" ON THE EXACT NULL DISTRIBUTION
OF HOTELLING'S TRACE*
oy

Sudjana

Purdue University

) Department of Statistics
. Division of Mathematical Science
o Mimeograph Series 308

October 9, 1972

*Research in part by the Air Force Aerospace Research Laboratories, Air
Force Systems Command, U.S. Air Force, Contract F33615-72-C-1400. Repro~
duction in whole or in part permftted for any purpose of the United States
Government . - ) ’} '



FOREWORD
% Y

This is an iﬁéerim report of the Qork done under coﬁtéact F33615-72-C-
1400 of the Aeroééacé Reseérch Laboratories, Air Force éyétems Command,
United States Aif:Eqrce. The work reported herein i§:§art1y aqéom—
plished on Project 7071, "Research in Apblied Mﬁthematics“;.aﬁd“was
technically monitéred by P. R. Krishnaiah of the AerospacelReseatéh Lﬁbf
oratories. The_wdrk;in part was also supported by a Granf.frcm,the Ford

Foundation Program No. 36390.



ABSTRACT

The paper deals with the density and distribution function of tr 81221'

where S1 is distributed central Wishart W(p,nl,Z) 1ndependent1y of .2’v
W(p,nz,Z). The approach is an improvement on that of Pillai and Young [8]
The density and c. d f. are obtained explicitly for p=3 and 4 for all non-
negative 1ntegra1 n = (n 1P~ 1)/2, unlike in Pillai and Young where m is .

restrlcted to very small integral values.
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1. Introduction

Let S, and S, be independently distributed W(p,ni;ib;i=1,2, and let’

U(p) = tr'S1 22-1 (a constant times Hotelling's TOZ). The exact distri- _

bution of U(p)-has been studied by several authors. 'Hotelling [4] obtained

the distribution of Ty 2.for p=2 and Pillai and Chang [7]'developed the dis-
3, "

tribution of U as a slowly convergent infinite series Further, Pillai

and Young (s8], through inverse Laplace transform, obtained the distribution

(3_) @)

of U for" er(l)S and U for m=0(1)2, where m=(n »p 1)/2 Davis [2j

has shown that the den51ty of To2

of order p and in [3] he derived the Laplace transform of the density of
(p)

satisfy an ordinary differential equatlon '

U for p=3 and.4 and for small values of m.. Constantine rl] obtained

(pl in a series form which converges only for IU(p)l < l,.
(p)

Krishnalah and Chang [5] have also derived the Laplace transform of U in

the density of U

terms of double 1ntegrals and illustrated the derlvatlon of the density for
p=2 and m=1. In thls paper, the Pillai-Young approach of the inverse Laplace
transform has been modlfied to yield the dens1ty and c. d f of U( ) for

p=3 and 4 in a much.simpler form than obtained before (forjall values of m‘

unlike in the Pillai-Young approach) .

A
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2. Preliminaries -

Let us consider the integral of the type:

' L K? R k
(2.1) J s J expL t Z x ] H x (1-x ) e i (x,-x.) ax,,
. 3 i=1 1> j-,? S
where n,m are > - 1 .t > 0 independent of the x's and = {(x ...,xk)
. -k
lO < % <...< xk < x} Expressing the product I (x,-x,) by the Van-
i> i '

dermonde's determlnant and applying the properties of the determinant,

(2.1) can be written as

(2.2) , ._U(x,:‘ ur

K ,mjt) =

;m;f;.;r

1

-t/xk T, X -t/xk r ;sliﬂm- |
e -x )" :
JO " o) J g <1xk> dxk

f

JXZ- “t/x
e .

Y0 1

~t/x T, | '
(l-xl)mdxk sz 1(1-x ) dx

where ri—n+i -1, 1—1 2,...,k

Comparlng the determinant in (2.2) and that in (3. 3) of Pillai (6], the
-t/x

difference is that he has et instead of e in the 1ntegrands There-
fore analogous results can be obtained and here will be stated only the

result that will be needed later.

Theorem 2.1: The'reduction formula to evaluate the deterninant (2.2) is

given by

A

,m;t)=(rk+m+1) [A(k) (k).

2.3) U(x: tk,m;,.1;r k)+mD(k)],

(
1 t?



. where

4l yex |
A(k)=y k (1_y)me t/y . U(X I‘k 1,m;-.'.;1"1,m;t)s :

y=02

k-1 '
=23 (- 1) i xer Fr L, 2m3 2¢)
=1 . ]

g &)

U(x - l,m;...;:j+1,m;rj_1,m;...§t1,m;t),

W . o
C -U(x.rk- ,m T RERE L H t),
. D(k)-U(x r, ,m- 1

i T 1,m;...;rl,m;t)

and
. -
Ixir,mst)=] e /Y y* -y "y
. .:—0 :
'For m=0, (2.3) giVeértheorem 1 in [8].
Substituting x=i,-k=p and i-1=qi,i=1,2,...,p, the detérmiﬁant (2{2) o

reduces to
(2.4) D(n:Qp,m;,..;ql,m;t) =

1 %f/x_v ﬁ+q -t/x n+q
j'e Py p(l—x‘)mdx . J e Py 1(l-x ) dx
0 P P p 0 p p

X ' {f/x n+q X, ~t/x, n+q o
J 2 e 1 P-x)%ax, ... J 2 . e 1(l-x Yax,|
0 & 1 %% o 1 1|

-

and theorem (2.15 reduces to the following

Corolié;x: The reduction formula for the determinant (2.4)ﬂis given by
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... (2.5) D(n: db,m; e ;qlsm;t)‘—‘(n-i'm+qp+1)-IEE(P)+F(p)-‘fG(p)+mH(p)]
where
_ b
ntq +1 x=1 S
Py P (1~x)m "t/ ; Dlniq _;sm;...3q,,m;t),,
; X= : .
. ) p- 1 :
F(p)= 2t z (- 1)p+Jg(m,n:q' +q,+3,2;t)
j1 . P
.D(n_:gp_l,m;.. iq. +1,m qJ l,m;;..;ql,m;t),;‘
and where
tx bm :
(x/b) -
(2. d
(2.6) g(m nl a,bst)= fo 1im /b)b(m+n)+a X,
G(P)=D(n:qp-1ém§qp*1,m;...;ql,m;t),
and
H(P)=D(n:qp;m-1§qp_1,m;...;ql,m;t).

The'folloﬁiﬁg_properties of fhe determinant D and.fundtiog g‘in (2;6)1
are usefﬁl' | - | -.
1. 1f any two of qJ 's are equal, then the value of the determinant D
isrzero.

2, If qj=j-1 where j is a positive integer, then we haﬁé'

2.7 D(n:qpfg-l;qp_l,m;,..;ql,m;t)l=

f D(n:qp,m-l;qp_l,m-l;.f;;qi}m-l;t).
3. For any non-negative integer k A

(2.8) D(n:k;m;t)=I(1:n+k,m;t)=e-tg(m,n:k+2,i;t),:



4, For any non-negative integer ¢, we have

2.9 g(m;n+c$a,b;t)=g(m,n:a+bc,b;t)

5. By integratioh.by parts, we obtain

1 [1 - bn+a

" g(0,n: a+1 b;t) ],

(2.10) - g(0;n:a,b;t)=
and for m # O,aﬁ&fbﬁz

(2.11) g(m n: a 2 t)= L [mg(m 1,n:a+l,2;¢t)

-mg(m-l n:a+2,2;t)- 2 {2(m+n)+a}g(m n: a+1,2,t)]

The followiﬁg results on integrations will be needed'later:
a). For any nqn{negative integer q and 2 < r - ¢q, with ¢.> 0 and

0 < u < @ ywe have:

(2.12) I, (u a:t3e) I ax

0 (c+x)

. q et
—(r-l)l M ZQ(q,r l)-—————-——-——-—]

r q-1 1=0 (ctu )rnifl'q .
: where 
: g .
(2.13) Qlg,r;i)= 1 @f‘}) and Q(q,r;0)=1.
S AR | |

b). For non-negative integers q and r and fof c >0, d'> 0, 0 u <o,
we have [8]: |

u . dx
0 (ctx)d(d-o8"

(2.14) I (u ‘q,T3C d)=J

.Y=Ai In(l4u/c)-B, In(l-u/d)



q A )
| - 2 e 7RG
=2
o 1-j 1-
o+ Z T:l {(d-w) j-d j},
vhere
| ' q-1 | "
- (2.15) A { 0 (r+k-1)3/{(q- 1)'(c+d)q = 1}
- k=1
and.
o - X i
(2.16) . B_j={ I (q+k-1) }/ {(x=3) ! (c+d) TTF7I3,
| k=1 . _ S

where the émpty product is to be interpreted as unity:

¢). Finally, let us consider the integral

(2.17) h(u:m;mi;n;n';a,a';b,b')

.Ju | (t/‘b.)bm{(u-t)fb' jom

O '(-zl-q-:t-/b-)b(m-i—n)-,.a{]-"" (u-t)r/b'_}bl (m'+n')+a B

Then we have, for'hdn-negatiVe integers bm and b'm’,

bn+a b n'+a'

(2.18) h(u:m}m';n,n';a,a';ﬁ,b') =b b
bm b'm' bo b ' '
© 25 (b)) epnyd (“‘)( “‘)1 (ubn+a+1bn+a+jbb'+u)
1=0 j =0 .

where I (u:q,rje, d) is as in (2.14), and for non-negatlve integers bm bn,

b' m ,b'n', a and a'

(2.19) J(u:m,m?;n,n';a,a';b,b')=J Hf;:m,m';n,n';a,a';b;b')dx

: gbn¥a -9 T
='bffm’+n')+a"1 [b'Q(b'm')Il(u:bm,b(m+n)+é;§)




, b'm' bm b'm'-1
— e T 2 s o) (b (b >k<b‘“)(
. . i=0 j=0 k=0

b ‘o
)

I, (uibita+],b'n'+a +k-15b,b ' 4u) ],

1
defined in (2 13) with g=b'm' and r=b'(m'+n')+a’.

where I, ‘and I2 are as in (2.12) and (2 14) respectlvely and Q(i) is as,

1;3. " Some Values of the Determinant D
Let us‘first.ﬁsé the reduction formula (2 5) for p=2‘: Applying pro-
perties 1 and 2 of the determlnant D and making use of (2. 5) repeatedly m

times, we obtain the general formula

(3.1) ‘ D(n:1,m;0,m;t)=¢-2t(n+m+2)-1[Q(m)g(0,n:2;l;t) 
m .

-z Q(i)g(m-i,n:é;z;t)],
i=0

where g(m,n:a,b;f) i$ as in (2.6) and Q(i)%Q(m,q;i) isféé defined in (2;13)
with q=m+n+3. | | ‘i -
For p=3, the Qsé of formﬁlé (2.5), with the help of;tﬁe properties
of the determinénf Diliéted in section 2, gives the exbféésion |
(3.2) 3 D(ﬁ;Z;m;l,m;O,m;t)
=e-3t(n+m+3)-;[(n+2)-1Q(m){g(O,n:2,1;t)-g<0;nﬁﬁ,2;t)}‘

+ Z Q(i){g(m-i n:5,2;t)g(m-1i,n:3,1;t)- g(m—i n: 6 2; t)g(m-l n:2,1; t)}]
i=0

where Q(i), as before, is defined by (Z;LB) but now q¥m+n+4.
Finally, fbr_p%é, we first state the following valueé‘of the deter-

minants:



(3.3) D(n:2,m;1,m;t)=D(nt+l:1,m;0,m;t)

=e-2t(n+mk3)—1[Q(m,q+1,m)g(0,n:3,1;t)
R o
m

- T Qm,q+l; 1 glm-1,n:6,2;¢) ],
i=0

which is obtained using (3.1) and (2.9). Note that, here g=mint3 for the
_definition of Q(i) in (2.13). Next we need to obtain the value of the
determinant D(n:Z,ith;O,m;t) . For this, we have to elimin_a_té- t using (2.10) :

and (2.11) in the expression tD(n:1,m;0,m;t). The result,ié

(3.8) 'D(n;z,m;o,m;t)=e‘2t(n+m+z)'1(n+m+3)"1
[(n+m+2){g(m n:4,2;t)-g(m,n:5,2; ;t)}

+(n+2)Q(m,q m) {g(0,n;2,1;t)+g(0,n:3,1; t)}
om

—(nﬁ-?)'vZ Q(m,q;i)g(m-i,n:4,2;t)
S i=0

m
-z (n-l-m-i+2)Q(m, q;i)g(m'i,n:5,2:t)
=0

+ Z (m-1)Q(m,q,1){g(m-1 -i,n:5,2;t)~ g(m-1-1 n: 6 23 t)}]
1—0

where, again, Q(m,q,'i) is as in (2.13)‘with-q=m+n+3.
From the abdlv_e'.and. repeating the use of formula ('2".,'5)' we finally

_obtain the general ‘-e-x'pr"essioh for the determinant D for p='4 as

(3.5) D(n':3,m§2,m;1,m;0,m;t)

= (ntmrs) "U[Q(m, q+25m) 5D (m:2,031,030,05t)-

- Z Q(m,q+2 i) {g(m-l n:6,2; t)e D(n:2,m-i;-.1,'m'—i;t)
i=0 - T

'



» -g(m-i;n:7,2;t)eZtD(n:Z,m—i;O,m-i;t)

' +g(m-i,n:8,2;t)eZtD(n:l,m-i;O,m-i;t)]]
) S

‘where the D determinants on the right hand side are defined as in (3.2)
for m=0, (3.3), (3.4) and (3.1) respectively.

4. The Exact Null Density Function of U(p)""'

Let S. (pxp) hé distributed W{(p,n ,Z CD, i.e. non-central Wlshart

~A o

distribution on ni’d f. with non-centrallty parameter qQ and- covariance

‘matrix Z, 1ndependent1y of S (pxp) central Wishart W(p,n 2,0). If Cysen

are the latent roots of S .,cp when

1~2 , then the joint density of c

1, LN ]
=0 is given by

4.1) f(cl,-- LN )=C(p,m,n) { H c /(1+c )q} I (c -c; ),
' g ' 1=1 * >4 b

for 0 < y <...<“cp < @, where q=m+irkptl, m;%(nl-p-i),ﬁ%%(nz;p-l) and .

: _%p T (2mt2ntp +i+2)
C(p,m,n)=m _121;'1~(;5(2m+i+1))1“(%(2n+i+1))I‘(%i)'

.sC

| P | |
To find the density.of U( ) z ci—tr S ~21’ we will use the Laplace trans-
' ' i=1 :
form of,U(P) with respect to f(c ...,cp). It is given by,(after making

transformation Xy (1+c i+1) 1, i=1,2,...,p) 

o e P
L(t:p,m,n):C(p,m,n)eth ces I exp(-t Z xil)
, o ¢} ' i=1

T (1-x )" T (xi-xj) n’cf:ci,
1=1 * i>3 i=1 *

LE DI <%, <...<x <11,
210 <x << < 1)

‘where B={(x 1

1’
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- Applying the results in section 2, the above Laplace transform can be

written as:

_ LI
£ N
4.2 L(t:p,n_),n)=c(p,m,n)ep D(n:qp,m;t..;ql,m;t)a
where D(n:dp,m;.u £39y M3 3t) is exactly as in (2.4) with q —J 1,J 1 2 | p.

By the uniqueness of the Laplace transform, (4.2) will glve the density of
U(p) if we take its inverse. Therefore, let us denote by D*(n qp,m,r.;;ql,m;t)
the inverse Laplace transform of eP D(n q ,m,...,ql,m,t). Then, the density

(p)

of U can be written in the form

(p) N¢))

@3 f(U )= Clpm,mD¥ (ng ,m,...;ql,m_;v_ ).

"~ Let now g*(u m,nja b) be the inverse Laplace transform of g(m n:a, b t) in

(2.6), then clearly '
(4.4) 8*(ufﬁlis'n;a,b)=('u/b)bm/ (14u/b)? (mfn)**a,

and if h(x:m,m' ,n n';a,a' b b' ) the inverse Laplace transform of g(m,n:a, b t)
g(m ,m':a',b'; t), then h(x:m,m';n,n';a,a 'b b' ) is as: described in (2 17) .

Now, for p—2 ,we can see from (3.1) that

4.5y D*(n:1,m;0,m3u)= (ntmt2) " [Q (m, q3m) gt (us 0, 5:2, 1)

: m . : .
-z Q(msq;i)g*(u”n'i:n;z",z)]»‘
o 1i=0

so that the density function of U( ), after us1ng (4. 4) is glven by:

“.6) fw‘”) ‘—’Qﬂ‘-ﬁl [Q(m, q;m) gy @)y m-2
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(2),2(m-1) (2),2(m- i+n)+l+}:l

- z {Q(m, q;1) (U / (+50°77)

i=0

)

for O <'U(2)

< w;en& zero otherwise, where Q(m,q;i) is eg eefined in {2.13)
with q=min+3. | I |
Expressed in terms of g¥* and h functions, tne density of U(3) an

be easily obtainea” From (3.2) we can find the D*(n: Z,m,l m; O ,M3u), s0

that the den31ty function of. U( ) is given by

%.7) £ 0= (amt3) L e(3,m, m)

.[(n+2)-1Q(m,q+1gm){g*(U(3):O;n;2,1)-g#(U(3):0,n;4,2)}

(3)

o m
+ 2 Qm,q+1;1) {h(U" im-1, m-13n,n;5 3,2,1)
i=0

Tl

h(U( ).m- ,m-i n,n; 6 2 2,1)1]

"for 0 < U(3) < o end-zero otherwise.
Finally, frem @a3. 5) we also can obtain the denSity'funEtion of U(4).
'To shorten the expression we let D*(u 1) be the inverse Laplace trans-

- form of g(m-i,n:6, 2 t)e D(n 2,m-i;1,m-1;t), so that

4.8)  DEu;D=(aim-i+3) "
—.[Q(m-i;q+1;m-i)h(u:m-i,O;n,n;6,3;2,1)

m-i . ' v T
-3 Q(m- sqtl; Ph(uim-i,m-i~j;n,n;6,6;2,2)J,"
j_ . ’ . 7 R

and‘Dg(U;i)‘be that of
2t . '
g(m-i,n:7,2;t)e” D(n:2,m-1;0,m-1;t), so that
(4.9) D¥ (u31)= (whm-i+3) " (im-142) 71
.[(h+m-1+2){h(u;m-i,m-i;n,n;7,4;2,2)
“=h(uim-i,m~1:n,n;7,5;2,2)}

¥(n+2?Q(mfi,q;m-i){h(u;m—i,O:n,n;7,2;2,1)_' .
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. © +h(uim-1,05n,n;7,3;2,1) )
| mei o
-(nt+2) T Qm-1,q; Dh(uim-1i,m-i-j;n,n;7,4;2,2)
§=0 B P
m-i o '
- X (n+m-i—j+2)Q(m-i,q;j)h(u:m-i,m-i-j;n,n;7;5;2,2)
§=0 ~ R
m-1 s _ -
+ 2 (mi-)Qm-1i,q;3) {h(uim-i,m-1-i-j;n,n;7,5;2,2)

. h(uim-i,m-1-i-j;n,n;7,652,2)}].
Also we let the in#erse Laplace transform of
. . 2t _
g(m-1,n:8,2;t)e” D(n:1,m-1;0,m-1i;t) be
g s . » -1
(4.10) D§(u;;)=(m-1+n+2)

.[Q(m-i,q;m—i)h(u:m-i,O:n,n;8,2;2,1)
m=1i, S Co
-Z Q(m-i,q;j)h(u:m-i,m-i-j;n,n;8,_4;2,2)], :

and £ha§ of e3fﬁ(n;2,o;1;6;o,o;t) be
(%.11) DZ(L?jé(ri+3)-1(2irF5)-1[(n+2)_1g*’(u:'d,n;é,1) |
-.fij(hfZ)-1(2n+5)g*(u:0,n;4,2)
j %2é*(u:0,n;5;2)h(u:0,0;n;n;5,3;2,1)]; v
The density functiﬁg.of U(4) therefqre can Be written égl

4.12) f(u_“‘.')>=<n+m+4>'1c<4,m,n>£<z<m,q+z;m>DZ:<u“’+')‘>

| m | Ao
-z Q(m,q+2;i){DT(U(4);i)-Dg(U(4);i)+n§(v(4);i)}],
1=0 | s

wheré_Df(U(A);i),Dg(ﬂ(4);i),D*(U(4);i) and DZ(U(4)) éré“éguin 4.8), (4;9),‘
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“~(4 10) and (4. 11) respectively while the Q's are as in (2 13) with

q=m+n+3
i s :
v 5.:.The Distribution Function of U(p)
. A(p) - (p) N -
If F(U"") denotes the c.d.f. of U'*’, then upon integrating (4.3).

we obtain the general form of the c.d.f. of U(p) as
. S _ U(P) :
i _ o
(5.1) F(U " )=C(P,m,n)J D*(n:qp,m;...;ql,m;x)dx‘j.j‘

@)

Now, integréting (4.6) we obtain the c.d.f. of U in the form

(5.2) F(U ( )) = (w+m+2) "16 (2, m, n) [Q (m, g3 m)B a, n+1)
m
-2 'z Q(m,q,i)B (2m=2i+1, 2n+3)]
1—0
where Q=U( )/(1+U(2)), w=U (2)/(2+U(2)) and Bz(a,b) denbtéélthe inéompieﬁe

_beta function. 'Crd.f. (5.2) is an alternative form of that obtained by
Hotelling [4].

Next, using‘;he fact that

Coeu R
. - b .
% (x o = EPROY S ‘ae )Y -
(5.3) Iog_(x.o,n,a,b)dx pota-l (1 g*(ui0,n;a 1,?)?{
and integrating the expréssion in (4.7), we get the c.d;f;fof U(3) as.-»
stated in the following theorem:

Theorem 5.1: The exact null distributlon function of U(3) is givéh by

(5.4) FU (3)) g(iiﬁig)- [Q(m,gié;m) {(n+1)-1(2h+3);1
~
- et1) D) 0D 5 (i) <1+»u(3>) (2ne3) }
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m

T e p¥ Q(m,q+1;i){J(U(B):m—i,m—i;n,n;5,3}2;1) _ .“d
| Fito , , ,

(3)

~J(U, m-i,m-i;n,n;6,2;2,1)}j, .;

(3)

< @ and zero otherwise, where Q(m q,l) is as in (2.13) with .

(3,

for 0 < U

:m, m';n,n';a,a';b,b') dis as in (2. 17)

e )

q—m+n+3 and J(U
Pillai and Young 8] have obtained the c. d.f. Qf for small values
of m, i.e., for mFO(l)S Thelr expression is so compllcated that it is very

difficult to write it down explicitly, since for thelr c. d f they need

tables of constants and of values of the integrals in the determlnants

(3)

separately for each value of m, a and b. . The c.d.f. of U'”’ which is

obtained here, as ‘'we can see from (5 4), holds for a11 non- negatlve in- -

~ _tegers m and 1ts expres51on is much simpler.

Now, in order to obtain the c.d.f. of U(4) let us integrate the expressions

in (4.8), (4.9), (4.10) and (4.11), in that otder, and uﬁing (2.17) and

(5.3) we get
(5.5) 3 (a5 )= (ome143) 7
.[Q(m-i,q+1;m-i)J(u:m-i,O;n,n;6,3;2;l)'
oom-i o N . :.l. .
o= X Q(m'i,q+1;-j)~](u:m'i’m'i'j;nsn;63'6_52”2)]‘,.-
- §=0 Tl
g S R
(5.6) Jz(u;i)=(n+m-i+3) (n+m-1+2)

[(n+m+1+2){J(u'm-i m-i3n,n;7,4;2, 2)
‘-J(um-iminn7522)}
+(n+2)Q(m- ,q,m-i){ﬁ{u im=1,0;n,n; 7 2 2 1)

+J(u:m-1i,0;n,n; 7,3,2,1)}

m-1 '
”--(n+2) L Q(m-i ,q,J)J(u m-i m-i -j;n, n; 7 4;2 2)
i=0 .



15
m-1 '
- % (ntm-i-j+2)Q(m-1 ,q,J)J(u m-i, m-1 J n,n;7,5;2,2)
j=0 .
m-i ' '
4+ T (m-ix J)Q(m- , 33 {T(uim-1, m—l -i- J,n n;7, 5 2, 2)
- §=0 . L

-J(u:m-i,m-l-i-j;n,n;7,6;2,;2>'}'1,

(5.7 J3<u;i>_=<n+m-i+3>'1[Q<.m-i;q;m-_i>J<u:m-i,o;'ﬁ;n;.8,z;2,1_>

S m-i
=% Qi ,q,j)J(u m-i,m-i-j;n,n;8 4 2 2)]
- §=0-

aﬁd finélly:
_ ' ST -1 -1 -1, 417 “' -1
(5.8) Ja(u)=(n+2) (n+3) " (2n+5) [ =~(2n+1) (n+l) (2n+3)
e (ntl) g*(u O,n;1 1)+2(2n+5)(2n+3) g*(u 0,n;3, 2)

o =2g%(ui0,n34,2)+(n+2) I (u:0,0;n,n;5, 3 2 1)]

ﬁsihg the above,'iﬁtégration of f(U(A))‘in (4.12) giveé'the following

result:

Theorem 5.2: The exact null distribution function of U‘é) is given By
(5.9) F(U(‘*)) oty "Le o, m[Qm, qt2;m3, (u(‘*))

;;- Z Q(m,q+2;1) {J; w®, i) -J (U(4) )+J (U(4) 1)}]

i=0
for 0 < U(é) ) and zero otherwlse, where J (U(4) 1), J (U( ),1) J (U( ) i)
and J4(U( )) are as in (5.5), (5 6), (5 7) and (5. 8) respectlvely

@)

For the values of m=0,1 and 2, thefg.d.f. of U™ 7 hgs been obtained
by Pillai and Young [8] giving. the mnecessary tables of c9ﬁstants and the
values of the inﬁegrals needed. The result in_theorem (5.?) has.simplér '

expression and hoids'for all non-negative intgers m, B
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. Remark: The density and c.d.f. of U(p) become more compli¢ated as p
becomes larger. Even for p=5, convolutions of three independent beta

type variablesiate involved and the expressions become_véry'cumbersome.
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