051346 0.051251
©1.001 1.009  0.051338 (¢.051349 0.051346 0.051250
1.005 1.015 0.052353 0.052373 0.052367 0.052200
1.025 1.025 0.055453 0.055503 0.055489 '0.055095
1 1.05 0.055483 0.055514 0.055510 0.055158
1 1.1 0.060928 = 0.060951 0.060965 0.060333

1.05 1.25 0.0848 0.0848 0.0849 0.0828

1 1.3 0.0853 0.0850 - 0.0852 0.0839

. m=0, n=40 o

0 0.01 1 1.001 '0.050472 0.050473 0.050472 0.050440
: ’ 0.050108 0.050109 0.050109 0.050102
0.050363 0.050363 0.050363 S 0.050337
l 1.01 0.051462 0.051464 0.051464 0.0513706
1.001 1.009 0.051462 0.051463 0.051463 0.051374
1.005 1.015 0.052572 0.052575 0f052574 0.052421
1.025 1,025 0.055969 0.055978 0.055975 0.055616
1 1.05 0.056004 0.056005 0.056007 - .0.055693
.1 1.1 0.061995 0.061980 0.061993 0.061442

-1.05  1.25 0.0884 0.0884 0.0884 0.0866

1 1.3 0.0890 0 0.0888. 0

.088§

.0879



Table II (1); cont.

50

' -", " Largest
(2) v(2) (2)
Wy w, 1 AZ U~ | vV ,W: _ Root
m=0,n=5 |
0.001 0.009 1 1.001 0.05036 0.05038 0.05033 0.05035
‘ ' 0.050079 0.05008 0.05008 0.05007
: 0.05028 0.05029 0.05025 0.05027
1 1.01 0.05108 0.05114 0.05108 0.05102
1,001 1.009 0.05108 0.05114 0.05108 0.05102
"1.005 1.015 0.05189 0.05199 0.05191 0.05177
.1.025 1.025 0.0543 0.0546 0.0545 0.0540
1 1.05 0.0543 0.0546 - 0.0545 0.0541
1 1.1 0.0586 0.0589 0.05838 0.0581
1,05 1.25 0.077 0.078 0.078 0.075
1 1.3 0.077 0.077 0.078 0.076
m=0,n-=15 ' '
0.001 0.009 1 1.001 0.05045 0.05045 0.05040 0.05042
0.05010 0.05010 0.05010 0.05009
_ 0.05035 - 0.05035 0.05030 0.05033
1 - 1.01 0.05135 0.05136 0.05132 0.05127
1.001 1.009 0.05135 0.05136 0.05132 . 0.05127
1.005 1.015 0.05236 0.05238 0,05234 0.05222
1.025 1.025 0.0555 0.0555 0.0555 . 0.0551
1 - 1.05 0.0555 0.0555 0.0555 - 0.0552
1 1.1 0.0609 0.0610 0.0609 0.0603
1.05 1.25 0.085 0.085 0.085 - 0.083
1 1.3 0.085 0.085 0.085 0.084
m=20,n-=40 ' ;
0.001 0.009 1 1.001 0.05048 0.05048 0.05046 0.05044
: 0.05011 0.05011 0.05011 0.05010
: 0.05037 0.05037 0.05033 0.05035
1 1.01 0.05147 0.05147 0.05143 0.05139
1.001 1.009 0.05147 0.05147 0.05143 0.05139
'1.005 1.015 0.05258 0.05258 0.05254 0.05244
1.025 1.025 0.0560 0.0560 0.0560 0.0556
1 1.05 © 0.0560 0.0560 0.0560 0.0557
1 1.1 0.0620 0.0620 0.0620 0.0615
1.05 1.25 0.088 0.088 0.088 " 0.087
1 1.3 0.089 0.089 0.088

0.089



Table II (1), cont.

51

T Largest
(2) | (2) w(2)
1 2 Al Az ; U. ! v L Root
S m=0, n= 5 : .
0o 0.1 1. 1.001 0.052750  0.052897 0.052844  0.052567
| 0.050079  0.050084  0.050082  0.050073
0.052667  0.052809  0.052758 ~ 0.052490
1 1.01 0.053497  0.053686 0.053618  0.053262
©1.001 1.009 0.053497  0.053686 0.053617  0.053262
1.005 1.005 0.054332  0.054570 0.054483  0.054038
1.025 1.025 0.056874  0.057262 0.057120  0.056394
1 1.05 0.056883  0.057239 0.057124  0.056432
1 1.1 0.06131 0.06178  0.06166 0.06057
-1.05  1.25  0.081 0.081 0.081 0.080
1 1.3 0.081 0.081 0.081 0.080
m=0, n= 15 :.
0o 0.1 1 1.001 0.053462  0.053488 0.053482  0.053246
0.050099  0.050100 0.050100  0.050093
0.053357  0.053383 0.053377  0.053149
I~ 1.01 0.054408  0.054442 0.054434  0.054132
1.001 1.009 0.054408  0.054442  0.054433  0.054129
1.005 1.015 0.055467  0.055512 0.055500  0.055121
1.025 1.025 0.058703  0.058778 0.058757  0.058135
I 1.05 0.058733  0.058788 0.058779  0.058199
1 1.1 0.06440 0.06445  0.06446 0.06358
1.05 1.25 0.089 0.090 0.090 0.088
1 1.3 0.090 ~ 0.090 02090, 7 0.088
" Mmoo 0, n = 40 -
0 0.1 i 1.001 0.053785  0.053788  0.053788  0.053575
0.050108 ~ 0.050109  0.050109  0.050102
0.053670  0.053673  0.053673  0.053467
1 1.01  0.054821  0.054826 0.054826  0.054552
1.001 1.009 0.054821  0.054826 ~ 0.054825  0.054551
1,005 1.015 0.055983  0.055989  0.055988  0.055645
1.025° 1.025 0.059536  0.059548 0.059546  0.058980
1 1.05 0.059572  0.059575 0.059577  0.059058
1 1.1  0.06582 0.06581  0.06582 0.06504
- 1.05  1.25 0.093 10.094 0.094 0.092
1 1.3 0 0.094 0.094 10.092

.094




Table II (1), cont.

52

S :- Largest
v : | (2) 2y . (2)
1 W, 1 AZ U VY _ W Root
= m=0,n-=>5 ‘ . :
0. 0.5 ‘1" 1.001 0.063932 0.064464 0.064338 -0.063065
0.050079 0.050084 0.050082 0.050073
0.063836 0.064362 0.064237 0.062977
1 1.01 0.064803 0.065382 0.065241 0.063869
1.001 1.009 0.064802 0.065383  0.065241 0.063868
1.005 1.015 0.065775 0.06410 0.066251 0.064764
'1.025 1.025 0.06873 0.06954 0.06932 0.06748
1 1.05 0.06875 0.06951 0.06932 0.06752
1 1.1 0.0739 $6.0748 0.0746 0.0723
1.05 1.25 0.096 0.096 0.096 0.093
1 1.3 0.096 0.096 0.096 0.093
) m=0,n=15
0 0.5 1 1.001 0.067712 0.067744 0.067770 0.066757
K 0.050099 0.050100 0.050100 - . 0.050093
‘ 0.067588 0.067619 0.067644 0.066642
1  1.01 0.068839  0.068880 0.068904 _ 0.067804
"1.001 1.009 0.068839 0.068880 0.068903 0.067803
1.005 1.015 0.070099 0.070151 0.070172 0,068973
1.025 1.025 0.07394 0.07402 0.07404 0.07253
1 . 1.05 -0.07397 0.07403 0.07406 0.07259
1 1.1 0.0806 0.0807 0.0808 0.0789
1.05 1.25 0.109 0.110 0.110 0.107
1. 1.3 0.110 0.110 0.110° 0.107
- m=0, n= 40 L
0 0.5 1 1.001 0.069442 0.069415 0.069437 0.068559
' 0.050108 0.050109 0.050109 0.050102
_ 0.069304 0.069277 0.069299 0.068430
1 1.01 0.070688 0.070662 0.070683 0.069726
-1.001 1.008 -0.070687 0.070661 0.070683 0.069724
1.005 1.015 0.07208 0.07206. 0.07208 0.07103
1.025 1.025 0.07633 0.07631 0.07633 0.07500
1. 1.05 0.07637 0.07634 0.07636 0.07508
1 1.1 0.0838 0.0837 0.0838 0.0821
1.05 1.25 0.116 0.115 0.115 0.114
1 1.3 0.116 0.115 0. 0.114

115
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1.1

0.108

- ' ’  - Largest
A A U(z) V(z) l W(z) Root
1 2 ' b L 01

=0, n=5 - :

1 1.001 0.07899 : 0.07958 0.07967 0.07733
' 0.050079  0.050084  0.050082 0.050073
: 0.078873 0.079463 0.079538 0.077229

1. 1.01 0.08001 0.08066 0.08074 0.07828
1.001 1.009 0.08001 0.08066 0.08074 0.07828
1.005 1.02 0.08174 0.08247 0.08253 0.07986
1.025 1.025 0.0846 0.0855 0.0855 0.0825
1 - 1.05 0.0847 0.0855 0.0855 0.0826
1 1.1 0.091 0.091 0.091 0.088
=0, n= 15
1 1.001 0.08723 0.08706 0.08725 0.08554
0.050099 0.050100 0.050100 0.050093
0.087084 0.086913 0.087101 0.085403
1 1.01° 0.08859 0.08843 0.08862 0.08679
1.001 1.009 0.08859 0.08843 0.08861 0,08679 |
1.005 1.02 0.09086 0.09072 0.09090 0.08890 .
1.025 1.025 0.0947 0.0946 0.0948 0.0924
1 1.05 0.0947 0.0946 0.0948 0.0925
1 1.1 0.103 0.103 0.103 0.100
| =0, n =40 ., |
1. 1.001 0.09104 0.09088 . 0.09098 0.08958
0.050108 0.050109 0.050109 0.050102
: 0.090873 0.090717  0.090823 0.089426
1" 1.01 0.09255 0.09239 0.09249 0.09099
1.001 1.009 0.09255 0.09239 0.09249 0.09099

- 1.005 1.02 0.09508 0.0949 0.09502 0.09335

1.025 1.025 0.0994 0.0992 0.0993 0.0973

1 1.05 0.0994 0.0992 0.0993 0.0974

1 0.108 0.108 0.106
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' — Largest
A u(? v(2) w(?) Root
1 2 . ;
m=0,n=25 .
1 1,001 0.1124  0.1203  0.1164 0.1049
0.0501  0.0501 _ 0.0501 0.0501
0.1122  0.1201  0.1164 0.1048
1 1.01  0.1138  0.1217  0.1178 0.1062
1.001 1.009 0.1138  0.1217  0.1178 0.1062
1.005 1.02  0.116 - 0.124 0.120 0.108
1,025 1.025  0.120 0.128  0.124 0.112
1 1.05  0.120 0.128 0.124 0.112
1 1.1 0.128 0.138 0.132 ©0.119
m=0, n=15 o
1 1.001 0.1314  0.1341  0.1327 0.1214
' 0.0501  0.0501  0.0501 0.0501
0.1312  0.1339  0.1326 0.1213
1 1.01  0.1332  0.1359  0.1345 0.1231
1,001 1.009 0.1332  0.1359  0.1345 0.1231
'1.005 1.02  0.136 0.139 0.138 0.126
1.025 1.025 0.141 0.144  0.143 0.130
1 1.05  0.141 0.144 0.143 0.130
1 1.1 0.152 0.153  0.153 0.140
o m=0,n =40
1 1.001 0.1402  0.1412  0.1406 0.1295
- 0.0501  0.0501  0.0501 0.0501
0.1400  0.1409  0.1405 0.1293 -
1 - 1.01  0.1422  0.1432  0.1426 0.1314
1.001  1.009 0.1422  0.1432 = 0.1426 £ 0.1314 -
1,005 1.02  0.146 0.147 0.146 0.134
1.025 1.025 0.151 0.152 0.152 0.140
1 1.05  0.151 0.152 0.152 0.140
1 1.1 0.163 0.163 0.163 0.151
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Upper/iowef tail probabilities of

four criteria
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o= 0.05, m
— Largest
. (2) v (2) (2)
w1 W, Al A2 U : Vv W™ Root
m=2,n-=
0 0.001 1. 1.001 0.050109 0.050122  0.050118 0.050100
' 0.050095 0.050107  0.050103 0.050084
0.050014 0.050015 0.050015 0.050012
1 1.01  0.050970 0.05108%  0.051048 0.050862
' 0.050956 0.051074 ~ 0.051033 0.050850
1.001 1.009 0.050970  0.051090 0.051048 0.050861
: 0.050956 0.051075 0.051033 0.050849
1.005 1.015 0.051936 0.052179  0.052094 0.051713
0.051922 0.052163  0.052079  0.051701
1.025 1.025 0.054894 0.055526  0.055306 0.054310"
0.054879 0.055510  0.055290 0.054297
1 1.05 0.054915 0.055454 0.055287 0.054371
0.054901 0.055437  0.055271 0.054358
. (| 0.06012 0.06100 0. 06082 0.05904
' 0.060100  0.061036  0.060793 0.05901
1.05 1.25 0.084 0.087 0.085 - 0.080
0.084 0.087 0.085 0.080
1 1.3 0.085 0.086 0.085 0.081
0.084 0.086 0

Entries in 2nd

Entries in 3rd

row denote powers of the test H

02

row denote powers of the test HO:

1

.085

=0 assuming I

0.081

=§2 assuming Q=0

1
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.106

R Largest
) (2) (2) (2)
1 w, 1 Az _ U \'} W,‘. Root .
. m=2,n=15 I '
0 0.001 1.001" 0.050150 0.050153  0.050152 0.050137
' 0.050130 0.050134  0.050133 0.050115
0.050019 0.050019 0.050019 0.050017
1.01  0.051339 0.051368 0.051360 0.051192
0.051320 0.051349°  0.051341 0.051175
.001 1.009  0.051338 0.051369 0.051360 0.051191
- 0.051319 = 0.051349  0.051341 0.051174
.005 1.015 0.052677 0.052740  0.052722 0.052374
' 0.052658 0.052720  0.052702 0.052357
,025 1.025 0.056812 0.056880  0.056931 0.056005
0.056791 0.056958  0.056910 0.055987
1.05 0.056847 0.056949  0.056936 0.056129
0.056827 0.056928 0.056915 0.056111
1.1 0.06424 0.06433 0.06437 0.06287
0.064218 0.064302  0.064347 0.06284
.05 1.25 0.099 0.099 0,098 ° 0.094
0.099 0.099 0.098 0.094
1.3 0.100 0.099 0.098 - 0.096
0.100 0.098 -0.098 0.096
m=2’n=40 ’
0 0.001 1.001° 0.050171 0.050172 0.050171 0.050160
.0.050149 0.050150 0.050150 0.050134
0.050021 0.050021  0.050021 0.050019
.01 0.051530 0.051535  0.051534 0.051383
0.051508 0.051513  0.051512  0.051363
.001 1.009 0.051529 0.051535 0.051533 0.051381
: : 0.051507 0.051513  0.051511 0.051361
.005 1.015 0.053063 0.053074  0.053071 0.052754
o 0.053040 0.053052  0.053049 0.052734
1,025 1.025 0.057816 0.057850 0.057841 0.056983
0.057792 0.057826 0.057817 0.056962
1.05 0.057859 0.057859  0.057868 0.057152
0.057835 0.057835 0.057844 0.057130
1.1°  0.06643 0.06636 0.06641 0.06513
0.066400 0.066336 0.066388 0.06509
.05 1.25 0.107 0.107 0.106 0.102
0.107 0.107 0.106 " 0.102
1.3 0.108 0.107 0.106 0.105
0.108 0.107 0 0.105
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Largest

(2) (2) () .
1 w2 Ay Az U Vv W;- 1Root
m=2,n=5_ o
0 0.01 1 1.001 0.050231 0.050260 0.050250 0.050208
0.050095 0.050107 0;050103 0.050084
0.050136 0.050153 0.050147 0.050124
'1" 1.01 0.051094 0.051229 0.051183 0.050971
1.001" 1.009 0.051094 0.051230 0.051183 0.050970
1.Q05 1.015 0.052062 0.052321 £.05223%1 0.051824
1.025 1.025 0.055026 0,05567 0.055449 0.054426
1 1.05 0.055048 0.055603% 00055430 0.054487
1 1.1 0.06026 0.06122 0.06097 0.05916
1.05 1.25 0.084 0.087 0.086 G.080
1 1.3 0.085% 0.086 0.086 - 0.082
m=2,n=15 | . o
0 0.01 .1 1.001 - 0.050318 0.050326 0.050324 0.050287
: 0.050130 0.0501234 0.050133 0.050115
) 0.050187 0.050192 0.050190 0.050170
1 1.01 0.051510 0.051544 0.051535 0.051344
1.001 1.009 0.051510 0.051545 0.051535 0.051342
1.005 1.015 0.052853 0.052919 0.052900 0.052528
1.025 1.025 0.056998 0.057170 0;057120 0.056168
1 - 1.05 0.057033 0.057139 0.057125 0.056292
1. 1.1  0.06445 0.06454  0.06458  0.06305
1.05 1.25 0.099 0.099 0.099 0.094
1 1.3 0.099 0.099 0.099 0.097
| mo= 2, n =40 AR |
] .01 ] 1.001 0.050363 0.050365 0.050365 0.050333 -
- -0.050149 0.050150 0.050150 0,050134
0.050214 0.050214 0.050214 0.050199
1 , 1.01 0.051726 0.051732 0.051731 0.051559
1.061 1.009 0.051726 0.051732 0.051731 0.051557
1.005 1.015 0.053263 0.053276 = 0.053273 0.052933
1.025 1.025 0.058030 0.058065 0.058056 0.057173
1 1.05 0.058073 ‘0.058074 0h058083 0.057342
:;1- 1.1 0.06664 0.06660 0.06665 0.06534
1.05 1,25 0.107 0.107 0.106. 0.102
1 1.3 0.108 0.107 0.106 0.106
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_ '_F Lafgest
(2) (2) (2)
Wy W, AL AZ U v _ W:__ - Root
m=2,n-=25 )
0.001 0.009 1 1.001  .0.05036 0.05037 0.05035 - 0.05019
0.05010 0.05010 0.05010 0.05008
- 0.05026  0.05027  '0.05027 0.05008
1 1.01 0.0512  0.0513 0.0511 0.0511
1.001 1.009 0.0512  0.0513 0.0511 0.0511
1.005  1.015 0.0522 0.0524 0-.0522 0.0520 -
1.025 1.025 0.0551 0.0557 0.0554 0.0545
1 1.05 0.0551 0.0557 0.0554 0.0546
1 1.1 0.960 0.061 0.061 0.059
1.05  1.25 0.084 0.087 0.086 10.080
1 1.3 0.085 0.086 0.086 0.082
m=2, n=15 ‘
0.001 €¢.009 1 1.001 0.05042  0.05042 0.05041 0.05024
0.05013 0.05013  0.05013 0.05012
0.05029  0.05029 0.05029 0.05010
1. 1.01 0.0516 0.0516 0.0515 0.0515
1.001 1.009 0.0516 0.0516 0.0515. 0.0515
1.005 1.015 0.0529 0.0530 0.0528 0.0526
1.025 1.025 0.0571 0.0572 0.0571 0.0563
1 1.05° 0.0571 0.0572 0.0571 0.0564
1 - 1.1 0.0645 0.0646 0.0645 0.0631
1.05  1.25 0.099 0.099 0.098 0.094
1 1.3 0.099 0.099 0.098 0.097
m=2, n= 40 , )
0.001 0.009 1 1.001 0.05045  0.05045 0.05045 0.05027
: 0.05015 0.05015 0.05015 0.05013
0.05030  0.05030 0.05031 0.05012
1 1.01 0.0518 0.0518 0.0517 0.0516
1.001 1.009 0.0518 0.0518 0.0517° 0.0516
~1.005 1.015 0.0533  0.0534 0.0532 0.0530
1.025 1.025 0.0581 0.0581 0.0580 0.0573
1 1.05  0.0581 0.0581 0.0580 0.0574
1 1.1 0.0667 0.0667 0.0666 0.0654
1.05 1.25 0.107 0.107 0.106 0.102 -
1 1.3 0.108 0.107 0.106 0.106
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: ’ : Largest
(2) (2) (2)
wl ’ 1 AZ U AN W Root
m=2,n=25
0 0.1 1 1.001 0.051464 0.051644  0.051582 0.051299
0.050095 0.050107 0.050103 0.050084
0.051367 0.051534 0.051477 0.051213"
1 1.01 0.052345 0.052634  0.052535 0.052076
1.001 1.009 0.052344 0.052635 0.052535 0.052075
1.005 1.015 0.053332 0.053749  0.053606 0.052944
1.025 1.025 0.056356  0.05718 0.05689 0.05559
1 1.05 0.05638 0.05710 0.05687 0.05565
1 1.1 0.0616 0.0628 0.0625 0.0604
1.05 1.25 0.086 0.091 G.088 0.082
1 1.3 0.086 0.038 0.087 0.083
m=2,n =15
0 0.1 i 1.001 0.052022 £.052066 0.052054 0.051798
0.050130 0.050134 0.050133 0.050115
0.051887 0.051928 0.051917 0.051679
1. 1.01 0.053245 0.053317 0.053298 0.052881
1.001 1.009 0.053244 0.053317 0.053298 0.052879
1.005 1.015 0.054622 0.054728 0.054699 0.054092
-1.025 1.025 0.05887 0.05%09 0.05903 0.05782
1 1.05 0.05891  0.05906 0.05903 0.05794
1 1.1 0.0665 0.0663 0.0667 0.0648
.05 .25 0.102 0.102 0101 0.097 -
t 1.3 0.103 3.103 0.103 0.099
m =2, n= 40
0 0.1 1 1.001 0.052311 ©.052318  0.052317 0.052085
0.050149 0.0506150 0.050150 0.050134
0.052157 0.052164 0.052162 0.051947
1 1.01 0.053713 0.053725 0.053723 0.053343
1.001 1.009 0.053772 0.053725 0.053722 0.053341
1.005 1.015 0.055294 0.055313 0.053090 0.054754
1.025 1.025 0.06019 0.06024 0.06023 0.05910
1 . 1.05 0.06024 0.06024 0.06065 0.05927
1 1.1 0.0691 0.0690 0.0690 0.0675
1.05 1.25 G.111 0.110 0.110 0.105
1. 1.3 0.112 0.111 6.110 ©0.109 .
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' Largest
: . (2) (2) (2)
w, 1 A2 U Vv W Root
m=2,n-=>5
0.5 1 1.001. 0.057131 0.057902 0.057666 0.056342
0.050095 0.050107 0.050103 0.050084
0.057025 0.057782 0.057550 0.056249
1 1.01 0.058091 0.058985 0.058709 0.057182
1.001 1.009 0.058091 0.05893% $.058709 0.057181
1.005 1.015 0.059168 0.060205 .059880 0.058120- -
1,025 1.025 0.06246 0.06385 0.06345 0.06098
1 1.05 0.06248 0.06387 0.06347 0.06105
1 1.1 0.0683 0.67G1 0.06%6 0.0662
1.05 1.25 0.095 0.0%0 0.096 0.090
1 1.3 0.096 0.098 0.097 0.092
m=2, n=15
0.5 1 1.001 0.059%4% (.0660087 0.060074 0.058910
: 0.050130 0.050134 0.050133 - 0.050115
0.059800 0.059934 0.059921 0.058778
1 1.01 0.061313 0.061482 0.061461 0.060105
- 1.001 1.009 0.061312 0.061482 0.061461 0.060103
1.005 1.015 0.062847 0.063054 0.063023 0.061443
1.025 1.025 0.06757 0.06790 0.06784 0.06555
1 1.05 0.06761 0.06787 0.06784 . 0.06568
1 1.1 0.0760 0.0763 0.0763 0.0733
1.05 1.25 0.115 0.116 0.114 0.108
| 1.3 0.116 0.115 0.115 0.111
, m=2, n= 40
0.5 1 1.001 0.061426 0.061422 0.061437 0.060405
' 0.050149 0.050150 0.050150 0.050134
0.061252 0.061248 0.061262 0.060251
1 1.01 0.063006 0.063007 0.063021 0.061811
1.001 1.009 0.063006 0.063007 0.063021 0.061808
1.005 1.015 0.064786 0.064794 0.064807 0.063385
1.025 1.025 0.07032 0.07032 -0.07033 0.06823
1 1.05 0.07033 0.07033 0.07035 0.06841
1 1.1 0.082 0.0801 0.0802 0.0775
1.05 1.25 0.126 0.128 0.124 ©0.119
1 1.3 0.127 0.126 0.126 0.123
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. 095

. ; Largest
A A U(Z) V(z) W(Z) Root
1 2 .
m=2,n=5" v
1 1.001 0.06464 0.06596 0.06564 0.06309
- 0.05010 0.05011 0.05010 0.05008
_ 0.064523 0.065823 0.065504 0.06299
1 1.01 0.06570 0.06716 0.06680 0.06401
1.001 1.009 0.06570 0.06716 0.06680 0.06401
1.005 1.02 0.0675 0.0691 0.0688 0.0656
1.025 1.025 0.070% 0.0727 0.0721 0.0682
1 1.05 0.0706 0.0726 6.0721 0.0683
1 1.1 0.077 0.080 0.079 0.074
m=2, n=15 N
1 1.001 0.07067 0.07075 0.07084 0.06870
0.05013 0.05013 0.05013 0.05012
0.0670496 0.070579 0.070666 0.06855‘
1 1.01 0.07221 0.07233 0.07241 0.07004
1.001 1.009 0.07221 0.07233 0.07241 0.07004
1.005 1.02 0.0748 0.0750 0.0751 0.0723
1.025 1.025 0.0793 0.079¢% 0.0796 0.0762
-1 1.05 0.0793 0.0796 0.0796 0.0763
1 1.1 0.089 0.089 0.089 0.085
m= 2, n= 40 ‘
1 1.001 0.07387 0.07375 0.07384 0.07203
- 0.,05012 0.05015 0.05015 0.05013
0.073007 0.073556 0.073641 0.07185
1 1.01 0.07568 0.07556 0.07565 0.07362
1.001 1.009 0.07567 0.07556 0.07565 0.07362
1.065 1.02 0.0787 0.06786 - 0.0787 0.0763
1.025 1.025 0.0840 0.0839 0.0840 0.0809
1 1.05 0.084¢ 0.0839 0.0840 0.0809
1 1.1 0.095 0.095 0 0.091
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Largest

A A U(Z) V(z) W(?) Root
1 2 : -
m=2,n=>5 _
1 1.001 0.0809 0.0861 0.0840 0.0764
0.0501 0.0501 0.0501. 0.0501
0.0808 0.0858 0.0839 0.0763"
1 - 1.01 0.0822 0.0875 0.0854 0.0775
1.001 1.009 0.0822 0.0875 0.0854 0.0775
1.005 1.02 0.084 0.090 0.088 0.079
1.025 1.025 0.088 0.094 0.092 0.083
1 1.05 0.088 - 0.094 0.092 0.083
1 1.1 0.096 - 0.099 0.099 0.090
m=2,n-=15 o ‘
1 1.001 0.0947 0.0964 0.0957 0.0878
0.0501 0.0501 0.0501 0.0501
0.0944 0.0961 0.0961 0.0876
1 1.01 0.0966 0.0984 0.0976 - 0.0895
1.001 1.009 0.0966 0.0984 0.0976 0.0895
1.005 1.02 0.100 0.102 0.101 0.092
1.025 1.025 0.105 0.107 0.106 0.097
1 1.05 0.106 0.108 0.106 0.097
1. 1.1 0.117 0.117 0.117 0.108°
m=2,n= 40 : :
1 1.001 0.1021 0.1026 0.1023 0.0946
0.0501 0.0502 0.0502 0.0501
0.1018 0.1023 0.1021 0.0944
1 1.01 0.1044  0.1049 0.1046 0.0966
1.001 1.009 0.1044 0.1049 0.1046 0.0966
1.005 1.02 0.108 0.109 0.108 0.100
1.025 1.025 0.115 0.115 0.115 0.106
1 1.05 0.115 0.115 0.115 0.106
1 1.1 0.129 0.129 0.129 0

.118
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CHAPTER III
THE EXACT NULL DISTRIBUTION

OF HOTELLING'S TRACE

1. Introduction

Let the'matrices §l(pxp) and §z(pxp) be independently distributed

1

central Wishart W(p,ni,g,Q), i=1,2, and let ulP) - tr $,S.° (i.e. n

<1=2 2
times Hotelling's Tg). The exact null distribdtion of U(p) has been
studied by several authors. Hotelling [14] obtained»fhe:distribution
of Tg'for p=2:and Pillai and Chang [34] developed the distribution of
U(S) as a slowly convergent infinite series. Further, Pillai and |
Young [41], through inverse Laplace transform, obtained_the,null
distribution pf_U(S) for m=0(1)5 and of U(4) for m=0(152, where
m=(nl—p-1)/2. Constantine [ 4] obtained the densitybof.U(p) in a
series involving zonal polynomials which converges oﬁly:for
IU(p)I < 1. Davis [ 8] has shown that the density function of U(p)
satisfies an ordinary differential equation of order p wifh fegular”
singularities at U(p) =0,-1,-2,...,-p and ihfinity‘ahd_later he [ 9]
extended the series of Constantine [ 4] by analytic coﬁtinuation
using a system df linear differential equations. krishnaiah and
Chang [21] derived the Laplace transform of U(p) in terms of double

integrals and illustrated the derivation of the density for p=2 and

m=q.



. 64

In this chapter, the Pillai and Young appréach of the inverse
Laplace transform'has_been modified to'yield the deﬁsify and'distri-
bution functions of U(p2 for p=3 and p=4 in a much simpler formrthah
obtained before, and hold for all non-negative integefs m unlike iﬁ
the Pillai and Young approach where individual values of m were

considered.

2. Preliminaries

Let us assume that we have k variables'xl,...,xk and form the

product 1 (xiij). It can be shown that this product equals to the
i>j :

Vandermonde's determinant

xk xk Yk 1
(2.1)
xk—l k-2 1
1 X X

Next, let us consider the integral of the type

S k 1 k n ok
‘f exp[-t Z X, ] n {xi(l-xi)m} I (xi-xi) H-dxi,
i=1 iz : i 1 s

(2.2) ffﬂ

where n, m are >-1, t>0 independent of the x's and

B= {(Xl,---}xk)}loj_x] <r-+< x < x}. Expressing the product

I (xi—xj) by (2.1) and applying the properties of the determinant,
i>j o

(2.2) can now be written as:
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(2.3) U(x:rk,m;~-»;r1,m;t)

X t/x, . T X -t/x, 1, '
k k m k- "1 i
[e Xy (lka) dxk oo [ e xk,(l—xk)..dxk
0 . 0 o o
X X
2 -t/x, 7T, . 2 -t/x, r,
1 k. m 1 1 m
g e X, (l—xl) dx1 ce é e X, (lfxl)‘ dx1

where r, = n+i-1, i=1,2,...,k. The determinant in (2;3) will involve
integrals of the type

L]

X
(2.4)  ArmEe) = [ e Y pyTaen™ dy,
: 0

where F(y) is a function of y such that the integrai exists. - In our

case F(y) could be of the form

X

Yy -tx gy Ty m L2 tt/xpr
k- - m
(2.5) é e Xeoqp (I=x )7 dx °'£ e X, (1-x)) 7 dxy,

and in this case we will denote (2.4) by A(x':r,m;rk_l,m;---;rl,m;t).
Analogous results to those obtained by Pillai [26] will be antod
below with briet proofs only for the completeness of the argumnents.
Writing

xF(1-x)™ e—t/x into the form xr+m{(1-x)/x}me"t/xv

and performing the integration by parts by integrating xEm and

differentiating ((1-x)/x™ F(x)e-t/x we have

Lemma 2.1: A(x':r,m;F';t) = (r+m+1)_1[AO(x':r+1,m;F;t)

= A(x"ir+l,mpF ) -tA(x ir-1,mpFpt) +mA (X i,m-1;F3t) ],

where

- y=x'

AO(x':r+1,m;F;t) = yr+1(1—y)m F(y)e t/y |
' y=0

and mw=§mm
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Now, using (2.4) with F(y) in (2.5), it can bé‘Shown (by
interchanging the order of iﬁ%egration in the first term on the
left hand side) that

A(x':rz,m;rl,m;t)+A(x':rl,m;rz,m;t) = A(x':rl,m;t)A(Xf:rz,m;t)'

and in general we have

Lemma 2.2: If o is any permutation of (1,2,...,k) then
: k
0. . . . - P .
z A(x 'rc(k)’m"'°’ro(1)’m”t) ‘H A(x .rj,m,t),
o _ j=1 ,
where the summation is over all possible permutations.
Furthermore, if we let U(x:rﬂ,m;t';,.;ri,m',t')cl) to denote
the determinant'ih (2.3) when the indices of the ith row alone are
different from those of the other rows, where the indices of the.ith

TOW are r',m‘,t’;...;r',m',t', we have the following:
k 1 »

Lemma 2.3:

) (-1i-t U(x:rl'(,m',t';__,;r;'mv;tu)(i) -

1
- k-j Y R . . . ey . . .
= Zk(fl)_ A(x.rj,m 5t )U(x.rk,m,..,;rj+1,m,rj_l,m,...,rl,m,t).
Having these lemmas, we are now ready to evaluate the determinant

in (2.3) and we have the following theorem:

Theorem 2.1: 'The reduction formula teo evaluate the determinant (2.3)

is given by



(2.6) 'U(x:rk,m;;..;rl,m;t? = (rk+m+1)

where
T, +1
KON
k-1
s -2y
o1
0
N
Proof:

U(x:rk—l,m;rk_l,m;,.n

Ulx:r ,m—l;rkﬂl,m;.

=X .
(-n" ety T CeU(x:T,
y=0

(-1)k+J A(x:rk+rj+1,2m;2t)

-U(x:rknl,m;,..;rj+1,m;rjm1,m;.

;rl,m;t)

ag;r1,m;t)

Expand the determinant by the first column.

P
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LA0) g0 00, ()

.;rl;m;t)

.a;rl,m;t)

Integrate by

parts the term-involving the element from the ith row and first

column with fespect to x

k-i+1

obtained and then apply the above lemmas.

using Lemma (2.1). Add the results

Now, let us consider the determinant of the form

(2.7) D(n=qp,m;-..;q1,m;t)
I '/)i. ""l‘ 1 ~t/%
- o (1-x ’m dx ., f e
0 P p p 0
% --t/x.1 n+q X2 —t/x
p m 1
f e xl (l—xl) dxl . f e
0 0

n+q1‘

- |
(l-xl) dx1

We see that (2.7) is a épecial case of (2.3) if in (2.3) we let x=1

and k=p, so that‘qi

give the following:

=i-1, i=1,2,...,p.

Therefore, Theorem 2.1 will
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Corollary: The reduction formula to evaluate the'determinant (2.7)

is given by
(2.8) D(n:qp,m;Q;.;ql,m;t) - (n+m+qp+1)'1[E(P)+F(p?-tc(p)+mﬂ(p)];

where

n+q_+1 _ x=1 _ s
E(p).= x P (l—x)me t/x | ‘D(n:q s ... 3q,,m5t)
_ Y=o p-1 1

) o g2t Py

(-1)P" g(m,ntqp+qj+3,2;t)
j=1

-D(n:qp_l,m;...;qj+1,m;qj_1,m;...;ql,mét)

where

oo

e "X (x/b) PMax

(2.9) g(m,n;a,b;t) = s
0 (1+K/b)b(m+n)+a

(p) _ ca -1 me . .
G = D(n.qp l,m,qp_l,m,...,ql,m,t)

(P) _ peno 1. .. .
H = D(n.qp,m l,qp_l,m,...,ql,m,t).

Proof: Let x=1-in (2.6) and replace T, by n+q., iﬁl,z,...,p; so
that D(n:qp,m;...;q],m;t) = U(l:n+qp,m;...;n+ql,m;t). "The result

follows if we note that

“2t/x x2n+qp+qj+l

e (l—ijzm dx

i
Ot =

A(1:2n+qp+qj+1;2m;2t) =

t B
e my,n:q _+q.+3,2:t).
g( 45*a; )

"
N =

For our work in the sequel, we will use the properties of the
determinant D and the integrals A and g as follows:

1. If any two of qj's are equal, then the value of the determinant D

is zero.
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2. If qj = j-1, j positive integer, then

(2.10) D(n:qp,m—l;qp_i,m;...;ql,m;t)éD(n:qp,mfl;qp_l,m—l;...;ql,m-l;t).

3. Fdr non-negative integer k, we have
(2.11) D(n:k,m;t):A(l:n+k,m;t) = e'tg(m,n:k+2,1;t),.
and for 0 $_q1 < q2'<...< qp, a; integer, we have
(2.12) D(ﬁ:qp,m;...;ql,m;t) = D(n+q1;qp—ql,m;...;O,m;t).
As for £he g function, we only need the following properties:

4. For ncn-negative integer ¢, gi(m,n+c:a,byt} = g(m,n:a+bc,b;t).

5. By integration by parts we obtain

n

(2.13) g(0,n:a,b;t) _t—l[1~{(bn+a)/b}g(0,n:a+1,b;t)]_

and for m#0

(2.14) g(m,h:a,Z;t) t-l[mg(m-l,n:a+1,2;t)

-mg(m-1,n:a+2,2;t) - %—{2(m+n)+a}g(m,n:a+1;2}t)].

Finally, let us consider the integral of the type

u ‘bm b'm'
(2.15) h(uim,m';n,n';a,a';h,b')=f (t/b) _{(u-t)/b'} dt

0 (1+t/b)g{1+(u—t)/b'}g'

where g=b(m+n)+a and g'=b'(m'+n')+a’.

The above integral can be thrown into the integral of the form

u
(2.16)  I(u:a,b,m;c,d,n) = [ d; n
0 (a+bx) (c+dx)

Considering only non-negative integers m,n and real numbers a>0, c>0,

b#0 and d#0, then we have



70

| A B -
(2.17) r(u;a,b,m;c,d,n) = Fl Qn(a;bu) . Hl on (ngu)
m A, - - . n B. R . )
- 1 1-1_ 1-i ] ) ‘ 1']_; 1_J .
izz b(ifl) {(a+bu) a »} + jzz.d(j_l) {(Cfdg) ¢y,
‘where
. m-i L
(2.18) A, = {((-B)"®)™ 1 (n+s-1)}/{(m-1) ! (ad-be)" T}
i . o1 -b
m n-j n-j ntm- i
(2.19) B, = {d (b T (mes-133/{(n-3) (ad-be) I,
s=1 .

where the empty product is to be interpreted as unity. Using the

expression in‘(2.17), we now have

§
(2.20) h(u:m,m';n,n';a,a";b,b’) = bPb'P

bm b'm' i . bm. b'm'
Lo L e OD O T Iuib, 1prish v, -1,p045)
i=0 j=0 |

where p=bn+a, p'=b'n'+a' and bm,b'm' are non-negative integers.

Integrating h from 0 to u, 0 < u - =, we ohtain

(2.21) J(u:m;m';n,n';a,a’;b,b?) = h{x:m,m*;n,n';a,a';b,b')dx

Qe £

bm 'b'm' i+3 bm. .b'm' . -(p+i-l)
MDD /(0 +3-1) 3 [(b/ (pri-1) HI- (1+u/b) }

i=0 j=0 J
. ) ' . -
- pPHprP I 1 I(u:b,1l,p+i;b'+u,-1,p'+i-1)],

where p=bn+a, p'=b'n'+a', and the I function is as in'(2.17).
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3. Some Values of the Determinant ﬁ

Now, let us first illustrate the use of the reduétiOn formula
(2.8) for p=2. thing that qj=j-1, j=1,2, then for_m=0_we easily
can see that (2.8) gives

2t

(3.1) D(n:l,O}d;O;t) = e (n+2)—1{g(0,n:2,1;t)—g(O,n:4,2;t)}.

In obtaining (3;1), property 1 and (2.11) have been used. For m#0,
use (2.10) and then (2.8) repeatedly (m-1) times. Applying also
(3.1) we obtain the general formula for p=2 as

-2t

m
menez [Q(mg(0,n:2,158)- | Q(i)g(m-i,n:4,2;8)],

(3.2) D(n:1,m;0,m;t) =
. i=0

- where g(m,n:a,b;t) is as in (2.9) and

(3.3} Qi) = Q(m,q,i) =

{(m+1-3)/(a-1-§)}, Q(0) = 1
J .

i
=1
with q=m+n+3.

For p=3 and m=0, after using (3.1) and (2.11), we have

(3.4) D(n:2,0;1,0;0,0;t) = e t(n+3) " [(n+2) " 1ig(0,n:2,15t)-g(0,n:4,2;¢))
+2(0,n:5,2;t)g(0,n:3,1;¢)-g(0,n:6,2;t)g(0,n:2,1;t) ].

Repeating the use of (2.8), then (2.11) and (3.4) we finally obtain

the general expression for the determinant D(n:2,m;1,m;0,m;t) as

-3t
neD mel me0 met) = € Q(m) .9 1. 0 ned 2.
(3.5) D(n.2,m,;,m,0,m,t) el [n+2 {g(O,m.291,t)gg(0,n.4,2,t)}

m ) .
+ ) Qi) {g(m-i,n:5,2;t) g(m-1,n:3,1;1t)
i=0

-g{m-1,n:6,2;t)g(m-i,n:2,1;¢) 11,
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where Q(i), asabefore, is as defined in (3.3) but now we have to
take gq=m+n+4,
Finally, let us obtain the expression of the déterminant D for

p=4. First we will need the following values of the determinants:
(3.6) D(n:2,m;1,m;t) = D(n+l:1,m;0,m;t)

-2t

mfn+g'[Q(m)g(O,n:3,1;t) - 1

Q(i)g(m-i,n:6,2;t)1,
0

IihﬂE

where Q(i) as in (3.3) with g=m+n+4. Further, we also need to

compute D{n:2,m;0,m;t). If m=C, we have

D(n:2,0;0,0;t) 2t(n+3)'1[g(o,nzz,1;t)-g(0,n:5,2;t)

(n+2)_1t{g(0,n:2,1;t)-g(0,n:4,2§t)}].

Now apply (2.13) to eliminate t. The above expression becomes

o-2t
(3.7)

»n:2,1;t)-2g(0,n: 5 2; t)+g(0 n:3,1;t)].
For m#0, the determinant D(n:2,m;0,m;t) is given by the expression

(m+n+3)-l[—e~2tg(m,n:5,2;t)—tD(n:l,m;O,m;t)+mD(n:2;m-1;0,m;t)].

We have to eliminate t in the second term. For this, we can see
from (3. 2) that the relations (2. 13) and (2.14) are applicable. The
second term in the above expre551on now becomes

-2t m

[~ (n+2)Q(m)g(0 n:3,1;t)+ Z (n+m-1+2)Q(i) g(m-i,n: 5 2;t)
i=0

m+n+2

ME

(m- 1)Q(1){g(m 1-i,n:5,2;t)-g{m-1-i,n:6,2: T)}]

1“0



73

As for the last term, it is easily seen that

mD(n:Z,m—ljo;m;t)=m{D(n:l,m-l;O;m-l;t)-D(n:l,m;O;m;t)}

-2t
[

n+2

=e
m+n+2

g(m,n:4,2;t) +

he~13

{Q(mg(0,n:2,15t) -

Q(i)g(m-i,n:4,2;t)}].
1 . :

0
Hence, the value of the determinant D(n:2,m;0,m;t) is given by

-2t | R
(3.8) D(n:2,m;0,m;t) = a%at77~[(qn]){g(m,n:4,2;t)ug{m,n:5,2;t)}

+(n+2)Q(m) {g(0,n:2,1;t) +g(0,n:3,1;¢)

m : '
- 2 {(n+2)Q{D)g(m-1,1:4,2;%) ¢ (nem-1+230(D) glm-1i,n:5,2;t) }
i=0 o

+

(m-1)Q(i){g(m-1-i,n:5,25t)-g(m-1-1,n:6,2;t) }],
i .

=]

0
where g=m+n+3 and Q(i) as in (3.3).
Repeating the use of (2.8) we finally obtain the expression of the

determinant D for p=4 in the form
(3.9) D(n:3,m;2,m;1,m;0,m;t)
=e—4t(n+m+4)-1[Q(m,q,m)eStD(n:Z,O;l,O;O,O;t)

Q(m,q,i]{g(m-i,n:6g2;t)eZtD(n:Z,m-i;l,m—i;t)
i=0 '

-g(m-i,n:7,Z;t)eZtD(n:2,m~i;0,msi;t)
. 2t . . . L
+g(m-i,n:8,2;t)e” D(n:1,m-i;0,m-i,t)}],

where q=m+n+5, the determinants on the right hand side_ére, respectively,

as defined in (3.4), (3.6), (3.8) and (3.2}.
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4. The Exact Null Density Function of U(p)

Let Slfpxp) be distributed W(p,n1,§,9), i.e. ndn—central

Wishart distribution on n, d.f. with non-centrality 9 and covariance

1
matrix L, independently of 52(pxp) central Wishart W(p,nz,g,Q). If

rl,rz,...,rp are the characteristic roots of §1§;1, then the joint
density function of rl,rz,...,rp, 0 <1y <..< T, < =, when Q=0 is
given by
(4.1) f(r .;..r ) =C lﬁ =/ Q+r )Y 1 (2, -1y

v 1’ ’p p(i=1 i i i>j 1+ 3 g

L 1 1
where g=m+n+p+l, m = E{nl—p—l), n = i{nz-p-l) and

TPP  T((2me2nsp+is2))

T ]'[[1 i 1.

i=1 T(3(2m+i+1))T(3(2n+i+1))T (5 1)

(4.2) Cp = C(b,m,n)

To find the dénsify function of U(p) = E -ri = tr §1§f1, we will use
g ' i=1 '

(p)

the Laplace transform of U with respeét to f(rl,;.L,rp). It is

given by

i=1

L(t:p,m,n)'¥ E[exp(-tUCp))] = Efexp(-t 'E ri)]

p P
= C f...f exp(-t ) r.) I {rm/(1+r.)q} I (r.-r,) I dr. .,
Py | igl Yiep 7 Yoogsy i b

where o = {(r ;.;.,r 0 <r, <...< T_ <o}, Let now
oS = (xpper )] . »

1
x. = (l+r )—1 i=1,2,.. then
i p_i+1 > s "")p’
. _ P ‘ 1%
L(t:p,m,n)=C eptf...f exp(-t § xil) i {xg(l-xi)m} Hj(xi-x.) il dxi,
P =1 i=1 i>j b =1 b

where 4 = {(xl,...,xp)IO < Xy <...< xp < 1}. Appiying the results in

1

Section 2, the above Laplace transform can be written as:
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. (4.3) L(t:p,m,n) ='CpeptD(n:qp,m;...;ql,m;t),

where D(n:qp{m;..}iql,m;t) is exactly as in (2.7) wifh-qj=j—1,‘
j=1,2;...,p. .By'the uhiqueness of the Laplace transfofm;,(4.3)'will
give the density of U(p) if we take its inverse. 'Tﬁefefore let us
denote By‘D*(ﬁ:ép,m;...;ql,m;t) the inverse Laplace»fransform of
eptD(n:qp,m;.}.;ql,m;t). Then the density function of U(P) can be

- written in the form

(4.4) f(U(p)) - CpD*(n:qp,m;...;ql,m;U(p)).

To obtain the density f(U(p)) explicitly, we can see-from the
expression of the deterﬁinant D that wé have to obtaih‘the inverse
Laplace transférm of g function described in (2.9) énd:that of the
product of g'é. 'If g*(u:m,n;a,b) denotes the inverSé ﬁap1ace

transform of g(m,n:a,b;t), then

(4.5)  g*(uim,n;a,b) = (u/b)bm/(1+u/b)b(m+n)+a.

Furthermore, by the convolution property for the Laplacé transform
we also havcltﬁat the inverse Laplace transform of the product
g(m,n:a,b;t)g(m',n':a',b';t) is given by the function .
: h(u:m,m';n,n';a,a';b,b') described in (2.15), whose'ﬁélue.is given .
in (2.20). |

Ndw, let uéffirst obtain the density function of UFP) for p=2.

From (3.2) we can see easily that

(4.6)  D*(n:1,m;0,m;u) = (m+n+2)'1[Q(m)g*(u=0,n;2,15;‘

m
-} Q(i)g*(u:m-i,n;4,2)], -
i=0 -
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5o that the-dénsity of.U(z), after using (4.5), is giveﬁ‘by

n+2)

4.7 £y = mens2)Te2,mm) [a0m,q,m) (140(B)

) {Q(m,q,i)(% U(Z))Z(m-l)/(l.+-%'U(2))2(m—1+n) 4.
i= o

0

for 0 < U(Z) < « and zero otherwise, where Q(m,q,i)”is as defined in

(3.3) with g=m+n+3 and C(p,m,n) = Cp in (4.2) for p=2.
The second density that can be obtained here is that of U(S).

From (3.5) we can find D*(n:2,m;1,m;0,m;u) so that the density of
ul® s given.by

.8 £u®) = (eme3) " o(3,m,n)

-[(an)_lQ(m,q,m){g*(U(S):O,n;2,1)-g*(U(3):O,n;4,2)}

T . 3 . .
+ ) Q(m,q,i) {h(U'™ :m-i,m-i;n,n;5,3;2,1)
i=0

-h(U(3):m—i,m~i;n,n;6,2;2,1)}]. S

for 0 < U(3)

< = gnd zero otherwise, where q=m+n+4,'gf(U(s):m,n;a,b)
is as in (4!5) and h(U(S):m,m';n,n';a,a';b,b')'is as déécribed in
(2.20). |

Finally,bfrom {3.9) we also can obtain the density functioh of
U(4). To shoften'the expression we let Df(u;i) be theiinversé.

Laplace transform of g(m-i,n:6,2;t)e2tD(n:2,m-i;1,m—i;t), so that

(4.9) Df(u;i):(n+m—i+3)_1-[Q(m-i,q+1,mfi)h(u:m-i,O;n,n;é,3;2,1)
m-1i o
- 1 Q(m-i,q+1;j)h(uim-i,m-i-j;n,n;6,652,2)],
j=0 |
and D;(u;i) belthat of g(m-i,n:7,2;t)e2tD(n:2,m—i;0,m—i;t), so that
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(4.10) Dv’z"(u;iv)_--.*(n+m-:'l+2)-1_(n+m-i+3)_1

-[(n+m—i+2){h(u:m—i,m—i;n,n;7,4;2,2)—h(u{méi,m—i;n,n;7)5;2,2)}

7+(n¥2)Q(m-i,q,m-i){h(u:m-i,O;n,n;7,2;2,1)+h(u:m;i,0;n,n;7,3;2,i)}.;
- m-i | :
-(n+2) ) Q(m-i,q,j)h(uim-i,m-i-j;n,n;7,4;2,2)
" j=0 .
‘m-1i _
- ) (+m-i-j+2)Q(m-i,q,j)h(u:m-i,m-i-j;n,n;7,5;2,2)
=0 : _

m-i
+ ]

(m-i-j)Q(m-1,q,j) {h(u:m-i,m-1-i-j;n,n;7,5;2,2)
j=0 ' '

-h(u:m-i,m-1-i-j;n,n;7,6;2,2)}],
where q=m+n+3.

Also we let the inverse Laplace transform of

g(m-i,n:8,2;t)e2tD(n:l,m—i;O,m-i;f) be Dg(u;i), thcn

(4.11)  D3(u;i)=(m-i+n+2) "'+ [Qm-1,q,m-1)h(uim-1,0;n,n38,252,1).

m-1i

- Z‘Qfm—i,q,j)h(u:m-i,m—i—j;n,n;8,4;2,2)],
j=0 i
and that of éStD(h:2,0;l,O;O,O;t) be DZ(u). Upon simplification we

have

(4.12) D (w)=(n+3) " (2n+5) 1 [(n+2) g* (u:0,n;2,1)
—(n+2)-1(2n+5)g*(u:O,n;4,2)+2g*(u:0;n;5,2)+h(u:0,0;n,n;5;3;2,1)];
The density of v therefore can be written as

.13 £0™)=(nemea) e a,m,m) [em,,mg 0 ?)

o .
- T am,a, ) 5™ 58)-05 0™ ;1) 005 0 51)31,
i=0 - . |

holds for 0 < U(4) < « and is defined to be zero othefwise,
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(p)

5. The Distribution Functioh of U

If F(U(p)).dénotes the c.d.f. of U'P) then upon. integrating

(4.4) we obtain the general form of the c.d.f. of UFP)'as:

| u(P) |
(5.1) F(U(p)) = C(p,m,n) [ D*(n=qp:m;--.;q1,m;Xdei
0

Thus, we see‘ﬁhat the c.d.f. of U(p) for p=2,3 and 4 can be obtained

by performing the integration of g*(u:m,n;a,b) and

h(u:m,m';n,n';a,a’;b,b') with respect to u from 0 to U(p). Starting

from (4.7), i.e., the density function of U(z)9 we readily obtain the

c.d.f. of U(Z) which can be written in the form:

C(2,m,n)

5.2 r?)y - S2n

o |
[Q(m)B (1,n+1)-2 } Q(1)B (a,b)],

i=0 :
where a=2m-21+1,vb=2n+3, V=U(2)/(1+U(2)), w=U(2)/(2+U(2)) and

Bz(a,B) denqtes;the incomplete beta function.

Cumulative distribution function (5.2) is an alternate form for

the one obtained by Hotelling [14] which is given by -

(5.3) P = Iw(2m+2n,2n+3)

(2me2nsd) L((1-w)/ (1+w)) T

2(2m+1) ! (2n+2) !

Bv(m+1,n+2),

where w=U(2)/(2fU(2)), v=w2 and Iz(a,B) = Bz(a,B)/Bta,B) with B(a,B8)
is the complete beta function.

T0'obtainvthe c.d.f. of UCS) we will need the'following results:

u
* . . - —— e - . ‘9. '
(5.5) g g*(x:0,n58,b)dx = p—r (1-g* (u:0,n;2-1,b))
u .
and f h(x:m,m';n,n';a,a"';b,b')dx which has been stated in (2.21).
0 ‘ ' :
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Integrating fCU(S)) in (4.8) and applying the résults”(S.S) and
(2.21) we obtain'the c.d.f. of U(S) as stated in thé'following

theorem:

Theorem 5.1: The exact null distribution function of U(s) is given

by

(5.6) Fut¥y = E5mn) QLGLim) g1y (o037

(1) L) Do 2nagy 1 LDy (23,

Q(m;q+1;i){J(U(3):m-i;m-i;n,n;S,S;Z,l)
0

+
Il o~

i
| —J(U(S):m-i,m—i,n,n;6,2;é,1)}],
for d < U(S)'< © and zero otherwise, where Q(m,q;i) is as in (3.3),
q=m+n+3 and J(U(S):m,m';n,n';a;a';b,b') is as in (2.21).

Pillai and Young [41] have obtained the c.d.f. of.U(3) for small
values of m, i.e.; for m=0(1,5). Their expression is so complex that
it is not possible to writevit down explicitly'éince'for their c.d.f.
they neced tables of constant coefficients and of values of the integrals
in the detcrminénts sebarately for each values of m, é‘and b they used.
Note also that there is an error in formula (5.5) of Pillai éhd Young
[41] for the éxpression of the distribution of U(S)vin the first
summation. The right 6ne should be 2+1. The c.d.f. of U(s) obtained
here, as we can see from (5.6) above, holds for all non-negative
integers m and it$ expression is simpler.

Now, let us integrate Df(u;i),D}(u;i),D}(u;1) andeZ(u) with
respect to u. ‘Using the results and the expressions in (2.21) and

(5.5) we have
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(5.7) Jl(u;i)v= (n+m—i+3)_1.[Q(m—i,q+1,m—i)J(u:m—i,O;n,n;6,3;2,1)

) m-1 )
- 1 Qm-i,q+1,j)J(uim-i,m-i-j;n,n;6,652,2)],
" b

(5.8) J,(usi). '(n+m—i+2)—1(n+m-i+3)_1

-[(n+mfi+2){J(u:m-i,m—i;n,n;7,4;2,2)—J(u:m—i,in;n,n;7,5;2,2)}

+(n+2)Q(m—i,q,m~i){J(u:m—i,O;n,n;7,2;2,1)+Jﬁlfm«i,O;n,n;7,3;2,1)}_

m-1i
-(n+2) } Q(m-1,q,3)J(uim-i,m-i-j;n,n;7,4;2,2)
3=0
m-i = _ ‘
- Z (n+m—i-j+2)Q(m—i,q,j)J(u:m-i,m—i—j ;n-)n;7:5_;2)2)
j=0
m-i L
+ ) (m-i-3)Q(m-i,q,j) {J(:m-i,m-1-i-j;n,n;7,5;2,2)
i=0 o
-J(u:m-i,m-1-i-j;n,n;7,6;2,2)}],
(5.9) Jg(u;i) = (n+m-i+2)'1[Q(m-i,q.m-i)J(u:m—i,O;n,n;8,2;2,1)
: om-i o
- - 1 Qm-i,q,j)I(uim-i,m-i-j;5n,n;8,4;2,2)]

1=0

and finally, after using (5.5) we also have

(5.10) 3,00 = (+2) " (043) 7 (2045) TV [- (2n41) (ne1) "L (2043)

(n+1) "'g*(u:0,n;1,1)+2(2n+5) (2n+3) “Lg* (u:0,n;3,2)

2g*(u:0,n;4,2)+(n+2)J(u:0,0;n,n;5,3;2,1)].

Having the above expressions, we can perform the integration on -

f(U(4)) in (4.13) to obtain the following result:

Theorem 5.2: The exact null distribution function of'U(4) is given by
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.10 k™) = mensa)let,mm) em,q,ma, @4y

Q(m,q,1) 10, 55y -0, 0 55y, 0 55y31,
; |

0

i

for 0 < U(4) < and zero otherwise, where Jl(U(4);i),'J2(U(4);i), :
J3(U(4);i) and J4(U(4)) are as in (5.7), (5.8), (5.9) and (5.10)
respectively;'Q(m,q,i) is as in (3.3) with q=m+n+5.

(3), Pillai and Young [41] havebprovided the

As in the case of U
c.d.f. of U(4) with necessary tables of constants and integrals for
m=0(1)2. The c.d.f. of U(4) obtained here has simplef expression

and valid for all non-negative integers m.

Remark: The density and c.d.f. of U(p) become more complicated as p
becomes larger. Even for p=5, convolutions of three independent beta

type variables are involved and the expressions become very cumbersome.
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CHAPTER IV
~ THE EXACT NON-CENTRAL DISTRIBUTION

OF HOTELLING'S TRACE

1. Introduction

Consider the three basic hypofheses (A), (B) énd (C) as
stated in Chapter II (see Section 1, 6 and 7). Using the matrix
variates U and V stated in Section 1, X and Y in Seétion 6, Chapter II,
under certain. assumption on the population parameter, the distributions
of the four criteria (see Section 1 and 6 for the definitions) have
been obtained. . A few inferences have been drawn there on the basis
of the tabulaﬁions of lower/upper taii probabilities,ﬁf the criteria.
In particular;'the distribution and inferences concéfning the criterion
U(p) for p=2 were considered.

In this chapter, starting from Pillai's distribﬁtion [31,32] as
stated in (1.1)>Chapter IT the general form of the distribution of
U(p) for p=3 ié dbtained using the inverse Laplace fransform-énd the
determinant of Pillai [28]. Numerical calculation§ of upper tail
probabilities of U(S) are tabulated only in view of test of (A)
assuming the mean vectors zero, of (B) in the case Qf-a common
covariance matrix and of fC). A few inferences are drawn on the basis

of the tabulétions.
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2. Preliminaries

(3)

In obtaining the distribution of U we will use some

mathematical results stated in the previous chapter. In this
connection we will introduce the following'notationf We will
write, for exaﬁple, 1(2.9), to denote formula (2.9) of Chapter I.

In addition, we also will need some results on Vandermonde determi-

nant due to Pillai [28] which are stated below.

Lemma 2.1: Let V(gp,g ,gl);gj >0, j=1,2,...,p, denote the

p-17"""
determinant
g g._ g
x P x P 1 X 1
'P P .P
(2.1) Vigy.-oog) = | :
g g g
P p-1 1
X X X

If dr,r < p, denotes the rth elementary symmetric function in p x's, then

Result (i). 

(2.2) dp Vigs--o8p) = EV(E), - hE]),

where g5 = gj_+ 8§, j=1,2,...,p; 6 = 0,1 and £' denotes the sum over
the (E) combinations of p g's taken r at a time for which r indices
-g3 = gj+1 such that §=1 while for other indices g3=gj‘such'that §=0.

Result (ii).

(2.3) drth(gp,...,gl) = Z"V(gg,,..,gY .

where h < p, gg¥g3+6, j=1,2,...,p; 6=0,1 and Z" denotes summation
over (E)(E) terms obtained by taking h at a time of the p g's in
each V in I! in (2.2) for which h indices gg=g5+1 while for other
indices gWW=g!.

E5785

Result (iii).
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(dr)k(dhjg_vcgp""’gl)’ k, 2 > 0, can be expregéed as a sum
of (E)k(ﬁ)2 determinants obtained by performing on'y(gp,...,gl) in
any order (i)'k~times and (ii) 2 times with r=h. |

However, if‘at least two of the indices in any detérminant are

equal, the corresponding term in the summation vanishes.

. 3. _ Non-Central Distribution of U(S)

- for test (A) and (B)

In IT(1.1), let us put p=3. Then we have the joint density of

rl_’ Tys To 0 < Ty ST, < Ty <, as
-trQ 2 f o ( \))
(3.1)  ¢(3,mn)e ~3|4\3| 21 D 2
: k=0 «
1,
- R | |I 21 (e, -T;)C, [R5 (1 5+ R 1].F
Rs i Ry) 1.Fgs
i>j

where 33 denotes a matrix of order 3 and the meaning of the other

symbols are as explained in Section 1, Chapter II.

1 < 22 <,23 < 1. Then

from (3.1) we easily can see that the term corresponding to the

Now let Ei = ri/(1+ri),.i=1,2,3, 0 <3

partition « of k containing the variables zi, i=1,2,3, is

3 2y O 0
(3.2) I {2 (1-2. ) } I (l l )C 0 22 0
i=1 i>j 0 o 23

Proceeding as in Section 2 of Chapter II, (3.2) becomeé‘

X
(3.3) ) b (15,0 T {27(1-20") 1 (2,2, )ai ; ;,
r+2s5+3t=k i=1 i>j 1
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where ai(i=1,2;3} is the ith elementary symmetric function (e.s.f.) in
the zi's and b-(r,s,t) are constants whose values up to k=6 are given
in‘appendix C. For ease of wrltlng, we will con51der only (3.3) and

take the Laplace transform of U(S) Z (z /(1-2. )) After making a

i=1

change of variabie xi'= 1-21, i=1,2,3, then for 0 < xl <Xy < Xg < 1
we have

: : , 35 —zExil 3 :
(3.4) I b (r,s,t)e”” [[f e T {(1-x, ) X;

r+2s+3t=k R i=1

| | rst3
(%, -x )C T dx, ,
i i 2 3 j=1 1

where @ = {(xl’x2fx3)|0 <X <Xy < Xg < 11, C1 = 3-d1;

C, = 3-2d, +d, and Cy = 1-d;+d)-d, and where d.(i=1,2;3) is the

ith e.s.f.‘in.the_xi's. Now expand the factor C1C C in (3.4) to

get the expression

-1

| 3y -23x;" 3 o
(3.5) L b (z,s,t)e’” [[fe T {(1-x)"x } T (x;-x5)
r+2s+3t=k R Ci=1 1>
, s :
. c(r,s,t)dTd5d) @ dx; ,
192%
i=1
where in the above expression
T s STy ¢t &+ 3. a

6 etmswv = 1L L1 1o )enTT2ts

where o = 1 +i +16, B = 2+15, Y = 4, a = r+s- 11-12 3 and

b = t-i4—is.' But now we can apply Lemma 2.1 to the expression



a%d Bd; il (xl—xJ), so that we, therefore, are able to express the

i>j -
triple integral in (3.5) in terms of the determinant Qf the form
111(2.7), i.e;.of the form D(n:qs,m;qz,m;ql,m;z). ‘For example,
for k=0, i.e. the first term of the series in (3.5), the tripie
integral in (3.5) becomes D(n:2,m;1,m;0,m;z). For k=1, we have
that c(r,s,t)dldg 3
integral in (3.5) becomes 3D(n:2,m;1,m;0,m;z)~D(n:3;m;1;m;O,m;z).

The use of Lemma 2.1 can be carried out for each k to find the

86

a) = 3-d; so that after using Lemma 2.1, the triple

distribution of U(s). To obtain the general formulation, let us set

| ‘ -sz£1 3
(3.7 () = [[[e I (lx)x}H(x -x5)
_ i=1 i>j
oy B 5
. c(r s t)d1 2 3 'El dxi,

where the indices a and b are to be chosen appropriately according
to the value of k. Then the term corresponding to the partition «
of k can be written as

3z

- (3.8) ) b (r,s,t)e™ y_, (2).

r+2s+3t=k ‘
Following the method in Chapter III, let us take w;B(z).to be the
inverse Laplece transform of eszwab(z). Then it is clear fhat
w;b(z) is a linear combination of D*(n:qs,m;qz,m;ql,m;z), where
D*(n:qs,m;qz,m;ql,m;z) is the inverse Laplace transform of
32D(n:qs,m;qz,m;ql,m;z). The density of U(s), therefore can be

written in the form
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1
. -trQ -= f
(3.9) f(u(3)) C(3mn)e NN
1 . :
® (5 V)
D I b (r.s t)w*b(U(s)).FS,
- k=0 « ) r+2s5+3t=k

“where the meaniﬁg of all symbols are now obvious from fhe previous
discussion. Thé'c.d.f. of U(S) can be obtained from (3.9) by
performing the integration on each D*tn:qs,m;qz,m;ql,m}x) with
respect to x with the limits from 0 to U(S). This c.d.f. is
expressible in terms of g* and J functions whose values are stated

in Section 2, Chapter III.

Remark: For Q =0 and A,=I

1:=0 Ag=I;, (3.9) reduces to I1I1(4.8).

Using the.theofy explained above, let us find the‘non;central
c.d.f. of U(s) up to sixth degree. Expand the series in (3.9) and
carry out the“ﬂecessary calculations. The result is, for the density
of U(S) |

3.100  fu®)y = cizmme ! a2

6
w3 PP ¢)
vx (™™ + 121 JEI Ajj¥E5 (U],

where b1 is the first esf in the latent roots of Q,-as'is third esf

of those of é; f=2m+4, the Aij's, v* and w;j's are given in the

appendices D and E respectively. Integrating each w;j_from 0 to

U(s) we then have the non-central c.d.f. of U(S) as

(3 by -3 f
(3.11) F(U ) = C(3,m,n)e a,

6 :
* % (3) + ] % %k (3) -
[v** (U™ 121 JZl AL U301,

where the.w;;'s-are given in the appendix F.
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4. Non Central Distribution of U(S) for Test (C)

Let p=3 in II(6.1). Then the joint density Oftrf;rg and rg’
2 2 2 ,
0 <r] <1, s.r3.< 1 is
' 1 1 1 2
. —_ ) ® (_ \)) (_ .\)) C (E )
(4.0 cmm|1-p2)7 ] §E K2 kS
= = I
| k=0 « (7 £;) kIC (1)
- r2 0 o
3 2 ‘ 1 0
1D a-eH™ - -)C'< 0 x5 0
i=1 1>J 0 0 ré

where A3 denotes the matrix of order 3.

Using the“method in Section 3, we obtain the density function .

of U(S) in the non-central case as:
5 L
4.2y £y = cm,m [1,-02)

v, (5 V) C, (B2

fl)Kk!CK(ls) T+2s+3t=k

b (r,s,t)vz, 0y,

IIMBv

&

7
! 1
k (3

where now the meaning of all symbols are obvious from Section 3.

As in thc-brevious section, the c.d.f. of U(3) is readily
obtained by performlng the integration on D*(n: q3,m.q2,m 39, 5m; ;Xx) and
this c.d.f. is expre551b1e in terms of g* and J functlons as discussed
in Chapter III. Using (4.2) we can obtain the c.d.f. of ul® up to
the sixth degree in a similar way as in Section 3. However this

also can be obtained easier from (3.11) by making necessary changes.

The result is

1
5 Vv

4.3 Py = c3mn) ((1-07) (1-pD) (1-02)12

[or* w3y z 2 A;Jw**(U(S))],
i=1 j=1 ij
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holds for 0 <fU(3) < « and the coefficients Agj's are obtained from
Aij's in appendix D by multiplying Aij by 271, substituting
a1=a2=3, a3=1 there,‘squaring each factor containing v and defining
2,22 . 22 22 22 _ 2 s
b, = pl+pz+o3,_b2 = PyP,tPIPZ P, énd b3 = (pypyP3) }  The Y** and

w;;'s are the same as in the appendix F.

- 5. Power Function for Test (B)

Let us now first consider the hypothesis (B) for.two 3-variate
normal populations by assuming a common covariance matrix. In this
(3)

case the non-central c.d.f. of U is obtained from (3.11) by making

substitution A1=A2=A3=1. For illustration, this c.d.f. is used to

compute the powers of test (B) based on U(S) for various values of‘wl,
Wy We and m=0, n=5, 15, 40 and o = 0.05. The upper pércentage points
for these célcuiations were obtained from III(5.6). Thé tabulations
are presented in Table IV(1) for larger deviations 6fgparameters and
in Table IV(2) for small deviations.

From the tébulations we observe thaf
1. With respect to individual population charactefistic roots,
U(S) péssesses ﬁonotonicity of power.
2. For w1+w2+Q3'= constant, it seems that the powér of‘U(3) §ecreases,
as the threefréots tend to be equal.

Comparison;With the individual roots criteria may be made. It
has been shqwﬁ by Pillai and Dotson [35] that in genéral the largest
root appears to b¢ a more powerful test than the other individual

characteristic roots. Therefore only comparison with the largest

root criterion is considered here. Powers of test (B) based on the



largest root were taken from Pillai and Dotson [35]. For small

C s . . . (3
deviations of parameters, it appears that the criterion U( ) seems
to have more power than the largest root. For larger deviations

however, Table IV(1l) reveals a few exceptions. In the two-roots

case, Pillai and Jayachandran [37] have also shown thisfproperty;

Table IV (1)

Powers of U(S) for testing (wl,w ,w3)=(0,0,0) against different

2

simple alternatives and for larger deviations, a = 0.05

Largest : Largest

w w w U(S) Root U(S) ‘ Root
1 2 3 .

| m=0,n=5 m=0,n=40
0 0 5 0.157 0.149 0.229 0.229
0 0 6 0.185 0.175 0.275 0.278
2 2 2 0.180 0.175 0.271 0.238
0 0 8 0.243 0.233 0.372 0.381
2 2 4 0.233 0.256 0.372 0.339
0 0 10 0.306 0.297 0 0.485

470




Powers of U

(3)

Table IV

(2)

test for testing (wl,wz,ws) = (0,0,0) against

different simple alternatives, a = 0.05, m = 0

Largest
w1 .w2., w3 U(S) Rootv
nrz
0 0 - 0.003 0.0500474 0.0500411
0 0.0015 0.0015 0.0500474 0.0500411
0 0 0.111 0.0517683 0.0515351
0.001 0.01 0.1 0.0517681 0.0515327
0.037 0.037 0.037 0.0517673 0.0515261
0 0 0.825 0.063878 0.062179
0.125 0.250 0.50 0.064726 0.062493
0.275 0.275 . 0.275 0.063828 0.061680
0 0o 1 0.067037 0.064989
0 0 2 0.0865 0.0825
0 1 1 0.0864 0.0803
0 0 3 0.108 0.103
1 1 1 0.106 0.097
‘ n = 15
0 0 0.003 0.0500634 0.0500553
0 0.0015 0.0015 0.0500634 0.0500552
0 0" 0.111 0.0523743 0.0520740
0.001 0.01 0.1 0.0523742 0.0520693
0.037 0.037 0.037 0.0523736 0.0520567
0 0 0.825 0.068949 0.066896
0.125 0.250 0.50 0.070163 0.067096
0.275 0.275 0.275 " 0.068917 0.065929
0 0 1 0.073349 0.070916
0 0 2 0.1010 0.0967
0 1 1 0.1009 0.0924
0 0 3 0.132 0.127
1 1 1 0.130 0.115
n = 40
0 0 0.003 0.0500711 0.0500629
0 0.0015 0.0015 0.0500711 0.0500628
0 0 0.111 0.0526629 0.0523641
0.001 0.01 0.1 0.0526628 0.0523579
0.037 0.037 0.037 0.0526626 0.0523414
0 0 0.825 0.071409 0.069505
0.125 0.250 0.50 0.072810 0.069607
0.275 0.275 0.275 0.071393 0.068239
0 0 1 0.076422 0.074213
0 0- 2 0.1081 0.1048
0 1 1 0.1080 0.0992
0 0 3 0.144 0.141
1 1 1 0.143 0.126

‘91
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:f6. Power Function for Test (A)

Now, we con51der the hypothe51s (A). The non-¢ehtfh1

u®

d15tr1but1on of in thlS case, again can be obtained from

(3.11) by maklng substitution W, =W, =W =0. This c.d.f. is used

273

to compute powers of test (A) based on U(S)rfor various values

of A, ,A,,X, and m=0, n=5,

1’ 2°"3
tabulated in_Table IV(3) together with those based on the largest

15, 40 and o0=0.05. The powers are

root (taken frdmi[SS]) for comparison. Similar conéluSions may
be obtained as in the Section 5.

Table IV (3)

Powers of U( ) test for testing (Al, 2 3) (1,1,1) agalnst

d1fferent simple alternatives, a=0.05, m=0

Largest
A 2 AS .U(S) '.Root
' n=5 —
1 1 1.001 0.050063 0.050054
1 1 1.15 0.0506015 0.05891
1 1.05 1.1 0.06004 0.05868
1.05 1.05 1.05 0.05998 0.05856
1 1 - 1.5 ' 0.0886 0.0848:
1 1.25 1.25 0.0875 0.0821 -
1 1 2 0.147 0.132
; n =15 —
1 1 1.001 0.050085 0.050073
1 1. 1.15 0.063873 0.06239
1 1.05 1.1 0.06369 0.06194
1.05 -1.05 1.05 0.06360 0.06171
1 1 1.5 0.1045 0.1010
1 1,25 1.25 0.1027 0.0958
1 1 2 0.176 0.172
. n = 40 o
1 1 1.001 0.050095 0.050083
1 1 1.15 0.065683 0.06432
1 1.05 1.1 0.065467 0.06373
1.05 1.05 1.05 0.065358 0.06344
1 1 1.5 0.1123 0.1101
1 1,25 1.25 0.1103 0.1035
1 1 2 0.194 0.194 -
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7. Power Function for Test (C)

The non-central c.d.f. of U(S) for testing hypdtﬁesis c),
i.e. for testing the independence between two sets of multivariate
normal populations, is discussed in Section 4 and has the form as

(3)

described in (4.3). Powers of U for this case afe tabulated in
Table IV(4) for larger deviations and in Table IV(5) for_small
deviations of pé?émeters. The powers for the largeéfifobt are also

tabulated in the last column of Table IV(5). Similar conclusions

may be made.

Table IV (4)

Powers of U(S) for testing (plﬁpz,p3)=(0,0,0) against different

simple altermatives and for larger deviations, a=20.05, m=0

o) 3 ez mes =15

0 0 0.1 0.087 0.177
0.01 0.01 0.08 0.085 "0.173
0.005 0.015 0.08 0.085 0.173
0 0 0.15 0.113 0.275
0.05 0.05 0.05 0.104 0.242 -
0 0o 0.2 0.146 0.393
0 0 0.25 0.187 0

521




Table IV (5)

Powers of U(s) test for testing (pl’p2’03) (0,0,0) agalnst

d1fferent simple alternative hypotheses, 0=0.05,m=0

E Largest
pi | pg. pé U(3) ROOF
n=>5 .
0 0 0.0001 0.0500284 0.0500246
0 0.00005 0.00005 0.0500284 0.0500246
0 0 0.00375 0.0510763 0.0509339
0 , 0.00125 0.00250 0.0510740 0.0509299
0.00125 0.00125 0.00125 0.0510728 0.0509279
0 0 0.012 0.0535192 0.0530614
0.002 0.002 0.008 0.0534916 0.0530146
0.002 0.004 0.006 0.0534855 0.0530043
0.004 0.004 0.004 0.0534824 0.0529991
0.000001 0.0001 0.01 0.0529469 0.0525613
0.01 0.01 0.08 0.0854 0.08029
: n =15
0 0 0.0001 0.0500804 0.0500700
0 0.00005 0.00005 0.0500804 0.0500700
0 0 _ 0.00375 0.0530723 0.0526869
0 0.00125 0.00250 0.0530652 0.0526625
0.00125 0.00125 0.00125 0.0530617 0.0526503
0 0 0.012 0.0602569 0.0590592
0.002 0.002 0.008 0.0601721 0.0587702
0.002 0..004 0.006 0.0601533 0.0587062
0.004 0.004 0.004 0.060144 0.0586745
0.000001 0.0001 0.01 0.058548 0.0575272
0.01 0.01 0.08 0.173 0.1550 .
n = 40
0 0 0.0001 0.0502086 0.0501845
0 0.00005 0.00005 0.0502086 0.0501844
0 0o 0.00375 0.0581553 0.0573030
0 0.000125 0.00250 0.0581362 0.0571531
0.00125 0.00125 0.00125 0.0581267 0.0570788
0 0 0.012 0.0785062 0.076201
0.002 0.002 0.008 0.0782652 0.074423
0.002 0.004 0.006 0.0782098 0.074031
0.004 0.004 0.004 0.07818 0.073838
0.000001 0.0001 0.01 0.073521 0.071453
0 0.01 0.08 0.478 0.04119

.01
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CHAPTER V
THE DISTRIBUTION OF TRACE §1§£1

UNDER EQUALITY OF COVARIANCE MATRICES

1. Introduction

Let us rethn to the two independent matrix variates
§1(pxp) and Sz(pxp) but now §1 having non-central Wishart
W(p,n;,Z,Q) and $,» central Wishart Wp,n,,1,0). COﬁsider
also the statistic T = U(p) = tr §1§51 as defined in the previous
chapters. For n1=1, Hotelling [12] derived the distfibﬁtion‘of T
(here T is the generalization of Student's t) and for p=2, in [14]
he obtained the,hull,‘i.e. if Q=0, distribution of T as stated by

Constantine [ 4] in the following form

“n,-1

My 2
(Tr/2) ~° 1 1 (T/2)
.1y o 2 poadaleen; 27
(1+1/2)" 21772 P2 (1+T/2)

- where

7(1.2) C, = F(n—l)/{ZP(nl)F(nz-l)},

n = ﬁ1+n2 and_zF1 is the Gaussian hypergeometric fuhctibn. In
Chapter II the exact non-central distribution of T fof'p=2 was
obtained and used for robustness studies of various.fests. The
exact null distfibution of T for p=3 and p=4 were obtained in‘

Chapter III and its non-central distribution for p=3 was derived

in Chapter IV including the necessary tables of constants and
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integrals for m=0 to illustrate its usefulness. In Section 3 of
Chapter I, seemQISO Constantine [ 4], the density of T‘has been

" obtained and has. the form (put A =Iand A =1 there)

1. k.1 o

zp-le (- (zn) S
L3 cr 1y J—2 Ky, 7| <1,

P . k=0 (l. n,) kt *~ ,
' ’ BRI L P '
where
-t 1 o 1 1

(1.4) Cp = e - ~I‘p(§- n)/{rGz pnl)f"p(f nJt,
n = n,+n, and y = (hl-p-l)/2; (For the meaning of the symbo1s ih

(1.3) and (1.4), see Section 2 Chapter I).

Even though (1.3) is stated to be convergent fér.]Tl <1,
numerical calcuiétions using terms ﬁp to k=10 did not exhibit
adequate conVe?génce in that range. Therefére, PiliéiitSZ] suggested
a form of the_dénsity of T which will be given in"the ﬁext section
which reduces to the exact case (1.1) for p=2. Furfﬁéf investigafion
on this densify'is carried out in this chapter for lérger values of
p to see its usefulness and power tabulations of the étatistic T aré'

obtained, Based on these tabulations a few inferences_are drawn.

-1

2. The Distribution of T = tr .8,

The series in (1.3) can be written as

1.

, 5 pn,-1 o

(2.1) cp ) (-l)ka(T/p)k,J
k=0

where
(2.2) D, = tpk/{(l-pn ) k131 (l-n) LY (@)
k _ 2 17 K 2 K K-.'

Writing.only'first few terms of (2.1), we have
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1 ,

IR
(2.3) CPT {1- 3-np(lr(Zal/pnl))(T/p)+...},
where a, is the first esf in the latent roots of Q. In view of
the forms (2.1) and (2.3) and some considerations of the Laplace

transform of T‘(Constantine [4]), Pillai suggested the form [32]

%pnl—l o . . K
(2.4) C, I;“““_'if"" ) (-1) Ek'11212__7€
- FTmp k=0 (1+T/p)
(1+T/p)

for the density of T. Now expand (2.4) in terms of (T/p) and
compare with (2.1). We obtain the coefficient Ek expressed in

terms of_Dk. After simplifications, the Ek has the form

k-1 k-1 1
(2.5) E =D - ) [{ T (5np+j)/(k-1)!IE ],
k k . 2 T
- . r=0 j=r _
where Dk is as in (2,2) and EO = 1. Upon integrating T form 0 to

u, the c.d.f. of T can be expressed in terms of an incomplete beta
series and we have the following:
Let §1,§2

improved form of the distribution of T, is as below:

and T be as stated in the Introduction. As an

pn

N —

P 17 k 1 1
(2.6) P(T <u) = Cp-p kzo(—l) E, B, (z pn +k, z-pnz),

where w = u/(p+u), Cp and Ek are as in (1.4) and (2.5) respectively
and By(a,b) denotes the incomplete beta function. Thé null distri-

bution of T still has the form (2.6) but now D has the expression

2.7 o = G pnl)Kk!}]Z(% n) G m C (D),

and the coefficient E1 = 0.
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For p=2 and.9=g, formula (2.4) with Ek in (2_5j red_i.lcesvto
the form given‘in (1.1). For higher values of p the zonal poly-
nomials invdlyed in Dk have to be computed in Ofder to make use _
of (2.6). With_the help of the tables of zonal polynomials James
[17] and the tables prepared by James and Parkhurst.(pfivate
communication to Professor Pillai), the coefficients Dk for the
central case’we?e calculated using terms up to k=10_ana those for
the non—central.case up to k=6. These coefficients’aré_given in
appendices G and H respectively. Numerical investigétions are

carried out in the next sections.

3. Tabulations of Percentage Points and Comparisons

Some calgulétions were carried out to illustrat¢ ;he usefulness
of the c.d.f. of T in (2.6). The total probabilities (sum of the
terms used iﬁ (2.6)) in the central case and upper pefcentage points
were calculatgd_using terms upto either k=8 or 10,_-Table V(l) gives
these upper pércentage points for p=3 and 4 and a=0;05 and 0.01, and
the exact percentage points taken from Pillai and Ybung»@i 1 for
comparisons: It_may be seen from this table that (2f6) is .very close
to the exact. Table V(2) contains the values of upper percentagé
points ofvT‘forlpés and p=6 with 0=0.05 and 0.01. It may be mentioned
that in these’éalculations, first the total probabiiitigs were computed
and then the paifs of n, and n, were determined thaf give the total
probabilifies'reasonably good. For instance, for p=5, the pair
nl=6 and n2=$0 gives total probability 0.99834, andin1=8 and n2=60

give 0.99509. ‘Total probabilities converge to unity as n, becomes



larger. For'p=6 and the pair n1=6, n

is 0.99588 and that for n1=8, n

pairs of n, and n

2

2

2
=80 is 0.99507. Then for those

=60 the total probability

the upper percentage points were calculated.
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Table V (1)

Comparison of percentage points using terms up to k=8 or k=10

'in (2.6) and exact points

Upper 5% Points Upper 1% Points
p=3 n, Eq. (2.6) Exact Eq. (2.6) Exact
n1=4 (k=8) - 14 2.4672 2.4959 3.6256- 3.6581

24 1.1504 1.1540 1.5238 1.5581
(k=10) 34 0.74668 0.74702 0.97765} 0.98145
44 0.55169 0.55174 0.71450 0.71518
64 0.36208 0.36208 0.46310 - 0.46316
84. 0.26939 0.26939 0.34234 0.34235
104 0.21447 0.21447 0.27149 0.27150
124 0.17814 0.17814 0.22493 0.22493
164 0.13306 0.13306 0.16747 0.16747
204 0.10618 0.10618 0.13340 0.13340
n1=10 (k=8) 24 2.4317 2.4640 3.1839 3.1187
(k=10) 34. 1.5563 1.5827 1.9558. 1.9452
44 1.1637 1.1642 0.14104 1.4103
64 0.76063 0.76070 0.90841 0.90860
84 0.56470 0.56471 0.66981 0.66986
104 0.44897 0.44897 0.53038 0.53039
124 0.37259 0.37259 0.43896° 0.43896
164 0.27798 0.27798 0.32640  0.32640
204 0.22168 0.22168 0.25977 0.25977
p=4
nl=5 (k=8) 25 1.6994 1.7377 2.1515 - 2.,2474
35 1.1136 1.1217 1.3806 1.4114
(k=10) 45 0.82538 0.82732 1.0173 1.0272
.65 . 0.54205 0.54221 0.66315 0.66455
85 0.40312 0.40315 0.49077 0.49100
105 0.32083 0.32083 0.38924 0.38929
125 0.26643 0.26643 0.32248 0.32248
165 0.19894 0.19894 0.24006 0.24006
205 0.15873 0.15873 0.19120  0.19120
n1=9 (k=10) '35 » 1.8099 1.8363 2.1271 2.2222
45 1.3443 1.3517 1.5818  1.6136
65 0.88314 0.88405 1.0369 1.0416
.- 85 0.65646 0.65663 0.76774 0.76869
105 0.52220 0.52224 0.60887 0.60905
125 0.43348 0.43349 0.50422 0.50430
165 0.32352 0.32352 0.37521 0.37521
205 0.25805 0.25805 0.29874 . 0

.29874
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Some percentage points calculated from (2.6)

Table V (2)

for p=5 and p=6
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p=5,n1=6 p=6,n1=6

n, 0=0.05 a=0.01 n, a=0,05 o=0.01
50 1.04 1.26 60 1.00 1.21
60 0.842 1.005 80 0.72 0.85

80 0.6089 0.7209 100 0.561 0.655
100 0.4766 0.5617 120 0.4601 -0.5347
120 0.39142 0.4604 150 0.3622 0.4201
160 0.288327 0.338188 180 0.2986 0.3459
200 0.228208 0.267183 200 0.26729 -~ 0.30934
240 0.188833 - 0.220816 240 0.22097 0.25542
260 0.173836 0.203192 260 0.20335 0.23495
300 0.150008 0.175205 300 0.17538 0.20249

p=5,n1=8 p=6,n1=8

60 1.08 1.24 80 0.93 1.05

80 0.78 0.90 100 0.72 0.82
100 0.608 0.703 120 0.588 . 0.672
120 0.499 0.576 150 0.463 0.528
160 0.3675 0.4234 180 0.3817 0.4347
200 0.2908 0.3345 200 0.3417 0.3891
240 0.24062 - 0.27637 240 0.2824 0.3210
260 0.22150 0.25429 260 0.2599 0.2955
300 0.191136 0.219317 300 0.22418 0.25467
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‘.4. Tabulations of Powers

Using the coefficients Dk up to k=6 the powers of T were

and @ in connection

calculated for_vérious values of P,ny,M,

with testing the hypothesis (B), i.e. of the equality 6f
p-dimensional mean vectors of ¢ p-variate nbrmal-popuiations
having an unknown common covariance matrix. In these
calculations, first the total probabilities were obtained
accurate at leasf up fo tﬁree decimals and then the powers of
T with the same accuracy. For the calculations of powers the
percentage péints'tabulated in section 3 have been used.

Table V(3) contains powers of T for p=3 using a=0.05 and
a=0.01 for testing HO : Gil,wz,ws) = (0,0,0) against different
simple alterhative hypotheses. Tables V(4), V(5) énd V(6)
contain those of T for p=4,5 and 6 respectively taking «=0.05.

Observing the tables V(3) up to V(6), it seems that the

power of T possesses monotonicity property with respect to the

individual population root.



Table V (3)

Powers of T for p=3 for testing (wl,wz,w3)=(0,0,0)

against different simple alternative hypotheses

2=0.05 and a=0.01

1 .wz w3 Power Power
5% 1% 5% 1%
n1f4,n2=84 n1=8,n2=84
0 0 0.001 0.050 0.010 0.050 . 0.010
0 0o 0.003 0.050 0.010 0.050  0.010
0 0.0015 0.0015 0.050  0.010 0.050 0.010
0.001 0.001 . 0.001 0.050 0.010 0.050 -0.010
0.01 0.02 . 0.03 0.053 0.011 - -
0 0 0.111 0.056 0.012 - -
0.001 0.01 0.1 0.056 0.012 - -
n,=4,n,=124 n1=8{n2=124
0 0 0.001 0.0500 0.0100 0.050 0.010
0 0 0.003 0.0501 0.0100 0.050 . 0.010
0 0.0015 0.0015 0.0501 0.0100 0.050 0.010
0.001 0.001 ~ 0.001 0.0501  0.0100 0.050  0.010
0.01 0.02 . 0.03 0.053 0.011 0.052 . '0.010
0 0 0.111 0.056 0.012 0.054  -0.011
0.001 0.01 - 0.1 0.056 0.012 0.054 0.011
n1=4,n2=204 n1=8,n2=204
0 0 0.001 0.05005 0.01001 0.0500 . 0.0100
0 0.003 0.05015 0.01004 0.0501 0.0100
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Table V (3), cont.

o O O O O O o O o o ©

Wy w, W Power merri
5% 1% 5% %
0.0015 " 0.0015  0.05015 0.01004 0.0501 . 0.0100
.001 0.001 - 0.001 0.05013 0.01003 0.0501 - 0.0100
.01  0.02 0.03 0.0530 0.0109  0.052  0.011
0 0.111 0.0557 0.0116  0.054  0.011
.001  0.01 0.1 0.0557 0.0116  0.054 - 0.011
1 0.1 0.2 0.072  0.017 0.064 " 0.014
0 0.5 0.078  0.019 0.068  0.015
0.25  -0.25 0.078  0.019 0.068  0.015
1 0.2 0.2 0.078  0.019 0.068  0.015
0 0.6 0.084  0.021 - -
2 0.2 0.2 0.084  0.021 - -
n1=4,n2=300 n1=8,n2=300
0 0 0.001 0.05005 0.01002 0.0500 - 0.0100
0 0 0.003 0.05015 0.01004 0.0501 = 0.0100
0 0.0015 0.0015  0.05015 0.01004 0.0501  0.0100
0.001 0.001  0.001 0.05013 0.01003 0.0501 0.0100
0.01  0.02  0.03 0.0530 0.0109  0.0520 - 0.0106
0 0 7 0.111 0.0557 0.0116  0.0538 -0.0111
0.001 0.01 0.1 0.0557 0.0116  0.0538 0.0111
0.1 0.1 0.2 0.072  0.017 0.064  0.014
0 0 0.5 0.078  0.019 0.068  0.015
0 0.25  0.25 0.078  0.019 0.068  0.015
0.1 0.2 0.2 0.078  0.019 0.068  0.015
0 0 0.6 0.084  0.021 0.073  0.017
0.2 0.2 0.2 0.084 . 0.021 0.073  0.017
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Table V (4)

againstrdifferent simple .alternative hypotheseé

Powers of T for p=4 for testing (wl,wz,ws,w4)=(0,040,0)

0=0.05 .

w w2 w3 w4 Power Power
| n,=4,n,=125 'nlge,n2=125
0 0 0 0.0001 0.0500 0.050
0 0 0 0.001 0.0500 0.050
0 0 0.0005  0.0005 0.0500 0.050
0 0.001 . - 0.001 0.001 0.0501 © 0.050
0.001 0.001 0.001 0.001 0.0502 0.050
0.001 0.002 - 0.003  0.004 0.0504 10.050
0.001 0.001 0.004  0.004 0.0504 0.050
0.01 0.02 :0.03  0.04 0.054 -
0.02 0.02 0.03 0.03 0.054 -
0 0 0 0.1 0.054 -
n =4,n,=205 n,=6,n,=205

0 0 0 0.0001 0.05000 0.0500
0 0 0 0.001 0.05004 . 0.0500
0 0 ~ 0.0005  0.0005 0.05004 '0.0500
0 0.001 0.001 0.001 0.05013 - 0.0501
0.001 0.001. 0.001 0.001 0.0502 -0.0501
0.001 0.002 0.003  0.004 0.0504 0.050
0.001 0.001 0.004  0.004 0.0504 0.050
0.01 0.02 0.03 0.04 0.054 0.053
0.02 0.02 0.03 0.03 0.054 - 0.053
0 0 0 0.1 0.054 10.053
0.1 0.1 0.1 0.2 0.073 0.068
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Table V (4), Cont.
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Wy W, Wg Wy Power 7P6wer
n,=4,n,=300 n1£6;n2=300

0 0 0.0001 0.05000 o.osooo

0 0 0.001 0.05004 ~0.0500

0 0 .0005  0.0005 0.05004 0.0500

0 0.001, Q601 0.001 o.osois 0.0501
0.001 0.001 .001 0.001 0.05017 10.0501
0.001 0.002 003 0.004 0.05042 0.0503
0.001 0.001 .004 0.004 0.05042 0.0503
0.01 -0.02 .03 0.04 0.0543 .0.053
0.02 0.02 .03 0.03 0.0543 - 0.053

0 0 0.1 0.0543 1 0.053 .
0.1 0.1 .1 0.2 0.0734 0.068




Table V (5)

Powers of T for p=5 for testing (wl,...,w5)=(0,...;0)

against different simple alternative hypotheses

107

a=0.05
Wy w, : Wa W, We Power Power
n1=6,n2=2oo' n,=8,n,=200
0 0 0 0 0.0001 0.050 0.050
0 0 0 0 0.001 0.050 10.050
0 0 0 0.0005 0.0005 0.050 0.050
0 0 0.001  0.001 0.001 0.050 -
0.001 0.001 0.001  0.001 6.001 0.050 -
0.001 0.002 0.003  0.004 0.005 0.050 -
n=6,n,=260  n,=8,n,=260
0 0 0 0 0.0001 0.0500 0.050
0 0 0 0 0.001 0.0500 0.050
0 0 0 0.0005 0.0005 0.0500 0.050
0 0 ©0.001  0.001 0.001 0.0501 0.050
0.001 0.001 0.001  0.001 0.001 0.0502 - 0.050
0.001 0.002 . 0.003  0.004 0.005 0.0505 0.050
0 0 0 0 0.015 0.0505 0.050
0.03 0.03  0.03 0.03  0.03 0.055 -
0.015 0.015 = 0.025  0.025 0.05 0.054 -
o n;=6,n,=300 n =8,n,=300
0 0 0 0 0.0001 0.0500 0.0500
0 0 0 0 0.001 0.0500 0.0500
0 0 0 0.0005 0.0005 0.0500 0.050
0 0 0.001  0.001 0.001 0.0501 0.050
0.001 0.001 0.001  0.001 0.001 0.0502 0.050
0.001 0.002 - 0.003  0.004 0.005 0.0505 0.050
0 0 0 0 0.015 0.0505 0.050
0.03 0.03  0.03  0.03 0.03 0.055 0.054
0.015 0.015 0.025  0.025 0.05 0.054 0.054
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Table V (6)
Powers of T for p=6 for testing (wl,...,w6)=(0,;.,,0)

againét'different simple alternative hypotheses

a=0.05
w1 w2 . vw3 w4 w5 w6 ‘ - Power
n1=6,n2=300 n1=8,n2=300

0 0 0 0 0 0.0001  0.050 0.050
0 0 0 0 0 0.001 - 0.050 0.050
0 o - 0 0.0005 0.0005  0.0005 0.050  0.050
0 0 0.001  0.001  0.001  0.002 . 0.050 0.050
0.001 0.001 0.001  0.001  0.001 - 0.001 0.050 0.050
0.001 0.002  0.003  0.004  0.005  0.006 0.051 0.051

0.002 0.002 0.004 0.004 0.008 0.008 - 0.051 0.051




109

CHAPTER VI
THE DISTRIBUTION OF WILKS-LAWLEY STATISTIC

AND ITS POWER STUDIES

1. Introduction

Pillai and:Nagarsenker [40] have derived the distribution of
a class of statistics in connnection with three basi¢ hypotheses
(A), (B) and (C). Oné of their results is the non-central distribu-
tion of the Wilks-Lawley statistic which falls uﬂder»their class and
which is denofednhere by_Z(p) (denoted by U by Gnanade§ikan fio.-

In this chapter the general form of the distribution of the

(p)

Wilks-Lawley statistic Z is obtained using Pillai's density of the

characteristic roots of 51551 under violations. The density is

derived in two different forms, one in terms of Meijer's G-function
and the other, for small values of p by convolution approach. For

the null case, a relation exists between the density of Wilks'

(p)

statistic W and that of Wilks-Lawley statistic Z(p); For the

(p)

'is carried out

(p) ,

two-roots case, a power study of the criterion Z

for the three tests and comparisons are made with powers of U

(p)

Wilks' criterion W , Pillai's trace V(p) and the Roy's largest root.
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2. Preliminaries

Meijer's G-function stated in section 2 of chaptef I will
be used in the:ﬁext sections to derive the distributioh of
Z(p). Some further results on this functionvwhich'wiil be
needed later are‘stated below. |

1. Using the notations in section 2, chapter I, we have

_ b a-b-1
0 | 172" _x 1(m) (a5-bg), (@,-bg),
3 b1b2b3 T(a-b) reo r!(a-b)r '

: 3,
(2.1) G3,

T . ‘
.(l-x) 2F1(al—bz,a2+33-b27b3+r,a-b+r,l-x),

where asa;+a,+a, and b = b1+b2fb3.
- Formula (2.1) is proved by using formula (6.1) of Consul [6]
and the defiﬁitions of hypergeometric and Meijer's G-functions.

2. For 4 pairs of parameters (ai’bi)’ we have .

L b c-d-1 _ N

SRR R I dule =5 M
. _ - ,
4,4 by by’ T TGE-D) Lo T
w (ag-bg) (ay-bg), (1—x)t+r I'(a-b+t+r)
“r=0 ‘ r!(a—b)r T(c-d+t+r)

. 3F2 (al-b_Z ,az+as-b2—b3+r,a—b+t+r;a-b+r,c-d+t+_r;-1;x) .

where a=a1+az+as, b=b1+b2+b3, c=a+a, and d=b+b4.
The proof of (2.2) is immediate if we apply the formula (4.4),

Chapter V of Aleni [1].

3. The Density of the Wilks-Lawley Statisticl

To obtgin the density function of the Wilks-Lawleyvstatistic,
let us start from (3.1) of Section 3, Chapter II. Usiﬁg the roots
Qi, i=1,2,...,p, defined there, the Wilks-Lawley statistic Z(p)

([22,45]) is givén by
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o
G.1y z® - 1o, 0<8) <o < L.

In view of the caSes of (A) and (B), let us derive the general

" (p)

form of the densify of Z using its hth moment. We have

o 1
.20 Ez®HM = cp,mmn) e THa|" 3T 1

@ (—»)
|L|m+h|1 IR NCEER R
i>j k=0 K

CK(E)d%.Fp.

.
O

After using (2.20), chapter I and further simplification we

obtain the hth moment of Z(p)'in the form

_ I _(m+n+p+1) 1 :
3.3 E 2®Hh - T e Tn|m 7 5
: Pp(§{2m+p+1)) ~ :
1 P
o GV L (1) T T(x+b,)
z . i=1 F
k! P P’
k=0x I I'(r+a.)
. i
i=1
1 oo
where r=m+l+h, b -—(1 1)+ k _i+1° ai=§{2n+p+1)+bi. By the

inverse Mellin-tfansform (2.36), chapter I, we obtain the

density of Z(p) in the form

1
I (m+n+p+1) -=f m
T _E0C2m+p+l)) -
p2
. 1 1Y
_— (gw)KCK(}) Jcrie g r(r+bi)
) Z‘T_ (21!1) f (Z(p)) — — dr.F_.
k=0 « : Cc-1» p - p
T T(r+a.)
i=1 t

Expressing the integral in terms of Meijer's G-function (see

(2.38), chapter I), we have the following:
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Theorem 3.1: -Let Sl(pxp) and Sz(pxp) be independently
distributed,‘Sl'having W(p,fl,zl,ﬂ) and 82 having W(p,fz,zz,O).

Let £.,2.,...,8, 0< & <...< % < 1, be the roots of
1 2 P : P U

[Sl—l(sl+82)| =0. IfzZ is "random'" then the density

function of 2(®) . I Qi is given by
i=1

I' (m+n+p+1
P(p)

1
- 5f mo .
.5 £ez®) - e 21y

T (l(2m+p+1))

ol 5V C | ,0 A

X Z( 1 D) o [z |10 F, o

k=0 P,P b b_. p’
1-Pp

for 0 < (p) < 1 and zero otherwise, where m = %-(fl_—’p - 1),

1 - - L =1l
L A S R S T T Bl 2P T PERL Tl AC Sl L S PO
and A = dlag(x ...,lp), Al, Az,...,kp are the latent roots of

g1 . : -
Iy & -

4. Special Cases

Now we derive some special cases of (3.5).

(i) The null'deﬁéity of Z(p) is given by

T (m+n+p+1)
S

.1y £z®y - Z®)ym Gp’gch) '?'1..','ap )

1
p(5(2m+p+1)) P byeeby

1, !
where bi = 5{11— 1) and a; = E{Zn +p+ 1) + bi'

(1i1) Putting p = 1 in (4.1) and using (2.41) of Chapter I we

obtain the beta density function.
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(iii) In (3.5), let p = 2 and apply (2.40),,Chapter:1. We

have the non-éentral density of 2(2) in the form
I'. (m+n+3) 1
(4.2) r(z(z)) - e (172) (02 5 ) 2(2mS)
r (—{2m+3))F(2n+3) S
co 2(n+1)
3 Z (G Ve, @)™ a2y
k=0 «

(2(2n+3), nelvk,-k 5 2n+3; 1-2(2)).F2,

where Wy, W, are the latent roots of § for p = 2, Al, Xz are -

those of A and I is the identity matrix of order 2.  Now, let

Wy =W, = 0, A =X, =X, =1 in (4.2) and use the relation

(Snow[40])

(4.3) ZFlfé L 3E1); 5 1ey) = 2 laewplt,

then we obtaih"éhe nuil density of z(?) as follows:-

(4;4)  f(Z(2)) - )7 cez,m n)(Z(z)) (1- /'(2))2(n+1),

for 0 < Z(Z) < i and zero otherwise. The ¢.d.f. offZ(z)_is

given by.
(4.5) Fz®) = ¢ m,n) B (2m+2, 2n43), 0 < 2 <,
1
where X = (2(2) 2, Bx(a,b) denotes the incomplete'beta.function
and
1 1 '

: S 2T(§Jr(m+n+2§JP(m+n+3)

(4.6) Cl(m,n) =

r(m+1)r(m+1%ar(n+%ar(n+z)'
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From (4.5) we caﬁ obtain the upper a percentage points for
various values of m and n. For a=0.01 and 0.05 the.ﬁables of
uppér percentage points are tabulated for m= (1)5(5)20,
n=5(5)30(10)6Q(25)100 and are presented in the tables VI(1) and
VI(2).

(iv) For p=3, after applying (2.1), we have the non- central
density of Z(Sj in the form |

Iz (m+n+4) 3n+5

: (3)y _
4.7) £ =5 5 (m+2)T (3n+6) e

-tr?le'-(m+2)(Z(Sj)m(i_z(3))

0 (9 C (D) - 1
z 2 2 - (Z(S)JRSZ (n+2)r(n+1§+k2—kl)rrl_z(3))r
.k=0 Lo r=g  TI3n+6) b :

1 (3)
‘9 1(n+1§+k3 k2,2n+4+r 3n+6+r;1-2 )'FS’

where k3 3_k2.3;k1_z_0, k1 + k2 + k3 = k and the matrices

involved in (4.7) are of order 3.
(V) Using .(2.2) and putting p=4 in (3.5), we obtain the
‘non-central den51ty of Z( ) as given below

-trQ (2m+5)(z(4))m+1

(4.8) f(Z(4)) =;P(4,m,n) e T o|anl”

)

2(1- Z(4))4n+9

(ned+k -k,)
T

It e~18

kK.
v 4),'1
. “c (D) 2z
k=0 E kb e tZO
P(%{§n+15)+t+r)

T (4n+10+t+T)

e (%{2n+5))r(n+2+k3—k2)

L

r=0 ,'r!(%{6n+15))r

r t+r

-z

(n+2+k4 k3,2n+5+r-—(6n+15)+t+r, (6n+15)+r,

4n+10+t+r;1—Z(4)).F4,

r (m+n+5)

where P(4,p,n) =

4(2(2m+5))r(—{6n+15))
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3;0, k, +...+ k, = k and all matrices in (4.8) are

k, >...> k 4t 1

42 1

of order 4.

5. Alternative Form of the Null Density of Z(p)

Let us compare (4.1) and the null density of W(p)'obtained

from (6.6) chapter I by substituting @ = 0, A = I and A = 1.

We see that the following property holds: The null'dénsity of
Z(p) can be obtained from that of W(p) by making the
transformation
.1y w® e e > a® e e,

1272 1
and vice versa. This property obviously also holds for their

‘moments in the central case (put @ = 0, A =TI and A =1 in

~. ~

(3.3) and (6.4) chapter I, then compare them).
Now, aséuming the results of Pillai and Gupta [36] on the

null density of W(p) and applying the above property, we can
(p)

-obtain the null density of Z for various values of p.

Following Pillai and Gupta [36], denote the Wilks' criterion by

Up £ £ (see also Anderson [2], chapter 8) and accordingly we
bl 2 3 1 . . B

shall denote the Wilks-Lawley statistic by Z . Then, for

. . ’fl,fzn .
example, from formula (4.2) of [36] we have the null density of

Zy ¢ ¢ at the point z in the form
3 1, 2
: = (7] 1ee oy Loyl
(5.2) £(z) = {2B(£,-1,£)BG5(£,-2) ,5£))}
il e Le Leg v2itay
y i-1 517 3% A, |
e AT H10g 0 |
i=1 -
1 .
Fo1ie 1
17ttt ey e Le o Lee ey Leee2iiay]
2y L L S A A A
T520 =0 (#E-3-1) 03 i . )
j42i-1
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for 0 < z < 1 ahd zero otherwise. (5.2) is a closed form for

fl'even and aﬁ;infinite series for f1 odd. The distribution of

23’f £ has the form
1°%2
(5.3) : ' 1 S PR |
. P{Z <z} {B(f, - 1,f,) B(3(f, - 2), =£,)}
= 2 Bl 211
3,f ,f |
S
le _ . 1
1 i-1,a [=f, -1 f. -1 :
. (-1) z 271 1 . L :
-§ — i 25 - 1) (2 -2 logz)
a
i =20
£o1 2F -1 . 1 L1
17271 it j tf, - N/5f, - 1 2 2
2 D . = M T | TR | S
§=0 i=0 A I -1\ i b a J|’
| j#2i-1 -
where a = f, + 2i - 2 and b = £,+j - 1. The distributions

for p = 4, 5 and 6 may be obtained from [36] using the above

property.

6. NOn—Central Distribution of 2(2)

Using the method in section 4, Chapter II we éan derive
the alternative form for (4.2) of the non-central distribution
of Z(z). In (3.1) of section 3 chapter II, let p =>2‘and )
expand the zonal polynomial CK(%Z). After a change'of.variables
and necessary infegrations we obtain the term of the c¢.d.f. of

2(2) corresponding to the partition « of k in the form

(6.1) I b s M 2@, 0o <z <1,
r+2s=%k rs '
where
@ gridl o
(6.2) MrS(Z ) =i£0 =T Q4 B, (2m+25+r+2-1,.2n+3+21),
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and where X = (Z(Z))I/Z’ bK(f,s) are constants tabulated.in

appendix A, and -

(6.3) Qi = {(r+1-j)/(n+1+j) }, QO = 1.

j

=Y

1

Summarizing,,wé.nOw have the following:

Theorem 6.1: Let S. and S, be as in theorem 3.1 énd Z(p) be as

1 2
(2)

defined earlier. Then the exact non-central distribufion of Z

has the form

ey
6.0 rz®)y = cmm M) %) 2!
1
T B @)
. b (r,s) M_ (Z ). F,
kZO Z ki Z+25 =k ~ s 2

where Mrs(Z(Z)) is as in (6.2) and the meaning of thé_other
symbols are és explained in the previous sections. -

We can Sée from (4.2) and (6.4) that the distribution of
2(2) is expressed in terms of infinite series. Therefore, in
order to study some properties of the statistic Z(z).we will

expand the series and take the first few terms. Taking the terms

up to the sixth degree, formula (6.4) will give

| o
(6.5) Fz®y = k. ) E..M..z@), o< z®

i+2j=k=0 I 1J

where the coefficients E, 'S are exactly as those in section 3
. i

of chapter II, and

<.1,
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1
, -=f
(6.6) K= C(z,m,n)e'(”1+w2) (xlexz) 2 1,

while Mij(Z(Z)}'is as in (6.2).

7. The Distribution of Z(p) for Test of Independenée.

As it wésvmentioned in section 1, Pillai and‘Nagarsenker
[40] have also obtained the distribution of Z(p) in cgée ), i.e.,
for the test.bf'independence, where the distribution is expressed
in terms of H - function. Here, the general form of the distri-
bution will Be expressed in terms of G - function and:since-the
method is siﬁilar to the one used earlier, we will only state |

the result.

. (X
Theorem 7.1: Let. ; be v independent normal (p+q) --variates
(p <9, ptq < v, v+ 1 =n' = sample size) with mean zero and

covariance matrix

)
z _ 211 £12 ) 221 = 212. Further, let r2

1,...,r2 be the roots
p N

ZZ] Zzz,'
1

of (xY' (vv") Ivxryxx'y7! and pf,...,pﬁ be those of

-1 -1 P 2
(212 222 221)(211)- AL =i£1 r., then the non-central
density function of Z(p) is given by
. “t-)' T _(m+n+p+1) p %w
(7.1) £z Py = B 11 - P2 ®Hm
: I‘p (—2—(2m+p+1) )
= 1) ceh a2
Z 2 27k K Gp,0 Z(p) 1°°° P
: - L1 PP i’
= = ! e..,D
k=0 « 3£, k! byseeniby
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for 0 < Z(p)_< 1 and zero otherwise, where-f1 =q, m= %{q—p-l),

n = 2(v-q-p-1), (if n is defined as 2(£,-p-1), v = £+£,) and

P

d1ag(pl,...,pp).

Special cases of (7.1) can be obtained easily. For
example, letting P = 0 in (7.1), we get the null density of
Z(p) as stated in (4.1). Also, as in the section 4, we can

obtain the densities of Z(p) for p = 1(1)4. 1Im parficular, for

p = 2, we have the following:

Theorem 7.2: Let all the hypotheses be as stated in theorem 7.1.

Then the exact non-central distribution of 2(2); 0 < 2(2) <1,
has the form-
. 1,
7.2 @) = cemmia-eda-eon?
| (A od |
o v
K rs .

k=0 kk!(3£,) C (I,)  T+2s=k

Expandiﬁg (7.2) up to sixth order, we have the c.d.f. of

2(2) in the non-central case as

6

(7.3) Fe®) =k . ) BrMm. 2y, 0 <2 <,
i+2j=k=0 1 1 i
_ 1
. 2 2., 2° . :
where K; = C(2,m,n){(1-p1)(1—p2)} -, the coefficients Eij's

are obtained from the corresponding Eij's in section 3 of
chapter II by multiplying each Aij by 2_1, making substitutions
a, = 2, a, = 1 there, squarihg each factor containing v and

.. 2 2 — 2
‘red¢f1n1ng b1 =p; *te, and b2 = GDIL?) .
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8. Power Studies and Comparisons

For calculation of powers of 2(2) in connection‘ﬁith tests
of (A), (B) éﬁd‘(C), upper percentage points compﬁtediearlier
have been used;‘:Powers of z( for test of (A) assuming Q=0, of
(B) assuming.§1=§2 and of (C) were computed for m=0,2,5; n=5,15,40;
a=0.05 and variéug values of parameters. These powers, fogether
with those obtained by Pillai [29] based on the largést.root and by
Pillai and Jayéchandran [37,38] based on U(z), v(2) and w(%) are
tabulated in_tﬁe tables VI (3), VI (4) and VI (5) for comparisons.
General'obserﬁafion for powers of 2(2) for the three:hypotheses,
give the folldwing:
a. The power of the tests based on 2(2) has monotoni@ify property
with respect to the individual population root.
b. For the sum of the roots constant’, the power of_Z(2) seems to
increase as‘thé»two roots tend to be equal.

For small deviations from the hypothesis, the tabulations give
the following‘general comparisons for the fivé criteria:
1. The Pillgi's criterion V(Z) seems to have more p0wer than the
other four. - - |
2. For m=2,5 and n=5, Z(z) has more power than théfcriferia W(Z),
U(z) and the largest root.
3. For m=5,‘n=15, it seems that Z(z) has more power than U(z) and
the largest root.but still behind the criteria V(Z) and W(z).
4. For otherlvalues of m and n observed, the'Z(z) criterion stays
behind V(z), w(?) and U(Z) but still ahead of the largestiroot except

for m=0 and n=15 and 40.



For larger deviation parameters, we may observebfrom tables

VI (6) and VI (7) that properties a and b for Z(z) still hold. It

seems that, in. general, the power of Z criterion stays behind

those of U(Z);:V(Z)vand w2 with some exceptions for m=5 and n=30.
It may be pointed out that individual observation for powers
of V(z), U(z), W(Z) and the largest root have been carried out,

including their comparisons, by Pillai [29] and Pillai and

Jayachandran [37].
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Table VI (6)
@ 4@ @ 4 @

Powers of Z test for testing (wi,w2)=(0,0)

against different simple alternatives for Iargér‘deviation parameters, -

v O O N O

a = 0.05 _
" v e ne) e e
m=0, n= 30
5 1 0.209  0.311 0.307 £ 0.308
5 2.5 0.304 0.311 0.317 0.313
8 0.292 0.493 0.485 0.487
4 0.488 0.495 0.505 0.498
10 ©0.340 0.603 0.594 0.589
5 - 0.600 0.605 0.616 0.603
N m=2,n =30 |
0 5 0.168 0.204 0.199 0.202
2.5 2.5 0.202 0.204 0.207 0.206
0 8 0.247 0.330 0.317 0.324
4 4 0.328 0.330 0.337 0.336
0 10 0.297 0.417 0.398 0.408
5 5 0.418 0.417 0.440 0.420
m=5,n= 30

0 5 0.134 0.148 0.143 0.146
2.5 2.5 0.147 0.148 0.150 0.149
0 8 ©.0.194 0.230 0.215 0.225
4 4 0.231 0.230 0.234 0.231
0. 10 0.236 0.292 0.265 0.284

5 5 0.294 0.292 0.297 0

.294




Table VI (7)

Powers of Z(Z)? U(z), V(z) and W(z) for testing (p?,p§j=(0,0)

against different simple alternatives for larger deviation

parameters, o = 0.05

2 2 Z(2) U(Z) v(2) w(?)

0 0.1 0.274 0.452 0.445 0.447

0.05  0.05 0.420 0.432 0.440 0.434

0 0.15 0.472 0.673 0.664 0.644
m=2,n =30

0 0.1 - 0.241 0.321 0.308 0.314

0.05 0.05  0.301 0.303 0.308 0.305

0 0.15 0.353 0.516  0.513 0.489
m=5,n= 30

0 0.1 0.204 0.245 0.228 0.239

0.05 0.05 0.229 - 0.231 0.235 0.233

0 0.15 0.309 0.401 0.377 0.382
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CHAPTER VII

: SUMMARY - AND CONCLUSION

This:dissertation has been concerned with some sfudies on
the criteria: 1) Hotelling's trace, 2) Pillai's trace, 3) Wilks'
criterion, 4) Roy's largest root, and 5) Wilks-Lawley statistic,
including their central and non-central distributions,-iﬁ connéction
with testing three basic hypotheses in multivariate analysis. The
hypotheses considered are: (A) equality of covariance matrices of
two p—vafiate normal populations, (B) equality of mean vectors of g
p-variate nofmal populations having a common coﬁariance matrix and
) independencé of two sets of variates distributed multiﬁariate
normal.

Chapter | doalé with the derivations of the distributions and
moments of the first four criteria under violations using Pillai's
distribution. The results obtained are the densities of Hotelliné's
trace under a cohdition, Wilks' criterion and Roy's lérgest root,
and also the moments of Hotelling's trace and the m.g.f. of Pillai's
trace. It was shown also that corresponding results obfained earlier
by previous authors are special cases of ours.

Exact robustnesé studies were carried out in_Chépter II for the
tests of the hypotheses (A) when normality assumption is violated and
of (B) when the assumption of a common covariance matrix is disturbed.

For these studies, first general forms of the distributions of the.
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criteria were derived and theﬂ some calculations of powers of the
criteria were carried out for various values of parameters. The
studies were pérfqrmed in the two-roots case and the hypbtheses
considered wefe‘éimple. |

The next three chapters were devoted to obtain tﬁe'distribution
of Hotelling's trace for number of roots greater than two. Chapter 111
deals with the derivation of its distribution in the central case for
threé and four roots. Hére, the Pillai and Young approach of the
inverse Laplace transform has been modified to extend fheir results
and to obtain much simpler forms. Its noﬁ—central distribution for
the three-roots case was obtained for a special value of one of the
degrees of freedoms.in Chapter IV using a lemma on the Vandermonde
determinant due fo Pillai and methods similar to those employed in
Chapter III. The distribution is expressed as a series which
converges reasonably fast. The powers of the criterion in connection
with testing the hypotheses of (A) assuming zero mean vectors, of (B)
assuming a cnﬁhon covariance matrix and of (C) were computed and
compurisonslm@dé with thosc of the largest root. This is the first
time exact pqweré for Hotelling's trace was obtained for the three-
roots case. in Chapter V, an expression suggested By Pillai for the
density of Hotelling's trace as an incomplete beta séries which is aﬁ
improvement of the one obtained by Constantine has been studied.
Pillai's suggested form is exact for p=2 and for higher values of p
some upper percenfage points were computed and compéfisons made with
the exact results tabulated by Pillai and Young. Also some powers of
the criterion were computed in connection with testing the hypothesis

(B) when the covariance matrices are equal.
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-'Finally, the distributionapf the fifth criperion; i.e.:thei
WilkS-LaWIey'ﬁtagistié, was derived in the last chapter, Its
expression is giVen in two forms, and in the central case, the‘
relation between the distribution of this statistic and that of S
Wilks' criterion was oﬁtained. The powers of this statistic‘for the
three hypOthesesvwere computed and studied in the two-roots case and
comparisons made.with other criteria.

In conCIUSion, this dissertation is an attempt atbén exact

study of robustness and power of some tests in multivariate‘énalysis.

The following are some suggestions for future work:

1; Although there is some édvantage in the "randomness' concept
introduced by Pillai, it may still be desirable to obtain the
distribution of tﬁc characteristic roots §1§5] under violations
and carry out the work of the first two chapters without the,

x.”randomness”‘assumption.

2. Exact robUstness studies may be extended to thg cénonical correla-
tion problem. |

3. Further investigation of the new distributional form of Hotciling‘s
trace suggéstéd by Pillai may be carried out to establish the
exactness_of_otherwise of the form for number of r6ots greater

than two. .



143

.~pina‘11y,‘the dis‘tribution,_‘of the fifﬁh crivt“elfio.vn-,. i.e. _‘thev_

WilkS-LaWIeyvgtafistic, was defived in the last chapter: Its

expression is giVen'in two forms, and in the central case, fhev

relation between the distribution of this statistic aﬁd.thaf'of o

Wilks' criterion was obtained. The powers of this statistic‘for the

three hypOthésesvwere computed and studied in the twq—roots case and

comparisons made with other criteria.

In conclusioh, this dissertation is an attempt at an exact

study of robustness and power of some tests in multivériate'énalysis.

The following are some suggestions for future work:

1. Although there is some advantage in the‘"randommess” concept
introduced by Pillai, it may still be desirable to obtain the
distribution of tﬁe characteristic roots §1§5] undof_vio]ations | :
and carry out the work of the first two chapters without fhe
”randomness” assumption. |

2. Exact robustness studies may be extended to the cénonical correla-
tion problem. |

3. Furthcr.invcstigation of the new distributional form of Hotelling's
tiéce sgggéstéd by Pillai may be carried out to establish the
exaétness_or otherwise of the form for number of:roots greater

than two.



143

_-Finally,'the distribution of the fiftﬁ crigerion; i.e.:the;
Wilks—Laneybﬁtafistié, was defived iﬁ the last chapter. Its
expression is giVen in two forms, and in the central case, fhe
relation between the distribution of this statistic aﬁdvthatfof i
Wilks' criterion was obtained. The pbwers of this statistic.for the
three hypbtheses were computed and studied in the two-roots case and
comparisons made wifh other criteria.
In conclusion, this disseftation is an attempt atban exact
study of robustness and power of some tests in multivariate'énalysis.
The following are soﬁe suggestions.for future work:
1. Although there is some édvantagé in the ”randomnessﬁ concept
introduced by Pillai, it may still be desirable to thain the
distribution of the characteristic roots §1§51 under violations /
and carry out the work of the first two chapters without fhé
”raﬁdomness” assumption.
2. Exact robusthess studies may be extended to the cénonical correla-
tion problem. |
3. Furthcr investigation of the new distributionul‘form of Hotelling's
trace.suggéStéd by Pillai may be carried out to ésfablish the
éXactneés_or:otherwise of the form for nﬁmber of\rAOts greater

than two.



L1
'Finally,.the distribution of the fifth criperiqn; i,e._thej
Wilks-Laney’gtafistic, was derived in the last chapter. Its
expression is giVenuin two forms, and in the centrallca§g, fhe‘
relation betweenvthe distribution of this statistic aﬁd thaf'ofr. o
Wilks' criterion waé obtéined. The powers of this statistic.for the
three hypbthéses were compufed and studied in the two-roots case and
comparisons made with other criteria.
In conc1USioh, this disseftation is an attempt at”an exact
study of robustness and power of some tests in multivariate'énalysis.
The following are soﬁe suggestions for future work:
1. Although theie is some advantage in the "randommess” concept
introduced by Pillai, it may still be desirable to obta1n the
dlsrrnhutnon of thc character1st1c Toots Slszl.under v1o]at1on$ ,.
and carry out the work of the first two chapters without fhé
”randomness”_asSumption. |
2. Exact robh;tness studies may be extended to the cénonical corfela;
tion problém. |
3, Furthcriinvestigation of thc new distributiohul'form of Hotelling's
trace suggested by P111a1 may be carrled out to establish the
exactness or otherw1se of the form for number of TOOtS greater

than two.



o143

.-Finally,:the distribution of the fifth crigeriqn; i«efﬁthe:
Wilks—Laney §té£istié, was derived iﬁ the last chapter. Its
expression is giVen in two forms, and in the central_Case, fhe'
relation between the distribution of this statistic:aﬁd thaf'of.
Wilks' criterion was obtéined. The pbwers of this‘statistic.for the
three hypOthéses were computed and studied in the twq-rbots case and
comparisons made with other criteria.

In conciusioﬁ, this dissefpation is an attempt at"an exact
study of robustness and powér of some tests in multivariate'énalysis.
The following are soﬁe suggestions for future work:

1.  Although theie is some advantage in the'"randomnesé" concept
introduced by Pillai, it may still be desirable to obtain the
disrrihufipﬁ of tﬁc characteristic roots S S-I‘undef violﬁtions

<172

‘and carry out the work of the first two chapters without the

|

"randomness",assumption.

2. »Exact robﬁstness studies may be extended to th¢ c;monical‘corfela;
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eXaﬁtness”of:otherwise of the form for number of r66ts greater
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criteria in the two-roots case.

Appendix A

The constants b.(r,s) up to k = 6 for the ¢.d.f. of the
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The coefficients Dij for the _c.d.f. of the criteria in the two-

roots case,

D00 = 1+A +3A +5A31+35A4 +63A51+231A61;

D01 = A +6A +15A31+140A4 +315A5 +1386A61,

D11 = A1 +2A21-+A22+3A31+A32+20A4 +3A4 +35A 1+SA5 +126A61+35A

D02 = 3A +"15A31+210A4 +630A5 +3465A61;

D12 = 6A +18A31+A32+180A4 +6A4 +420A51+15A5 +1890A61+140A62;

D22 = 3A +3A31+A32+18A41+2A42+A43+30A5 +3A52+A53+105A +20A +3A
D03 = 5A31+140A41+630A51+4620A61;

D13 = 15A31+300A4 +3A4 +1050A51+15A +6300A61+210A62;

D23 = 15A31+180A4 +6A4 +450A +18A52+A53+2100A61+180A62+6A

Dyy = 5A31+20A41+3A4 +30A +3A52+A53+100A6 +18A +2A63+A64’

I)()z‘ = 35A +315A, +3465A61;

014 = 140A4 +980A51+5A5 +8820A61+140A62;

Dy, = 210A41+1050A5 [F15A ,+7350A 6 1+300Ag +3A¢ 3
D,, = 1404, +420A5 [FL5A5;+21008, +180A, ;+6A, 3
Dy = 35A, #3585 +5A ;+105A, +20A, 5+3A, 43

Dys = 63A51+1386A61, Dy = 31545, +5670A, +35A. ,;
Dy = 630A51+8820A61+140A62; Dog = Dgg = 23143
Dy = 630A51+63OQA61+210A62; Dy = Dgg = 1386A,;
D,s = 315A51+1890A61+140A62; Dy = Dy =“3465A61
Dy =v63A51+12§A61+35A62; Dy = 4620A,;

where the coefficients Aij are given by (after letting m, =

ni=v-1)

i and
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1 - _ o "
2 Mo(IFB1) 5 Ay = (1428, 1+B),)
mn, m _m,m,
3 (1+2B11+B21) ; A31 = 540 (1+3B +3B 33)
mim.,n
ol 4 5 .
55— (143B 1+ 3 By, + 3 Byr+Byy)
mm.m.m
o™ Mo
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the values of Bij are given by (after letting r, = ft + 21 and
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a .6b, . 9b 24b 14 288b.,. 6b, 1
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_ 6 o b 2 2 3 . Caelb 2203
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and b, = w +w,, b, = w.w, and bijfs are obtained from éorresponding

1 1'72° 72 172

1 . 3 . . ‘
aij s by replacing a, and a, by b1 and b2 respectively.
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Appendix C

The constants bK(r,s,t) up to k = 6 for the c.d.f. of U(3).

Remark: Since‘bK(r,s) = bK(r,s,o), the table below gives only bK(r,s,t)

for.f:#”O. Note, also b(alz)(O,S,O) = O
t 1 1 t 1 2 1
K r s 0 1 K s 0 1
T r
8 | 160
3 |o : © |3 33
- 18 . 640
21 0 - = - 2=
(21) | 5 1 o 77
3 | 128
0 2 128
(1) ‘ 0 77
(#) 1 35 (51) |3 - =33
80 ‘ . 10944
3 - :
GLy b 21 1 385
2 64 34,56
2 - = _ 2320
@ |1 -7 0 |7 7385
2 - 16 320
21 15 _ 320
219 |1 3 %2y | 3 o1
80 80
& {2 | 5 1 =
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' 40 192
0 = 1 - ===
3 : 5
0 - B2 6h | - 188
o0 | . 512 35
G192 |10 0 35
0 - é% 321) | 1 1%3
*1) | o 22 0 - 40
313 | o 4 o !
23 | o 16 |
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Appendix D

The coefficients Aij for the distribution of U(S)

Ay = ee = Al =Ahy= o =AL =AL = =AL = Al = = A
— A' = A' = 0. A? ' '
= Agg = Agy = 05 Aj158905459,

as given in Appendix B; A%z = % A32, AZZ = % A&Z’ A&S = % A43, Aéz
1 1 1 1

. 1 = ' 1 - - ' = -—
L Boos BAsz = G hgys Bgy = 5 Aggs Agg = 5 Ags,

in Appendix B and the other Aij's are given below (using mj = v + 2j and

1AV AT A . 1
A31,A41,A51,A61 are the corre3pond1ngrAij s

where the Aij's are as

n, =v - j):
3 3)
muon
v _.o012 )
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mmnmn,
L s, .13 .5 .3 N
Mgy = =77 (4B 3 Boygt T3 Bygt 5 Bygt 5 ByytByy)
mmm,n.n, ' S
¢ . .01212 13 17 A 33 A
Ass 1152 (M9Bygt 73 Bogt T3 Byyt 5 Bagt 75 Bypt2Bayt 3 Byg
8
T3 By By
m m.n.n,(n.+2)
A 0, ,20, 15, .5, .5
Ass 360 (1438 1+ =3 Byt =3 Byt =5 Byt 5 Byyt 5 By,
10 '
+ 73 ByptBsy)
mmmmnn
S i 6, 13 5. .9
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61 9. 15, .
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TR =2 £0 £90 o 12 -
A66 3200~ (MOBip+ 73 Byt 73 Bypt 15 Bagt 5 Bagt T3 By
' 14 11 20 % .20
+ 73 Bugt T3 Buot T3 Bygt 79 Bs3t 5 Bsy
+ 25 4

9 B51%Bg1).
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2
L momlnl(n1+2)n2
67 2880

(L+6B11+5322+10B21+15B 2+5B 1+5B 2+108 1+6B +B 0),

3 3 4 4 51 76

but the values of_Bij's are now different and must be replaced by

_(where r, = fl,+ 2i and s, = f1 - 1i):
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43 105 : 3ro 44rorl 9ror1 175ror1r2 75rorls1 IOSrorlrzsl’
5 ) a43 a ; 8b1 . 32b21 . 40b22 ) 32b32 ‘16b43 s
42 15 3:0 45ror1 9ros1 15rorls1 15ror131(81+2) ’
] ) a44 - 8b1 N 4b21 . 52b22 ] 4b32 ] 12b33 N 16b44 .
41 3 73r0 9r0r1 9ros1 3rorls1 rosls2 ' 3ror13152 ’
. ) -aSl a - 1Ob1 .\ 8b21 i 16b31 . l6b41 i 32bSl ,
55 963 3ro 3ror1 7rorlr2 63r0r1r2r3 693ror1...r4
] ) ~ag, - 10b1 N 28b21 . 4b22 ) 184b31 ] 216b32
54 315 _3r0 15rorl r s 175rorlr2 75rorls1
.\ 128b41 .\ 144b42 i 32b52
2205r0r1r2r3 245r0rlrzs1 315ror1r2r3§1
-agq 10b1 64b21 56b22 64b31 | ,122b32

B = ——= (1 - + + - -
53 105 . 3rO 45ror1 9ros1 175r0r1r2 25r0rls1
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51

66

65

64

=-a

15

55

61
3003

62
3465

63
105

156

. v_128b42v .\ 122b43 ) 32§53 s
] 315r°r1rzs1 45rorlsl(sl+2) 105r0r1r231(sl+2)
- 10bl 52b21 68b22 8b31 88b32 _16b33
(L - 3r + 45r r 9r s "t r,r, 25r r,s, T S.S
o ol ol o 12 o 11 o172
| 16b42 128b44 32b54
+ 45r r. r,.s + 9r r,s,s, 15r r,r.s.s )
o'1°271 ol7172 ol°271°2
(1._ 10b1 . 4b21 80b22 ) 4b32 20b33. 16b43 :
| 3ro 9rorl 9ros1 r T8 r03132 9rorlsl(sl+2)
16Ob44 32b55
* 9% r.s.s. 3rr.s,s (s +2)) 3
ol12 ol17172Y'1
a - 4bl 4b21 ) 32b31 16b41 ) v64b51
: r0 ror1 7r0r1r2 21ro...r3 231):0...r4
. 64b61 .
- 3003r ...r ) s
o 5
ébl 136b21 44b22 192b31 352b32’ 208b41
(1 - T + 45r r + 9r s, 75r r.r. 75r r.s + 735 T
‘ o o'l o1l 0’172 o 171 o' 3
N - 352b42 ) 320b51 _ 1408b52 v
245r0r1r231 6237r0...r4 2835ro...r3s1
N 32b62 s
] 3465ro...r451 ’
- 4bl . 12b21 8b22 ) 32b31 ) 192b32 256b41
r Sror1 T8, 25r0r1r2 25ror151 525r0...r3
N 352b42 N 112b_,+3 - 128b52
24$rorlr2s1 25rorlsl(sl+2) 525r0;..r3s1
L 192b53 . 64b63 ,
- 175r0r1r2s1(sl+2) lOSro...r351(51+2)
- 4b1 .\ 32b21 . 28b22 ) 208b31 i 164b.32 ) 4Ob33
'ro 15r0r1 3rosl -175r0r1r2 25rorls1 rosls2
. . l6b41 . 976b42 N 80b44 ) ,8b52
_ .245r0...r3 735rorlrzs1 3r r.s.s, " 35r0...r3s1

o'17172
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o 8b,, X 64b,, .
: T T T,8,8, 35rof’fr35182 :
y - 28b,,
.. s a 4b1 . 32b21 128b31 672b32 . 128b42 , a2
5=z (1 - ; - - g y T3 )
62 35 LT, 15r°rl 175ror1r2 75rorlsl» lOSrorlrzs1 T35
Y 112b43 : 64b53 Y 32b65 N
; - ; p ° ] /s
15rorlsl(sr+2) 35ror1r2s1(sl+2) 35ror1r231(31+2)(sl+4)
. _ 26 - 4b1 . 76b21 .\ 104b22 _ 32b31 i 592b32 ) l60b33
‘ 61 15 r, 45r0r1 9ros1 | 75ror1r2 75r°rls1 3:03132
. 32b42 N 176b43 . 320b44 _
_ 45rdr1:251 45rorlsl(sl+2). 9rorlsls2
) 64b53 ) : 128b54 ] ; 64Ob55
135r0rlr231(sl+2) 27ror1rzsl's2 27rorlslsz(sl+2)
. 72b66 -
. ‘ ;
- Sror1r28132(81+2)
.4b1 4b21 40b22 8b32 80b33 16b43v_
Beo = %7 (1 -7 *37 7. t3rs, "Trs, Trs.s 3r r.s (5,+2)
0 ol “To71 0’171 012 o111
: 160b44_ »64b55 64b67

) - + 3 ) )
ITT1815y  TFiS18p (8t Koy y5, (8,2

. -1
. ' .
with the aij s:are expressed in terms of the roots hl’AZ’AB of §L§2 »;s

follows:
RS S HES RS TS T, -1
a, = Al +}2;+h3 ;oa, = (klkz) +(klk3) +(k2A3) i ag = (xlx2x3)
_ 2- Lo _ L _ 3_ .  , _=. K -
a21 = 3a1_4a2‘f-§22 =a,; a3 = 5a1 1231a2-+8a3 3 39 .2a1a 3a3‘,
| U el 2 2 2 -2 o
aj3 = a5 5 3,4 — 35a1-120a1a2+48a2+96a1a3 5 8y, = _9ala2_-12a2-10a1 3 3

a9 = 3a2-4a1a3 3 8y, = 8,835 a5y = 63a?-280a?a2+24031a%+240a{a35192a2a3,

a5y = ZOaiaz-48a1é§-21aia3+60a2a3 3 8cq =.9ala§-12§ia3-10a233 ;

554 = 3afa3-4éza3‘; agg = a5353 ; a61‘= 231ai-1260a?.£+1§80aia§+1120a153

_-»320a3-1920aléza3+384a§ } 8¢, = 175&?&2-600a§a§~186aias+240a3+912a1a2a3

--288a§ ; a63;é”ﬁaia§-8a133—832+6a1a3a3-3a§ ;-a64 =‘Saia3-1251 2a3+8a§ }
= 5a§-1231a233+8a§ ; a,, = 2a a2a5—3a2' 2. o

%65 66 1 35 %7 " %3
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and the bij's are obtained from corresponding aij‘s by replacing al,
az,q3by bl’bZ’b3 respectively, whgre bl = wl+w2+w3, b2 = w1w2+w1w3+w2w3,

b3 = W Woug with.wl,wz,w3 are the characteristic roots'of o2
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Appendix E

Expressed in terms of D*(n;q3,m;q2,m;q1,m;u), to be-éhortened by

D¥(44,95,4,)» the ¥ functions are given below:

Yr(u) = D*(2,1,0) ; ¥§; () = 3D%(2,1,0)-D*(3,1,0) ;

¥ ()
Yﬁz(u)
5,
¥4, ()
Y53 (@)
EAA
Yo ()

¥y (W)

Y% (u)
7 (W

Y
51(“)

Y
52 ()

150*(2,1,0);100*(3,1,0)+3D*(4,1,p)-D#(3,2,0) :
3D%(2,1,0)-2D%(3,1,0)4D*(3,2,0); |
35D*(2;1,0)-35D*(3,1,0)+21D*(4,1,0)-7D*(3,2,0)A5D*(5:1;0)
+2D% (4,2,0)-D%(3,2,1) ; | '

15D%(2,1,0) ~15D% (3, 1, 0)+4D% (4, 1,0)+7D%(3,2,0) -2D* (4,2, 0)

. +D%(3,2,1) ;

D% (2,1,0)-D*(3,1,0)4D*(3,2,0)-D*(3,2,1) ;
315D%(2,1,0)-420D% (3, 1,0)+378D% (4, 1,0) ~126D% (3, 2,0) -2D* (4,3,0)
+9D* (4,2, 1)+72D* (4,2,0)-36D*(3,2,1) -180D*(5,1,0) -15D% (5, 2,0)
+35D%(6,1,0) ; |

105D%(2,1,0) -140D*(3,1,0)+56D%(3,2,0)+16D%(3,2,1)+77D* (4,1,0)
32D (4,2,0) ~4D% (4, 2,1) ~3D% (4,3,0) ~18D% (5, 1,0)+9D*(5,2,0) ;
150*(2;1,0)-209*(3,1,0)+14D*(3,2,p)+4n*(3,2;1)+sn*(4,1,o>

-80% (4,2,0) =D* (4,2, 1)+3D% (4,3,0) ; | |
3D%(2,1,0) ~4D%(3,1,0)+4D%(3,2,0) -4D% (3,2, 1)+D% (&4, 1,0) =D* (4,2,0)
+D*(4,2,1) |
693D*(2;1,0)-11559*(3,1,0)-462D*(3,2,0)-198D*(3,2,1)
+1386D*(4,1,0)+396D*(4,2,0)+99D*(4,é,1)-220%(4;3,0)-3D*(4,3,1)
-990D*(5,1,0)-165D%(5,2,0) -18D*(5,2,1)+5D*(5,3,0)+385D* (6,1,0)
+28D%(6,2,0)-63D%(7,1,0) ; -
315D*(2,1,0)-525n*(3,1,0)+168D*(3,2,0)+72D*(3,2,1)+441D*(4,1,0)
-144D*{4,2,0)-369*(4,2,1)-37D*(4,3,0)-3D*(4,3,1)-207D*(5,1,0)

+87D%(5,2,0)+9D*(5,2,1)+8D%(5,3,0) - 20D% (6 ,2,0)+40D* (6,1,0) ;



¥E, (0)

%,

¥Es(w)

1w

T,

¥g3 (W

AN
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105D%(2,1,0)~175D% (3, 1,0)-4126D%(3,2,0)+54D% (3,2, 1)+112D% (4, 1,0)
~108D% (4,2,0) ~27D% (4,2, 1)+4 1D% (4,3, 0)+4D* (4,3, 1) ~24D%(5,1,0)
+24D% (5,2, 0)43D% (5,2,1)-9D%(5,3,0) ; -

15D (2,1,0)-25D% (3, 1, 0)+24D% (3, 2,0) ~24D% (3,2, 1)+13D% (4, 1,0)
-12D% (4, 2,0)+12D% (4,2, 1) -D* (4,3, 0)4D% (4,3, 1) -3D% (5, 1,0)
+3D%(5,2,0)-30%(5,2,1) ;
3D%(2,1,0)-5D% (3,1,0)+6D% (3,2,0) -6D% (3,2, 1)+2D* (4, 1,0)
-3D*(4;2,0)+3D*(4,2,1)+D*(4,3,0)-D*(4;3,1) :

3003D% (2, 1,0 ~6006D# (3, 1,0 -3003D% (3,2,0) ~1716D% (3,2, 1)

+9000D% (4 ,1,0)+343 2% (4,2, 0)+1287D% (4, 2, 1) -286D* (4,3, 0)
~78D¥(4,3,1) -D* (4,3, 2) -8580D% (5, 1,0) ~2145D% (5,2,0) -468D% (5,2, 1)
+130D%(5,3,0)+16D%(5,3,1) -5D% (5,4, 0)+50050% (6 , 1,0)+728D* (6, 2,0)
+70D% (6,2, 1) -210%(6,3,0) ~1638D% (7,1,0) -105D% (7,2,0)+231D%(8,10) ;
‘34655*(2,1,0)-6930D*(3,1,0)+1617D*(3,2,0)+924D*(3,2,1)

+7854D% (4, 1,0) ~1848D% (4, 2,0) 693D (4, 2,1) ~1056D% (4,3, 0)

178D% (4,3, 1)+9D% (4,3, 2) =5544D% (5, 1,0)+1881D% (5, 2,0)

FIBADH (5,2, 1)+b58D% (5,3 ,0)+320%(5,3,1) ~101%(5,4,0)+ 21450k (6, 1,0)
~9200% (6,2, 0) -BOD* (6,2, 1) =750 (6,3,0) -35010% (7, 1,0)41750% (7, 2,0) ;
105D% (2, 1,0) ~210D% (3, 1,0)+147D% (3,2,0)+84D% (3,2, 1)+189D% (4, 1,0)
~168D% (4, 2,0) 63D (4,2, 1)+59D% (4,3,0)+12D% (4,3, 1) -D*(4,3,2)
~84D* (5, 1,0)+78D% (5,2, 0)+18D% (5,2, 1) ~26D%(5,3,0) ~2D¥ (5,3, 1)

~2D% (5,4,0)+16D% (6, 1,0) ~16D% (6, 2,0) -2D% (6,2, 1)+6D* (6,3, 0) .
35D%(2,1,0) -70D% (3, 1,0)+63D% (3, 2,0) -64D* (3, 2, 1)+56D% (4, 1,0)
-47D*(4,2,0)+48D*(4,2,1)-9D*(4,3,0)+en*(4,3,1)%n*(4,3,2)

~26D% (5, 1,0)+24D% (5, 2,0) =24D% (5,2, 1)+2D% (5,3 ,0) - 2D* (5,3, 1)

+5D% (6, 1,0) =5D% (6,2,0)+5D*(6,2,1) ;



Y55

RS

g, (@

35D*(2,1,0)-70D*(3,1,0)+63D*(3,230)+36D*(3,2,154560*(4,1;0)
-72D*(4,2,0)-27D*(4,2,1)+41D*(4,3,0)+8D*(4,3,1)+D*(4,3,2)
~16D%(5, 1,0)+24D%(5,2,0) -18D% (5,3 ,0)+6D* (5,2, 1) -20% (5,3, 1)
+SD*(5,4,0); |
15D%(2,1,0)-30D%(3,1,0)+37D*(3,2,0) -36D%(3,2,1)+19D* (4,1,0)
-28D% (4,2,0)+27D% (4,2, 1)+9D*(4,3,0) -8D* (4,3,1) -D* (4,3, 2)
-4D*(5;1,0)+6D*(5,2,0)-6D*(5,2,1)-2D*(5,3,0)+2D*(5,3,1);
D*(2,1,0)-2D*(3,1,0)+3D%(3,2,0) -4D*(3,2,1)+D*(4,1,0)

-2D% (4 ,2,0)+3D% (4,2, 1)+D* (4,3 ,0) -2D% (4,3, 1)4D* (4,3,2) ;
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Appendix F

Below, the. values of'!?ﬁ are given for m = o, Howevér, 1f D
denotes the integral of D* from o to u, then Y%ﬁ are,Yij in Appendix E
replacing single star by double stars. Therefore, only the expressions

of D** in terms of g(a,b) = g*(u:o,n;a,b) and h(a,a’;b,b') =

1 1 t . .
bbm‘ab'b nta I(u:b,1l,bn+a; b'+u,-1,b'n'+a'), see Chapter III, are

given. The values of D**(2,1,0) up to D*(7,3,0) are available in the
work of Young [46]; Appéndix A. The additional values are (letting

a, =n+1iand b, = 2n + i):
i i

: -1
D**(8,1,0) =.{313284a536a73839b3b11} [28a4a6a7a8-7a4a5a6a7asb3g(1,1)

15 2 -, 5 : : '
+ =3 (4§ +38n+91)a1a4b3b11g(2,1) + 7 (4n+17)alaza4b3b11g(3,1)

_ | 3
+ 2a1a4a5a6a7a8b11g(3,2) + 7 (4n+15)a1a2a3b3b118(4,1)

+ a1a4a5a6§7b3b11g(4,2) +

+ a1a2a4a5a6b3b11g(5,%) +

3 | |
7 8132333,P3P1;8(5,1)
1 . .

3 81853,35b30;,8(6,1)
+

aya5a3a,babgb;18(7,2)

Nl

+ 5 a1a2a4a5b3b5b11g(6,2)

37375771
1 3, 5402 - L
-3 (56n"+812n +4130n+7365)a1a4b3b11g(10,2)
3

1 ' 1
+ z 31202 b,b.b_b 1g(8,2) + 7 ala2a4b3b5b7bllg(9,2)

- % (22n +3864n°+226 240+44919) 2 3, a,b5h (11,232, 1) ]
D**(S,Z,O) = {a1a2a3a5a6a7a8a9}-1[12a7a8-3a2a5a7a8g(1,1)
' 15 2 N 5
+ = (4n +38n+91)a1a5g(2,1) + (4n+17)a1a2b9g(3,1)
3 ' , , 3 _
+3 (4n+15)alaza3g(4,1)+251a5a6a7a83(4,2) + 3 a1a2a3b7g(5,1)
+ 2a1a2a5a6a7g(5,2)+a1a2a3asg(6,1)+alg2a5a6b5g(6,2)
- 1 L1
} alazasgsbsg(7,2) + 3 a1a2a3b5b7g(8,2) + 35 a1a2a3b5b7g(9,2)
- % (24n7+364n+19220+3525) a,a,8(10,2)

- % (24n3+364n2+1922n+3525)alasg(ll,2)

3

- % (192n +3096nz+16512n+28791)alash(12,2;2,1)]
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Appendix G

The values of Dk for central case up to k = 10. To shorten the

writting we use the following abbreviations: v = n1+n2, aj = pn1+2j,

pj = pt+j, qj f P-], rj = n1+J, sj = nl-J, tj = y+3, uj = v-].

Dy =1, D, =vp/2, D, = {vp"/(8a)}(C,p4Cy))

o
I

3 (vo’/ (2° 3! 2,a,) }(C3+C5,+C33)

=]
I

A {vp /(2 .4!a1a2a3)}(c41+...+045)
5 {VPS/(25f5!?1'"34)}(Csr+"'+057)
o = 0%/ (2% 6a .. a) }(Cg te . 40g )

fvp’ /(2 .71a

=
Il

=
I

o
0

1+ ++23g) 3 (e 4Coy 0)
8,,.8 o,

g = Lvp /(2°.8la;...a) }(Cqpte - 4Cgy)
9,..9 .,

g = {vp7/(27.9%a,...85) }(Cy .. 4Cyq0)

1O/(21O.10!a

)
L]

=]
]

o
n

10 {vp 1...ag)}(C101+...+C142)

where the C's are given below:

Cop = TatyPy/3 5 Cyy = 25,u,q5/3 , Cqy = 1,t,p,Cpy /15

Cgp = 98,614,051 /5, Cag = 5,u)8,Cp/2 5 C4y = TetPeCay/7

Chp = 20748,P,C35/63 5 Cpy = 2r181P1C35p/9 5 Gy = 887u54,C3,/9

Chs = 293“3“3‘333/5 » G5 = TgtgPglyy/9 » C5p = 77 6P6C42/36 ’

Cs3 = 5T4tuPuCh3/7 5 Cgy = 2574t,p,Cpp /56 5 Cog = T1t1P1C,, /2 »

Coq = 2353u343C,, /42, Cgy = 8,1,9,C /3 5 Cgy = Ty4t;4P1(Csq/11 5
Cgy = 54TgtgpaCs,/385 , Coy = 5f6t6p6C53/18 , Cgy = 56r6f6p6C54/225 ,
Cos5 = 2r3t3p3053/15,’ Coe = 277151P1C54/25 » g7 ='75393q3C54/9 ;

Cg = M VPC55/6 » Cog = 2083u3dCyss/21 5 Cgyo = 984u44,C5/20

Co11 = 2959595C57/7 » Cq1 = TypfqaPypCe1 /13 » Cpp = T7x F10°10P10 Ce2/702
C,q = 49r t8p8 /275 > Cyy = 15r8t8p8c64/88 s Cyg = 7r6 6P6 65/12 ,
Crq = 287 t6p6 6/8l 5 C,, = B4r t pcC. /275 , Cog =j5f3t3p3066/27 ,
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C79 = 7n1vpC66/27 s C710 9853u3q3066/81 s C711 = 1454“4%(:67/25 N

088 = 2r5t5p5C75/21 , CS9 = 8r3t3p3C76/21 s CSIO = nivpC76/3 "
Cgi1 = 16s3u3q3C76/11 , Cgyy = 4rotepgCyq1/11 5 Cgyg = 8rytypyCqg/21 ,
Cgqy = 5T3t3P3Cy1p/2l » Cgys = 287,,0,0715/15

Cgpg = 1125,1,0,C713/75 » Cgyy = 2485usdsCqy1/55 5 Cgg = 281u1d1C71,/15,

c

819 — 2034u4q4C712/21 s CSZO = 785u5q50713/15 s 0821 = 3286u6q60714/105’

C

|

c /880 ,

c

94 = 91F12t19P12Cg,

[

93 = 11r12t12p12083/105

C,. = 21r 130

95 = 21T19t10P10C85/ c

-

96 = 486r10t10p10086/3185 > |
Cy7 = 78r10t10p10087/525 Cog = 27r8t8p8088/55 » Cgg ='25r8t8p8C89/88 ,

Cgip = l4rgtgpgCgig/55 » Cgyy = 77rgtgpglayy/312

Cgyp = 297rgtgpglayo/1274 , Cgy g

Cgqy = 27%3taP3Cg10/35 » Cgys = 27r3t3P3Cayy/56 5 Cog = 27myvpCey /40 ,

Pyyg = VI R By A9 0 by gos Hbgbpblyg g R

0919 = r2t2p20813/10 , 0920 = 6333u3q30813/20 , 0921 = 14s4u4q46814/l5 ,

Cagp = 551u191Cg)5/28 » Cgyg = 88,1,4,Cg;5/7 » Coyy = 8171E1P1Cq17/28
Cyps = 55¢u6deCg17/14 » Cgpg = 275,9,9,Cg1g/ 14 » Cgpy = 585u5d5Ce19/8
Cgpg = 71t1P1Cg21/% » Cggg = BlS7u7a;Cey /308 , Cogq = sgugdglayr/s

Cio1 = r18t18P18091/19 > Clo2 = 34x 6t16P16C92/ 513
Cio3 = 65714E14P14Cg3/748 » Cqgy = 400T b ,p,Coy /4641

Cio5 = 6715t 9P19Cg5/49 » Cigg = 77T 5t 9P 0o/ 648
Cigy = 1757 5t 5P15Cg7/ 1496 , Cpgg = 25t 4t1 0Py Cog/ 117
Cio9 = 12710t gP10C99/65 » Cy10 = 22571t gP1oCo10/ 1274 »
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113
116
119
121
124
126
128
131
134
136
139

141
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10510P106911/26%3 » C112 = 91%10%10P10C012

2r,t.p5Cog/27 5 Cp ) = 1758,u505C0g/27 , Cypg = 4n1VPCog/5

468t /540 ,

h

5583u343Cgq/26 , Cp1; = 4483u3d3C414/13 5 Cp

2635u5q5C912/45 s Cipp = 25T5tsPsCoy,/162 ,

2483u383Cq)3/ 11 » Cpgp = 4rptPo0g14/27 » Cppg = BleguydsCos/22

17594u4q40915/162 s 0125 = 3531u1q10916/162 ,

25084u4q40916/189 , C127 = 3335u5q50917/52 , -
2036u6q6C918/49 » Ciog = 2583u3q30919/6 » Ci30 = 5051u1q10920/189,
1128,3,9,C990/8L » Cp3p = 38855950951/55 » 33 = 1694149,0925/7

22535u5q50923/308 » Cy35 = 3556u6q6C924/81 s
5557u747C925/182 5 Cy37 = SguplyCore/9 5 Cp3g = 2819191092775

/15 , C140 = 24s7u7q70928/77 s

255gugdglong/ 108 » Cyyp = 289UgdgCogo/ 1L -

786ugq¢Cgo7
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Appendix H

The values of Dk for non-central case up to k = 6. Here we

also use the same abbreviations as in the Appendix G.
_DO =1, D1

| ) .y
= VpBll/Z , D2 = { vp /(831)} (C21321+C22B22) ’
3,3 .00 |

=]
L]

=]
L]

4, 4 :
A {vp /(2‘.4!a1a2a3)}(C41B41+...+C45B45) s

5 5 .
5 {vp /(2 .5!a1a2a334)}(C51B51+...+C57B57) s

=
I

=)
fl

6, 6
o = Lvp /(27.6%2;...25)}(Cg Boyt- - +Ce11Bg11)

where the C's are as in the Appendix G and the B's are given as

follows: | |

By, = 1-2bj,/a  , By, = 1-hb, | /a_+ib,, [ (a,ToP)) 5

By, = 1-4b11/a0¥8b22/(a051q1) ,

By, = 1-6by /a +12b,,/(8,7,p,) ~24bs;/ (a,T91,P9P,) >

Byy = 1-6b11/a6+16b21/(3aor2p2)+40b22/(3aoslq1)-16b32/(gorzslpqu) ,

By = L-6b;/a +24b,,/ (a,814))-48bg3/ (a,815,d;4p)

B,y = 1-8b11/a°+24b21/(aor2p2)-96b31/(aor2r4p2p4)+48b41/(aor2r4r6p2p4p6),

By = 1-8b11/a0+44b21/(3abr2p2)+56b22/(3aoslq1)-144b31/(5a0r2r4p2p4)
—77&h17/(5n”rﬁs1nﬁq')l3?h1é/(n”rﬁrhs1p7p4q1)

By = l—ﬁbll/éé+52b21/(Jaor2p2)+80b22/(3aoslq1)-64b32/(aoxzslpqu)
+128b, 5/ (a ry8.T1Pyd1Py)

By, = 1-8b,,/a +20by /(3a r)py)+140b,,/ (32 5,q;)~40b3,/ (a,T,81Pyd;)
~72bg3/ (a,8159419p)+32b,, [ (8,T98,81Pyd591)

B,. = 1-8b11/a0+48b22/(aoslq1)-192b33/(a°slsquq2)
+128b45/(a0313233qlq2q3) s

Bgy = 1-10byy/a +40b,,/(a r,py) ~240by /(2 T o7 P yPy)

+240b, /(3,1 o1,TePoP,Pg) ~480b 5 /(2 1)L, TgTgP P,PePg)
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53

54

55

56

57

61

62
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1-10b11/ao+28b21/(aor2p2)+24b22/(aosiql)—552b3l/(Saor2r4p2p4)

- 432 by, /(585,81 ) +384b,, / (T2, T T, TePoP,PE)
+864b42/(7gor2r431p2p4q1)-192b52/(aor2r4r6slp2p4p6q1) )

1-10b,, /a +64b, / (38, +112by,/ (38,8,4)) ~192b3, / (58,75%4P 4P,
~672by 5/ (58,158 Pyq;)+256b, 5/ (33,797, 81P7P4q,)

+896b, 5/ (33 T, T P,d1P1)~256bg,/ (8 T T, 8 T1PoP,qP)
1-10b11/ao+52b21/(3a°r2p2)+136b22/(3aoslq1)f168b31/(5a0r2r4p2p4)
-528b32/(5a0r231p2q1)-96b33/(aoslsquq2)+224b42/(3aor2r4slp2p4q1)
+256b,,,/ (3a,798,81Pydp;) =645,/ (2,197 8159PoP4 9 9p)
1-10b11/a0+40b21/(3a°r2p2)+160b22/(3aoslql)-120b32/(aorzslpqu)
-120bg3/ (a,818,,45)+640b,3/ (32 r)81T1Pyd;9y)

+320b,,/ (32,758,81P5dpd1) “640b55/ (8,781 T18,Pd1P1dp)
1-10b11/a°+8b21/(aor2p2)+64b22/(aoslql)-72b32[(aorzslpqu)
~264bg3/ (8,518 9,49)+576by,/ (52,7898 1P9d5d;)

+896b, 5/ (58,818 ,83PPyP3) ~384bgc/ (2,T)8,8,83P7d 95d3) >
1-1Ob11/é°+80b22/(aoslql)-480b33/(aoslsquq2)
+640b45/(a°slszs3q1q2q3)-3840b57/(aosls23334q1Qé§3Q4) s
1-12b11/§°+60b21/(aorzpz)-480b31/(aor2r4p2p4)
+72°b41/(aorzr4r6PzP496)'288°b51/(aorzr4r6r8PzPAPefs)

+2880bg /(3,7 5T, T TgtpP 9P, PePgP10) |
1-12b,/a_+136by,/ (32 T ,p)+B8b,,/ (3a 8 1q;) ~1344by5,/ (58,7 ,1,P 5Py
-704b32/(5aor251p2q1)+1872b41/(7aor2r4r6p2p496)

+2112b,,/ (78,77, 1P,P4d;) ~1600b, / (38,7 5T, T(TgP )P, PgPg)

~2816b 5,/ (32,757, TS 1PoP, g1 +384Dg o/ (35T 5T, T g% 1PoP4PPgYY) -



Bea

64

65

66

67

68

= 1-12b /a +76b /(3a r
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= 1-12b11/ab+36b21/(a°r2p2)+48b22/(abslql)-672b31/58br2r4P2P4)

~1152bs, / (58,7, 8, Pyd; )+2304by  / (358, T, T, T¢ Py Py, Pg)
+2112by 5/ (72, Ty T, 81 Py P, 7 )+(147) (128)b, 3/ (353, rzslrlpqupl)
-2304b52/(5a r2 46 1p2p4p6q1) 4608b53/(5a T,1, 8 1P2P4qlpl)

+4608b, 3/(3 r2 4 651r192p4p6q1p1) ’

= 1-12b /2 +32by, / (a,TyPy)+56by,/ (3,814 ) ~624by; / (52,177, PyPy)

-984by, / (58, T,8,P,q; ) ~120b 39/ (2,818,d,d5)+432b, 1/ (73 1,1, T PyP, Pg) |
+1952b,,,/ (78, 1,1, 8, P,P, 93 )+160b,, /(a T)8, 1p2q2q1)
e432b52/(aor2r4r6slp2p4p6ql)-24Ob54/(a°r2r4slszp2p4q1q2)
+384bg,, / (2,777, T6S15209P4 P Y 9)
1-12b21/ao+32b21/(aor2p2)+56b22/(aoslq1)—384b31/(5a0r2r4pzp4)
-1344b,,/ (58, r231p2q1)+256b42/(a°r2r4slpzp4q1)

+896b, 1/ (a 1,8, T,p,q,P;)~1536bsq/ (2 T T, 8,7 1PyP, 41 Py)

+3072bg o/ (a_T,T, 8, T T3P,P,d;P1P3) |

,Po)+208b,,/ (32 _s,d,)-224by, /(58 T,r,PyP,)
-1184b32/(5a r,s 1pqu) 16Ob33/(a slszq1q2)+448b42/(3a r2 4 1p2p4q1)
+1408b43/(3a r231r1p2q1p1)+640b 4/(3a r,8, 1pzqqu)

~2584bgy/ (93 T,T,8;% PP, d Py ) ~1280bg, / (92 T,T,8189P,P,q)dp)
-12800b55/(9aorzslrls2p2q1p1q2)+512b66/(éor2r431r152p2p4q1p1q2) s
1-12b,,/a_+20b,,/ (a ¥ ,p,)+80b,,/ (8 51d1)=192by, /(58T 57,0 9P,)
-912b32/(5a°r232p2q1)-336b33/(aoslszq1q2)+128b42/(aor2r4slp2p4q1)
+1472b44/(5a0r2s2s1p2q2q1)+1152b45/(5aoslszs3q1q2q3)
_1536b54/(7aor2r4sls2p2p4q1q2)-6912b56/(7a°rzslszs3p2qquQ3)

+1536b, ./ (a r,,8,8,84P9P,d9593) >

= 1-12b11/a°+20b21/(a°r2p2)+80b22/(aoslql)-240b32/(aorzslpqu)

=240b 3/(a 815,4,9,)+648b, 4/ (a, rzslrlpqupl)+320b44/(a0r232s192q2q9

3840b /(a r,8,T szp2q1p1q2)+7680b68/(a 1,8, 13292q191q2) s



B, =

69

610

611

v +384b
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1-12511/a°+16b21/(aor2p5)+88b22/(aoslql)-192b32/(a0r231p2q1)
-384b,5/ (a_318,0,Pp)¥320b, 3/ (8 Tp81 T P9 Py)
+1664b44/(5aorzszs1p2q2q1)+1344b45/(5aoslszs3quZQ3)

~1920by5/ (a, T8, T185Ppd1P1dp) ~ 115205/ (3,75818783P5d; 95%)
+1536b69/(aor231r1s233p2q1p1q2q3) s
1-12bli/aof28b21/(3aor2p2)+304b22/(3a§§1q1)-112b32/(a0r231p2q1)
_624b33/(aosiszq1q2)+1344b44/(SaOrzszslpzqqu)' '

+4224b, o (5a_818,53d,d,d3) ~1792b5c/ (3,58, 8,83P7d19593)
-5120b57/ (aos 18 233s4q1q2d3q4)+1536b6 10/ (aorzs 1s.2s3s4p2q1q2q3q4) s
1-12b  /a+120b,,/ (3 814,) ~960b53/ (2,818,d;d,)
+1920b45/(30313283q1q2q3)-23040b57/(aoslszs3s4q1QZQ3Q4)
+(45)(?024)b611/(3091523;5455q1q2q3q4q5) ’ o

the quantities bij's are:

= a2 ) . _ end_ . .

by 3 byy = 3b] = &by 5 byy = by; byy = 5by 12b b +8by ;
4 2 2

2b1by-3by 5 byy = by 5 by 35b,-120b1b,+48b5+96b, by -64b,

2. 2 2 : :

9b1b,-12b5-10b,byt16b, ; byg = 3b)-4b bytb, 5 b, = 5b by-8b, ;

a5 3 2 2, 5
b, 3 by, = 63b] 1D +240b b5 +240b b 192b,b,-192b, b,+128b

1°3
20b b, ~48b b2-21b2b ,~60b,b.+24b, b, ~40b
1D 48D by-21b;b3-60b,by#24b, b, =300

2 1082

-280b 3 5

i

\ | 2
9bb,12b b3 -10b,by+18b,b, -5bg 5 by, = 21b7b,

2bybg=3b1bytby 3 byg = 3bib,=5bg 5 bgy = bs
6 _1260b%b.+1680b2b 2+1120b>b, ~320b3-1920b b, b
1~1200b, by jPy+1120b;b3-320b, 1”2
2

+768b,b,+768b. b -512b

-28b2b 4+40b5

3-24b1b

231b -960b%b,

3 174

3 175 6
3 3

4 2.2 :
1b2-6Q0b1b2-180b1b3+240b2+912b

-288b2-

2
+192b.b 3

3 174

175b 1b2b 576b2b4

-224b_b +384b

175 6 ‘
2.2 .3 3 2 2. |
6b1b2-§b1b3-8b2+6b1b2b3+9b1b4f3b3+8b2b4-14b1b5+4b6

3 ' 2 ‘A2, : :
45b1b3-;08b1b2b3-48b1b4+72b3+64b4b2+56b1b5-96b6 »



bg s

Pe6

67
Peg
Peg
b

610

In the above relations, the bj's are the jth

3

15b -36b,b, b, +24b b +24b -22b,b, -8b b +3b

172 3

14b1b2b3 21b1b4 21b3+8b b4

6b b -8b b -7b b +12b

1 4 274 6
3b3—4b2b4+b b
= 5b,b,-8b b +3b6
= Tbybg=12bg 5 bgqy = bg .

function in the latent roots of‘g

274

+32b.b_~-12b

175

6

6

elementary symmetric

170
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